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Abstract

We prove a comparison theorem for the solutions of a rational matrix difference
equation, generalizing the Riccati difference equation, and existence and conver-
gence results for the solutions of this equation. Moreover we present conditions en-
suring that the corresponding algebraic matrix equation has a stabilizing or almost
stabilizing solution.
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1 Introduction

In this note we consider matrix difference equations of the form

Xy = A Xpn A+ Q + I (Xep1) — [+ A" X1 B + 1ip(Xpy1)]
X [R + B*Xt+1B + HQ(Xt+1)]+[S + A*Xt_HB + HlQ(Xt+1)]*
(1.1)

and the corresponding algebraic equations

A'XA—X4+Q+1TL(X)—[S+ A XB +1I,(X)]
X [R+ B*XB +1L(X)]'[S+ A*XB + I, (X)]* = 0, (1.2)
where ZT is the Moore-Penrose inverse of a matrix Z and A, B, @, R and S

are given matrices of sizes n X n, n x m, n xn, m xm and n X m, respectively,
such that

_ 1@ 8
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is hermitian. We assume further that the operator IT: H™ — H"™™ with

| (X)) TIp(X)
H(X) := [nm(X)* H2<X>]

is linear and positive, i.e. X > 0 implies [I(X) > 0. Here, H" stands for the
real vector space of hermitian matrices of size n, and by X >0 (or X > 0) it
is denoted that X is positive semi-definite (or positive definite).

Notice that for IT = 0 the equations (1.1) and (1.2) reduce to the Riccati dif-
ference equation and the discrete-time algebraic Riccati equation which both
play an important role in control and filtering theory (see [1] for references).

Linearly perturbed Riccati equations appear in stochastic control theory —
in particular in problems with stochastically jumping parameters — and have
been studied among others in [2], [3], [4] and [5].

The continuous-time counterparts of (1.1) and (1.2) also arise in stochastic
control problems and have been studied recently in [6], [7] and [8], where
already existence and comparison theorems have been presented.

It is the main object of this paper to show that some of the nice properties
of discrete-time Riccati equations remain valid for the more general rational
matrix equations (1.1) and (1.2). In the Sections 2 — 4 we summarize all
preliminary results and notations which are necessary to formulate and prove
the main results of this paper. In Section 5 we prove a comparison theorem
which shows that the solutions of (1.1) depend monotonically on 7" and on a
given initial or terminal value. As corollaries we derive two existence results
for (1.1). The main contribution of Section 6 is Theorem 6.9 where we present
sufficient conditions for the existence and the uniqueness of the stabilizing
solution X of (1.2). Furthermore we show in Section 7 that under adequate
definiteness, stabilizability and detectability assumptions on the coefficients
the solution of (1.1) converges for any positive semi-definite terminal value to
the stabilizing solution of (1.2).

2 DPositive operators in ordered Banach spaces

In this section we summarize for convenience of the reader some notations
and preliminary results from the theory of positive operators, such as the
Krein-Rutman theorem. Details on this topic can be found in [9]. For more
information about properties of cones we refer the reader to [10].

Definition 2.1 Let X be a Banach space and let IC be a subset of X. Then
IC s called an order cone if:



(1) K is closed, nonempty, and IC # {0};
(i1) if x,y € K, then ax + by € K for all a,b > 0;
(111) if both v and —x are in K, then x = 0.

The order cone K is called

e solid if int IC, the interior of IC, is not empty,
e generating if X =K — K and
e total if X =K — K.

Note that K — K ={z—y|z,y e K}

Given x,y € KK we write v < y if y — x € K. In particular, all the elements
of K satisfy y > 0. By an ordered Banach space we mean a Banach space
together with an order cone.

Every solid order cone is generating (see [11]).
Example 2.2 Let X = H" denote the set of all hermitian matrices of size n

endowed with the inner product (A, B) = tr AB and the Frobenius norm

1/2

1AllF = (A, A)1/? = [Z aix|?

i k=1

Then
HY ={AcH"|2*Az >0 for all v € C" }
15 a solid order cone.

Definition 2.3 Let X’ be the dual of a real Banach space X. If KC is a total
order cone in X, then the set

K'={feX"| f(x) >0 foralzeK}
is an order cone of X' which we call the dual order cone of K.
For example, if I = H'}, then K' = KC (see [12]).

Definition 2.4 Let X, Y be ordered Banach spaces. An operator T : X — Y
is called positive if x > 0 in X implies Tx > 0 in Y. The operator T is called
inverse-positive if the inverse T 1 exists and is positive.

For any linear continuous operator 7 on X we denote by o(7) and r(7) the
spectrum and the spectral radius of 7, respectively.

Theorem 2.5 (Krein-Rutman, 1948) Let X be a real Banach space with the
total order cone X,. Suppose that T : X — X is linear, compact and positive,



with r(T) > 0. Then r(7T) is an eigenvalue of T and the dual operator T' with
eigenvectors in Xy and X', respectively. If X is a Hilbert space then r(T) is
also an eigenvalue of the adjoint operator T°Y.

An important consequence of the previous theorem which was proved in [13]
is

Corollary 2.6 (Schneider, 1965) Let X be a finite dimensional real Banach
space with the solid order cone X.. Suppose that S, 7: X — X are linear
operators such that S is positive and either T is inverse-positive or T (int X'y )N
int X, = 0. Then the following statements are equivalent:

(i) T is inverse-positive and r(7T*S) < 1.
(ii)) T — S is inverse-positive.

(iii) (T — S)(int X,) Nint X, # 0,

In particular, a positive linear operator S: X — X is d-stable, i.e. o(S) C D,
if and only if Z — § is inverse-positive, and this holds if and only if

(Z — 8)(int X1) Nint X4 # 0.

3 Stein equations and d-stability

It is well known that Stein equations play an important role in the analysis
of discrete-time Riccati equations. In this section we consider the linearly
perturbed algebraic Stein equation

X = A"XA+TL(X) +Q, (3.1)

where A and @) are given n X n matrices, () is hermitian and II;: H" — H"
is a positive linear operator.

Throughout this article we endow H" with the scalar product (A, B) := tr AB
and the induced Frobenius norm [|A|r := (A, A)Y/2. Notice that H" is a
Hilbert space with respect to (-, -); moreover H" is ordered since the cone H"
of all positive semidefinite matrices defines an order relation on H" by

A>B < A-BeH};
this order is used subsequently.

In the next lemma we recall some properties of the trace of a product of
matrices.

Lemma 3.1 (i) For all matrices A € C"*™ and B € C™*", tr AB = tr BA.



(ii) Let A,B € H with B > 0. Then, tr AB > 0, with equality holding if
and only if B = 0.

(wii) Let A,B € H'. Then, tr AB > 0, with equality holding if and only if
AB =0.

We define the discrete-time Lyapunov operator L4 by
La:H"—H", X+— A XA

If \,..., A\, are the eigenvalues of A (counted with multiplicities), then the
eigenvalues of L4, considered as an operator from C**" to C™ ", are the n?
numbers \;\;, 1 < j,k < n. If all eigenvalues of A lie in the open unit disc
then Z — L4 is inverse-positive, and its inverse is given by

(T L4 (X) = S (AP XA
=0
If A has an eigenvalue A with |A| > 1 then (Z — L) (int H,7) Nint H,} = 0 (see
the remark to Corollary 2.6).

Lemma 3.2 Assume that T — L4 — I1; is inverse-positive. Then (3.1) has a
unique solution X and Q > 0 implies that X > 0.

PROOF. If 7 — L, —1I; is inverse-positive, then (3.1) has a unique solution
X=(Z—-Ls—10)"Q

which is positive semi-definite if ) > 0.

The following theorem generalizes the discrete-time version of Lyapunovs sta-
bility theorem:

Theorem 3.3 The following statements are equivalent:

(i) All eigenvalues of A lie in the open unit disk and
T ((I— EA)il H1> < 1.
(1)) T — La — 11 is inverse-positive.
(111) There is some X > 0 such that (Z — L4 —1I;)(X) > 0.

(iv) If @ > 0 then (3.1) has a unique solution X > 0.
(v) L+ 11y is d-stable.

If any one of these conditions holds then A is called d-stable relative to II;.



PROOF. The equivalence of (i), (ii) and (iii) follows easily by an application
of Corollary 2.6 with X := H", K := H}, S :=1I; and T := 7 — L4. Since
L4+ 11 is a positive operator, the statements (i) and (v) are also equivalent
(see again the remark to Corollary 2.6). The fact, that (iv) implies (iii), is
trivial. We show now that (ii) implies (iv). Therefore, let ) > 0 be arbitrarily.
If Z— L4 — 11, is inverse-positive, equation (3.1) has by Lemma 3.2 a unique
solution X > 0. Hence Q := @ + II;(X) > 0. Since we have already proved
that (i) and (ii) are equivalent, all eigenvalues of A are contained in the open
unit disk. From standard Lyapunov theory it follows now that X — interpreted
as a solution of X = A*X A + Q — is positive definite.

Definition 3.4 A pair (A, B) of matrices A € C"*" and B € C"™ is said
to be d-stabilizable relative to II if there is a matrix F' such that A + BF is
d-stable relative to [ L] TI[ L].

According to Theorem 3.3 (A, B) is d-stabilizable relative to II if and only if
the inequality

I

F} o |

X — (A+ BF)*X(A+ BF) — -

>0

is fulfilled by a pair (£, X) with X > 0.

Definition 3.5 A pair (C, A) of matrices A € C"*" and C € C"™*" is said to
be d-detectable relative to Iy if there is a matriz L € C"*™ such that A+ LC
1s d-stable relative to I1;.

Lemma 3.6 If there exist a positive semi-definite matriz V # 0 with C'V =0
and some A > 1 such that

(La+ )" (V) = AV,

then (C, A) is not d-detectable relative to I1;.

PROOF. We assume that (C, A) is d-detectable relative to II;. Then accord-
ing to Theorem 3.3 there exist matrices L € C™™ and X > 0 such that
(Z — Layre — ) (X) > 0. jFrom the hypotheses it follows now that

0<(V,(Z - Layrc —)(X)) =(V,(T - L4 —11)(X))
= (T —La—T)*(V),X)
— (1 AV, X) <0.

Hence (V,; X) = 0, and since X is positive definite, it follows that V' = 0,
which contradicts the hypotheses.



Lemma 3.7 Suppose @ > 0 and (3.1) has a solution X > 0.

(i) If Q > 0 then A is d-stable relative to 11y and we have X > 0.
(11) If (Q, A) is d-detectable relative to II; then A is d-stable relative to 1.

PROOF. (i) Let us assume that A is not d-stable relative to II;. Then from
Theorem 3.3 it follows that r(£4 + II;) > 1 and now Theorem 2.5 shows that
there is some A > 1 and a matrix V' € H, \ {0} such that (L4 + I1;)*¥(V) =
AV. So we have

0<(V,Q) =(V.(T—-La-1L)(X))=(1-A)(V,X) <0.

Hence (V,Q) = 0, and since @ is positive definite, it follows that V' = 0.
Therefore, A is d-stable relative to II; and from Theorem 3.3 we obtain that
the unique solution of (3.1) is positive definite.

(ii) If A is not d-stable relative to II;, then it follows from the proof above
that there is a matrix V' > 0 such that (V, Q) = 0. Since V and @ are both
positive semi-definite we obtain QQV = 0 which contradicts the d-detectability
of (Q, A) relative to II;.

4 The Schur complement

In this section we present some notations and preliminary results from matrix
analysis.

Definition 4.1 The Moore-Penrose inverse of a p X ¢ matriz Z is the unique
q X p matriz Z* satisfying the conditions

(i) Z¥22+ =72+, 227 = 7,
(ii) (Z¥2) = 2+7, (Z2+) = 22+,

If Z is hermitian or positive semi-definite, then so is Z* (see [14], Proposition
12.8.3).

Lemma 4.2 ([15], Theorem 9.17) Assume that Z is a m X n matriz and
W is a p x n matriz. Then the following statements are equivalent:

(1) Ker Z C Ker W.
(i) W=WZ+Z.
(iii) W+ = 2+ ZW+.



Lemma 4.3 ([16], Theorem 1) Let H be a hermitian matriz of size n+m
with

L N
n= 33

where L is n X n and M is m x m. Then H is positive semi-definite if and
only if

M>0, L—NM"N*>0 and KerM C KerN.
The matriz H/M := L— NM*TN* is called the Schur complement of M in H.

The following lemma generalizes Lemma 2.2 in [17] and provides the basis for
the proof of a comparison theorem for rational matrix difference equations of
the form (1.1); a proof can be found in [8].

Lemma 4.4 Let

L N - L N

both be hermitian (n +m) x (n +m) matrices, where L and L are both n x n.

Define Hy:=H — H, My:=M — M and N;:= N — N. If
Ker M CKer N, KerM CKerN and Ker M, C Ker Ny,
then
H/M — H/M — Hy/My = (NM*M — N)(M§ + M*Y)(NM*M — N)*.

Corollary 4.5 Given the hypotheses of Lemma 4.4 assume, in addition, that
Ker M C Ker N apd KerM C KerN. If H > H and M > 0, then the
difference H/M — H /M is positive semi-definite.

5 Existence and comparison theorems

In this section we present a general comparison theorem which allows the
comparison of solutions of two rational matrix difference equations. As corol-
laries we derive two existence results. To formulate the comparison theorem
we define D(R) as the set of all X € H" such that R+ B*XB + II5(X) > 0
and

Ker[R + B*X B + II,(X)] C Ker[S + A*XB + I15(X)]



and the rational matrix operator R: D(R) — H" by

R(X)= A" XA+ Q+1L(X) —[S + A*XB + [15(X)]
x [R+ B*XB + IL(X)]*[S + A*XB + I5(X)]". (5.1)

We have the following lemma:

Lemma 5.1 If X € D(R) and Ker [R +B*XB + Hz(f()} C Ker B, then

X eD(R) foral X >X.

In particular, H;} is contained in D(R) if R >0 and Ker R C Ker[3].

PROOF. From R+ B*XB + Hg(f() >0 and X > X we infer that
R+ B*XB+1I,(X) > R+ B*XB +11,(X) >0,
and

R+ B*XB+11,(X) > B(X — X)B + (X — X)

> Tl,(X — X) > 0.
These inequalities imply that
Ker[R + B*X B + Iy(X)] € Ker [R + B*X B + Tly(X))] (5.2)
and
Ker[R + B*X B + II,(X)] C Ker IT,(X — X) C Ker [Tj5(X — X),

where the last inclusion is obtained by applying Lemma 4.3 to the matrix
H = II(X — X). Using (5.2), X € D(R) and the assumptions fulfilled by
Ker R+ B*X B + ITy(X)] we get

Ker[R + B*XB + IIy(X)] € Ker S + A"X B + T115(X)
and

Ker[R + B*X B + Iy(X)] € Ker B C Ker [A"(X — X)B].
Combining the preceding relations we obtain finally

Ker[R+ B*XB +I1,(X)] C [S + A*X B + [I15(X)],

and together with R + B*X B + II3(X) > 0 it follows that X € D(R). If in
particular R > 0 and Ker R C Ker [ 3], then X = 0 fulfills the assumptions of
the lemma. In this case H;" is contained in D(R).



It is obvious that R(X) — X is the Schur complement of the so-called dissi-
pation matrix

C[AXA - X+ Q+T(X) S+ A X B+ Tp(X)

AX) =115 4 A*XB + (X)) R+ B°XB +IL,(X) | (5:3)

Consequently, by Lemma 4.3 the quadratic matrix inequality R(X) > X and
the linear matrix inequality A(X) > 0 are equivalent on D(R).

Lemma 5.2 If X is a hermitian matrixz such that

Ker[R + B*X B + II5(X)] C Ker[S + A*X B + I1;5(X)] (5.4)
then

R(X) = (A+ BF)*X(A+ BF) + H T+ T1(X)] H (5.5)
where

F=F(X):=—[R+B*XB+IL(X)"[S+A*XB+1(X)*. (5.6

PROOF. From Lemma 4.2 it follows that the condition (5.4) is equivalent
to

—F*'[R+ B*XB+115(X)] =S+ A*XB + I1;5(X).
So, if we rewrite R(X) as

R(X)=AXA+Q+1L(X)— F[R+ B XB+1I,(X)|F
we obtain

Rx) -] 4o [

=A" XA+ F*B*XBF
- {S F (X)) + F R+ B*XB + HQ(X)]}F
_ F*{[S (X)) + [R+ B*XB + HZ(X)]F}
= (A4 BF)"X(A+ BF).
Lemma 5.3 Let X; and X5 be hermitian matrices such that

10



Fori=1,2, define
F,:= F(X;) = —[R+ B*X;B + I, (X,)] T[S + A*X; B + T115(X;)]".
Then the following identities hold:

R(X1) = (A+ BlF3)"Xi(A+ BF)
— (Fy — F)'[R+ B* X 1B+ 11,(Xy)|(Fz — Fy)

+¢érw+numwé] (5.7)

and

R(Xs) — R(X1) = (A+ BE)*(Xy — X1)(A + BF)
+ (Fy — P [R+ B X1B + TL(X))|(F, — F)

I I
+{&]IHXT—XQt%]. (5.8)

PROOF. Using Lemma 5.2 we get

‘MXQ:M+BEﬁ&M+BEH¢é]@+HM@%£]

— (A+ BE)*X\(A+ BF))
+ Q + 1L (X4) + FY'[R+ B* X B + 11,(Xy) | FA
4 [S + A*X, B + (X)) F, — A"X,BF,
LIS + ATX, B+ (X)) — F}B°X, A
_ F'B*X,B°F,

— (A+ BR)'X\(A + BF,)
+Q +11,(X,) — FY[R+ B* X, B + [I,( X)) F

+ {54+ Ma(X0) + Y[R+ B X0 B + Tl (Xa) |

+ {18+ Ta(X0)]" + [R+ BX,B 4+ (X))
— F}B*X,BF,

— (A+ BE)"X,(A+ BF)
— (Fy— P [R+ B*X,B + IL(X))|(Fy — F)
+¢é}p+nunﬂéy

which proves (5.7). Subtracting this from (5.5) with X := X5, we obtain (5.8).

To formulate the announced comparison theorem we introduce another ratio-
nal matrix operator R: D(R) — H" with

11



R(X)=A" XA+ Q+11,(X) — [S + A*X B + I 15(X)]
X [R+ B*XB + Iy (X)] T[S + A" X B 4 T115(X)]* (5.9)

where we assume that Q and R are hermitian and where D(7~€) denotes the
set of all X € H" such that R+ B*X B + II5(X) > 0 and

Ker[R + B*X B + I1,(X)] C Ker[S 4+ A* X B + I;5(X)).

For every X € D(7~2) we define the corresponding feedback matrix F' by

F=F(X):=—[R+ B*XB+1I,(X)]"[S + A*X B + II;5(X)]".

With these notations we have

Lemma 5.4 Let X € D(R) be given. If

£33

then

X eD(R) and R(X) > R(X).
PROOF. Inequality (5.10) implies, in particular, that R > R, and conse-
quently

R+ B*XB+11,(X) > R+ B*XB +II,(X) > 0. (5.11)
Furthermore, we have

R+ B*XB+T(X)>R—-R>0.
JFrom these two inequalities it follows that

Ker[R + B*X B + y(X)] € Ker [R+ B'XB + Tly(X))]
C Ker [S+ A™X B + T115(X)]

and
Ker[R + B*X B+ II5(X)] € Ker [R— R| € Ker [$ - ],

where the last inclusion follows from the fact that (5.10) also implies that
Ker [R — }ﬂ C Ker {S - S} (see Lemma 4.3). Combining the two relations
above we get

Ker[R + B*X B + II,(X)] C Ker [S + A*X B + 15(X)],

12



and together with (5.11), we obtain X € D(R).

If we associate the matrix

AY) = AXA-X+Q+IL(X) S+ A XB +5(X)
‘ [S+ A*XB+15(X)]* R+ B*XB +1I(X)
with (5.9), just as A(X) is associated with (5.1), it follows from (5.10) that

A(X) > A(X), and now an application of Corallary 4.5 yields the statement
of the lemma.

Recall that a discrete interval is a (not necessarily finite) set of successive
integers. A sequence { X, };c7 defined on a discrete interval Z C Z is said to be
a solution of X;; = R(X}) if it satisfies the difference equation (1.1) and the
additional condition X; € D(R) for t € T.

Theorem 5.5 (Comparison theorem) Let T C Z be some discrete interval
and ty € T. Assume that {X}?} and {X}'} are on T solutions of X7 = R(XZ,,)

and X} = R(X},,), respectively. If

QS],[@5
S*R| — |S*R|’
then X7 > X, implies that X7 > X} for all t € T with t < t;.
PROOF. Define X; := X? — X! and F} := F(X}), i = 1,2. According to

Lemma 5.4 we have X! € D(R) for t € Z, and using (5.8), we infer that
{Xi}ier is a solution of the difference equation

Xy = R(th-i-l) - R(Xt1+1)
= R(Xt2+1) - R(Xt1+1) + R(X}) — R(Xt1+1)
= Ai 1 XA + Qe + Tl 1 (X)),

where
A ; ! ( ) [ ‘|* ( )l ]
Jlt 4l Blt7 Ht X th2 (X F?

and

Qr=R(X]) - R(X})
+(F = F))'[R+ B"X; B+ IL,(X,)|(F} — F)).

13



Now Lemma 5.4 implies that Q, > 0 for all ¢ € Z, therefore by induction it
follows that X; > 0 for all ¢ € 7 with ¢ < ¢y which proves the theorem.

Theorem 5.5 shows that the solutions of (1.1) depend monotonically on { SQ ]5%}
and on the terminal value Xy; this generalizes the corresponding result for
discrete-time Riccati equations (see [18], [19]). We mention that it is also
possible to use a Fréchet derivative based approach for proving Theorem 5.5

— in the special case II = 0 this approach has been used in [20].

Subsequently we present two corollaries showing how the comparison theorem
can be used to derive existence results and upper and lower bounds for the
solutions of (1.1).

Corollary 5.6 Let Z C Z be some discrete interval and t; € Z. Assume that
{X/}, {X{} are on T solutions of the difference inequalities X{ < RU X/, )
and X{* > RYX},), respectively, with

Ker [R+ B*X/B+TL(X{)] CKer B forall t€TIn(—o0,t]. (5.12)
Then Xff < Xy < X} implies that the solution {X;} of

X; =R X)), Xi, =Xy, (5.13)
exists for allt € 7 with t <ty and fulfills there the inequality

X< X, < X® (5.14)

PROOF. The solution {X;} exists a priori only on a certain discrete interval
{t~,...,ts} with some unknown ¢~. By the hypotheses, there exists a sequence
{Q%} of positive semi-definite matrices such that

Xf - Rd(Xerl) - f+1-

We define Q; := Q — Q" R:=Rand S :=S. Since X > Xff we obtain from
Theorem 5.5 (which holds also in the time-varying case — see Remark 5.8)
that X{ < X, for t = ¢7,...,t;. Substituting {Q{} by an adequate sequence
{Q}'} of negative semi-definite matrices the right inequality from (5.14) follows
analogously. Hence, the sequence {X;} is bounded from below and above and
therefore it follows that {¢t,...,t;} D Z N (—oo,tf].

It remains to show that X; € D(R) for t € Z with ¢ < t;. Using Lemma
5.1 this results immediately from (5.12) and the fact that X; > X/ for all
teln (—OO,tf].

14



Corollary 5.7 Assume that Ker R C Ker B and

QS
S* R

> 0. (5.15)

If Xy > 0 then the solution {X;} of (5.13) ewists for allt € Z witht < t; and
fulfills there the inequality

0<X, <XV
where { X'} is the solution of

X{ = AX{A+Q+1ILh(XY,), X =X, (5.16)

PROOF. We compare the solution of (5.13) with the solutions of the differ-
ence equations (5.16) and

X =RUX[,)+SR*S* —Q, X{ =0 (5.17)

Since (5.16) is a linear difference equation the solution {X}'} exists for all
t € Z with t < ;. Since Xy > 0 it follows by induction that X;* > 0 for all
t € Z with t < t;. This yields in particular that X > R4Xp, ) for all t € Z
with ¢ S fo.

The solution of (5.17) is the trivial solution, and from (5.15) it follows with
Lemma 4.3 that it satisfies the difference inequality X; < R?(X/,;). Since

we assume that Ker R C Ker B the assertion of the corollary results from
Corollary 5.6.

Remark 5.8 We mention that all the results obtained in Section 5 remain
valid if the coefficients of (1.1) depend on t and the assumptions used are
valid for all t.

6 Stabilizing and almost stabilizing solutions

In this section we present results concerning stabilizing and almost stabilizing
solutions of the algebraic matrix equation (1.2). Using an iterative proce-
dure which can be viewed as a slight modification of the Newton-Kantorovich
method applied to the equation R(X) = X we prove an existence theorem
for an almost stabilizing solution of (1.2). For a detailed representation in the
continuous-time case the reader is referred to [8].

Definition 6.1 Let X € D(R) be a solution of R(X) = X. If F = F(X)

denotes the corresponding feedback matriz and Il the positive linear operator
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defined by TI(X) = [L]"T(X)[L] for X € H" then X is called stabilizing
(resp. almost stabilizing) if o(Larpr + 1) is contained in the open (resp.
closed) left half-plane.

The following theorem generalizes a well-known result for discrete-time alge-
braic Riccati equations (see [1], Theorem 13.1.1). A continuous-time version
of this result was already derived in [8] (see also [6] and [21]).

Theorem 6.2 Assume that (A, B) is d-stabilizable relative to 11 and that there
exists a solution X of R(X) > X for which

Ker[R + B*X B + II,(X)] C Ker B.

Then there exists an almost stabilizing solution Xy of R(X) = X, and we have
X, > X for all solutions of R(X) > X with Ker[R+B*X B+115(X)] C Ker B.

PROOF. By the hypotheses, there exists a hermitian matrix X € D(R) with
RX)=X+Q-Q (6.1)
where Q is a hermitian matrix such that Q < Q.

Since (A, B) is d-stabilizable relative to II, there is an Fj such that Ay =

A+ BF is d-stable relative to HO } ‘I HO } Let X be the unique solution of
the linearly perturbed Stein equation

ArX1Ag — X1 + [ ] [T + I1(X;)] [I

1
Fy
If we define F':= F(X) then as in the proof of (5.7) we get
R(X) = A X Ay — (Fo — F)* [R+ B*XB + IIy(X)]|(Fy — F)
+ L{;{o] T+ II(X)) [ﬁ{o] .
This yields that

Xy — X = AjX1 Ao+ [IT[TJFH(XQ] [

I . .
R, ]—FI—R(X)—FQ—Q

Fy

Fy Fy
+ (Fy— F)*[R+ B*XB + Iy(X)](Fy — F) + 1. (6.2)

e P e S FA R
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Now R+ B*XB + HQ(X) > 0 by hypothesis and Q > Q; hence

AS(X — X)Ag— (X, — X) + [Il*n(xl —X)

Since Ay is d-stable relative to [ }Or II { Iﬂ, part (iv) of Theorem 3.3 shows
that X; > X. Consequently, according to Lemma 5.1, we have X; € D(R).

Starting with A, F, X1, induction is used to construct three sequences of ma-
trices {A4;}20, {Fi}2, {Xi}52,, with certain properties (given below). Thus,

assume that for some m > 1 we have already determined matrices {A;}7!,

{F}h {XGayn, with X; = X7,
X1>X2>...>Xm>f(,

AZ:A—FBFZ, izO,l,...,m—l,

where

Fy = —[R+ B*X;B 4 Ty(X;)|"[S + A" X;B + I11»(X;)]",

\ I I 1
A X A — X + [ F] T4 T1(X 1) M s =0 (63)
and the matrices A; are d-stable relative to [ér IT [},{}, 1=0,1,...,m— 1.
Now define
A,, = A+ BF,,.

It has to be shown that A,, is d-stable relative to [FI" } B [FI } . Letting X, :=
Xm, X9 := X1 in (5.7) and applying (6.3), we get

R(Xm) = Xpn — (Fpp — Fps1) [R+ B*X,, B + 1(X,,)]

1
X (= Fp) = — 1.

Together with (5.5) it follows that

A XA — X + [Fl ] [T+ T1(X,,)] lF[ ] + ;I
+ (Fp — Fo1)'[R+ B* X, B + Ha(X,0)|(F — Fpey) = 0. (6.4)

Next, use (5.7) again with X := X, X5 := X,, and apply (6.1) to get

A XA, ~ X+ [F]m] [T+ T(X)] lFfm] ~@Q-0)

— (Fp — F)*[R+ B*XB + Iy(X)|(F,, — F) = 0.
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Subtracting this from (6.4), we obtain

A3 (X~ X) Ay — (X, — X) + [; ]*mxm - X) [FI ]

=—(Q—=Q) = (F— Fu1) [R+ B* Xy B + (X)) (F — Fr)
N N N A 1
— (F— F)'IR+ B*XB+1L,(X)|(F,, — F) — %I < 0.
?inc}e XT,[ >}X it follows from Theorem 3.3 that A,, is d-stable relative to
anvarEa
F’"L F’VYL

We now define X,,;; as the unique solution (necessarily hermitian) of the
linearly perturbed Stein equation

. I I 1

As in (6.2) it is found that

, 5 I N
A* (X1 — X) A — (X1 — X) + l = ] (X1 — X) l = ]
= X —R(X) = (F,, — F)*[R+ B*XB + II,(X)|(F,, — F)
1
———I<0. .
m+1 =0 (6.6)

Next it will be shown that X,, > X,,1. Subtracting (6.5) from (6.4) we get

I I

= —(Fon — Fa)*[R+ B*Xpu B + (X)) (Fn — Fra)

—-——1<0.
m(m + 1)

The last two equations, together with the fact, that A,, is d-stable relative to
|4 ] 1[4 ] imply that X, > X > X.

We have obtained a nonincreasing sequence {X;}2, of hermitian matrices
bounded below by X. Hence

X, = lim X;

1— 00

exists and is a hermitian matrix with X, > X ,and X € D(R). Passing to
the limit in (6.5) when m — oo, and writing F := F(X), it is found that

17" I
ALXLAL - X, [F ] T+ TI(X,) [F ] ~0,
+ +
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which, in view of Lemma 5.2, can be rewritten as X, = R(X).

Since X, is independent of X, we have X, > X for every solution X of
R(X) > X for which Ker[R + B*X B + II5(X)] C Ker B.

Finally, since A,, is d-stable relative to { B } B [ F{n} for all m > 0, the solution
X, is almost stabilizing.

Corollary 6.3 Assume that Ker R C Ker B, (A, B) is d-stabilizable relative
to IT and

Lf);{ ]ﬂ > 0. (6.7)

Then R(X) = X has an almost stabilizing solution X, and we have X, > 0.

PROOF. According to Lemma 4.3 condition (6.7) implies that X = 0 is a
solution of R(X) > X. Therefore an application of Theorem 6.2 yields the
statement of the corollary.

Corollary 6.4 Assume that (A, B) is d-stabilizable relative to 11 and that
there ezists a solution X of R(X) > X for which

Ker[R + B*X B + I1,(X)] C Ker B.

Then there ezists a stabilizing solution Xy of R(X) =X, and X, > X.

PROOF. Passing to the limit in (6.6) when m — oo we obtain

A (X, — X)A, — (Xo —X) + [ Pﬂ e, - X) [ }ﬂ

=X —R(X)—(F, — F)[R+ B*XB +II,(X)|(F, — F) < 0.

Since X, > X it follows now from Lemma 3.7, (i), that A, is d-stable relative
to [FIJ II [FIJ and that X, > X holds.

Lemma 6.5 If R(X) = X has a stabilizing solution X, then Xy > X for
every solution X of R(X) > X. In particular, X, is the mazimal solution of
R(X)=X.

PROOF. Let X be a stabilizing solution of R(X) = X and denote the
corresponding feedback matrix by Fy = F(Xj). For every X with R(X) > X
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there is a matrix Q < Q such that ]Q(X') = X+Q—Q.If F = F(X), then
an application of (5.8) with X; := X and X, := X yields the equation

(A+ BF,)"(X,— X)(A+BF,) — (X, - X)+Q - Q
+ (F, — F)*[R+ B*XB + I1,(X)|(F, — F)
+ L{] (X, — X) [FI] = 0.

Hence, the difference X — X fulfills a linearly perturbed Stein equation where
Q > Q, R+ B*XB +1I3(X) > 0 and A + BF, is d-stable relative to
[é] IT [}«{ } Applying Theorem 3.3 and Lemma 3.2 we obtain X, > X.

Lemma 6.6 Assume that the following conditions hold:

(i) R>0,[2 5] >0, *
(ii) (Q—SR15*, A—BR™'5*) is d-detectable relative to {_RLS*} I [_RLS* }

Then every positive semi-definite solution of R(X) = X is stabilizing.
PROOF. Let X > 0 be a solution of R(X) = X and denote by F = F(X)

the corresponding feedback matrix. From Lemma 5.2 we know that X is also
a solution of the linearly perturbed Stein equation

(A+ BF)*X(A4+BF) - X +Q+1I(X)=0 (6.8)
with
- (17 TQ S| [1
o= i) &7/
IV ISR [Q—SR'S* 0 I 0][r
T e ] A
=Q-SR™'S"+ (F+R'S") R(F+R™'S") (6.9)
and
fi(x) = H 11(X) H

We assume now that A + BF is not d-stable relative to II. Then it follows
from Theorem 3.3, (v), and Theorem 2.5 that there is a matrix V' € H’} \ {0}
and some A > 1 such that

Larpr + 1) (V) = V. (6.10)
( )
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But then
0<(V,Q) = —(V,(Z — Larpr — (X)) =1 -V, X) <0

and we conclude that <V,Q> = 0. From Q > SR™'S* and R > 0 it follows
that

(V.Q—SR'S") =(V,(F+R™'S") R(F+R7'S")) =0, (6.11)
and this equations implies

(Q-SR'S)V =0 (6.12)
and

(F+R7'$)V(F+R'S) =0
Since V has a positive semi-definite square root, we obtain FV = —R-15*V

and an easy calculation now yields
(ViLarpr(X) + T10X)) = (V. La s (X) +T1(X) )

with

- I I
100 - |_phige] 10|l
;From (6.10) it follows finally that
.\ adj
(EA—BR—ls* + H) ’ (V) - )\‘/7

and together with (6.12) this contradicts the presupposed detectability. Hence
A+ BF is d-stable relative to II.

In the special case where II;5, = 0 and II; = 0, the assumption R > 0 in
Lemma 6.6 can be weakened to Ker R C Ker B; we obtain in this case:

Corollary 6.7 Assume that Ker R C Ker B,

QS
2720

and that (Q — SRTS*, A— BR*S*) is d-detectable relative to I1,. Then every
positive semi-definite solution of

A XA-X+Q+1I(X)
—(S+A*XB)(R+ B*XB)"(S+A*XB)* =0 (6.13)
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15 stabilizing.

PROOF. Let X > 0 be a solution of (6.13) and
F:= —(R+ B*XB)*(S + A*XB)"

the corresponding feedback matrix. Then Ker R C Ker B implies that
Ker Rt = Ker R C Ker(R + B*XB) = Ker(R + B*XB)" C Ker F*,

since Ker ZT = Ker Z* for every Z € C™*". According to Lemma 4.2 this is
equivalent to RTRF = F.

We precede as in the proof of Lemma 6.6. Since R > 0 we obtain from (6.11)
and Lemma 3.1, (iii), that

V(F+RYLR(F+ R"L*)V =0.
Using R > 0 we get
R(F + RYL*)V =0,

and multiplication from the left with R* yields now that F'V = —RTS*V.
Continuing as in the proof of Lemma 6.6 the statement of the corollary follows.

Lemma 6.8 Assume that
R>0, KerRCKerS and Q> SRS (6.14)

If X > 0 is a solution of R(X) = X, then X is stabilizing and positive definite.

PROOF. Using the notation from the proof of Lemma 6.6 we obtain Q>0
(this can be easily derived from formula (6.9) where R™! has to be replaced
by RT). Applying Lemma 3.7, (i), to the equation (6.8) we now obtain the
statement of the lemma.

. From Corollary 6.3, Lemma 6.5 and Lemma 6.6 we infer:

Theorem 6.9 Assume that (A, B) is d-stabilizable relative to II, R > 0 and

QS
ls* R} 2 0.

If (Q—SR™'S*, A— BR™'S*) is d-detectable relative to [_RLS*]* IT |:—R£ls*:|

then R(X) = X has a unique positive semi-definite solution X, . Moreover,
X, is stabilizing and maximal among all solutions of R(X) = X.
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7 Convergence theorems

As an application of Theorem 5.5 we obtain the following monotonicity prop-
erty which generalizes the corresponding results for continuous- and discrete-
time Riccati equations (see [22]).

Lemma 7.1 Let 7 C 7Z be some discrete interval and ty € Z. Assume that
{Xi} is on T a solution of X; = R(Xyy1). Then Xy, > Xy 1 (X, < Xi,01)
implies Xy > Xy—1 (Xy < Xi4—y1) for allt € T with t < ty.

PROOF. Define X? := X;, X} := X;_; and apply Theorem 5.5.

Lemma 7.2 Assume that

QS
lS*R =0

and that { X[} is a solution of the difference equation X; = R(X;y1) with
X§=0. If R(X) = X has no solution in the cone of positive semi-definite
matrices then lim | X = oo. Otherwise Xuyin = Jim X! exists and is the

minimal positive semi-definite solution of R(X) = X.

PROOQOF. From Corollary 5.6 we know that Xf > ( exists for all ¢ < 0. Since
Xt =R(0)=Q — SR™1S* >0, it follows from Lemma 7.1 that X} ;, > X/
for all £ < 0. Soif lim | X[l < oo then the monotonicity of { X/} implies that

Xoin = . lim Xf exists. Obviously X, is positive semi-definite and a solution

of R(X) — X. If X is another positive semi-definite solution of R(X) = X,
it follows from Theorem 5.5 that Xf < X for all t < 0. Passing to t — —oo
we obtain X, < X.

Theorem 7.3 Assume that the following hypotheses hold:
(i) R>0,[2 5] >0,

(i1) (A, B) ist d-stabilizable relative to 11,
(iii) (Q — SR™'S*, A — BR™1S*) ist d-detectable relative to

e ]

Then tli:gl Xy = X, for any solution {X;} of Xy = R(X;41) with Xy > 0.
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PROOF. We choose a matrix Q € H" such that
Q>Q and Q> SR'S*

Then it follows from Corollary 6.3 that the algebraic equation

X=AXA+Q+11,(X) =[S+ A*XB + Ij5(X)]
x [R+ B*XB + IL(X)]*[S + A" X B + 5 (X)]* (7.1)

has a solution X, > 0 which in view of Lemma 6.8 is stabilizing and positive
definite. Now there exists some A\ > 1 such that X, < )\X+. We consider the
solution {X*} of X, = R(X,,1) with X% = AX_. If { X!} denotes the solution
of the same difference equation with X§ = 0, then from Theorem 5.5 we obtain
the inequality

XP <X, <Xp foral t<0. (7.2)

Under the given hypotheses the equation R(X) = X has a unique positive
semi-definite solution X, . Because of Lemma 7.2 it follows that X! — X,
(monotonically) for t — —oo. We show now that {X}'} is monotonically de-
creasing as t is decreasing. If we multiply (7.1) with A and substitute X by
X, then (having in mind that Q > Q) we obtain an inequality of the form
R(AX,) < AX,, where R is a rational matrix operator with 7= AT. On the
other hand we have X*, = R(XY) = R(AX,). Since T > T it follows with
Lemma 5.4 that

X¢ - X", =X, —R(OX,) >RAX,) - R(AX,) >0.

Using again Lemma 7.1 this proves that {X}*} is a monotonically decreasing
sequence with X > X! > 0 for all ¢+ < 0. Hence tlim X = Xy since X} is
——00

the unique positive semi-definite solution. Together with (7.2) this proves the
assertion of the theorem.

Remark 7.4 (i) The proof of Theorem 7.3 shows how the comparison theorem
5.5 in combination with the monotonicity theorem 7.1 can be used to derive
existence, convergence and monotonicity results for the solutions of (1.1) and
for the solutions of the corresponding algebraic equation (1.2). For example
it it also possible to derive results on the monotonicity of the mazximal or the
minimal positive semi-definite solution of (1.2) (if they exist) on the matrix

T.

(i) Usually it is not possible to determine the solutions of (1.2) explicitly.
On the other hand it follows from Theorem 7.3 and the proof of Theorem 6.2,
respectively, how the solution Xy of (1.2) and mazimal solution X, can
be determined numerically (if they exist). Alternatively one can solve (1.2)
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numerically by a slight modification of the algorithms presented in [3], [23]
and [24], we omit details.

(iii) The control-theoretical background for equations of the class studied in
this note can be found in [25].
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