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1. Introduction

We consider the following system of differential equations

R 2 = i, o € 0T (1)
with the initial conditions y;(0,p) = 1,42(0,p) = —1. Here p = o + it is the spectral
parameter, and R is a real function which is called the wave resistance.

System (1) is a canonical form for many problems in natural sciences. For example,
system (1) describes the wave propagation in a stratified medium and often appears in
optics, spectroscopy, in electrodynamic and acoustic problems. Radioengineering prob-
lems of the design of directional couplers for non-uniform electronic lines and synthesizing
transitions between acoustic wave guides can also be reduced to studying system (1) (see
[1 — 3] and references therein).

The main goal of this paper is to study the inverse problem of synthesizing the
wave resistance R with desirable spectral characteristics in the case when the system has
arbitrary order singularities and turning points inside the interval. More precisely, we will
suppose that

i) = [Tle =l Rofe). 2)

1



where 0 < 73 <72 < ... <7y < T, p; are real numbers, Ro(z) € W3[0, T], Ro(x) > 0,
R(0) =1 and R'(0) = 0.

Some aspects of synthesis problems for system (1) with a positive R > 0 (i.e. N =0)
were studied in [3 —4] and other works. The central role there was played by the so-called
transformation operator method (see [5] for details). The presence of arbitrary order sin-
gularities and turning points produces essential qualitative difficulties in the investigation
of the inverse problem. The transformation operator method in this case is not suitable
for the solution of the inverse problems. In this paper we use another method connected
with ideas of the contour integral method. In our method an important role is played
by the special fundamental systems of solutions (FSS’s) which help us matching together
solutions at the singular points and give us an opportunity to obtain the asymptotic be-
havior of the corresponding Stokes multipliers and to study the so-called Weyl function.

As the main spectral characteristics we introduce the amplitude reflection coefficient

_ymﬂm+am@m)a,
r@_mﬂﬂ—wﬂwy'

= R(T),
the transmission coefficients
1 . .
f](p) = m (yl(T7 /0) + (_1)JCLZ/2(T> p))a J = 1727

and the characteristic function

Clearly,
rip) = 120 )
fi(p)’
Alp) = fi(p) + f2(p). (4)

In this paper we will study the following inverse problem: Given r(p), construct
R(z). In Section 2 we study properties of the spectral characteristics, in Section 3 a
uniqueness theorem is proved, and in Section 4 we provide a constructive procedure for
the solution of the inverse problem.

We note that inverse problems for Sturm-Liouville equations with turning points
have been studied in [6]. Inverse problems for higher-order differential operators with
singularities were considered in [7 — 8]. Some aspects of the turning point theory and a
number of applications are described in [9 — 11]. In [12] the authors investigated system
(1) for a very particular case of singularities which can be treated by the same way as
for positive R with adequate modifications. We also note that in many cases of practical
interest only the amplitude |r| is accesible to measurement. Problems of reconstruction
of analytic functions from their moduli have been studied in many works (see [13 — 15]
and the references therein).

2. Properties of spectral characteristics



2.1. We transform (1) by means of the replacement

yl(a:’p) = \/%u(x,p), yQ(ﬂf,p) = 1

vz, p) (5)

=
=

to the system
u' + h(z)u =ipv, v' — h(z)v =ipu, z € [0,T] (6)

with the conditions u(0, p) = 1, v(0, p) = —1, where
h(x) = (2R(x))" ' R (x). (7)

System (6) after elimination of v reduces to the equation

—u” + Q(x)u = /\’LL, A= IO27 (8>
and the conditions
u(0,p) =1, w'(0, p) = —ip, (9)
where
q(x) = h*(z) — K (). (10)
It follows from (2), (7) and (10) that ¢(z) has the form
N a;
q(r) = + (@),
Jj=1 (IE - 7]>2

where a; := (%)? — 1. For definiteness, we shall assume that % ¢ ZZ (small modifications

have to be introduced for the other cases). We also assume that
N
qo(x) - [ o =" € L(0, 7).
j=1

The amplitude reflection coefficient r, the characteristic function A and the transmission
coefficients f; take the form

_ w(T,p) +o(T,p)
U(T, ,0) - U(T7 p>7

2.2. Let V; = ILQJ.‘, ,ukj = (—1)kl/j + %, Wy = (")/j,’}/jqu), Yo = O, YN+1 ‘= T. Denote

u(T, p) + (=1)’v(T, p)

Alp) = u(T,p), fi(p) = 5 : (11)

r(p)

ij(xu )‘) = (‘7“ - /yj)#kj Z ck‘m](p(x - 7]))2m’ k= 172) j - 17N7
m=0

where

m

crojca0j = (205) ", Crmy = (=1)"exoj - ([T (25 + puas) (25 + pu — 1) — a;)) ™
s=1
Here and in the sequel 2# = exp(p(ln |2| + 4 arg 2)), arg z € (—m, 7. For x € w; Uw;_;
the functions Cy;(z, \) are solutions of the equation
a .

J _
S Y= Ay,

"
(z =)
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and
det[CyT ™ (2, ]kmerp = 1.

Let Sij(x,A), 7 =1,N, k = 1,2 be solutions of the following integral equation

Sii(m,A) = Crg(, N + [ g5t \)(g(t) -

Ski(t, N)dt, x € w; Uw,_q,
(il M 2 € s

where
gj(l'7 t, )\) = Clj(t, /\)CQj(ZE, )\) — Ogj(t, A)Olj(ﬂf, /\)

The functions Sij(x, A) are entire in A of order %, and they form a FSS of equation (8).

Moreover, ’
det[S{T (2, Nk mere = 1,

1S W] < Ol Sy 2) = Ciy (. M) < Clla—n)™ 5], [pla—r)| < 1
Here and below one and the same symbol C' denotes various positive constants in esti-
mates not depending on x and p.

In [16] asymptotic properties of Sy;(x, A) and corresponding Stokes multipliers are
investigated. In particular, for x € w; Uw;_1, (p,x) € Q:={(p,z): |p(x — ;)| > 1,
j =1, N}, the following asymptotic formula is valid

S (@, A) = Bugp s ((—ip)™ exp(—ip(x — ;) [1],+

(ip)™ exp(impg; sign (v; — ) exp(ip(z — ;) [1]5),

(12)

where
[1]; =1+ O0((p(x = %)), Bijfe; = (—disinmu;)~".
We note that the FSS’s {Si;(z,\)} will be used for matching together solutions at the
singular points. In particular, if go(x) is an analytic function, it corresponds to matching
solutions by the analytic continuation in the upper half-plane Im z > 0.
Let us extend the functions Si;(z, A) to the whole segment [0, 7] by the formula

Ski(@, A) = AN Sis(@, A) 4+ A75(A)Sas(2, ), 2 € wy Uw,_y. (13)
Lemma 1. For z € wg, (p,x) € Q,

S (@, N) = By ((—ip)™ exp(—ip(x —7;)[1],

+ (ip)™ exp(—impu;) exp(ip(z — ;) (1], (14)

— 2i(ip)" Z cos v, - exp(ip(x + v — 27))[1]4), s > 7,
p=j+1

ST (@, N) = Brgp " ((—ip)™ exp(—ip(x — ;))[1],

+ (ip)™ exp(impr;) exp(ip(x — v;))[1],

j—1

+ 2i(ip)™ Z cos T, - exp(ip(x + 75 — 29))[1],), s <4, (15)
[1]“/ =1+ ;O@(x - ”YJ)) 1)



Proof. We prove the lemma by induction. For definiteness we confine ourselves to the
case when s > j. For s = j (i.e. for x € w;), (14) holds by virtue of (12). Fix s > j and
assume that for z € w,_q,

1S5 (1, 0) = Bup ((=ip)™ exp(—ip(x — 1)1

+ (ip)"™ exp(—impurg) exp(ip(z —;))[1]y (16)
— 2i(ip)™ Si: cos v, exp(ip(z + v — 279))[1]4)-
p=j+1

It follows from (12) that for z € w1,

S (2, A) = Brsp e ((—ip)™ exp(—ip(z — 7))L+

(ip)™ exp(impe;) exp(ip(x — 7s))[1]5-

(17)

Substituting (16) and (17) into (13) we obtain the following algebraic system with respect
to Ap5(N):

A (N)Brsp™ 1o [1] 4+ AZ(N) Basp™2 = Bjp™ ™ expip(y; — 7s), } 18)
A (N) Brsp™e exp(imps ) [1] + AGS () Bas exp(impins) [1] = Brjp ™% Brjs (),
where
[1]=1+0("),
s—1
Bijs(N) = exp(—impr;) exp(ip(ys — ;) — 20 Y cosmr,exp(ip(ys + 75 — 27,))[1]-
p=j+1
Since

fis + pios = 1, Brsfos = (—4isinmy,) ™!, exp(impys) — exp(impgs) = 2sin v,
the determinant of (18) is equal to (2ip)~1[1]. Solving (18) we calculate
AR5 (N) = 2ip' =iz By By (exp(impas exp(ip(y; — 7)) [1 Brjs (V) [1]), } (19)
AR5 (A) = 2ip! ™I B By o (— exp(impuas) exp(ip(y; = 7s) )] + Brgs(V[L]).
Let now x € w,. Then, by virtue of (12),
S5 (2, 0) = Brap%(—ip) ™ exp(—ip(w = 7,))[1],

+ (ip)™ exp(—impys) exp(ip(z — 75))[1],)-

(20)

Substituting (20) and (19) into (13) we arrive at (14). Relation (15) is proved similarly.



2.3 Denote

(2, A) = (=15 1SS0, 1) 815 (2, A) — ST (0, M) Sa;(, N)), k= 1,2.

The functions @i (z, A) are solutions of (8) and gp,gm_l)(O, A) = Okm, kym = 1,2 (Oky, is the

Kronecker delta). Clearly,
<901($7 )‘>7 ()02(1.7 )‘)> = 17
where (y, z) 1= yz’ —y'z. Using (14) - (15) we get for = € ws, (p,z) € Q,

e () = g (i) H(exp(ipr) Ly + (= 1) exp(~ipa) (1),

+ (=1)k2¢ " cos vy explip(z — 2v))[1],), |p| = o0, k,m=1,2.
j=1

Analogously, the functions
Yr(w, A) = (=D SETHT, NS, 2) — ST N Soy(, X)), k= 1,2

satisfy (8) and the conditions w,(ﬂmfl)(T, A) = Okm, k,m=12.
Moreover,

<w1(‘r7)‘>71/}2<x7 )‘>> = 17
and for = € w;, (p,x) € Q,

O @, \) = L) (1) F exp(ip(T — x))[1), + exp(—ip(T — z))[1],

N
+ (=1)F 12 > cosmyjexplip(a + T — 27;))[1],, |p| — o0, k,m =1,2.
Jj=s+1
In view of (9), we have
u(x, p) = 901('%7 A) o Zp()OQ(x? )‘)
It follows from (25), (22) and (11) that for |p| — oo, Im p >0,

u™(z, p) = (—ip)™ exp(—ipz)[1], — 2i(ip)™ Zsjl cos mv; exp(ip(x — 27;)) (1],
T € ws (p,r) €, m=0,1, "
A(p) = exp(—ipT)[1] — 20> cosv;exp(ip)(T — 27;))[1].

J=1

Lemma 2. The following relation holds

[A)] + [A(=p)[ # 0.
Proof. Tt follows from (5) for p = 0 that

R(z)u(z, 0)[* = |y (z, 0)[.
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On the other hand, using (1) for p = 0, we get y;(z,0) = 0, and consequently
91 (2,0)]> = A;, z € w;, j=0,N, (30)

where A; are constants, and Ay = 1. Let us show that A; # 0 for all j = 0, N. Suppose
on the contrary that for a certain s A, =0, A; # 0 (j = 0,s —1). Using the FSS
{Sks(z,\)} on can write

u(z,0) = 1551s(x, 0) + gs55(x,0), € ws Uws_ 1.

Since As = 0, we have in view of (29) and (30) that u(z,0) = 0 for 2 € wy, and conse-
quently a5 = ags = 0. Hence u(z,0) = 0 for x € ws_q, i.e. As_1 = 0. This contradicts
our assumption. Since Ay # 0, we conclude that A; # 0 for all j = 0, N. In particular,
this yields

A(0) # 0. (31)
Furthermore, it follows from (21) and (25) that
Hence for p # 0 (28) is valid. Together with (31) this gives (28) for all p. O

Denote 11, = {p: Im p > 0},

w(p) == A(p) exp(ipT). (33)

Let {p,}n>1 be zeros of w(p) in II,. We note that if R has no singularities and turning
points (i.e. N = 0), then w(p) has no zeros in I, (see [4],[12]). However in the general
case w(p) has a finite or countable set of zeros in I1.

Using (27) and (33), by the well-known methods (see, for example [17]) one can
obtain the following properties of {p,}.

1) There exist h > 0,y > 0 such that |w(p)] > Cy for Im p > h. Hence in II, the
zeros of w(p) lie in the strip I, := {p: 0 < Im p < h}.

2) The number N, of zeros of w(p) in the rectangle R, = {p : Re p € [a,a +
1], Im p € [0, h]} is bounded with respect to a.

3) Denote Gs:={p: |p— pn| >0} NII. Then
wip)| = Cs, p € Gs. (34)

4) There exist numbers R,, — oo such that for sufficiently small § > 0, the semicir-
cles |p| = R,,, Im p >0 lie in G for all n.

For simplicity we confine ourselves to the case when all zeros of w(p) in II, are
simple.

3. The uniqueness theorem



3.1 Denote

and consider the equation
—y" +pa)y =Xy, >0, A=p’ (35)

on the half-line. Clearly,

N N
=2 +po(x), po(@) - [ o — x| € L(0,T),
7j=1 Z‘ - x]) j=1
where z; = T — yn_j+1, a1 = an—jy1,Vj1 = Un—j+1- We introduce the function

e(z, p),x > 0, by the formula

| w(T =z, p)exp(ipT), 0<z<T,
ez, p) = { exp(ipz), xz>T.

Then e(z, p) is a solution of equation (35), and e(0, p) = w(p). Denote

~—

o) = P oy = €00 (36)

The function M () is called the Weyl function.

Put C(z,\) := (T — x,\), S(x,\) == —ho(T — x,A). It is easy to verify that
C(z,A) and S(z, ) satisfy (35), and C'(0,\) = S'(0,A) =1, S(0,\) = C'(0,A) = 0. In
view of (23), (C'(z, A), S(x,\)) = 1. Since &(0,\) =1, &'(0,\) = M()\), we have

Oz, \) = Cz,\) + M(N)S(z, \), (37)

(O(x,N),S(z,\) =1 (38)

Denote 2. :={z:2 € [0,T],|z —z;| >¢,j = l,N} with a fixed £ > 0. It follows from
(24), (26) and (27) that for |p| — oo, p €Iy, 2 € Q. Nws, m = 0,1,

e(m)(:v, p) = (ip)" exp(ipz)[1] — 2i(—ip)™ '_Z:l cos v exp(ip(2z; — x))[1], (39)
w(p) =[1] —2i Z: cos v exp(2ipx;)[1], (40)

St (x, X) = §(ip)™ (exp(ipz)[1] — (1) exp(—ipz)[1]
: (41)

+2i(—1)™ Y " cos Ty exp(ip) (2z; — z))[1]).
j=1
Denote by II the A-plane with the cut I' := {A : A > 0}, and A := {M\e}e>1, M =
p2, Im pp > 0; notice that here IT and IT must be considered as subsets of the Riemann
surface of the squareroot-function.



Theorem 1. The Weyl function M () is analytic in 11\ A. In the points A = A\
the Weyl functions M(\) has simple poles, and

4ip?
Res M(\) = ————, 42
MY = S )
where w(p) = jw(p). For A € I' \ A there exist the finite limits
p
Mi(\):=limM(A+iz), z—0, Rez>0,
and .
= M\ -M(\)=—FL _ 4
VO = gm0 = M) = — L > 0= (43)
Moreover,
‘M()\” §05|p|7 pthS; |V()\)| §05|p|7 pGGgﬂ{pp>0}, (44)
M(\) =ip[l], |p| — oo, argp € [gg, ™ — &0, €0 > 0. (45)

Proof. The domain II in the A-plane corresponds to I, in the p-plane. By virtue
of (36), M()) is analytic in IT \ A, continuous in IT \ A, and we have

Res M) = 0,00 (o)) ) = 20 (46
It follows from (32), (36), (37) and (38) that
<6(l’,p),6($, _P)> = —Qip, <€<.ﬁl§,p),5(l‘,/\)> = w(/O)' (47>

This implies
e(z, pr) = €'(0, pr)S(z, \r), w(—=pr)e'(0, ) = 2ipy.
Together with (46) this yields (42).

Furthermore, using (36) and (47) we calculate for p > 0:

+ _ - — 6’(0, _:0) o el(oap) _ ZZp
R S o R o R
i.e. (43) is valid. At last, the estimates (44) - (45) follow from (34), (36), (39), (40) and
(43). 0

Denote 8 := —4ipj(w(pr)w(—px)) " if pi € Ty, and By := —2ipio(px)w(—p)) " if
Im pr, = 0. The set S := (V(A), {pk, Br}) is called the spectral data.

3.2. Consider two wave resistances R and R. We agree that if a certain symbol «
denotes an object related to R, then & denotes the analogous object related to R, and
a:=a—a.



Theorem 2. Ifr =7, then R = R. Thus, the specification of the amplitude reflection
coefficient uniquely determines the wave resistance.

Proof. By virtue of (6) and (11),

~u(T,p) (1)
filp) = 5 T %0

(’LL/(T, P) + h(T)U(T, p))v J=12

Togehter with (32) this implies

f1(p) fi(=p) = f2(p) fo(—p) = 1. (48)

It follows from (48) that the functions fi(p) and f2(p) has no common zeros. Hence, in
view of (4) the functions A(p) and fi(p) has no common zeros. Furthermore, taking (3),
(4) and (33) into account, we have

w(p) exp(—ipT)
fi(p) .

The function w(p) is entire in p, of exponential type, and according to (40),

r(p) +1=

w(p) =1+0(p™"), |p| — oo, arg p € [0, 7™ — £o}, 0 > 0.
Let {px} be the sequence of zeros of r(p) + 1; i.e. zeros of w(p). Then

w(p) = aexp(bp)G(p),

where

k Pk Pk
G
b=~ 1 Ej)), o= (lim_espp)Glp) ", arg p € oo, — 20l
p|l—oo pl—oo

Thus, the specification of the amplitude reflection coefficient uniquely determines the
function w(p). In other words, under the hypothesis of Theorem 2 we have

w(p) = (p). (49)

Using (42) - (45) and (49) we infer that the function M ()) is entire in \.
Let us now define the matrix P(z, \) = [Py;(x, A)]k j=12 by the formula

Oz, \) Sz, A) | [ &z, N Sz, N
P(CL’, )\) i)/(x7 /\) SI(I7 /\) ] - [ @/($’A> S’(a:,)\)

In view of (38) we have
Pji(x,A) = (=1 1@V V@, ) ST (@, A) = SUD(2,)@* P (2, A),  (50)

O(x,\) = Pyy(x, )@ (2, \)+Pro(z, )@ (2, \), S(x,\) = Pyy(x,\)S(z, \)+Pra(z, \)S (z, \).
(51)
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Fix € > 0. It follows from (34), (36), (39) - (41) that for x € Q., p € I, m =0, 1.

1S (2, M) < C(lpl + )™ exp(ra),
St (2, A) = St (2, \)] < C(lp| + 1) exp(ra), } o
@0 (2, A)| < Cs(]p| + 1) exp(—Tx), p € Cs,
D) (2, X) — & < Cs(|p| + 1) Lexp(—7z), p € GF = G5N Gs. } 53)
Using (50), (52) - (53) and (38) we obtain for x € Q., p € Gf,
Pale. ) =6l € T G <k [Pl V)] < G (54

Furthermore, according to (37) and (50),

Pii(z,\) = (C(z, \)S" (2, \) — S(z, \)C'(x,\)) + M(N)S(x,\)S" (z, \),
Piy(x, ) = (S(x, \)C(2, \) — C2, \)S(z, A)) + M(N)S(x,\)S(x, \).

Since M()) is entire in A, we get that for each fixed z # x;, the functions Py(z, \) are
entire in \. Together with (54) this yields Py(z,A\) = 1, Pia(x, A) = 0. Substituting this
into (51) we derive

Oz, \) = Oz, \), S(z,\) = S(z,\)

for all x and A. Consequently, p(z) = p(x), i.e. ¢(z) = ¢(x). In particular, this gives
u(x, p) = iz, p). Using (2), (29) and (30) we get Ro(z) = CjRy(z), © € wj, j = 0, N.
Since Cy = 1 and Ry, Ry are continuous positive functions, we conclude that C; =1,

j=1,N, and Ry = Ry, R = R. O

4. Solution of the inverse problem.

In this section we provide a constructive procedure for the solution of the inverse prob-
lem. The central role here is played by the so-called main equation of the inverse problem
which is a linear equation in a corresponding Banach space. We give a derivation of the
main equation, prove its unique solvability and show how to use the main equation for
the solution of the inverse problem.

Let R and R be such that v =%, Pj = Pj.J = 1,N, and

& =0(1), /Ooo ’;&1 du +k§>jl |/’)ff‘-§k1 o, p=46, (55)
where
&k = \Pk—Pk|+’1—gZ
Denote - -
Dl p) =2 (”3’;)’_55‘”’“». (56)



Since

—S"(x, \) 4 p(x)S(z,\) = AS(z, \),

we have

D'(w, A, 1) = S(x, S (, ). (57)
According to (52),

S (@ M) < Clol + D)™ p ey, x € Qe m =0, 1. (58)

Using (56) - (58) and the maximum principle [19, p.128] we obtain for = € Q., p,0 € II;,

C
e VRS RV [Eah) 5
DU A )| € g (ol + 10 1)
where \ = p%, = 62, and C depends on ¢ and h.
Theorem 3. The following relations hold
S(x, S(z, \) —i—/ (2, M, )V (1) S, o) dpa
+Z (@, A, M) BrS (2, M) — D@, A, Ae) BeS (2, M), (60)
k>1
Dl Aop) = Do Ag)+ [ Dl A D&, )V () o

+Z (@, A, M) BeD(, A, 1) — D(2, A, \e) BeD (2, A, 1)) = 0.
k>1
Proof. Let h > 0 be such that for Imp > h the functions w(p) and &(p) have no zeros,
and choose r,, = R? such that for sufficiently small § > 0, the semicircles |p| = R,,,Imp > 0
lie in G for all n (see Section 2). Let F {A=u+iv:u=(2h*)"%v?—h?} be the image
of Imp = h under the mapping A = p?. Denote I'y, = TN {\: |\| < r,} and consider the
closed contours

Too=Tn U{N: [\ =71, A& int T}, Ty = D, U{A: |A| = r, A € int T}

(with counterclockwise circuit). According to (36) and (50), the functions Pj;(x, \) are
analytic for A € int I, for each fixed z. Then, by Cauchy’s integral formula [19, p.84]

1 P, —0
Plk(l‘, )\) 5114: 2 / 1k($7 Iu) Lk d,u, A€ int Fn0~
% JT o = A

Using (54) we obtian

1 P _
lim —— / (2, 1) Ok g — 0,
lul=rn A—p

n—0o0 27y
/nO /H/| =Tn /Fnl

12
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we have

1 P,
Pig(x, \) = 01 —1-71113& %/ . 1;(_ )dp, AZint I (62)
Similarly, one can derive
) ! :hm—,/ S)  ge A int T, 63
A — n=00 21 Jr,, (A =€) (€ — p) (95)

In view of (51) and (62) we infer

S(z,\) = S(x,\) + lim 1/1“ 1(5’($, NPy (x, 1) — S'(x, )\)Plg(x,u))Ad'u.

n—0o0 279 — U

Substituting here Py (z, ) from (50) and taking (37) into account we get

~ 1 ~ ~
S, \) = Sz, ) — lim —— / D@, A\, ) N () Sz, ), A ¢ it T
Fnl

n—00 279

From this, using Theorem 1 we arrive at (60).
Further, by virtue of (50) we have

P | 907 | = bw0.5@n | 908 | - wea.swm | ol |,

S(z,\) S(x, p) B
det ((P(a, \) = P, ) l R ] | [ aih D _
<S(Z‘, )‘)7 S(l’, :u)> - <§(I, )‘)7 S(JJ, 'u)>
Then, using (63) and (37) we calculate

D(z, A\, 1) — D(z, A\, p) — lim 1/ D(z, M\, €)D(x, &, )M (E)dE =0, A\ peintT.

n—oo 27 Jr,

From this and Theorem 1 we arrive at (61). O

Theorem 4. The following relation holds
p(x) = p(x) — 2'(x), (64)

where

e(z) = /OOO S(x, \)S(z, V(AN + 3 (S(w, M)S(2, A) B — S(z, )5S (@, M) i) (65)

k>1

Proof. Differentiating (60) twice with respect to = and using (57) and (35) we obtain

(B(x) = N)S(x,A) = (p(x S(z, \) +/ (x, \, )V () (p(z) — p)S(, p)dp

+ (D, A ) Br(p() = Ae)S(, M) = D, A M) = D@, A A) Br(p(a) = M) S (2, Ar))
+25(x, )\)(/OOO S, 1) (2, 1)V () gt + 3 (8, M) (2, M) B — S, M)S' (@, M) B ))

+ (3(%A)S(w,u))’V(M)S(x,u)dWrZ((g(x, NS (2, ) BiS (@, ) —
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We replace here S(x, \) by (60):

p(x)S(x, \) S(x,\) —i—/ (2, A), S(z, )V (1) S (, p)dps
+ 245 X), Sl WS, M) = (5(@, V), S(a, Me))BiS (@, Av))
+25(z, )\)(/Ooo S(z, 1)S" (z, )V (p)dps + Z (2, M) S (2, M) B — Sz, M) S (2, A )Bk))

+/OO(5(%A)g(%ﬂ))'V(M)S(%M)dWrI;((g(fﬂ, NS(, M) B (2, M) =

(S(, A)S (0, Ar)) BS (2, Ar)).

After cancelation terms with S'(z, ) we arrive at (64). O
Denote
Ao = Ny Aet = Ay Bro = Brs Bt = B, s (x) = S(2, Ary), S5 (x) = S(x, Aay),

P)\}L( ) D(l’ A M)V(M)a PA,kj(x) = D(%A’/\kj)ﬁkjv

Pni,,u(x) = D(Dj’, Am»ﬂ)f/(#), Pni,k:j ($) - D(l’, )\nia )\kj)ﬁkja
A>0, u<0,1,7=01.

The functions Py, (z), Py (), Priu(x) and Py k;(z) are defined analogously. Then, the
relations (60) and (61) yield

Sz, ) = S(z, )+ /()OOPA7M(x)S(m,;L)d,LL

+ Yot (Paro(2)sko(z) — Py (2), s11(x)), A >0,

) (66)
i) = sui(e) + [ Puu(2) S, pw)dp
+ Yiot (Prigo(2)sk0(2) — Pripa (2)sp1(2)), n > 1,0 =0, 1,
Pofa) = Pro(a) + [ Prew)Pe(a)de
+ Zszl(p/\,so(x)Pso,u(I) - p/\,sl ({E)PSLM(:E)) =0,
(67)

Poi(@) = Pai(a) + [ Prela) Pegy(w)dg

+ 2521(PA,s0(I>Pso,kj($) — ]5,\,51 () Ps115(z)) =0,
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Poi () — Poyu(z) + /O ¥ Bue(x) Pe(x)de

+ Zs>1( ni sO( )Psoyu(x) - Pm‘,sl(m)PSLM(I)) =0,
(67)

Pni,kj( - nz kg + / ni,& P§ k] )df

+ Zs>1< ng sO(x)Ps(),kj <x> - Pm,so(x)Psl,kj ((E)) = 0

Let
QA =(lpl +1)7" A
= (lpal +1)""\n

We introduce the functions
D, 2) = Q1S (2, 0), Gno(x) = X (Bao(x) = 3 (2)) 2,
Yt (2) = 51 (2) 2", Hya(w) = Q3 Pru(2),
Hyko(x) = 03 Prjo(2)€2%, Hapa () = Q7 (Prgo(@) = Prja (),

HnO,u(x) = leXn(PHO,u(x) - pnl,u( ))Q Hm u( )= Qﬁlpnl,u@)Qw

f:fno,ko(x) P:[no,m(m) ] _ -1 [ Xn —Xn 1 [ ]?no,ko(ﬂﬂ) I?no,m(ﬂf) ] [ & 1 1 o
Hnl,ko(if) Hnl,kl(I) " 0 1 Pnl,ko(ﬂf) Pnl,k()@) 0 -1 7

A >0 nk>1.

>

p* >0, & & #0,
1 Xn =19 0, ¢ =0,

Similarly we define ¥ (x, A), ¥ni(x), Hx u(N), Hx (%), Hpip(z) and Hy,pi(x). It follows
from (52) and (59) that

60 S €, W@ £ €, 1@, 1Hua(@)] < L
o1 -
|I~{)\k(5p)| H ()] < C&k|Br Ap>0nk>1:ij=01
W T ] 1

The same estimates are valid for ¢¥(x, ), ¥w;(z), Hx,(x), Hagj(x), Hpip(x) and Hy, ().
By virtue of (55) and (68) we have

sup (/ ()] dp+ 37 [ H :c)|> < o0,

A>0 \ /0 iy

sup () B+ X | Arias(a)l) < oc.

ni

(69)

Let 0 be the set of indices v = (k,j),k > 1,7 = 0,1. Consider the Banach space m of
bounded sequences o = [a,]yep With the norm |||, = sup,eq |aw|. Define the vectors

o) = oo = | 96 |00 = Wi = | 595 |

It follows from (68) that for each fixed z € Q:= {z: 2 € 0,T], = # x,}, ¥(z),¥(x) € m.

15



Let C' = C0, 00) be the Banach space of continuous bounded functions f : [0, 00) —
€, A — f(X) on the half-line A > 0 with the norm || f||¢ = supy>¢ |f(A)]. It follows from

(68) that for each fixed x € Q, ¥(z,-),¥(x, ) € C.
Consider the Banach space B of vectors

Fz[é],feC,&:[av]%gEm

with the norm || F||g = max(||f]|c, [|a|lm). Denote

w15 w- 4]

Then, ¥(z), ¥(z) € B for each fixed z € Q. For a fixed z € Q, let Q = Q(z) : B — B be
the operator defined by

€ B,

D

F:QRF:lé

eB,ﬁ:[

F = [T By du+ Y Huo,

veh

du - /0 ]:Iu,,uf(,u)d/vb Z f{uvava
vEl

ANp>0, u=(n,i)€f v=(kj) €.

Analogously we define the operator @ = Q(z). If follows from (69) that for each fixed
x € Q, the operators F 4+ Q(z) and E — Q(z) (here FE is the identity operator), acting
from B to B, are linear bounded operators.

Theorem 5. For each fized x € ), the vector W(x) € B is the solution of the
equation B .
U(z) = (B + Qx))¥(x) (70)

in the Banach space B. The operator (E + Q(x)) has a bounded inverse operator, i.e.
equation (70) is uniquely solvable. Equation (70) is called the main equation of the inverse
problem.

Proof. Taking into account our notations we can rewrite (66) in the form

0w, A) = 0l V) + [ En @)l pdp+ 3 Hag (@i (),

k?j

Gi@) = Vi) + [ Hoiu)0, 10+ 3 Hoiy o ),

k7j
which gives (70). Similarly, (67) takes the form
(E+Q(2))(E - Q(x)) = E.
Interchanging places for R and R we obtain analogously

U(z) = (B~ Q@) ¥(2), (E—Q2))(E+Qx)=E

16



Hence the operator (E 4 Q(x))~! exists, and it is a linear bounded operator. O

Using the main equation (70) we obtain the following algorithm for the solution of
the inverse problem:

Given the amplitude reflection coefficient r. Then

Construct the function w and the spectral data S (see Section 2).

Choose R and caluculate Q and .

Find ¥ by solving the main equation (70).

Calculate p(z) by (64)-(65).

Construct u(x) := u(x,0) from the relations v”(z) = p(T — z)u(x),u(0) = 1,4/ (0) = 0.
Calculate R(x) using (29)-(30).

— N

1
2
3
4
)
6

We note that this method also allows one to obtain necessary and sufficient condititons
for the solvability of the inverse problem.
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