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Abstract

Open-loopStaclelbeg gamesare conceptualery interesting
particularlyfor applicationsvhich containa hierarchicaktruc-
ture. Theexistenceof uniqueStaclelbeg equilibriawasshovn
to betied to the existenceof solutionsto certainnonsymmetric
Riccati equationswhich arehardto solve. The paperreveals
a connectiorbetweersolutionsof a standardalgebraicRiccati
equationanda nonsymmetrialgebraicRiccatiequation.As a
consequenceasyverifableconditionsare obtainedto ensure
a Staclelbeg equilibrium, which makesthesetype of games
accessibldéo applications.

1 Introduction

ThealgebraidRiccatiequationsonsideredn this paperappear
in two playerlinearquadraticopen-loopStaclelbeg gameson
the inf£nite time horizon [0, cc]. It wasshaown in [6] thatthe
nonsymmetricalgebraicRiccati equationandits correspond-
ing differential equationcounterparts of greatrelevancefor
Staclelbeg gameson the in£nite and £nite horizon, respec-
tively. Therefore explicit solvability conditionsfor thesetype
of Riccatiequationsarehighly desirable.

A linear quadraticStaclelbeg gameis de£nedby linear dy-
namicsof theform

i = Az + Biuy + Bauo, $(0) &, (1)

wherethematricesA € R"*", B; € R™*"™i (; = 1, 2) arecon-
stantandn, m, ms € N. Furthermorewe considerquadratic
type cost-functional®f theform

oo
Jl(’llll, u2) = / {ETle + ufRnul + Ugng’UQ dt,
0
. (2)
_ T T T
JQ(Ul, Uz) = / xz QQ.I’ + Uq Rglul + Ug R22u2 dt.
0

It is assumedhat the coeEcientsin (2) are symmetricwith
Qi € R™™, R;; € R™*™i for 1 < 4,5 < 2. Further
more, we only considerthe open-loopinformation structure,

i.e. the playersarecommittedto follow a predeterminedtrat-
egy. We agreethathereplayer?2 is theleaderi.e. heis seek-
ing a J2(u1, uz)-minimizing strategy w3 (¢), afunctionof time
only, thatheannouncebeforethegamestartsknowing how the
follower reactsto ary of his choices.Thefollower, i.e. player
1, will thenminimize his cost-functionalwith a stratey u; (¢)
alsoasa function of time only. For the precisemathematical
de£nitionof a Staclelbeg equilibriumwe referto [3].

In the secondsectionwe recall known resultsfor gameson
the £nite time horizon [0, ¢ ] which ensurethe existenceof a
unique Staclelbeg equilibrium; in this casethe performance
criteriaare(fori = 1,2)

To= et Kga(ty)
1 7 T 2 T
+ 5/(:5 (H)Qix(t) + Y u] (t)Riju;(t)) dt. (3)
0 J=1

Thethird sectioncontaingtheresultsfor the in£nitetime hori-
zon shaving that both situationsare quite different. Section
4 bringsthe resultsfor the in£nite time horizontogetherand
indicatesa connectionto the £nite horizon case. In the last
sectionthe obtainedresultsarediscussedndfurtherresearch
directionsfor Staclelbeg gamesareproposed.

We think thatthe Staclelbeg concephasrich applicationsand
to emphasizehis we cite [5], wherethis gametheoreticon-
ceptwassuccessfullyappliedto solve a tracking problemfor
aexible robots.

2 Gameson the £nitetimehorizon

Let usbrieay summarizesomebasicresultsthathave beende-
rived for the £nite time horizon. Thesehave beenformulated
in the paperq8] and[4]. The £rstremarkableresultis based
onthe corvexity condition:

Ry > 0, Ros >0
Ry >0

(©) Q1>0, Q>0
Ky >0, Ky >0.



Theorem 1 (Simaan, Cruz; 1973). Let the linear quadratic
open-loop Sackelberg game ful£ll condition (C;). Defne
S;:= B;R;;'BF fori = 1,2 and So; := By Ry}' Roy1 Ry' BY.
If the coupled system of matrix Riccati differential equations

P 0 P
K1 = Ql + Kl
Ky Q> Ky

—A 521 —Sl P
+ 0 AT 0 K, 4)
-1 0 AT K,

p p
Ki| (0 51 8:) K
K2 KQ

P
has a unique solution (K 1) satisfying the boundary condi-
Ky
tiOﬂSP(O) = O,Kl(tf) = Klf,Kz(tf) = Kgf — Klfp(tf),
then

A

ui = —Ry BTK, (00" (), w5 = —Ryy BY Ka(t)a” (1)

defnes a Sackelberg equilibriumwhere 2* is the solution of

T = (A—SlKl —SQKQ)JI, .1](0) :f.

The coupledsystemof Riccati equationg4) is alsoknown as
Sackelberg Riccati (differential) equation. The corresponding
algebraicRiccati equationis calledthe algebraic Stackelberg
Riccati equation. The next resultis basedon a valuefunction

approachanddoesnotrely onthe corvexity condition.

Theorem 2 (Frelling, Jank, Lee; 1999). For a linear
quadratic open-loop Sackelberg game assume that Ry; > 0
and Ro> > 0 and let S1,.S> and S»; be asabove.

1. Let F1(t) € R™*™ be the solution of the standard (i.e.
here and below: symmetric) Riccati differential equation

_El :E1A+ATE1+Q1—E151E1, El(tf) :Klf-

®)

2. Let the solution E»(t) € R2™*2" of the standard Riccati
differential equation

_By, = <%2 S(;>+E2 (él j;) ®)

T
A —S S, 0
ﬁ) EQ_E2<02 o> =

* <Q1
with terminal condition Ey(t;) = (Kgf 8) exist on

[O,tf].

3. Let the coupled system

P 0 P
*% K, = Q|+ |K.|A
K> Q2 K>

—A Sy =S5 P
+ o AT 0 K (7)
—-@1 0 AT K,

P P
Ki|(0 S S)[K:
K> K>

with terminal values P(t ) 0,K:(tf) = Kif and
K, (ty) = Ky haveasolutionon [0, ¢].

Then there exists a unique open-loop Stackelberg equilibrium
which is given by

ui(t) = —Ry'BYK(t)z*(t),
us(t) = —Ryy BIKa(t)a*(t),
where z*(t) is a solution of the closed-loop equation

T = (A—SlKl—SgKg)il?, .Cl?(O) :g.

SufEcientconditionsfor the existenceof the solutionsof (5) -
(7) on [0,¢f] canbefoundin Chapter4 of [1]. Notealsothat
theseequationsarenumericallyeasierto treatthanthe nonlin-

earboundaryalueproblem(4).

3 Gameson thein£nitetimehorizon

One of the authors([6]) consideredopen-loop Staclelbeg

gameson the inEnite time horizon for the £rsttime. Let us

brieny cite theresultsfrom [6]. Thenext Theoremis basedon

the corvexity conditionandgivesthe equilibrium strateiesin

feedbackorm. Thecorvexity conditionreadsnow asfollows:
Ry1 >0

(Ca) {
Qi1>0 Q2 >0.

Theorem 3. If condition (C5) is ful£lled and if there exists a
stabilizing solution X to the nonsymmetric algebraic Riccati
equation

_ A 0 AT 0 Q1 0

0—X<o A>+<0 AT>X+<Q2 —u) T
(8)

with

—1

Ryy 0 0 BT 0
S—(%l%g)oz%mo 0 BT
YV \Ry1 0 Rn 0 BT

S 5

- <521 —Sl) ’

Ri1 >0 Ry >0



0 .
0 A — SX isstable, then the

unique Sackelberg equilibrium exists and is given by

_ BT 0
H R} 0 0 !
<“1> :—( n 7 > 0 BI|Xz (9
uj 0 Ryy O 0o BT

where z is the solution of the closed-loop equation

ie ((‘3 g) _5X)z, 2(0) = (g) .

It is interestingto mentionthatthe algebraicStaclelbeg Ric-
cati equationassociatedo (7) doesnot shov up hereon the
in£nite time horizon, but thata similar resultasabove canbe
obtainedfor the £nite time counterpartwhich we take from

[6].

Corollary 1. Assume that condition (C1) is ful£lled. If the
nonsymmetric Riccati differential equation

. (A 0\, (AT 0 Q0
—X—X(O A>+(O AT>X+<Q2 Ql)—XSX
Kiy 0

with X (t5) =
r) (K 2of —Kuy
then there exists a unique Stackel berg equilibrium.

i.e. the closed-loop matrix

(10)

) admits a solution on [0, ¢ ],

Thesecondesultis basedn thevaluefunctiontypeapproach
andon the Hilbert spaceapproactpresentedy [8] andthere-
fore avoids the corvexity condition. Here, Li’” denotesthe

Hilbert spaceof squareintegrable functions (with respectto

the Lebesguemeasurepn the positive realline.

Theorem 4. Assume that the coefEcients of the Sackelberg
game are such that A is stable and the matrices Ry, R are
positive defnite. Let the stabilizing solution E; of the standard
algebraic Riccati equation

0=X1A+ATX: + Q1 — X151X,
= Rl(Xl)

exist and let also the stabilizing solution E» of the standard
algebraic Riccati equation

(11)

0=XoH+HTX, +Q — X,5X,
= RQ(XQ)

(12)

exist, where
- A Sl L BQ
= ) m=(7)
_(Q2 O - -1
Q.—<0 So1 ) S:=BR,, B

Ell E12
isof sizen x n. If E2? isinvertible, then there exists a unique
Sackelberg equilibrium for any initial value ¢ € R™. The

Sackelberg strategy for the leader is explicitly given by

Partition the solution Ey = ) , where each block

Uy = — (R;;BQT 0) Ezz (13)

and z isthe solution of

,é’ = (H — SEQ)Z, zZ0 = <—E2€2E221> 5 (14)

The Sackelberg strategy for the follower is attained by

ui(u3) = —Ryy BY (Bia” + ef) (15)
with e} as L2 " -solution of
et =—(A-S$1E)Te} + B (S2 0)Exz  (16)
and z* as solution of
i* = (A—S1E)z* — S1e; — (S2 0) Eaz; z%(0) =¢
7

and z given by (14).

4 Observationsand main result

Beforewe studythe connectiorbetweensolutionsof (12) and
(8) we cite somewell known resultsfor concerningthe stan-
dard(symmetric)algebraicRiccati equationsappearingn the
precedingrheorem For proofsandfurtherreadingwe referto
[7] orto Chapter2in [1].

Lemma 1. Assume for the algebraic Riccati equation
R (Xl) =0, that Ry; > 0.
1. The algebraic Riccati equation has a semi-stabilizing so-
lution E3, if

(@ (A, By) isdtabilizable;
(b) there exists a solution £ = ET to the inequality
R1(E) > 0.

The semi-stabilizing solution is moreover the maximal so-
lution.

2. B3 is dtabilizing if there exists £y, = EZ such that
R1 (Eo) > 0.

3. Ej isinvertible and stabilizing, if there existsno (Q1, A)
non-observable eigenvalue A with Re) < 0.



4. If (A, By) isstabilizableand Q; > 0, then E$ > 0.

Remark 1. If wereplacein the preceding Lemma Ry by R,
AbyH,Q, byQ, By by ]'?)2 and S by S analogous results
also apply for the (semi-) stabilizing solution E35 of (12).

From theseconsideratiorand Theorem4 we arenow ableto
obtainan existenceresultfor the nonsymmetrialgebraicRic-
cati equation(8).

Theorem 5. Assume that the Sackelberg game ful£lls the fol -
lowing assumptions:

1. Thematrix A isstable, R;; > 0 and Ras > 0.

2. There exists Z, = ZI with Ry(Z,) > 0 or the pair
(@1, A) has no non-observable eigenvalue in left complex
half plane.

3. Thepair (H,S) isstabilizable.

4. There exists Yy = Y with Ra(Yy) > 0 or the pair
(Q, H) hasno non-observable eigenvaluesin theleft com-
plex half plane.

Then there exists a (unique) stabilizing solution X, to (8),
which is explicitly given by

— Mt M. M}
X, = 22 21 22 ) . (18
(MH — MygMy,' Moy My Moy (18)

where the appearing matrices are given by the stabilizing solu-

tion
My Mo
S __.
E; = <Mgl Mm) >0

of (12).

Beforewe prove the Theoremlet us notethatit alsocontains
thecasewherethecorvexity condition(Cs) holdsand A is sta-
ble. ConsequentlyTheorem4 guaranteea uniqueStaclelbeg
equilibrium.

Corollary 2. Assume that A is stable and that the convexity
condition (C3) holds for a Sackelberg game on the in£nite
time horizon, then the semi-stabilizing solution E§ to (11) ex-
ists. Furthermore, the semi-stabilizing solution £5 > 0 to (12)
exists, if the pair (H, S) is stabilizing. If moreover the pairs
(Q1,A) and (Q, H) have no non-observable eigenval uesin the
left complex half plane, then £ and E3 are both positive def-
inite and stabilizing. The unique stabilizing solution X, to (8)
exists and has the representation (18).

Proof of Theorem5: Considerthe Hamiltonianmatrix associ-
atedto (12),whichis

A =51 =S5 0
A —AT 0 0

Hse=l_g, 0 -a7 @ (19)
0 —S51 S1 A

The correspondingnatrix for the nonsymmetriequation(8)

A 0 -5 -5
~ 0 A -85 5
HSt = _Ql 0 —AT 0 (20)
Q2 O 0 -AT
is orthogonalkequivalentto Hg; by
I 0 0 O
R T oo 1o
Hg, = THg,TT, T=1400 0 I (21)
0 I 0O
Since <és) is an invariant subspacdor Hg; we infer that
2
TT EIS is aninvariantsubspacéor flgt. It is easyto check
2
that
I 0
oo (1Y [ Mo Mo
E; 0 I
Myy  Myo

Since M, is by our precedingobsenation invertible we get

with
-1
I 0 _ I 0
My, Mo T\ =My My My}

therepresentatioformula (18) of the stabilizing solution X .
The £rst part of the proof shaws that Hg; and f{(gt have the
samesetof eigervaluesandthereforemust X ; be unique,if it
exists. O

As pointedout in the last sectionthe algebraicRiccati equa-
tion associatedo (7) is notinvolved on the in£nite time hori-

zon. However, it is worth notingthatgiventhe existenceof the
stabilizing solution X, of (8) at leastone stabilizing solution

P
K, | of
K,
P —-A Sy =5 P
K| A+ 0 AT 0 Ky
K, -Q1 0 AT K,
0 P P
+ (Ql) - (Kl) (0 S S) (Kl) (22)
QQ KQ KQ

o OO



exists - this follows easily from the fact that Im ! is

Xs
Hg;-invariant and containsthereforean n-dimensionalH g;-
1
invariantsubspacef the form Im []: , Which defneghe
1
K>

desiredsolutionof (22).

We mentionthefollowing interestingfact:
P
K,
K,
thefollowing additionalcondition:

If astabilizingsolution of (22) exists, it is uniqueunder

A is stableandevery eigervalueof A is (@1, A) unobserable.

In this caseoneobtainsfrom [2] that Hs; hasn eigervectorsof
0

theform correspondingdo eigervaluesin the openleft

0
Dj
comple half planewhere{p;, ..., p,} isaJordarbasisof A.

Moreover, if this conditionis ful£lled then, accordingto [1],
Chapter2, both(8) and(12) do notadmitastabilizingsolution.

5 Discussion

In this paperwe derived explicit conditionswhich ensurethe
existenceof the stabilizingsolutionof nonsymmetrialgebraic
Riccatiequationsappearingn socalledopen-loopStaclelbeg
gameson the in£nite time horizon. The resultobtainedis in-
terestingfrom different points of view. First of all it brings
togethertwo approachesisedin [6] to obtainexistenceresults
for Staclelbeg equilibria. On the otherhandit alsoshows that
the inherentstructurein the Staclelbeg conceptcanbe used
to treatnonsymmetricRiccati equationswith help of standard
algebraicRiccatiequations.

The next stepis to £nd in a similar way existenceresultsfor
the nonsymmetridRiccati differential equationcorresponding
to the algebraicequation. This would alsohelp to understand
Staclelbeig gamesonthe£nitetime horizonagooddealbetter
thanwe do nowadays.
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