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1. INTRODUCTION

Consider the boundary value problem L of the form

�ð pðxÞY 0ðxÞÞ0 þ qðxÞYðxÞ ¼ �sðxÞYðxÞ, �1 < x < 1, ð1Þ

YðxÞ ¼ Oð1Þ, x! 	1, ð2Þ
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where pðxÞ¼ð1�x2Þp0ðxÞ, sðxÞ¼ðx�x0Þs0ðxÞ, x02ð�1,1Þ, p0ðxÞ,s0ðxÞ2

C2½�1,1�, qðxÞ2C½�1,1�, p0ðxÞs0ðxÞ 6¼0 for all x2½�1,1�, and � is the

spectral parameter. In this article we study direct and inverse problems

of spectral analysis for the boundary value problem L: We establish

properties of the spectrum, prove completeness and expansion theo-

rems and specify spectral characteristics which uniquely determine

the differential equation.

This research was stimulated by the problem of the acceleration of

charged particles at relativistic shock fronts [1–3]. Highly relativistic

particles occur in various sites in astrophysics, e.g. cosmic rays, solar

flares and nonthermal radio sources. In the mathematical model, the

central role is played by a boundary value problem for the partial

differential equation

s0ðxÞðx� x0Þ
@f

@z
¼

@

@x
p0ðxÞð1� x2Þ

@f

@x

� �
þ qðxÞf , � 1 < x < 1, �1 < z < 1

with the boundary conditions f ðx, zÞ ¼ Oð1Þ as x! 	1, and addi-

tional conditions with respect to z: After separation of variables we

come to the boundary value problem L of the form (1)–(2). Problems

similar to L also appears in other problems of natural sciences. For

example, in the particular case p0ðxÞ ¼ s0ðxÞ � 1, qðxÞ � 0, x0 ¼ 0,

the problem L describes electron scattering in an one-dimensional

slab configuration [4,5].

In order to study the problem L, we use here the contour integral

method of integrating the resolvent along expanding contours in the

complex plane of the spectral parameter. In this method an important

role is played by special fundamental systems of solutions of the differ-

ential equation having desirable analytic, asymptotic and structural

properties. For constructing such fundamental systems of solutions

we use ideas from [6,7]. Using these fundamental systems of solutions

and properties of the corresponding Stokes multipliers, we carry out

an investigation of the behavior of the Green’s function which allow

us to study direct and inverse problems for the boundary value prob-

lem L even for the nonselfadjoint case. Another method was used in

[8,9] where some aspects of direct problems for a particular case of

L have been considered. We note that direct and inverse problems
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of spectral analysis for various classes of differential equations with

singularities and turning points were studied in many works (see

[10–16] and the references therein).

Some words about the structure of the article. In Section 2 we

formulate the main results of the article. Fundamental systems of

solutions and properties of the characteristic function and the eigen-

values are studied in Section 3. A theorem on the completeness of

the system of eigen- and associated functions (e.a.f.) in adequate

Banach spaces is proved in Section 4. In Section 5 an expansion theo-

rem is obtained. Section 6 is devoted to the inverse problem of spectral

analysis for L.

2. MAIN RESULTS

Consider the function

rðxÞ :¼
sðxÞ

pðxÞ
¼

ðx� x0Þs0ðxÞ

ð1� x2Þp0ðxÞ
, � 1 < x < 1: ð3Þ

Let for definiteness s0ðxÞ > 0, p0ðxÞ > 0, and let rðxÞ ¼ R2ðxÞ, where

RðxÞ > 0 for x > x0, and �iRðxÞ > 0 for x < x0: Denote

R� ¼

Z x0

�1

jRðsÞj ds, Rþ ¼

Z 1

x0

jRðsÞj ds:

The following theorem, which will be proved in Section 3, concerns the

existence and the asymptotic behavior of the eigenvalues of the bound-

ary value problem L.

THEOREM 1 The boundary value problems (1) and (2) have a countable

set of eigenvalues f�ng
1
n¼�1 (counting with multiplicities), and

�n ¼ 	 nþ
1

2

� �
�

R	

� �2

þOð1Þ as n! 	1: ð4Þ

Example Let pðxÞ ¼1�x2, sðxÞ ¼ x, qðxÞ ¼ 0, x0¼ 0: Then ��n¼��n,

n> 0, and the eigenvalue �¼ 0 has multiplicity 2 with the
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eigenfunction Y0ðxÞ ¼ 1 and with the associated function

Y0
0 ðxÞ¼�x=2: This special case was studied in [5].

Let � be a real number and let 1 � p< 1: We consider the Banach

spaces B�, p :¼ f f ðxÞ: f ðxÞð1�x2Þ��
2 Lpð�1, 1Þg with the norm

k f k�, p ¼ k f ðxÞð1� x2Þ��
kp, where k:kp is the norm in the space

Lpð�1, 1Þ: We denote by B�
�, p the dual space of B�, p. Clearly

B�
�, p ¼ B��, q ð p

�1 þ q�1 ¼ 1, p > 1Þ: Let us show that

B�, p � B	, s, 1 � s � p < 1, 	� � < s�1 � p�1, ð5Þ

(here the symbol � denotes dense embedding [17, p.9]).

Indeed, for � � 	, s � p, we have B�, p � B	, p, B	, p � B	, s and,

consequently, (5) is obvious. Assume now that � < 	, s < p: We

consider the function f ðxÞ 2 B�, p: Let r ¼ p=s, r0 ¼ p=ðp� sÞ; then

r�1þðr0Þ�1¼1: Since 	��<s�1�p�1, we have ð��	Þsr0>�1: Applying

Hölder’s inequality, we obtain kf ðxÞð1�x2Þ�	
ks� kf ðxÞð1�x2Þ��

ksr�

kð1�x2Þ��	
ksr0 , and consequently kf k	,s�Ckf k�,p: Since B�,p is

dense in B	,s, it follows that (5) holds. In particular, it follows from

(5) that B�, p � Lsð�1, 1Þ for 1 � s � p < 1, � > p�1 � s�1; moreover

YnðxÞ 2 B�, p for p � 1, � < 1=p:

Let E be a separable Banach space. Then the system fen: n 2 Zg � E

is called complete in E if there does not exist any nontrivial linear func-

tional F 2 E � such that FðenÞ ¼ 0 for all n 2 Z (here E � is the dual

space for E ).

THEOREM 2 The system of e.a.f. fYnðxÞg
1
n¼�1 of the boundary-value

problem L is complete in the space B�, p for p �1, � < 1=p: Moreover,

for n 6¼ k,

Z 1

�1

sðxÞYnðxÞYkðxÞ dx ¼ 0: ð6Þ

In particular, it follows from Theorem 2 that the system of e.a.f.

fYnðxÞg
1
n¼�1 of the boundary-value problem L is complete in

Lpð�1, 1Þ for p � 1: Theorem 2 will be proved in Section 4.

Denote

�n :¼

Z 1

�1

sðxÞY 2
nðxÞ dx: ð7Þ
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It follows from Theorem 2 that �n 6¼ 0: Let us formulate an expansion

theorem, which will be proved in Section 5.

THEOREM 3 Let gðxÞ, x 2 ½�1, 1�, be an absolutely continuous function

having an absolutely continuous derivative. Then

gðxÞ ¼
X1
n¼�1

anYnðxÞ, an :¼
1

�n

Z 1

�1

sðxÞgðxÞYnðxÞ dx, ð8Þ

and the series converges uniformly on ½�1, 1�:

In Section 5 we also provide a description of the class of functions g,

for which the spectral expansion on the whole interval ½�1, 1� contains

only the e.a.f.’s related to the eigenvalues with negative (nonnegative)

real parts. We note that the problem of removing a half of the spectral

modes from the spectral expansion is important in the above-

mentioned astrophysical problems (see [1–3,18]).

We will call f�n,�ngn2Z the spectral data of L: In Section 6 the

inverse spectral problem is considered and the following global

uniqueness theorem is proved.

THEOREM 4 The specification of the spectral data f�n,�ngn2Z uniquely

determines qðxÞ, � 1 < x< 1, provided that sðxÞ and pðxÞ are known

a priori.

Consider the particular case when x0¼0,qð�xÞ¼qðxÞ, pð�xÞ¼pðxÞ,

sð�xÞ¼�sðxÞ: For this symmetrical case the following global unique-

ness theorem is valid.

THEOREM 5 If x0 ¼ 0, qð�xÞ ¼ qðxÞ, pð�xÞ ¼ pðxÞ, sð�xÞ ¼ �sðxÞ,

then the specification of the spectrum f�ngn2Z uniquely determines

qðxÞ, �1 < x < 1, provided that sðxÞ and pðxÞ are known a priori.

We note that for the case pðxÞ ¼ 1� x2, sðxÞ ¼ x, a local version of

Theorem 5 in a neighborhood of the zero potential was proved in [19].

3. PROPERTIES OF THE SPECTRUM

We transform (1)–(2) by means of the replacement

zðxÞ ¼
ffiffiffiffiffiffiffiffiffi
pðxÞ

p
YðxÞ ð9Þ
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to the boundary value problem L1 of the form

�z00ðxÞ þ 
ðxÞzðxÞ ¼ �rðxÞzðxÞ, � 1 < x < 1, ð10Þ

zðxÞ ¼ Oð
ffiffiffiffiffiffiffiffiffiffiffi
1	 x

p
Þ as x! �1, ð11Þ

where rðxÞ is defined by (3), and


ðxÞ ¼ h0ðxÞ þ h2ðxÞ þ h1ðxÞ ¼ �
1

ð1� x2Þ2
�
xh0ðxÞ

1� x2

þ
qðxÞ

ð1� x2Þp0ðxÞ
þ h00ðxÞ þ h20ðxÞ,

hðxÞ :¼
p 0ðxÞ

2pðxÞ
, h0ðxÞ :¼

p 00ðxÞ

2p0ðxÞ
, h1ðxÞ :¼

qðxÞ

pðxÞ
:

Clearly, the spectrum of L coincides with the spectrum of L1. Indeed,

if �� is an eigenvalue of L and Y�ðxÞ is a nontrivial solution of (1)–(2)

with � ¼ ��, then z�ðxÞ :¼
ffiffiffiffiffiffiffiffiffi
pðxÞ

p
Y�ðxÞ is a nontrivial solution of

(10)–(11) with the same � ¼ ��, i.e. �� is an eigenvalue of L1. And

vice versa, if �� is an eigenvalue of L1, then �� is an eigenvalue L. It

is more convenient for us to deal with the problem L1 instead of L:

Theorems 1–5 for the problem L will follow from the corresponding

facts for the problem L1.

Let � ¼ �2, and let for definiteness <� � 0, i.e. � 2 S0 [ S�1, where

Sj ¼ � : argð�Þ 2
�j

2
,
�ð j þ 1Þ

2

� �� �
, j ¼ �1, 0:

Denote

��1 ¼

Z x

�1

jRðsÞj ds, �1 ¼

Z 1

x

jRðsÞj ds, �0 ¼

Z x

x0

jRðsÞj ds,

Jj ¼ fx : j��jj � 1g, J ¼ J�1 [ J0 [ J1, I�1 ¼ ð�1, x0Þ n J,

I1 ¼ ðx0, 1Þ n J, I ¼ I�1 [ I1,

here we suppress the dependence of �j and Jj, Ij, J, I on x and �,

respectively. Fix " > 0 and consider the intervals ��1," :¼ð�1,x0�"�,
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�0," :¼½�1þ",1�"�, �1," :¼½x0þ",1Þ, �"¼ �0," n ½x0�",x0þ"�: Let

½1�¼1þOð��1Þ, ½1�j¼1þOðð��jÞ
�1
Þ for j��jj�1,x2�j," (i.e.

f ðx,�Þ¼½1�j means that jf ðx,�Þ�1j�C"j��jj
�1 for j��jj�1,x2�j,".

Denote ½~11�¼½1�j for j��jj�1,x2�j,".

LEMMA1 There exists a unique solution uðx, �Þ, x 2 ð�1, 1Þ of Eq. ð10Þ

such that ðiÞ for each fixed �, the functions uðmÞðx, �Þ, m ¼ 0, 1 are abso-

lutely continuous with respect to x; (ii) for each fixed x2ð�1,1Þ the

functions uðmÞðx,�Þ, m¼0,1 is entire in �; (iii) for �2S0[S�1,

m¼0,1, the following estimates hold

juðmÞðx, �Þj � Cð1þ xÞ1=2�m, x 2 J�1, ð12Þ

uðmÞðx, �Þ ¼ ð�jRðxÞjÞm�1=2 expð���1Þ½~11� þ ið�1Þ jþm expð����1Þ½~11�
	 


,

� 2 Sj, x 2 I�1, ð13Þ

juðmÞðx, �Þj � Cj�j�1=3 expðj<�jR�Þ, x 2 J0, ð14Þ

uðmÞðx, �Þ ¼
�
�jRðxÞjÞm�1=2im expði�=4Þ expð�R�Þ½1� þ expð��R�Þ½1�ð

�
�
�
ð�1Þm expð�i��0Þ½~11� � i expði��0Þ½~11�Þ, x 2 Iþ1, ð15Þ

juðmÞðx, �Þj � Cð1� xÞ1=2�mj ln j��1=2j j expðj=� jRþÞ expðj< �jR�Þ,

x 2 J1: ð16Þ

LEMMA 2 There exists a unique solution vðx, �Þ, x 2 ð�1, 1Þ of Eq. (10)

such that (i) for each fixed �, the functions vðmÞðx, �Þ, m ¼ 0, 1 are abso-

lutely continuous with respect to x; (ii) for each fixed x 2 ð�1, 1Þ the

functions vðmÞðx, �Þ, m ¼ 0, 1 is entire in �; (iii) for � 2 S0 [ S�1,

m ¼ 0, 1, the following estimates hold

jvðmÞðx, �Þj � Cð1þ xÞ1=2�mj ln j���1=2j j expðj=�jRþÞ expðj<�jR�Þ,

x 2 J�1, ð17Þ

STURM–LIOUVILLE PROBLEM 1289



vðmÞðx, �Þ ¼ ð�jRðxÞjÞm�1=2 expði�=4Þ expð�iRþÞ½1� þ expði�RþÞ½1�ð Þ

� ð�1Þm expð���0Þ½~11� þ ið�1Þ j expð��0Þ½~11�
	 


,

� 2 Sj, x 2 I�1, ð18Þ

jvðmÞðx, �Þj � Cj�j�1=3 expðj=�jRþÞ, x 2 J0, ð19Þ

vðmÞðx, �Þ ¼ ð �jRðxÞjÞm�1=2im ð�1Þm expði��1Þ½~11�
	

þ i expð�i��1Þ½~11�


,

x 2 Iþ1, ð20Þ

jvðmÞðx, �Þj � Cð1� xÞ1=2�m, x 2 J1: ð21Þ

Proof of Lemmas 1 and 2 Let for definiteness � 2 S0 (the arguments

are similar for � 2 S�1). According to [7] (see also [6]), for x 2 �0, "
there exist solutions wjðx,�Þ, j ¼ 1,2, of Eq. (10) such that w

ðmÞ

j ðx,�Þ,

m¼ 0,1, are absolutely continuous on �0,", and furthermore, for

x 2 �0,"nJ0, m¼ 0,1,

w
ðmÞ

1 ðx,�Þ¼�mjRðxÞjm�1=2expð��0Þ½1�0, x<x0,

w
ðmÞ

2 ðx,�Þ¼�mjRðxÞjm�1=2 ð�1Þmexpð���0Þ½1�0þ iexpð��0Þ½1�0
� �

, x<x0,

)

ð22Þ

w
ðmÞ

1 ðx, �Þ ¼ ði�ÞmjRðxÞjm�1=2 expði�=4Þ ð�1Þm expð�i��0Þ½1�0
�

�i expði��0Þ½1�0Þ, x > x0,

w
ðmÞ

2 ðx, �Þ ¼ ði�ÞmjRðxÞjm�1=2 expði�=4Þ expði��0Þ½1�0, x > x0:

9>>=
>>; ð23Þ

Moreover,

jw
ðmÞ

j ðx, �Þj � Cj�j1=6 for x 2 �0, " \ J0, j ¼ 1, 2, m ¼ 0, 1, ð24Þ

det w
ðmÞ

j ðx, �Þ
h im¼0, 1

j¼1, 2
� �2�½1�: ð25Þ
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Analogously one can construct fundamental systems of solutions in

��1, " and �1, ". For x 2 ��1, ", there exist solutions ujðx, �Þ, j ¼ 1, 2, of

Eq. (10) such that the function u
ðmÞ

1 ðx, �Þ, m ¼ 0, 1, is entire in �, and

u
ðmÞ

1 ðx, �Þ ¼ ð�jRðxÞjÞm�1=2 expð���1Þ½1��1
�

þ ið�1Þm expð����1Þ½1��1Þ,

x 2 ��1, "nJ�1, ð26Þ

u
ðmÞ

2 ðx, �Þ ¼ ð��ÞmjRðxÞjm�1=2 expð����1Þ½1��1, x 2 ��1, "nJ�1, ð27Þ

ju
ðmÞ

1 ðx, �Þj � Cð1þ xÞ1=2�m, x 2 ��1, " \ J�1, ð28Þ

ju
ðmÞ

2 ðx, �Þj � Cð1þ xÞ1=2�mj�j1=2j lnð���1=2Þj, x 2 ��1, " \ J�1, ð29Þ

det u
ðmÞ

j ðx, �Þ
h im¼0, 1

j¼1, 2
� �2�1=2½1�: ð30Þ

For x 2 �1, ", there exist solutions vjðx, �Þ, j ¼ 1, 2, of Eq. (10) such

that the function v
ðmÞ

1 ðx, �Þ, m ¼ 0, 1, is entire in �, and

v
ðmÞ

1 ðx, �Þ ¼ ð�jRðxÞjÞm�1=2im ð�1Þm expði��1Þ½1�1
�

þ i expð�i��1Þ½1�1Þ,

x 2 �1, "nJ1,

ð31Þ

v
ðmÞ

2 ðx, �Þ ¼ ð�i�ÞmjRðxÞjm�1=2 expði��1Þ½1�1, x 2 �1, "nJ1, ð32Þ

jv
ðmÞ

1 ðx, �Þj � Cð1� xÞ1=2�m, x 2 �1, " \ J1, ð33Þ

jv
ðmÞ

2 ðx, �Þj � Cð1� xÞ1=2�mj�j1=2j lnð��1=2Þj, x 2 �1, " \ J1, ð34Þ

det v
ðmÞ

j ðx, �Þ
h im¼0, 1

j¼1, 2
� 2�1=2½1�: ð35Þ

STURM–LIOUVILLE PROBLEM 1291



We extend ujðx, �Þ, vjðx, �Þ to the whole interval ð�1, 1Þ as smooth sol-

utions of (10) and put uðx, �Þ :¼ u1ðx, �Þ, vðx, �Þ :¼ v1ðx, �Þ. Using the

fundamental system of solutions fwjðx, �Þg one can write

uðx, �Þ ¼ a1ð�Þw1ðx, �Þ þ a2ð�Þw2ðx, �Þ: ð36Þ

In view of (25), according to Cramer’s rule one gets

ajð�Þ ¼ ð�1Þ jð2�Þ�1½1� det uðmÞðx, �Þ,wðmÞ

3�jðx, �Þ
h i

m¼0, 1
, j ¼ 1, 2, ð37Þ

and the determinant in (37) does not depend on x: Fix x� 2 ð�1, x0Þ:

Substituting (22) and (26) into (37) we calculate

a1ð�Þ ¼ ��1=2 expð�R�Þ½1� þ expð��R�Þ½1�ð Þ, ð38Þ

a2ð�Þ¼��1=2 iexpð��R�Þ½1�þOð��1Þexpð�R�Þexp �2�

Z x0

x�

jRðsÞjds

� �� �
:

ð39Þ

Let x 2 �0, "nJ0: Substituting (22), (23), (38), and (39), into (36) we

obtain (13) and (15) for x 2 �0, "nJ0: Together with (26) this yields

(13) for all x 2 I�1. In order to extend (15) to the whole interval I1,

we can use the fundamental system of solutions fvjðx, �Þg:

uðx, �Þ ¼ b1ð�Þv1ðx, �Þ þ b2ð�Þv2ðx, �Þ: ð40Þ

According to Cramer’s rule and (35),

bjð�Þ ¼ ð�1Þ jð2�1=2Þ�1½1� det vðmÞ

3�jðx, �Þ, u
ðmÞðx, �Þ

h i
m¼0, 1

, j ¼ 1, 2,

ð41Þ

and the determinant in (41) does not depend on x: Fix x� 2 ðx0, 1Þ: It

follows from (15), (31), (32) and (41) that

b1ð�Þ ¼ � expði�=4Þ expði�RþÞ expð�R�Þ½1� þ expð��R�Þ½1�ð Þ, ð42Þ

b2ð�Þ ¼ ��1=2 expði�=4Þ expði�RþÞ½1� þ expð�i�RþÞ½1�ð Þ

� expð�R�Þ½1� þ expð��R�Þ½1�ð Þ: ð43Þ
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Substituting (31), (32), (42), and (43), into (40) we arrive at (15) for

x 2 �1, "nJ1: Since (15) is also valid for x 2 �0, "nJ0, it follows that (15)

holds for the whole interval x 2 I1. Furthermore, the relations (24),

(36), (38), and (39) imply (14). Estimate (16) follows from (33), (34),

(40), (42), and (43), and estimate (12) follows from (28). Similarly,

using (22)–(35), one can get the relations (17)–(21). Hence Lemmas 1

and 2 are proved. J

Denote

�ð�Þ ¼ det½uðmÞðx, �Þ, vðmÞðx, �Þ�m¼0, 1: ð44Þ

By virtue of Liouville’s theorem, the Wronskian determinant in (44)

does not depend on x. The function �ð�Þ is called the characteristic

function of the boundary value problem L1. It follows from (44)

and Lemmas 1 and 2 that the function �ð�Þ is entire in �, and the

zeros of �ð�Þ coincide with the eigenvalues of the boundary value

problem L1, and consequently, coincide with the eigenvalues of the

boundary value problem L.

Indeed, if �� is a zero of �ð�Þ, then vðx, ��Þ ¼ 	�uðx, ��Þ: Hence, by

virtue of (12) and (21), the functions uðx, ��Þ and vðx, ��Þ are eigenfunc-

tions, and �� is an eigenvalue of L1. Conversly, if �
� is an eigenvalue

with an eigenfunction u�ðxÞ, then u�ðxÞ ¼ 	�
1uðx, �

�Þ and u�ðxÞ ¼

	�
2vðx, �

�Þ, and consequently, �ð��Þ ¼ 0:

Fix x 2 ðx0, 1Þ: Then x 2 I1 for sufficiently large j�j: Substituting

(15) and (20) into (44) we calculate

�ð�Þ ¼ �2 expði�=4Þ expð�R�Þ½1� þ expð��R�Þ½1�ð Þ

� expð�i�RþÞ½1� þ expði�RþÞ½1�ð Þ,

� 2 S0 [ S�1, j�j ! 1: ð45Þ

Using Rouché’s theorem [20, p. 125] we get that the function �ð�Þ has

a countable set of zeros �n ¼ �2n, n 2 Z such that

�n ¼ nþ
1

2

� �
�

Rþ

þO
1

n

� �
, n � 0, n! þ1,

�n ¼ nþ
1

2

� �
�i

R�

þO
1

n

� �
, n � �1, n! �1,
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and consequently, Theorem 1 is proved. We note that for sufficiently

large jnj, all zeros of �ð�Þ are simple.

Fix � > 0, and denote

G� :¼ � 2 S0 [ S�1 : j�� �nj � �, n 2 Z
� �

:

It follows from (45) that

j�ð�Þj � C expðj=�jRþÞ expðj<�jR�Þ, � 2 G�, ð46Þ

where C depends on �: We note that the functions uðx, �nÞ and vðx, �nÞ

are eigenfunctions of L1, and

vðx, �nÞ ¼ 	n0uðx, �nÞ, 	n0 6¼ 0:

Moreover, if �n is the multiplicity of the zero �n of �ð�Þ ð�n ¼

�nþ1 ¼ # # # ¼ �nþ�n�1), then we infer from the general theory of associa-

ted functions for multiple eigenvalues that the e.a.f. of L1 have the

form (see [23])

unþjðxÞ ¼
@ j

@�j
uðx, �Þj�¼�j , vnþjðxÞ ¼

@ j

@�j
vðx, �Þj�¼�j , j ¼ 0, �n � 1,

and

vnþjðxÞ ¼
Xj
k¼0

j

k

� �
	n, j�kunþkðxÞ:

4. COMPLETENESS THEOREM

In this section we prove the completeness of the system of e.a.f. of the

boundary-value problem L1 in the Banach spaces B�, p. As a conse-

quence this will give us the proof of Theorem 2 for the boundary

value problem L.

THEOREM 6 The system of e.a.f. funðxÞg
1
n¼�1 of the boundary-value

problem L1 is complete in the space B�, p for p � 1, � < 1=2þ 1=p:
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Proof Let a function f ðtÞ, t 2 ð�1, 1Þ be such that

f ðtÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
2 Lð�1, 1Þ,

Z 1

�1

f ðtÞunðtÞ dt ¼ 0, n 2 Z: ð47Þ

Then we consider the function

zðx, �Þ ¼
1

�ð�Þ
vðx, �Þ

Z x

�1

f ðtÞuðt, �Þ dtþ uðx, �Þ

Z 1

x

f ðtÞvðt, �Þ dt

� �
:

ð48Þ

It is easy to verify by differention that zðx, �Þ satisfies the differential

equation

�z00 þ 
ðxÞz� �rðxÞzþ f ðxÞ ¼ 0: ð49Þ

Fix � > 0 and " > 0: Let us show that for � 2 G�, x 2 �",

jzðx, �Þj �
C

j�j1=2

Z 1

�1

j f ðtÞj
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
dt: ð50Þ

For definiteness let x < x0 (for x > x0 the arguments are similar).

Then x 2 I�1 for sufficiently large j�j: It follows from (13), (18), and

(46) that for x 2 I�1, � 2 G�,

jð�ð�ÞÞ�1uðx, �Þj � Cð�jRðxÞjÞ�1=2 expð�j=�jRþÞ expðj<�j�0Þ,

jð�ð�ÞÞ�1vðx, �Þj � Cð�jRðxÞjÞ�1=2 expð�j<�j��Þ:

)
ð51Þ

Furthermore, according to (3),

jRðtÞj�1 � C
1� t2

t� x0

����
����
1=2

: ð52Þ
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We divide the integrals in (48) into parts corresponding to the intervals

J�1, I�1, J0, I1, and J1. Using (51), (52) and Lemmas 1 and 2, we

calculate

jzðx, �Þj �
C

j�j1=2

Z
J�1

j f ðtÞj
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
dtþ

1

j�j1=2

Z
I�1

j f ðtÞj #
1þ t

t� x0

����
����1=4 dt

 

þ
1

j�j1=3

Z
J0

j f ðtÞj dtþ
1

j�j1=2

Z
I1

j f ðtÞj #
1� t

t� x0

����
����1=4 dt

þ

Z
J1

j f ðtÞj
ffiffiffiffiffiffiffiffiffiffi
1� t

p
dt

�
, � 2 G�: ð53Þ

Consider the integral over I�1. For t 2 I�1 we have

jt� x0j
3=2j�j � C, j1þ tj1=2j�j � C:

Take � ¼ ð�1þ x0Þ=2: Then

jt� x0j
�1=4 � Cj�j1=6, j1þ tj�1=4 � C for t 2 I�1, t � �,

jt� x0j
�1=4 � C, j1þ tj�1=4 � Cj�j1=2 for t 2 I�1, t � �,

and consequently,

1

j�j1=2

Z
I�1

j f ðtÞj #
1þ t

t� x0

����
����1=4 dt � C

Z
I�1

j f ðtÞj
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
dt: ð54Þ

Similarly,

1

j�j1=2

Z
I1

j f ðtÞj #
1� t

t� x0

����
����1=4 dt � C

Z
I1

j f ðtÞj
ffiffiffiffiffiffiffiffiffiffi
1� t

p
dt: ð55Þ

Substituting (54) and (55) into (53), we arrive at (50).

On the other hand, it follows from (47) and (48) that for each fixed

x 2 ð�1, 1Þ, the function zðx, �Þ is entire in �: Indeed, since the func-

tions �ð�Þ, uðx, �Þ, and vðx, �Þ are entire in �, it follows from (48)

that for each fixed x 2 ð�1, 1Þ, the function zðx, �Þ is meromorphic
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in � with poles at the points � ¼ �n. If for a certain n, �n is a simple

zero of �ð�Þ, it follows from (48) that

Res
�¼�n

zðx,�Þ ¼
1

_��ð�nÞ
vðx,�nÞ

Z x

�1

f ðtÞuðt,�nÞdtþ uðx,�nÞ

Z 1

x

f ðtÞvðt,�nÞdt

� �
,

where _��ð�Þ :¼ ðd=d�Þ�ð�Þ: Since vðx, �nÞ ¼ 	n0uðx, �nÞ, we obtain

Res
�¼�n

zðx, �Þ ¼
	n0
_��ð�nÞ

uðx, �nÞ

Z 1

�1

f ðtÞuðt, �nÞ dt:

By virtue of (47), this yields Res�¼�n zðx, �Þ ¼ 0, hence the function

zðx, �Þ has a removable singularity at the point � ¼ �n. The general

case, when �n is a zero of �ð�Þ of an arbitrary multiplicity, can be trea-

ted by the same way with the help of formulas for e.a.f.’s at the end of

Section 3. Thus, for each fixed x 2 ð�1, 1Þ, the function zðx, �Þ is entire

in �: Together with (50) and Liouville’s theorem [20, p.77] this yields

zðx, �Þ � 0 for x 2 �": Since " is arbitrary, we get zðx, �Þ � 0 for

x 2 ð�1, 1Þ: Then, by virtue of (49), f ðxÞ ¼ 0 a.e. on ð�1, 1Þ:

Thus, we have proved that for each p � 1, the system of e.a.f.

funðxÞg
1
n¼�1 of the boundary-value problem L1 is complete in the

space B1=2, p. Fix p � 1 and take � < 1=2þ 1=p: Then �� 1=2 <

1=p�1=s for sufficiently large s: Then, according to (5), B1=2,s�B�,p.

Therefore, the system of e.a.f. funðxÞg
1
n¼�1 of the boundary-value

problem L1 is complete in the space B�,p for p�1, �<1=2þ1=p:

Theorem 6 is proved. J

By the well-known method (see, for example, [21, Section 3]) one

can obtain the relation

Z 1

�1

rðxÞunðxÞukðxÞ dx ¼ 0 for n 6¼ k: ð56Þ

In view of (9), the system fYnðxÞg
1
n¼�1 of e.a.f. of the boundary value

problem L has the form

YnðxÞ ¼
1ffiffiffiffiffiffiffiffiffi
pðxÞ

p unðxÞ: ð57Þ
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According to (3) and (57), relation (56) is equivalent to (6). Thus,

Theorem 2 follows from Theorem 6 and (56).

5. EXPANSION THEOREM

In this section we prove a theorem on the expansion in a uniform con-

vergent series with respect to the e.a.f. of the boundary value problem

L1. As a consequence this will give us the proof of Theorem 3 for the

boundary value problem L.

Let the numbers �n be defined by (7). Then, by virtue of (3) and (57),

�n ¼

Z 1

�1

rðxÞu2nðxÞ dx: ð58Þ

It follows from (56) and Theorem 6 that �n 6¼ 0 for all n:

By virtue of (4), in the �-plane there exist closed contours �N , N � 1

such that

(1) for sufficiently small � > 0, �N � G� for all N;

(2) dN :¼ distð�N , 0Þ � C0N
2, C0 > 0;

(3) ‘N � CN2, where ‘N is the length of �N ;

(4) for sufficiently large N, the set DNþ1nDN (where DN :¼ int�N)

contains exactly one zero of �ð�Þ:

THEOREM 7 Let a function f ðxÞ be such that the function gðxÞ :¼

ðpðxÞÞ�1=2f ðxÞ is absolutely continuous on ½�1, 1� and has an absolutely

continuous derivative on ½�1, 1�. Then

lim
N!1

sup
�1< x< 1

1ffiffiffiffiffiffiffiffiffi
pðxÞ

p f ðxÞ �
X

�n 2DN

anunðxÞ

�����
����� ¼ 0, ð59Þ

where

an :¼
1

�n

Z 1

�1

rðxÞ f ðxÞunðxÞ dx, ð60Þ

and �n is defined by (58).
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Proof We consider the function

Zðx, �Þ ¼
1

�ð�Þ
vðx, �Þ

Z x

�1

f ðtÞrðtÞuðt, �Þ dtþ uðx, �Þ

Z 1

x

f ðtÞrðtÞvðt, �Þ dt

� �
:

ð61Þ

Since the functions uðx, �Þ and vðx, �Þ satisfy Eq. (10), we rewrite (61)

as follows

Zðx, �Þ ¼
1

��ð�Þ
vðx, �Þ

Z x

�1

f ðtÞ �u00ðt, �Þ þ 
ðtÞuðt, �Þð Þ dt

�

þuðx, �Þ

Z 1

x

f ðtÞ
�
� v00ðt, �Þ þ 
ðtÞvðt, �Þ

�
dt

�
:

In the terms containing second derivatives we perform two integration

by parts. In view of (44), we obtain

Zðx, �Þ ¼
f ðxÞ

�
þ
1

�
Q0ðx, �Þ þQ1ðx, �Þð Þ, ð62Þ

where

Q0ðx, �Þ ¼
vðx, �Þ

�ð�Þ
ð f ðtÞu0ðt, �Þ � f 0ðtÞuðt, �ÞÞjt¼�1

�
uðx, �Þ

�ð�Þ
ð f ðtÞv0ðt, �Þ � f 0ðtÞvðt, �ÞÞjt¼1, ð63Þ

Q1ðx, �Þ ¼
1

�ð�Þ
vðx, �Þ

Z x

�1

f1ðtÞuðt, �Þ dtþ uðx, �Þ

Z 1

x

f1ðtÞvðt, �Þ dt

� �
,

ð64Þ

f1ðtÞ :¼ �f 00ðtÞ þ 
ðtÞ f ðtÞ:

Let us show that f1ðtÞ 2 Lð�1, 1Þ: Indeed, the function g1ðtÞ :¼

ð1þ tÞ�1=2f ðtÞ is absolutely continuous for x 2 ½�1, 0� and has an

absolutely continuous derivative. Then we calculate

f ðtÞ ¼ ð1þ tÞ1=2g1ðtÞ, f 0ðtÞ ¼ ð1þ tÞ1=2g01ðtÞ þ
1
2 ð1þ tÞ�1=2g1ðtÞ,

f 00ðtÞ ¼ ð1þ tÞ1=2g001ðtÞ þ ð1þ tÞ�1=2g01ðtÞ �
1
4 ð1þ tÞ�3=2g1ðtÞ:

)

ð65Þ
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Since 
1ðtÞ :¼ ð1þ tÞ
ðtÞ þ 1=4ð1þ tÞ�1 2 C½�1, 0�, it follows from

(65) that

f1ðtÞ ¼�ð1þ tÞ1=2g001ðtÞ� ð1þ tÞ�1=2g01ðtÞþ ð1þ tÞ�1=2g1ðtÞ
1ðtÞ 2Lð�1,0Þ:

Similarly, one gets f1ðtÞ 2 Lð0, 1Þ, and consequently, f1ðtÞ 2 Lð�1, 1Þ:

Furthermore, it follows from (65) that

f ðtÞu0ðt, �Þ � f 0ðtÞuðt, �Þ ¼ ð1þ tÞ1=2u0ðt, �Þ � 1
2 ð1þ tÞ�1=2uðt, �Þ

� �
g1ðtÞ

� ð1þ tÞ1=2uðt, �Þg01ðtÞ ! 0 as t! 1:

Analogously we obtain

f ðtÞv0ðt, �Þ � f 0ðtÞvðt, �Þ ! 0 as t! 1:

Hence, according to (63),

Q0ðx, �Þ ¼ 0: ð66Þ

Let us show that

sup
�1< x< 1

1ffiffiffiffiffiffiffiffiffi
pðxÞ

p jQ1ðx, �Þj � Cj�j�1=3, � 2 G�: ð67Þ

For definiteness, let x 2 I�1 (for the other cases the arguments are

similar). We divide the integrals in (64) into parts corresponding to

the intervals J�1, I�1, J0, I1, and J1. Using (51), (52) and Lemmas 1

and 2, we calculate

jQ1ðx, �Þj �
C

j�j1=2
1þ x

x� x0

����
����1=4

�

Z
J�1

j f1ðtÞj
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
dtþ

1

j�j1=2

Z
I�1

j f1ðtÞj #
1þ t

t� x0

����
����1=4 dt

 

þ
1

j�j1=3

Z
J0

j f1ðtÞj dtþ
1

j�j1=2

Z
I1

jf1ðtÞj #
1� t

t� x0

����
����1=4 dt

þ

Z
J1

j f1ðtÞj
ffiffiffiffiffiffiffiffiffiffi
1� t

p
dt

�
, � 2 G�, x 2 I�1:
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Since
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
� Cj�j�1 for t 2 J�1,

ffiffiffiffiffiffiffiffiffiffi
1� t

p
� Cj�j�1 for t 2 J1 and

jt� x0j
�1=4 � Cj�j1=6 for t 2 I , we get

1ffiffiffiffiffiffiffiffiffi
pðxÞ

p jQ1ðx, �Þj � Cj�j�5=6jx� x0j
�1=4j1þ xj�1=4

Z 1

�1

jf1ðtÞj dt

� Cj�j�1=3, � 2 G�, x 2 I�1,

and we arrive at (67).

It follows from (62), (66), and (67) that

lim
N!1

sup
�1< x< 1

1ffiffiffiffiffiffiffiffiffi
pðxÞ

p f ðxÞ �
1

2�i

Z
�N

Zðx, �Þ d�

����
���� ¼ 0: ð68Þ

Using (68) and calculating the integral in (61) by the residue theorem

we arrive at (59). Theorem 7 is proved. J

By virtue of (3) and (57),

Z 1

�1

rðxÞ f ðxÞunðxÞ dx ¼

Z 1

�1

sðxÞgðxÞYnðxÞ dx,

and consequently, (59) and (60) yield (8). Thus, Theorem 3 follows

from Theorem 7.

Since

G1ðx, t, �Þ ¼
vðx, �Þuðt, �Þ=�ð�Þ, � 1 < t < x,

uðx, �Þvðt, �Þ=�ð�Þ, x < t < 1,

�

is the Green’s function of the boundary value problem L1 it

follows that

Gðx, t, �Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pðxÞpðtÞ
p G1ðx, t, �Þ

is the Green’s function of the boundary value problem L.

Let us introduce the projection operators P	 : W2
1 ½�1, 1� !

W2
1 ½�1, 1� via

ðPþgÞðxÞ :¼
X

<�n � 0

anYnðxÞ, ðP�gÞðxÞ :¼
X

<�n<0

anYnðxÞ,
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where the coefficients an are defined in (8). Denote

P	 :¼ g 2W2
1 ½�1, 1�: P	g ¼ g

� �
:

The following theorem gives the description of the sets P	.

THEOREM 8 g 2 Pþ g 2 P�ð Þ if and only if for each fixed x 2 ½�1, 1�

the function

Yðx, �Þ :¼

Z 1

�1

Gðx, t, �ÞsðtÞgðtÞ dt

is an analytic function in the half-plane <� < 0 <� � 0ð Þ.

Proof Clearly

Yðx, �Þ ¼
1ffiffiffiffiffiffiffiffiffi
pðxÞ

p Zðx, �Þ, ð69Þ

where Zðx, �Þ ¼
R 1
�1G1ðx, t, �ÞrðtÞ f ðtÞ dt, and f ðxÞ ¼ pðxÞð Þ

1=2gðxÞ.

Denote Q	 ¼ f f ðxÞ: f ðxÞ pðxÞð Þ
1=2

2 P	g. Using the representation of

the main part of Laurent’s series of the Green’s function G1ðx, t, �Þ

in neighborhoods of the eigenvalues �n (see [22,23]) one can obtain

that f 2 Qþ ( f 2 Q�) if and only if for each fixed x 2 ½�1, 1�, the func-

tion Zðx, �Þ=
ffiffiffiffiffiffiffiffiffi
pðxÞ

p
is an analytic function in the half-plane <� < 0

ð<� � 0 respectively). In view of (69) this proves the theorem. J

COROLLARY 1 g 2 P	 if and only if for any R > 0 and sufficiently

small 	 > 0 Z
��

R, 	

Yðx, �Þ d� � 0,

where ��

R, 	 ¼ @Q�

R, 	 and Q�

R, 	 :¼ KRn�
	
	 , KR :¼ f�: j�j � Rg,

�þ
	 :¼ f�: <� > �	g, ��

	 :¼ f�: <� < �	g.

6. INVERSE PROBLEM

In this section we consider the inverse problem of recovering coeffi-

cients of differential equations from the given spectral data
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f�n,�ngn2Z and prove the corresponding uniqueness theorem. For this

purpose we agree that together with L1 ¼ L1ð
, rÞ we consider a

boundary value problem ~LL1 ¼ L1ð ~

, rÞ of the same form but with a

different coefficient ~

: If a symbol � denotes an object related to

L1, then ~�� will denote the analogous object related to ~LL1:

THEOREM 9 If ~��n ¼ �n, ~��n ¼ �n for n 2 Z, then ~

ðxÞ ¼ 
ðxÞ for

x 2 ð�1, 1Þ:

Proof Consider the functions

Pmðx, �Þ ¼
1

~��ð�Þ
uðx, �Þ ~vv ðmÞðx, �Þ � vðx, �Þ ~uuðmÞðx, �Þ
� �

, m ¼ 0, 1: ð70Þ

Fix " > 0 and � > 0: It follows from (44), (70) and Lemmas 1 and 2

that for x 2 �", � 2 G�,

jP0ðx, �Þj � Cj�j�1, jP1ðx, �Þj � C:

On the other hand, it is easy to verify (see, [24, Chapter 1]) that under

the assumptions of Theorem 9, the functions Pmðx, �Þ are entire in �

for each fixed x: Hence, by Liouville’s theorem,

P0ðx, �Þ � 0, P1ðx, �Þ � P1ðxÞ:

In particular this yields

uðx, �Þ ~vvðx, �Þ � vðx, �Þ ~uuðx, �Þ,

and consequently,

P1ðx, �Þ ~uuðx, �Þ � uðx, �Þ:

By virtue of Lemma 1, the functions uðx, �Þ and ~uuðx, �Þ have the same

asymptotic behavior as j�j ! 1: Hence, P1ðx, �Þ � 1 and ~uuðx, �Þ �

uðx, �Þ: This yields ~

ðxÞ ¼ 
ðxÞ for x 2 ð�1, 1Þ, and Theorem 9 is

proved. J

We note that Theorem 4 obviously follows from Theorem 9.

Theorem 5 is proved similarly to Theorem 9 (see also [24 Section 1.4]);

so we omit the proof.
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Remark Using the method of spectral mappings [24,25] one can also

obtain a constructive procedure for the global solution of the inverse

problem considered along with necessary and sufficient conditions

for its solvability.
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[23] R. Mennicken and M. Möller (1984). Root functions, eigenvectors, associated vec-
tors and the inverse of a holomorphic operator function. Arch. Math., 42, 455–463.

[24] G. Freiling and V.A. Yurko (2001). Inverse Sturm–Liouville Problems and their
Applications. NOVA, New York.

[25] V.A. Yurko (2000). Inverse Spectral Problems for Differential Operators and their
Applications. Gordon and Breach, New York.

STURM–LIOUVILLE PROBLEM 1305


