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1 Introduction if A= —11, B =0,T0,(X) = A;X Ap, Ty(X) = B;X B,
In this note we study rational matrix differential equations o&}nde(X) = 46X Bo.
the form In the casdl = 0 (1.1) reduces to the continous-time Riccati
) differential equation
-X =R(X) (1.1)

~X=A"X+XA+Q—(S+XB)R'(S+XB)*,
and the corresponding algebraic equations
and forll; = 0 andIl;; = 0 (1.1) coincides with
R(X) =0, 2
—X = A*X+XA+Q+1,(X)—(S+XB)R ' (S+XB)*.
whereR: D(R) — H™ with
The latter class of linearly perturbed Riccati differential equa-

D(R):={X e H" | R+ 1Ix(X) > 0}, tions appears among others in control problems with stochas-
H™ = {A e C™ | A* = A} tically jumping parameters (see [5], [7], [9], [10], [14] and

[17]); the corresponding algebraic equations and inequalities

and play also an important role in the application of the Lyapunov-

Krasovskii method to linear time-delay systems (see [12], [15]

RX)=A"X+ XA+ Q+1L(X) and the literature cited therein).
— [S+ X B+ Ta(X)][R + My (X)] First steps concerning the theory of the rational matrix differ-
X [S 4+ X B+ 2 (X)]* (1.3) ential equation (1.1) have been performed by Hinrichsen and

Pritchard ([11]) and by Chen et al. ([2]) who obtained unter ad-
is a rational matrix operator with constant matricésB, (), ditional assumptions sufficient conditions for the existence of
R and S of sizesn x n, n x m, n x n, m x m andn x m, the solutions of (1.1) on a given interval for certain initial val-
respectively, such that ues. The algebraic equation (1.2) has been studied recently in

detail by Damm and Hinrichsen [4].

S
T:= [g* R] In Sections 2 and 3 of this note we recall several notations and
preliminary results concerning Schur complements and linearly

is hermitian. We assume further that the operdforH™ — perturbed Lyapunov equations. In Section 4 we show that the
H™T™ with solutions of (1.1) depend in particular monotonicallyBand
on a given initial or terminal value. As a consequence of The-
orem 4.4 we derive two corollaries concerning the existence of
the solutions of (1.1) ofi—oo, t¢] which extend the existence
result that has been derived recently in [2]. In Section 5 we
derive in the time-invariant case a monotonicity property of the
Equations of this type and certain special cases appear in pagmutions of (1.1) and use this fact for the proof of the exis-
ular in stochastic control and filtering theory (see [2], [6], [11}ence and convergence of certain solutions of (1.1) and of the
[17] and [18]) and can be considered as generalized Riccationotonicity of the minimal (or maximal) positive semidefi-
type equations. nite solution of (1.2).

. II X) 11 (X
I(X) := [nling Hf(Xﬂ

is a positive linear operator, i.eX; > 0 impliesII(X) > 0.

Notice that the classes (1.1) and (1.2) of differential and algEhRere exist also discrete-time versions of our results — details
braic equations considered here are of very general type. Rdlt be given in [8].



2 Schur complements and rational matrix oper- 2.3 Lemma ([3], Lemma 2.2). Assume that

ators - -
Ker N D KerM = Ker M C Ker N

In this section we present some preliminary results and nota-
tions from matrix analysis. and

2.1 Definition. The Moore-Penrose inversef ap x ¢ matrix Ker(M — M) C Ker(N — N).
Z is the uniquey x p matrix Z* satisfying the conditions ~ ~
DefineH,; := H — H, M, := M — M and
N\ Z+tzz+ — 7+ t7— L
() Zt22t=2%,22t7 = Z, Ko MYNT AR
iy (ZT2)=2%Z,(ZZY)*=2Z7.
i) (2+2) (22%) Then
If Z is hermitian or positive semidefinite, then so4s (see H/M — H/N = Hy/My — K*(M* — M*Y)"K.
[13], Proposition 12.8.3).
2.4 Remark ([16], formula (4.43)). If both M and M are in-

2.2 Lemma ([1], Theorem 1).Let H be a hermitian matrix of vertible then

sizen + m with
LN M 4 MY = MY (Mg + MM~ M) M
o[y
3 Lyapunov equations and stability
whereL isn x nand M ism x m. Then:
The following lemma, which will be used in Section 4 to derive

() H is positive semidefinite if and only ¥ > 0, L > some monotonicity results, was proved in [17]:

+ N+ . .
NMTN* andKer M C Ker N. 3.1 Lemma. Let X (-) be the unique solution of

(i) Iz J>MN>M0*£?\??H is positive semidefinite if and only if _ . _ A ()X + X A1) +Q(t) +11(t, X), X(ty) = X,

where A, Q andII are piecewise continuous, bounded matrix
The matrixH/M := L — NM*N* is called theSchur com- fynctions withQ(t) > 0 forall t < ¢, andf[(t7 ) HP — HP
plementof M in H. is a positive linear operator for every< ;. If X; > 0, then
X(t) > 0forall ¢t <ty.
It is obvious that the operat@®(X) is the Schur complement
of the so-calledlissipation matrix Till the end of this section we consider now the time-invariant
case. Therefore let

A= [H, O]
TN M(X) La:HY —H", X — A*X + XA
with denote the continuous-time Lyapunov operator whéres a
givenn x n complex matrix. If all eigenvalues oA lie in the
LX) =A"X + XA+ Q+1IL(X), open left half-plane then it is well known that the inverseCaf
M(X):= R+1Ix(X), is given by

N(X):= 8+ XB +II15(X). o
LHX) = —/ et XA dt.

: o : A
Consequently, onD(R) the quadratic matrix inequality 0
R(X) > 0 and the linear matrix inequality(X) > 0 are
equivalent. For any linear continuous operat@r we denote byy(7) the

The following lemma provides the basis for the proof of a Corr?_pectral radius of -

parison theorem for rational matrix operators like (2.1). Therg:2 Theorem ([7]). The following statements are equivalent:
fore we introduce another hermitian matrix

- [i N (i) All eigenvalues of4 lie in the open left half-plane and
R M] o
p(L31 (D) < 1.

of the same size and structure Hs With these notations we R .
have (i) L4+ 1lisstable,i.ec(L4 +1I) C C_.



(iii) If @ > 0then the linearly perturbed Lyapuov equation 4.2 Lemma. Let X; and X, be hermitian matrices such that
. R+ TIx(X;), ¢ = 1,2, are invertible. Fori = 1,2, define
La(X)+Q+I(X)=0
F; = F(X;) = —[R+TL(X)] S + X; B+ (X;)]*
has a unique solutio®X > 0. ’ (i) =~ 2(Xa)I ' 12(X0)
Then
If any one of these conditions is satisfied thkis called stable

relative toll. R(X2) — R(X1)
= (A+ BF)*(X; — X1) + (X2 — X1)(A + BF)

Theorem 3.2 is a generalization of Lyapunovs stability theorem .
+ (F2 — F1)"[R + T2 (X0)|(F2 — F1)

— there exist several extensions and modifications of this result

iti " I

(see [4], Corollary 3.8, Proposition 3.10 and Theorem 6.4). N [FQ] (X — Xy) [FJ _ 4.2)
3.3 Lemma ([7]). Assume thatl is stable relative tdl and let
X be the unique solution of the linearly perturbed Lyapunov
equation Now we consider another rational matrix operator

AX+XA+Q+T(X)=0 R: D(R):={X € H" | R +TI5(X) > 0} — H"
wherell is a positive linear operator. I) > 0 thenX > 0. with
3.4 Definition. A pair (A, B) of matrices with sizes x n and R(X) = A*X + XA+ 0Q + 1, (X)
n X m is said to bestabilizable relative tdl if there is a matrix - ~ .
F such thatA + BF is stable relative to]" T1[ L. =[S+ XB + I (X)][R + 12 (X))]

x [S+ XB+(X)]* (4.3)

According to Theorem 3.24, B) is stabilizable relative téI o
if and only if the inequality in which the matrice€), R andS of (1.3) are changed tQ, R
andS. We assume thap and R are hermitian and define the

(A+ BF)*X + X(A+ BF) + [ﬂ TI(X) Lq <0 corresponding feedback matrx by
F=F(X):=—[R+y(X)][S + XB+ 5(X)]*.
is fulfilled by a pair(F, X) with X > 0. ()= - 21 12(X)]

3.5 Definition. A pair (C, A) of matrices with sizes: x n and With these notations we have

n x n is said to bedetectable relative tfﬁ[ if there is a matrix 4.3 Lemma. Let X D(R) be given. If
L such thatd 4+ LC is stable relative tal.

. . . Q S > Q S (4.4)
It is now possible to prove the following lemma: S* R| = |S* R|’
3.6 Lemma. Supposé&) > 0 and then
AX+XA+Q+1(X)=0 X eD(R) and R(X)>R(X).

has a solutionX > 0. If (Q, A) is detectable relative tol then _ S ) -

A is stable relative tdl. Proof. Inequality (4.4) implies, in particular, thdt > R, and
consequently

4 Existence and comparison theorems R+TI,(X) > R+ Iy(X) > 0.

The proof of the two following lemmata is by straightforwarthefine , .= F - 7, Q;, .= Q — Q, Ry := R — R and

computation and can be found in [4]. Sy :=S—S. Sincel’ > T impliesKer Ry C Ker S;, Lemma
2.3 can be applied and together with Remark 2.4 we obtain the

4.1 Lemma. Let X be a hermitian matrix such thd+11,(X)

is invertible. Then identity
R(X) = (A+ BF)*X + X(A + BF) R(X) — R(X)
* = Qq — SaR} S5 + Fj[R+IIx(X)] (4.5)
+ m T +11(X)] [ﬂ (4.1) T TR,
x {Ra+ Ra[R+T(X)] " Ra} R+ T2(X)]Fy

where

) which shows that the differencR(X) — R(X) is positive
F=FX):=-[R+IL(X)][S+XB+12(X)]".  semidefinite. O



4.4 Theorem (Comparison theorem).LetZ C R be some Proof. Since (4.6) is a linear differential equation the solution
interval and¢; € Z. Assume tha, and X; are onZ solu- X, exists on(—oo,t;] whereasX exists a priori only on a
tions of— X, = R(X,) and—X; = R(X,), respectively, with certain intervalt—,t].

Xi(t) € D(R)fort € I. If DefineD := X,—X. ThenD satisfies the differential equation

[SC;? g] > L{? }ZJ —D = A"D+DA+Qu +1L(D), D(t;) =0,
where
then Xy (t;) > Xi(ty) implies thatX,(t) > Xy(¢) for t €
7N (—oo0,ty]. Qu =[S+ X B+ I12(X)][R + T2 (X))
X [S+ XB+1»(X)]* > 0.
Proof. DefineX := X5 — X;. Then, using (4.2) and (4.5) we

infer, thatX is a solution of the differential equation From Lemma 3.1 we obtain now that(t) > 0, i.e. X, (t) >
X(t), fort e (t,ty].
—X = R(X3)-R(X)) With @ = SR™'S*, R = RandS = S the correspond-
= R(X3) —R(X1) + R(X1) — R(X1) ing differential equation-X = R(X) has the trivial solution.
— AOX + XA®t) + O) + TI(t, X), Since@ > Q andX (t;) > 0 it follows from Theorem 4.4 that

X(t) > 0fort € (t~,t;]. Hence,X is bounded from below
and above and it follows that = —co. O

. 4.6 Corollary. LetZ C R be some interval antéy € Z. As-
A(t) = A+ BF(Xy(t)), sume thatX; and X,, are onZ hermitian solutions of- X; >

Ot) = (F(Xa(t)) - F(Xl(t))]* [R+ (X, (1))] ZQ(XZ) ;n(_jr;ng( R)(Xu))(, resp;?cziw;ly, Wli'th’(li'f) ehD(RI)
% ortel. en tr) < < X (t |mp|estattesou-
x [F (X)) = i(Xl(t))]j Qu— SaRiS; tion X of —X = 7lz(§(), X(t];) = Xf,fexists orZ N (—oco, t ]
+ [F(X1(t) — F(X1(t))] [R+12(X1(t))]  and fulfills there the inequality
X {Rd + Ry [R+ Il (Xl(t))} ) Rd}+ X)(t) < X(t) < Xu(t). (4.7)

x [R+1(X1(t))] [F(X1(t)) — F(X1(1))]
Proof. By the hypotheses, there exists a hermitian mayix

and 0 such that-X; = R(X;) with @ = Q — Q;, R = R and
; . s S = S. SinceX; > X;(ts) we obtain from Theorem 4.4 that

i, X) = mx ] X(t) > X;(t)fort € Zn(—oo, t]. Substituting?; by @Q,, > 0

%) [F(X2(t))} (X) [F(X2(t))] the right inequality from (4.7) follows analogously. O

Therefore Lemma 3.1 yields the statement of the theorém. 4 7 Remark. All the results obtained in Section 4 remain valid
if the matricesA, B, @, R andS depend ort and the assump-

Theorem 4.4 shows that the solutions of (1.1) depend morigns used are valid for ail
tonically on( & 7 ) and on the terminal valu& ;. If IT, = 0
andIl;> = 0 then the positive semidefinite solutions depend Monotonicity and convergence theorems

also monotonically on the matrié Q’SR:IISi A**Sflé*) . .. . . .
(see [9], [10) A-BR™'5" —-BR'B The following monotonicity property is an immediate conse-

quence of the comparison theorem:

Subsequently we present two corollaries showing how the com-

parison theorem can be used to derive upper and lower bourds Theorem. Let X(+) be a solution of the rational matrix
for the solutions of (1.1). differential equation—X = R(X) on some intervalt—,0].

ThenX (0) > 0 (X (0) < 0) impliesX (t) > 0 (X(t) < 0) for
4.5 Corollary. Assume that? > 0 and Q > SR-1S*. If te(t7,0].

X > 0then the solutionX of —X = R(X), X(ty) = Xy,

exists on(—oo, ¢ 7] and fulfills there the inequality Proof. Differentiating (1.1) we get, using the definition bt

0<X(t) < Xu(t) .. ) . 11" I
—X=(A+BF)*X+X(A+ BF)+ [F] II(X) [F} .
whereX,, is the solution of
) The statement of the theorem follows now from Lemma 3.1.
—X:A*X+XA+Q+H1(X), X(tf):Xf. (46) O



5.2 Theorem. Assume that A, B) is stabilizable relative to Proof. The solutionsX andX of the terminal value problems
IT and that there is a hermitian solutioN of the inequality —X = R(X), X(0) = 0 and—X = R(X), X(0) = 0,
R(X) > 0 for whichX € D(R). Then there exists a hermi-respectively, satisfyX (0) = SR~1S* — Q < 0 and)L((O) -
tian solutionX, of R(X) = 0 such thatX, > X forevery §p-15+ () < (. Therefore (see Theorem 5.X)and X are

hermitian solution ofR(X) > 0. In particular, X, is the monotonically increasing asis decreasing where — according
maximal hermitian solution gR(X) > 0. Moreover, all the {5 Theorem 4.4 —

eigenvalues of

Ay = A= B[R+11,(X,)] S+ X B+1115(X, )] (5.1) 0<X(t) < X(t) < Xmin for £ <0.
are contained in the closed left half-plane. Consequently
Proof. By the hypotheses, there exists a hermitian makfix Xuin = lim X(t) < lim X(t) = Xmin.
such thatR(X) = Q — Q whereQ is a hermitian matrix such e e
thatQ < Q.

Since0 < X(0) < Xnin, We haveX (t) < X (t) < Xpin for

Since( A, B) is stabilizable relative tol there exists aify such I < 0 and thereforeX (1) — X for £ — —oo.

that A, := A + BE, is stable relative td £ |"II[ £ ]. Let
X1 be the unique solution of the linearly perturbed Lyapundihe last statement of the theorem is obtained analogously, us-
equation ing the comparison theorem derived in [10] instead of Theorem
4.4, O

XA+ ASXl + |:F[:| [T+ II(X4)] |:FI:| =0.
0 0 5.4 Remark. The proof of Theorem 5.3 shows how the com-
A straightforward computation shows that parison theorem 4.4 in combination with the monotonicity the-
. orem 5.1 can be used to derive existence, convergence and
(X1 — X) Ao + AZ(X1 — X) + Lﬂ (X, — X) {I} monotonicity results for the solutions of (1.1) and for the so-
0 lutions of the corresponding algebraic equation (1.2).

+ (F = Fo)" [R+ o (X))(F - Fo) + Q —Q =0,  For example we can derive analogously to Theorem 5.3 results
on the monotonicity of the maximal solution, of R(X) =0
where (if it exists) on the matrixi” and (forIl, = 0 andIl;> = 0) on
~ ~ ~ N . _op-lg* A*_gp-lp*
Fi= —[R+To(X)] 7 [S + X B + (X)), the matrix(§~5A_5T A" eR BT,

SinceA, is stable relative tg £ ]I [ / ], Lemma 3.3 shows

thatX, > X. ConsequentlyR + II,(X;) > R+ II,(X) > 0. Further details on the results mentioned above will be presented
- B elsewhere. In particular it can be shown:
Continuing as in the proof of Theorem 5.1 in [4] we obtain the

statement of the theorem. = @) If (Q— SR™'S*,A — BR™'S*) is detectable relative
5.3 Theorem. Let R(X) and R(X) be given by (2.1) and to [73515* I 7Rgls*} then everyX > 0 with
(4.3), respectively. Assume that bdttand R are positive def- R(X) = 0 is stabilizing in the sense that + BF(X)

inite and - i i
is stable relative t (x| TI [ p{x) |-

[Q S] {Q 5} > 0. (5.2)
S* Rl = |S* R| ™ (i) If the algebraic equatiofR (X) = 0 has a stabilizing so-
lution then it is also the maximal solution &(X) > 0.

If the equationR(X) = 0 admits a minimal positive semidef- : L L . T
In particular, the stabilizing solution is unique if it exists.

inite solution X i, then R(X) = 0 admits also a minimal
positive semidefinite solutial,,,;, and X, > Xuin-

Furthermore, ifX is the solution OFXA = R(X), X(0) =
Xo, then0 < Xy < Xy implies thatX (¢) exists fort < 0
and X (t) — Xy, fort — —oc.

If in addition II, = 0 andIl;» = 0 then the hypothesis (5.2)
can be replaced by

(iii) The assertion on the convergence &f of Theorem 5.3
holds for any initial valueX, > 0.

6 Conclusions

The differential equation (1.1) and the corresponding algebraic
equation (1.2) are generalizations of standard Riccati equa-
Q- SR1S* A* —SR'B* tions; these equations cannot be treated by transforming them
[A _BR-1§* _BR-1pB* ] using a transformatiodX = YZ~! to a linear equation for
O_ SR8 A SR1B (¥ ). Nevertheless we have shown that many of the nice prop-
> { B ST } >0 erties of standard Riccati equations remain valid for this more
A—-BR™S —BR™'B general class of rational matrix equations.
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