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1 Introduction

This note is mainly concerned with the convergence properties of the solutions of two types of
Riccati equations. The first one is the periodic Riccati differential equation (PRDE)

X = —A"()X — XA@t) — Q(t) + XS(H)X, X(to) = X (PRDE)

where A, (Q and S are n X n piecewise continuous, bounded matrix functions of period w with
) and S hermitian. In the time-invariant case, where A, ) and S are constant matrices, we
denote this equation by (RDE).

The second equation to be studied is the Riccati difference equation

Xt)=AXt+ 1) +SXt+1)TA+Q, X(to) = Xo; (DRE)

here A, (Q and S are constant matrices of dimension n X n with ) and S hermitian; the results
obtained are also valid in the case of periodic coefficients.

In the last three decades the matrix Riccati equations (RDE) and (DRE) and the corre-
sponding algebraic Riccati equations (ARE) and (DARE) have received a great deal of attention
(see [4] and [23]). Omne of the main topics in the analysis of Riccati differential and difference
equations is the study of the attractiveness properties of its constant or — in the case of periodic
coefficients — w-periodic solutions as ¢ — —oo; this topic has been studied among others in [1],
5], [7], [8], [9], [12], [17], [24], [25], [28] and [29]. In particular it is known from [8], [9], [12]
and [17] that the solution X of (RDE) converges towards the strong solution X, of (ARE) if
S = BB*, (A, B) is stabilizable, @ > 0 and X, > 0. Shayman ([28]) has provided a complete
phase portrait of the (LQ-type) periodic Riccati differential equation under controllability and
the assumption that the characteristic multipliers of the corresponding Hamiltonian matrix (see
Section 2) do not lie on the unit circle. An analogous analysis is available in the discrete-time
and time-varying case ([15]). The convergence towards the strong solution of (DRE) has also
been studied in [1], [5], [17] and [24].

The most general convergence results for (RDE) are due to Park and Kailath (see [26],
where also a short survey of convergence results in the time-invariant case can be found). In
particular Park and Kailath extended the work of Callier et al. ([7], [8] and [9]) and studied
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the situation where (A, B) is stabilizable but not necessarily controllable and where the basin
of attraction of X, as ¢ — —oo may be unbounded from above and below.
The main object of this paper is twofold:

1. We show that the analogous results are also valid for (PRDE) and (DRE) since these
equations have many applications in optimal control and filtering. The results obtained
are best possible.

2. We present a new method which is mainly based on general comparison theorems and
a representation formula for the solutions of Riccati differential respectively difference
equations. The proofs of the main convergence results (see Theorems 4.5 and 5.10) are
elementary and selfcontained; moreover the idea of the proof is the same for (PRDE) and
(DRE).

Furthermore, in the Theorems 3.1 and 5.13 we provide necessary and sufficient conditions for
the existence of a periodic equilibrium of (PRDE).

JFrom the proofs of our main convergence results it becomes transparent how the compar-
ison theorems ensure that the solutions considered do not have finite escape time ¢ < 0 and
how, subsequently, the representation formula (4.4) (resp. (5.2)) yields the desired convergence
results; a key role is played here by Corollary 4.2 (resp. Corollary 5.7) which displays niceley
the influence of the terminal value Xy = X (0) on the solution of (PRDE) (resp. (DRE)).

For the discussion of the basic structural properties of (PRDE) and (DRE) and the corre-
sponding definitions (controllability, observability etc.) we refer to [2], [23] and [25].

2 Preliminary results and notations

For convenience of the reader we cite here without proof some results concerning (PRDE) which
we use in Sections 3 and 4 of this paper.
With (PRDE) we associate the corresponding Hamiltonian matrix

(Al S
H“)—(—@u) —A*(t))’

and we introduce the Riccati function
R(X; H(t)) = —-A"(t)X — XA(t) — Q(t) + XS(t)X.

Let X (-, Xo,tp) denote the solution of (PRDE) with X (¢y) = Xo. Notice that X (-, Xo,%o) is
hermitian as long as it exists if and only if X, = X{.
To formulate a comparison theorem, we define the 2n x 2n matrices H and J by

— - Ay -S@) (0 I
H(t)_<—@(t) —g*(t)> and J_(] 0 )7

where [ is the n X n identity matrix.

2.1 Theorem (Comparison Theorem, [21]). Let Z C R be some interval and ty € Z.
Assume that X resp. X is on Z a solution of X = R(X; H(t)) resp. X = R(X; H(t)). If

JH(t) < JH(t) for tel

then X (to) < X (to) implies that X(t) < X(t) fort € TN (—o0, t).
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Notice that this means in particular that the solution X depends monotonically on the
initial value X, and on the coefficients ) and —S.

2.2 Lemma ([16]). Let X := X(-, Xy, ) be a solution of (PRDE) which ezists for ty —w <
t<ty. If

X(to - W)

IN IV
fa
S

then

Xuﬂnixw

holds on the mazximal common interval of existence of X and X (- — w).

2.3 Theorem ([10]). Let S(t) = B(t)B*(t), (A, B) be a stabilizable pair, and assume that
there exists an w-periodic solution of the differential inequality X > R(X; H(t)). Then there
exists an w-periodic equilibrium X of (PRDE) with the following properties:

(i) Xy > X for every w-periodic solution X of X > R(X;H(t)). In particular X, is the
maximal w-periodic equilibrium of (PRDE) and X, > 0 if @ > 0.

(ii) All characteristic multipliers of the corresponding closed loop matriv Ax, = A — SX,
are contained in the closed unit disk of the complex plane.

2.4 Lemma ([27], Section II, 2). If X is a solution of (PRDE) on some interval T and Y
s a fundamental matriz of

Y = [A(t) - S)X (] Y,
then'Y, Z = XY s a solution pair of
Y =AY - S(t)Z, Z=-Q(t)Y —A*(t)Z (2.1)

on L. Conversely, if Y, Z is a solution pair of (2.1) with Y non-singular on some interval T,
then X = ZY ! is a solution of (PRDE) on T.

For any matrix function M, ®,/(¢,7) denotes its transition matrix; in particular Wy (t) :=
Oy (t + w,t) is the monodromy matrix of H at ¢. It can be shown that its eigenvalues are
independent of ¢; they are called the characteristic multipliers of H.

It is known (see [31]) that ®(¢,0) may be expressed in the form ®g(t,0) = P(t)ef, where
P is a piecewise continuously differentiable matrix function of period w with P(0) = [ and R
is a non-singular n x n matrix. If Jp = W1RW is a Jordan canonical form of R, then

<M@®W:V@ﬂﬂWM.W&:P@W:OMm”J%®) (2.2)
is also a fundamental matrix of & = H(¢)x.

Let Ay, Mg, ..., A9, denote the eigenvalues of R with ReA; < ReXy < ... < Re),,. For
definiteness we let the Jordan canonical form of R be given by

Jr = diag(Jy, (1), Jry (p2)s -+ I, (11p))



with 1 < r; < 2n, 1y + ...+ r, = 2n, where J,,(1;) is the r; x r; Jordan block with p; €
{A1,..., A2, } on the main diagonal:

w10 ... 0
Jipa) =1, + . . 0
: o1

Then we infer from (2.2) that to each Jordan block J,,(u;), 1 <i < p, there corresponds a set
of r; linearly independent solutions

Yrito4rioi+1 (t) = euith1+---+Ti—1+1<t> = euitpr1+---+7“i—1+1<t)7
(2.3)
it o~ it
Yritotrioa4ri (1) = €M Z mvm—i—.‘.—&—n_l-l—j(t) = "Dty (F)
=1 " '

of the differential equation & = H(t)x, where v; are w-periodic vector functions.

T
If p(t) = (pkl(t), . kaQn(t)> are the polynomials with w-periodic coefficients defined by
(2.3), we set

(4.9) .

ﬁk = (pk’b v 7pkn)T and pk = (pkla <. 7pk,j717pk,n+i7pk,j+17 v 7pkn)T

analogously we define v, and v,(j’j ),
The next result follows by Lemma 2.4 and Cramer’s rule, where the determinants are eval-

uated using the Cauchy-Binet formula for computing n x n minors of matrix products.

2.5 Theorem ([20]). Let Xo € C™™ be given. If dy,...,ds, are the row vectors of D =
VH0) (4,), then X = (x4))ij=1,..n with

oo et ()]
1<k1<...<kn<2n d,.
dy,
SO (1), (]|
1<k1<...<kn<2n dy,,
is the solution of (PRDE) with X (0) = Xo.
diy
Notice that the determinants | : | in (2.4) are determined uniquely up to a common con-

dk,,

stant factor by Xg; they are called Pliicker coordinates of this initial value and also of the
subspace Im ().

2.6 Remark. From the definition of the polynomials p(t) (see (2.3)) it follows that for each
fixed n-tuple (ki,...,k,), 1 < ky < ko < ... < k, < 2n, there exist constants M € Ny and
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No, N1, ..., Ny € Nsuch that with o, € R, 64 (p,v), ..., 0 (p,v) € {1,2,...,2n}, 0 < u < M,
1 <v < N, simultaneously

N,

|ﬁk1(t)7"'apk | = Ztuza;ww& ,ul/ 58 (,ul/)(t)|

and for 1 <14,7 <n

(i (4, ) (
(@), ) |—Zt#2auy|%zgﬂy) oo (@),
V=
where in particular Ny = 1 and vy, ar,1)(0), ..., e, (a,1)(0) are generalized eigenvectors of
®(w,0) corresponding to characteristic multipliers e*1% ... eM«® of H, spanning an n-

dimensional @ (w, 0)-invariant subspace.
It follows now that

’ﬁh (t)7 B 7ﬁkn (t)| = tM {|5€1(M,1)(t)7 v 75€n(1\/f,1)<t)| + O<1/t)}

and
e (0,0 = D @, 0]+ 00/ |

If in particular vg, (0), ..., vk, (0) are spanning a ®(w, 0)-invariant subspace then
Pry (), - -+ P, ()] = [0k, (1), -, Ok, (8)]

and

D @), )] = o (@), o (@)

notice that in this case |vg, (¢), ..., 0k, (t)| # 0 for ¢t € R if and only if

Im {u, (0), ..., v, (0)} N [ C/(%)B } — {0}

where
n—1
CAB —ZIIHCI)A )Gc( )]
r=0
with

GC(T,t):/ O(7,5)B(s)B*(s)®% (T, s) ds.

3 An existence result

In general it is very difficult to prove the existence of a periodic solution of a nonlinear differ-
ential equation. For (PRDE) the following theorem provides a tool for checking the existence
of an w-periodic solution.



3.1 Theorem. The following statements are equivalent:
(i) (PRDE) has an w-periodic equilibrium.
(i1) There exist two hermitian w-periodic functions Xy, X,, (which may coincide) with

a) Xo(t) < X, (t) fort € R,
b) Xo(t) > R(X,(t); H(t)) fort € R,
¢) X, (t) < R(X,(t); H(t)) fort € R.

(i1i) There exist hermitian matrices Xy, Xo with

a) X < Xy,

B) X1 < X(to —w, X1, to),

v) Xo > X(tg — w, Xo, ).
Proof. (i) = (ii) is trivial since a), b), c) are fulfilled with X, = X,, = X for any w-periodic
equilibrium X of (PRDE).

(ii) implies that there are matrices Qg, Q, with Qu(t) < 0 < Q.(t), t € R, such that for
teR

Xo(t) = R(Xe(t): H(1)) — Qult),
Xu(t) = R(Xu(t); H(t)) — Qu(t).

JFrom a) and Theorem 2.1 we infer that for ¢ < ¢,
Xé(t) < X(ta XZ(tO)J tO) < X(t7 Xu(t0)7 tO) < Xu(t)a

in particular it follows that
Xg(tg — w) = Xg(to) = Xl § X(to — W, Xl, tQ),
Xu(t() — w) = Xu(t0> = XQ Z X(to — W, XQ, to)
Hence (ii) implies (iii).
Assume (iii) is valid. Then it follows from Lemma 2.2 and Theorem 2.1 that X (-, X, )
and X (-, Xo, o) exist for ¢ < tg and fulfill

X(t,Xl,tQ) < X(t - W,Xhto) < X(t - W,Xg,to) < X(t,XQ,tO) for t < t().
Hence the limits

Xj (t) = ’}LI{.IOX(t — kw,Xj,to) = ]}LIEOX(t — (k F 1)W,Xj,t0) = ono(t iw)

exist for j = 1,2 and t < ty. Consequently (i) holds, since X, and Xy, are obviously periodic
equilibria of (PRDE) (which may coincide). O

3.2 Remark. Notice that up to this point we did not make any assumptions on the definiteness
of S or Q). In this case the main problem in the application of Theorem 3.1 arises when we
have to check either the conditions a), b) and c) of (ii) (or, equivalently, the conditions «), ()
and ) of (iii)). Fortunately in most applications at least one of the matrix functions () and
S is positive semidefinite and/or the existence of an w-periodic solution of at least one of the
Riccati differential inequalities is guaranteed in advance.
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If for example @@ > 0 then obviously (ii), b) is fulfilled with X,(¢) = 0; moreover, S = BB*
and (A, B) stabilizable guarantee, according to Theorem 2.3, that there is an w-periodic function
X, > 0 satisfying condition c¢) of Theorem 3.1, (ii) (even with ”=" instead of ”<”).

Conditions (iii), #) and «) could be tested numerically using standard software for the
numerical solution of (PRDE) and by trying adequate initial values.

4 Convergence to X,
In the first part of this section we assume that
S =BB*, Q =C*C and (A, B) is controllable. (4.1)

For structural properties and basic definitions we refer the reader to [2] and [25]. According
to Theorem 2.3 there exists a maximal periodic equilibrium X, and (similarly) a minimal
periodic equilibrium X_ of (PRDE). They are unique up to a shift ¢ — ¢y of the argument; we
shall define these solutions uniquely by prescribing an initial value for ¢ = 0. Moreover X is
positive semidefinite and the characteristic multipliers of Ax, are contained in D; similarly X_
is negative semidefinite and the characteristic multipliers of Ax are contained in C\ D.

For O € {<,<,=,>,>} R4(M) denotes the sum of all root subspaces Ry (M) = Ker(M —
A)™ of M € C™™ corresponding to eigenvalues A of M with |A|<$1. Further,

GO(T,t):/ % (5, 7)C*(8)C(8)P (s, T)ds

denotes the observability Gramian, and the unobservable subspace is defined by

n—1

U =[] Ker(Go(0,w)®7 (w, 0)).

r=0
JFrom [25] we know:

(i) There is a one-to-one correspondence between the set

ST Y S is @y (w, 0)-invariant,
T Z ) dety £0and Y Z = 27

and the set of all hermitian w-periodic equilibria; this correspondence is defined by

S:Im< ; ) — X (-, ZY71)0).

(i) {y1,...,yx} C KerGp(0,w) is a Jordan chain of ®4(w,0) corresponding to the (C, A)-
unobservable eigenvalue A if and only if {(%1), e (yé“)} is a Jordan chain of ®y(w,0)
corresponding to the eigenvalue .

(iii) If &y (w,0) has eigenvalues of modulus 1 then
dim RE (@ (w,0)) = 2dim(Ue.a NRE(PA(w,0))) =: 2k,

and the first half of each Jordan chain corresponding to each such eigenvalue has the form

(),..., (%) with a Jordan chain {y,...,y} C Ker Go(0,w) of ®4(w,0).
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With the notations of Section 2 it follows from (2.2) that
Oy (t,0) = V(t)e’®VH0).

A Jordan basis of g (w, 0) is given by v1(0), . .., v9,(0) where vy, -+ , v, (and vy pi1, ..., Vop)
correspond to characteristic multipliers e’ € D (and e’ € C\ D, respectively). In the
case k > 0 we divide the index set {n —x + 1,...,n + k} into the subsets {fi,..., f.} and
{s1,...,5.} so that {v;(0) | 5 = fi,..., f«} contains the eigenvectors of the form (%), where
y; € Ker Go(0,w)NRE (P 4(w, 0)) (see the preceding remarks). With this notation the @5 (w, 0)-
invariant subspaces corresponding to the maximal solution X, and the minimal solution X _
are

Sy =Im{v;(0) |j=1,...,n—~K, f1,..., fu} (4.2)
and

S_=Im{v;(0) |j=n+r+1,....2n, f1,..., fs}, (4.3)
respectively.

If H has no characteristic multipliers of modulus one we say that (PRDE) is exponentially
dichotomic. In this case we have

Re(Ak, + ...+ Ap,) > Re(M + ...+ \,) for (ki,... k) #(1,...,n).

dy
If in addition | : | # 0 and X has no finite negative escape time we obtain from Remark 2.6
dn
that for t <0
Z e[()\kl+...+>\kn)—()\1+...+/\n)]t|pl(€zlaj)(t), o ,p;(i;”(tﬂ :
1<k <...<kn<2n dy.
zy(t) =
d,
Do Ot B (1), B (1)
1<k <...<kp<2n dy,
(4.9) (4.4)
_ |’U1 (t), ..., Un (t)| + 0O (tueRe(An+1—)\n)t) (44)

[01(%), ..., 0n(t)]

for some v € {0,1,...,n—1}. This means that X (¢)— X, (t) — 0 as t — —oc at an exponential
rate.

In the case where H has characteristic multipliers of modulus one there are several sum-
mands in formula (2.4) having an exponential term e+t growing as fast as e ++An—r)t,
It is easy to see that under our assumptions among these terms the term with the Pliicker co-
ordinate




(this definition makes sense also for x = 0) is the dominant term as ¢ — —oo since — as a
consequence of (2.3) — the degree of the polynomial (with periodic coefficients) appearing in
this term is maximal. In this case (PRDE) is called polynomially dichotomic. Using the special
structure of the polynomials p, and pg’j ) (see Remark 2.6) it follows in an elementary way that
if Pgom # 0 and X (¢) exists for ¢ < 0 then we have

i (@), - o), 0 @) )
IL‘Z]<t) = = = = T (1 Ol -
[01(t), ..., Unen(t), Vg (2), ..., s, (2)] t
fort <0,ie X(t) — X, (t) — 0ast — —oo at a polynomial rate.
For the subsequent convergence results it is important to know conditions under which the
Plicker coordinate Py, is nonzero.

(4.6)

dy

: > =V0) (&) If {ir,... in} and
dan
{j1,---,Jn} are two disjoint index sets with {iy, ... ,in}zu {1,y Jnt ={1,2,...,2n} then the

following statements hold:

(i)

4.1 Lemma. Let Xq € C™*" be given and let D = (

d;,
I
p € Ker : = (Xo )pelm(vjl,...,vjn).
d;,,

(it) If S = Im(vj,,...,v;,) =Im(Y), then

d;,
D #£0 <= XY — Z is invertible.
d;,

If in addition detY # 0 and X := ZY ™, this means

d;,
D #0 <= Xg— X is nvertible.
d;,
di
(ii) If 0 # p € Ker Xo and (§) € Im(vj,,...,v;,), then | : | =0.
di,

Proof. (i) We set



and it follows that
d

11

p € Ker

7~
=~
N
i
Il
o

in

(ii) From (i) we infer that

(£)r-()s

this is possible if and only if XY — Z is not invertible.
Under the assumption detY # 0, X = ZY !, the second assertion of (ii) follows from
XoY — Z = (X — X)Y, and (iii) is a consequence from (i). O

= 0 if and only if there exist p,q € C"\ {0} with

ds,

4.2 Corollary. Let Xy € C™" be given and let D :=V=(0) (4, ).
(1) If (4.1) holds then

Piom #0 <= Xy — X_(0) is invertible.

(i1) If (4.1) holds and ®g(w,0) has no eigenvalues on ID then, assuming that X (t, Xo,0)
exists for t <0, we have

lim (X (¢, X0,0) — X;()) =0 <= Xy — X_(0) is invertible.

t——o0

(iii) If

lim (X (£, Xo,0) — X,(t)) = 0,

t——o00

then

Ker Xo NUca NRE(Pa(w,0)) = {0}

Proof. (i) follows immediately from (4.3), (4.5) and Lemma 4.1, (ii). Together with (4.4) one
gets (ii).

To proof (iii) suppose for a contradiction that there is a nonzero p € Ker Xo NUca N
RE (D 4(w,0)). Then (}) is a generalized eigenvector of @ (w, 0) corresponding to an eigenvalue
A with ReX > 0, ie., (§) € Im{v;(0) | j =n+~r+1,...,2n}. Therefore as a consequence of

d,

Lemma 4.1, (iii), all Pliicker coordinates with 1 <k; < ... <k, <n+ k are zero. O

diy,

Using the preceding corollary and the representation formula we obtain a short proof of the
next theorem, which extends [28], Theorem 8, ¢).
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4.3 Theorem. Let (4.1) hold. If Xo = X > X_(0) then
X_(t) < X(t, X0,0) < X(t) for t<0, (4.7)

where X is the solution of

X = A ()X — XA®) — Q(t), X(0) = X, (4.8)
and for Xo > X _(0)

lim (X (t, Xp,0) — X,(t)) = 0. (4.9)

t——o0

Moreover, if H has no characteristic multipliers of modulus 1 the convergence in (4.9) takes
place at an exponential rate, see (4.4); otherwise we have convergence at a polynomial rate, see

(4.6).

Proof. (4.7) follows from the Comparison Theorem 2.1, therefore X (¢, X, 0) exists for ¢ < 0.
Xo > X_(0) yields (see Corollary 4.2) that the Pliicker coordinate Pyop, is nonzero. Hence (4.9)
follows easily from (4.4) and (4.6). O

4.4 Lemma. Let (4.1) hold. If ®y(w,0) has no eigenvalues on 0D and Xo # X_(0) then
X(+, X0,0) has at least one pole on (—o0,0).

Proof. (i) Assume in addition to X, 2 X_(0) that X (-, Xo,0) does not have a finite negative
excape time and even converges to X, i.e.,

lim (X (¢ Xo,0) — X, () = 0.

t——o0

Let X, X5 be two matrices with Xy < X; < Xy, det(X; — X_(0)) =0 and Xy > X_(0). From
the Comparison Theorem 2.1 we infer that for t < 0

X(taXOa 0) S X(thlao) S X(t7X270)
Hence, according to Corollary 4.2, (ii),

tEmm(X(t’Xj’O) —X.(t)=0 for j=0,1,2,

which yields, again by making use of Corollary 4.2, (ii), a contradiction to det(X; —X_(0)) = 0.

(ii) Let now Xy = X§ # X_(0) be arbitrary. Then there exists a matrix X3 = XJ > X
with det(X3 — X_(0)) # 0 and X3 * X_(0). Assume that X (-, Xo,0) has no finite excape in
negative time. Then it follows, using again the Comparison Theorem 2.1 and Corollary 4.2,
(i), that X (-, X3,0) has no finite escape time and converges to X, in contradiction to part (i)
of the proof.

This proves the assertion of the lemma. ]

In the remaining part of this section we assume instead of (4.1) only that
S = BB*, Q = C*"C and (A, B) is stabilizable. (4.10)

In this case Theorem 2.3 yields that X, exists but X_ is undefined if (A, B) is not controllable.
For the formulation of our main convergence theorem, which generalizes the results of Callier
and Willems [7], Callier and Winkin [8] and Park and Kailath [26] to the periodic case we assume
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without loss of generality (otherwise we have to perform first an w-periodic transformation of
coordinates, see [3]) that

An 0 010

A|BY\ | Au Ax 0 | B
C | As Ay Ass | Bs |

¢, C, 00

where (( ﬁi; Ag3) , (g§ )) is controllable, Aj; is exponentially stable (i.e. its characteristic mul-
tipliers are in D), (Cy, Ass) has no unobservable characteristic multipliers on 0D and As3 has
only multipliers on dD.

Now we partition the solution X (-, Xo,0) of (PRDE) as

X1 ng)

X('7X070) = (Xikz X

with X € C™" where r = dimCu p. Then (PRDE) decomposes into the following three
equations:

X11 = —AT1X11 — X141 — Cikcﬁ
A * * * B * *
- X12 ) - (A21 A31>X12 + X12 ’ (BQ B3)X12=
A31 Bd
y * A22 0 BZ * *\ v * * > *
X1 = _A11X12 — Xi2 A A “\B (Bz Bs)X - <A21 A31)X - (01 Cy 0)>
32 33 3
> _ A;Q A;Q v Y Az 0 _ C;CQ 0 o [ B2 * F\ v
X = ( 0o A X=X (2 4 0 o)t X ) B BDX. (411

If X exists for ¢ < 0 then the differential equations for X;; and X5 are linear with coefficients
depending on X and therefore it is clear that X (-, Xo,0) exists for ¢t < 0 if and only if X exists
for t <0.

The reduced Riccati differential equation (4.11) has a maximal w-periodic equilibrium of

the form X+ = (X202+ 8) and a minimal w-periodic equilibrium of the form X_ = (X"’O2* 8),
where X5, and X5y are the maximal and the minimal w-periodic equilibrium of

Notice that according to Lemma 4.4 the solution of this differential equation exists for ¢ < 0 if
and only if X95(0) > X9 (0).
With the preceding notations we get

4.5 Theorem. Let (4.10) hold,

Xonn Xoiz Xois
_ * *
XO - Xo - X012 Xo22 Xozs
* *
Xo1s Xoaz Xoss

with

A X022 Xogg XQQ_ (O) + el 0
= > .
Xo ( Xy Xoss ) < 0 0 for some >0

Then X (t, Xo,0) exists fort <0 and
lim (X (2, Xo,0) = X, (1)) = 0.
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Proof. Let X denote the solution of (4.11) with X (0) = X,. If X, and X, are solutions of
(4.11) with

XZ(O) — ( X22(8) +€] 8 ) S XO < XU(O),
then
Xo(t) = (Xmg(t) 8) for <0

where Xy satisfies (4.12). Moreover it follows from the Comparison Theorem and Corollary
4.2, (ii), applied to (4.11) and (4.12) that X,(¢) and X, (¢) exist for t < 0 with

X(t) < X(t) < Xu(t) for t<0
and
lim_ [Xg(t) . fg(t)} ~—0= lim [Xu(t) - X+(t)] .

Hence

lim [X(t) - X, ()] =

t——o0

Now we study the difference

_( Duu D\
D= < e )._X(,XO,O)—X+

which solves the Riccati differential equation
D =—(Ax,)" ()D — DAx,(t) + DB(t)B*(t)D, D(0) = Xy — X,.(0).

If we partition X conformally with the partition of D, we see that Ax, takes the form

A11 0 . 292 ((AQQ)X 0 )
Ax, = th A3 = 22+
o (Agg+ Agg + ) h A * Ass
and we have

D11 = —AE(t)Dn - D11A11<t> - F(t)u
Dy = —Aj}(t)D12 — DiaG(t) — (A%,)" (1) D(¢)

* * B * * *
F = D12A§(1+ + (Ag(l+> Dyy — D1y (Bz) (B3 B3)Di,,

B * %\ T
G = A% - (B§> (B; B;)D.

JFrom the well-known representation formula for the solutions of Sylvester differential equations
it follows that

Dis(t) = ®_ s (£,0)Dy5(0)d" 6. (t,0)

+ /t _ye (t,7) (A2) (1) D(1)®* . (t,7) . (4.13)
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Since G(t) — A%, (t) — 0 as t — —oo and since all the characteristic multipliers of Ay (resp.
A_2X2+) lie in the open (resp. closed) unit disk there are constants K;, K5, >0, 0 < § < € such
that

19z, (1,7 < Ko7, @76 (8, 7)) < Kae 7

for ¢ < 7. From (4.13) we get now
0 .
ID(O)] < i { D)) + [ <=0 (42,)" (D] dr ).
t

Since AY (7) is uniformly bounded for 7 < 0 and D(7) tends to zero as T — —oo this implies
(see [6], proof of Theorem 7.2.75) that tlizn Di5(t) = 0 and, consequently, tlizn F(t) =0 from

which similarly follows that tlim Dy4(t) = 0 for arbitrary initial values.

This proves the assertion of the theorem. ]

It is easy to show that the solution X(-,XD,O) has at least one pole on (—o0,0) if X —

(XZOQ* 8) has less then dim Xy, positive eigenvalues. On the other hand X (¢, Xo, 0) exists for

all t < 0 if X, > (X%Z’— 8)‘ Up to now it is not known if X(-,XO,O) always has finite escape

time t < 0 if Xo 2 (¥2-9).

Instead we get by combining Lemma 4.4 with Theorem 4.5

4.6 Corollary. If Uoa N R=(P4(w,0)) = {0} (which is here fulfilled if and only if ®y(w,0)
has no eigenvalues on OD) then X (t, Xy, 0) exists for all t < 0 if and only if Xosa > Xo2—(0),
and

lim (X (t, Xo,0) — X (£)) =0

t——o0
Zf and ORZy Zf Xooo > Xoo_ (O)

The necessity of the last condition follows by a reasoning similar to that of step (i) in the
proof of Lemma 4.4.

5 The discrete-time case

In this section we derive the discrete-time versions of the convergence results of Section 4. In
order to abbreviate the representation of the results we consider here only the time-invariant
Riccati difference equation

X(t) = A X(t+D)(I+SX(t+1)""A+Q, X(t) = Xo; (DRE)

where A, ) = C*C and S = BB* are n x n matrices with A invertible — analogous results are
also valid in the case of periodic coefficients.

Since the idea of the proof is essentially the same as in Section 4 we give here only a sketch
of the proofs; moreover we list the main tools needed for a detailed proof.

With (DRE) we associate the corresponding Hamiltonian matrix

A =5
H:(—@—m)

14



and the symplectic matrices
T = <QAA11 A fC;ZRS’) and T7!'= (A jjéQ*Q _iA**) )

For X € C™*" such that I + SX is invertible we define the discrete-time Riccati function
RUX; H) = A*X(I+SX) A+ Q.

Since S = BB* this can be written as
RUX;H) = A"XA+Q— A*XB(I + B*XB) 'B*X A,

see [23], Proposition 12.1.1. If

(3)
—Q —A

denotes another Hamiltonian matrix we can formulate the following comparison theorem:

5.1 Theorem ([30]). Let terminal values Xy and X, be given with Xo < Xo. Assume that
there is a solution X of (DRE) with I + B*X(t)B >0 fort =t_,t_+1,...,ty. If

JH < JH

then the solution X of X(t) = ”@d(X(t—l— 1): H), X(to) = X, eists and satisfies the inequalities
I+ B*X(t)B>0and X(t) < X(t) fort =t_,t_+1,...,t— 1.

Notice that the preceding theorem is also valid for time-varying coefficient matrices. In [18]
a generalized comparison theorem is proved where () and S are not assumed to be positive
semidefinite.

5.2 Theorem ([23], Theorem 13.1.1). Let (A, B) be a d-stabilizable pair and assume that
there is a solution X of the discrete Riccati inequality RY(X; H) > X for which I+B*XB > 0.
Then there exists a unique equilibrium X, = X3 of (DRE) such that I + B*X B > 0 and
X, > X for all hermitian solutions of R*(X; H) > X. Moreover, all the eigenvalues of the
corresponding discrete-time closed loop matrix

Ax, = (I + SX+)*1A =A-B(I+ B*X+B)*1B*X+A
lie in the closed unit disk.

5.3 Remark. It is known (see e.g. [23], Proposition 12.2.2) that there is a one-to-one corre-
spondence between the set of hermitian equilibria of (DRE) and the set

{S =Im (}Z/) ‘ S is T~ '-invariant, detY # 0 and Y*Z = Z*Y} .

But since a root subspace of T~! corresponding to an eigenvalue \ is also a root subspace of
T corresponding to an eigenvalue 1/\ it is also possible to represent the equilibria of (DRE)
in terms of root subspaces of T. In particular the subspace S, corresponding to the maximal
solution X, is spanned by the generalized eigenvectors of T' corresponding to eigenvalues A\ &
C\ D and by the first halves of Jordan chains corresponding to eigenvalues of modulus 1 which
take the form (% ),..., (")) (the special form of these Jordan chains is obtained as in [25]). If
(A, B) is controllable then the minimal solution X _ also exists. Its corresponding subspace S_
is spanned by the generalized eigenvectors of T' corresponding to eigenvalues A\ € D and by the
first halves of Jordan chains corresponding to eigenvalues of modulus 1.
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The following lemma relates the solutions of (DRE) to the solutions of a linear difference
equation.

5.4 Lemma ([19]). If X is a solution of (DRE) on some interval Z of Z and Y is a fundamental
matrix of the difference equation

Y(#)=AT T+ SXt+1)Y(t+1),

then Y, Z := XY 1is a solution pair of the linear difference equation
Y(t)y [ A ATLS Y(t+1) (5.1)
Z(t)) \QA™Y A+ QA'S)\Z(t+1))" '
Conversely, if Y, Z is a solution pair of (5.1) with' Y non-singular on some interval Z of 7Z,
then X := ZY ! is a solution of (DRE) on T.

With Y () = Y (—t), Z(t) = Z(—t) we can write (5.1) as a forward recursion. So we obtain
the difference equation

Y(t+1)) _ . (Y(0)
Zit+1)) " \Z@)

to which the standard theory of linear difference equations can be applied.

Let A1, Mg, ..., A9, denote the eigenvalues of T with |A;| > [Ao] > ... > |Ag,|. Let V =
(v1,...,v9,) € C* 2 be the matrix defined by a Jordan basis of corresponding generalized
eigenvectors of T'. We consider a Jordan canonical form of T,

JT = V_lTV = diag(Jrl (,ul); JTQ (M?)a sy er(:up))

with 1 < r; < 2n, 1y + ... +r, = 2n, where J,,(y;) is the r; x r; Jordan block with u; €
{A1,..., A2} on the main diagonal (see Section 2 in the continuous-time case). To each such
Jordan block J,,(u;), 1 <1i < p, there corresponds a set of r; linearly independent solutions

R t
Yri+.4ri+1 (t) = Ur i+ 1

r
: t t—ri+7
— —rit]
Yrototriar, (U) = E ( R R

o N\
of the difference equation x(t + 1) = T'z(t).
For an arbitrary vector v = (vy,...,v,)T € C* we define as in Section 2
V= (’Ul, R ,'Un)T and U(i’j) = (Ul, e Vi1, Untgy U1,y - - - ,’Un)T.

With these notations we can formulate the discrete-time version of Theorem 2.5:

5.5 Theorem ([19]). Let X, € C"™™ be given. If dy,...,ds, are the row vectors of D =

V_l(O) (}{O ), then X = (xz'j)i,jzl .... n with
oo O o)
1<k1<...<kn<2n dk
x”(—t) = - 5 te No, (52)
dp,
Z |gk1(t)7"wgkn(t)’ :
1<k1<...<kn<2n dkn

is the solution of (DRE) with X (0) = Xj.
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5.6 Remark. (i) Just like in the continuous-time case (see Remark 2.6) it is easy to see
that for each fixed n-tupel (ki,...,k,), 1 < ki < ko < ... < k, < 2n, there exist con-
stants M € Ny and Ny, Ny, ..., Ny € N such that with a,,, € R, 64(p,v), ..., 0,(p,v) €
{1,2,....2n},0<u<M,1<v <N,

M Ny
|gk‘1 (t)a <. 7gkn<t)| = (Akl et )‘k’n)t Zt“ Z a’“’|5€1(“vl’)’ T ’fign(lb’/ﬂ
©n=0 =1

where in particular Ny = 1 and vy, (ar,1), - - -, Vs, (1) are generalized eigenvectors of T
corresponding to eigenvalues Ag,,..., A, of 7', spanning an n-dimensional 7-invariant
subspace.

It follows now that

[ (), - T (O] = N ) { O iy (8, - T,y (O] + O(L/8) }
If in particular vy, , ..., vy, are spanning a 7T-invariant subspace then
|:7Jk1(t)7 s 7§kn<t>’ = (Akl et Akn)tlgklu s 7:&/kn|;

notice that in this case |vg,, ..., Uk, | # 0 if and only if Im {vg,,..., v, } N [ CE } = {0}.
A,B

Of course analogous formulae are valid simulaneously for |y,£flj )(t), . ,y,(jj )(t)|.

(ii) If the coefficients of (DRE) are w-periodic then a similar representation formula like (5.2)
remains valid if we replace above the constant vectors vy, ..., vy, by adequate w-periodic
vector functions.

If T has no eigenvalues of modulus one we say that (DRE) is exponentially dichotomic. In
this case we have

Ay oo Ay | <Aoo M| for (K, ..o k) # (L0 n).

dy

If in addition # 0 and X has no finite negative escape time we obtain from (5.2) using the

t) (5.3)

for some v € {0,1,...,n—1}. This means that X (t) — X, as t — —oo at an exponential rate
assumed that X (¢) exists for all ¢t € Z; where Z; :={0,—-1,-2,...}.

If T has eigenvalues of modulus one and in addition Py (as defined in (4.5)) is different
from zero we have

dn
estimates of Remark 5.6 that for ¢ € Ny

WO
ii(—t) = — — o\t
7ij(—) |01, ..., Ul +

/\n+1
An

X(t) =X, +O(1/t) for teZg,

ie. X(t) — X4 ast — —oo at a polynomial rate (assumed that X (t) exists for ¢t € Z).

As in the continuous-time case the asymptotic behaviour of X (¢) as t — —oo essentially
depends on Pyom. So the convergence results obtain in Section 4 are also valid for the discrete-
time case.

Analogously to Corollary 4.2 we get
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5.7 Corollary. Let Xo € C"™" be given and let D :=V=1(0) ().

(i) If (A, B) is controllable then

Piom # 0 <= Xy — X_ is invertible.

(11) If (A, B) is controllable and T has no eigenvalues on 0D then, assuming that X (t, Xo,0)
exists for t € Zy , we have

lim X(t, Xo,0) = X, <= Xy — X_ is invertible.

t——o0
(iii) If
lim X(t, Xo,0) = X,

t——o0

then

Ker Xo NUca NRE(T) = {0}.

The next theorem which generalizes the main result of [24] is an immediate consequence of
the comparison theorem 5.1, the representation formula (5.2), Remark 5.6 and Corollary 5.7.

5.8 Theorem. Assume that (A, B) is controllable. If Xo = X§ > X_ then

X_ < X(t,X,0) < X(t) for teZg,
where X is the solution of

X(t)=AX(t+1)A+Q, X(0)=X,, (5.4)
and for Xo > X_

lim X (¢, Xo,0) = X,.

t——o00

Moreover, if T has no eigenvalues of modulus 1 the convergence takes place at an exponential
rate, see (5.3); otherwise we have convergence at a polynomial rate.

The following remark concerns the discrete version of Lemma 4.4.

5.9 Remark. Assume that (A, B) is controllable. If 7" has no eigenvalues on dD and X, 2 X_
then the sequence { X (¢, X, O)}tezg may have finite negative escape time since for such terminal
values I + SX(t) may become singular for some t < 0.

For the formulation of the discrete-time version of our convergence theorem 4.5 we assume
again that

A O 010

AlBY\ | Au Ay 0 | By
Cl10 ) | Ay Az Ass|Bs |’

¢, C; 00
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where ((fg; A23) : (gg )) is controllable, A;; is exponentially stable (i.e. here its eigenvalues are
in D), (Cy, Asz) has no unobservable eigenvalues on 0D and As; has only eigenvalues on 0D.
As in the continuous-time case we partition the solution X (-, Xy, 0) of (DRE) as

X('7X070) = <§}; )§§Z>

with X € C™" where r = dimC 4,8- Then (DRE) decomposes into the following three equations:

Xll(t) - ATlel(t + 1)1411 + C{Cl + (A;l A;l)XB(t + 1)A11

B,
Bs

-1

+ [A;XH(H 1)+ (A% As)X(t + 1)] {I+ (

A B * * *
x KAjD —~ (BZ) (B; By) X1t + 1)A11} :
Xiat) = [AfXa(t+1) + (A3, 45)X (¢t + 1)] x
By . 5 Ay 0 «
[I—I—(B)(B B3 )X(t+1)} (A32 A33)+(0102 0),
A Asy A , Ay 0
X(t) = 2200082 ) X(t+1) s BH)X(t+1 22
W (0 Az;g) y ( ( ) 5) (“) (A32 Ay
C;Cy 0
+ ( 0 0) : (5.5)
As in the continuou§—time case it follows from the preceding decomposition that X;; and X,
exist for t € Z~ iff X exists for t € Z~. A
The reduced Riccati difference equation (5.5) has a maximal equilibrium of the form X, =

(X202+ 8) and a minimal equilibrium of the form X = (XQOQ— 8), where Xoo, and Xoo_ are the
maximal and the minimal equilibrium of

) (B; BY)X(t+1)

Xoo(t) = Aby Xoo(t + 1)(I + BoBi Xoo(t + 1))t Agy + C3Cs. (5.6)
With these notations we have
5.10 Theorem. Let (A, B) be a d-stabilizable pair,

Xont Xoiz Xois
*
Xo=Xg=| X512 Xo2zz Xoo23
* *
Xo1s Xoaz Xoss

with
> Xoze  Xo23 Xooo +el 0
Xy = . > or some ¢ > 0.
0 (X(m Xogg)—< 0 o) f
Then X (t, Xo,0) exists fort € Zg and

tlim X(t, Xo,0) = X,.
In the proof of Theorem 5.10 we will essentially use the fact that the difference of two

solutions of a Riccati difference equation satisfies an associated homogeneous Stein difference
equation; for convenience of the reader we provide here some details.
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5.11 Lemma ([11]). Let X and Y be hermitian n x n matrices such that I +SX and I +SY
are invertible. Then

RUY; H) - RYUX; H) = A% (Y — X)Ay = AL(Y — X)Ax.

The next lemma gives an explicit formula for the solution of a Stein difference equation; it
can be verified easily by induction.

5.12 Lemma. The solution of the Stein difference equation
S(t) = M(#)S(E+1)N(t) +T(t), S(te) = So,
15 given by

Slto—t) = (%) (to,to —t) So ®%(to,to — t)
t

+ > (®5)" (to — jito — 1) Tlto — ) D% (to — jito — 1), t € N,

j=1
where

M@ -1)M({t—=2)-...-M(1) for t>T,
(I)ﬁl”(t’T)_{ I for t=r.

Proof of Theorem 5.10. Let X denote the solution of (5.5) with X(O) = X,. If X, and X, are
solutions of (5.5) with

; (ng_—i—al 0

XZ(O) = 0 0 ) < Xo < XU(O),

then it follows from the Comparison Theorem 5.1 and Corollary 5.7, (ii), applied to (5.5) and
(5.6) that X,(t) and X, (t) exist for ¢t € Z, with

~

Xo(t) < X(t) < X, (t) for teZj

and
Jm [Xo() = X (0] =0= tim_[X(0) — ()]
Hence
lim [X(t) - X+(t)] ~0.

According to Lemma 5.11 the difference

Dy Do
D = A = X(-. X — X
(bp 5" ) = xtx00-x,

satisfies the Stein difference equation
D(t) = (Ax) (Dt + DAx,, D(0) = Xo— X,
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with

Ax(t) = (T +SX(t+1)) 1A = (é?w A.%?(t))

where

22 (AZQ)XQQ 0
AX B ( * A33>

and
-1
B . A B
AR =(I+(.7) (B BHX(t+1) ) — (57 ) (Bs By)X(t+1)An
B3 A31 B3
It follows now that
Dy (t) = A} Dui(t+1)Ap + A5 Dio(t + 1)A§(1+
+(43)" (1) (Dot + DAy + D(t + 1)43, ),
Dis(t) = A} Di(t+1)A% + (AY)  (1)D(t+ 1)A%,
= A} Dip(t+1)F(t) + G(t)D(t + 1) A%,

22
AZ

F(t) = [[ - (gz) (B; B3) (I +X(t+1) (gz) (B; B§)> b

o = [ea a0 ai 0o (52) 31 9] (1 X040 () i m)

Since F(t) — A%, ast — —oo and since all the eigenvalues of Ay; (resp. A¥,) lie in the open
(resp. closed) unit disk there are constants K7, Ks,e > 0, 0 < § < € such that

1(@4,,)" (t 7l < Kae 7 (0% (E )| < Ko™

for t > 7. From Lemma 5.12 we get now
t
[Dr2(=0)|| < KK, {e(sg)tHDlz(O)H + Y e CIIG(—)D(1 ~ J’)A§<2+H} :
j=1

Since G(t) is uniformly bounded for ¢ € Zg and D(t) tends to zero as t — —oo this implies
that tlim Di5(t) = 0 and, consequently, tlim Dy (t) = 0 for arbitrary initial values.

This proves the assertion of the theorem. O

The formulation of the periodic version of Theorem 5.1 is left to the reader.

Using the comparison theorem for time-varying discrete-time Riccati equations (see [18])
and the discrete-time version of Lemma 2.2 (see [14]) we obtain analogously to the proof of

Theorem 3.1 the following existence theorem for Riccati difference equations with periodic
coefficients:

5.13 Theorem. The following statements are equivalent:
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(i) The periodic Riccati difference equation

X(t) = RUX(t+1)) := A(OX(t+ )T+ SHX (¢ +1)) A1) + Q(1), (5.7)

where A, Q) and S are n xn bounded matriz functions of period w with () and S hermitian,
has an w-periodic equilibrium X such that I +S(t)X(t+1) >0 for allty—w+1 <t <.

(1) There exist two hermitian w-periodic functions X, X, with

a) Xo(t) < X (t) fort € Z and I + S(t)Xo(t+1) >0 for allty —w +1 <t <t,
b) Xo(t) > RUXe(t+1)) fort € Z,
c) Xu(t) < RYX,(t+ 1)) fort € Z.

(i1i) There exist hermitian matrices Xy, Xo with

05) Xl §X27
ﬁ) X1 S X(to—w,Xl,to) andl+5(t)X(t,X1,t0) > 0f07“ (lllt()—w—Fl Stéto,
v) X2 = X(to — w, Xa,to).

Here we denoted by X (-, Xo,to) the solution of (5.7) with X (to) = Xo.
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