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Abstract

We prove a monotonicity and a comparison theorem for the solutions of the ra-
tional matrix differential equation (1.4) appearing in stochastic control and derive
existence and convergence results for the solutions of (1.4). Moreover we present
conditions ensuring that the corresponding algebraic matrix equation (1.5) has a
stabilizing solution.
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1 Introduction

In many applications (see [34]) there appear linear-quadratic stochastic opti-
mal control problems of the form

da(t) = [A(t)x(t) + B(t)u(t)] dt + [C(t)x(t) + D(t)u(t)] dw(t),} 11
x(to) = zo,
- r v [x(0)]" [Q) 5] [«(1)
J(u) = E{I(tf) Qrr(ty) + \ [u@)] [S(t)T R(t)] [u@)] dt}, (1.2)
where the state z(t) and the control u(t) are stochastic processes of dimensions

n and m, respectively, and where w(t) is a one-dimensional standard Wiener
process (Brownian motion) on some probability space (2, F, P). Moreover
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it is assumed here that w(t) is non-anticipating with respect to w(t), xq is
independent of w(t) and that A, B, C' and D are sufficiently smooth matrix-
functions.

Analogously to the proof of Theorem 6.1 in [34] (see also Proposition 2.1 in
[3]) it can be shown that the optimal control for (1.1), (1.2) is determined by
the solution of the following terminal value problem for a generalized Riccati
matrix differential equation (where we suppress the argument ¢):

~P=A"P+PA+Q+C"PC—(S+PB+C"PD)
x (R+D"PD)" (S+PB+CTPD)", P(t;)=Q; (13)
More precisely we have

Theorem 1.1 Let P be the solution of the terminal value problem (1.3). If P
exists on the interval [to,ts] such that in addition

R(t) + D) P(t)D(t) >0
and

Ker |R(t) + D(t)" P(t)D(t)] C Ker [S(t) + P(t)B(t) + C(t)" P(t)D(t)]
for all t € [to,ty], then

J(u) > E{a§ P(to)zo} ,

where equality holds if u(t) = F(t)x(t) with the feedback matriz
F(t) = - [R(t) + D(t)TP(t)D(t)r |S(t) + P(t)B(t) + C(t)Tp(t)D(w}T

The main purpose of this note is to show that several of the nice properties of
standard matrix Riccati equations remain valid for the solutions of a general
class of rational matrix equations which contains (1.3) as a particular case;
for convenience we confine to the autonomous case.

For this purpose we consider below matrix differential equations of the form

X =A'X + XA+ Q+T,(X) — [S+ XB +15(X)]
X [R+TI(X)]7[S + X B + (X)) (1.4)

and the corresponding algebraic equations



A X + XA+ Q+ 111 (X) =[S+ XB + I115(X)]
X [R + Iy(X)]F[S + X B + 15(X)]* = 0 (1.5)

where Z* is the Moore-Penrose inverse of a matrix Z and A, B, ), R and S
are given matrices of sizes n X n, n x m, n xn, m xm and n X m, respectively,
such that

_ 1@ 8
= [5* R]

is hermitian. We assume further that the operator IT: H" — H"t™ with

' Hl(X) IT9(X
H(X) = [num* mfxﬂ

is linear and positive, i.e. X > 0 implies I[I(X) > 0. Here, H" stands for the
real vector space of hermitian matrices of size n, and by X >0 (or X > 0) it
is denoted that X = X* is positive semidefinite (or positive definite).

Notice that in (1.3) II takes the form I1(X) = [C D] X [C D].

Equations of the form (1.4) and certain special cases have been studied recently
(see [8], [12], [23] and [34]) and can be considered as generalized Riccati-type
equations.

In the case where R > 0 and IT = 0 (1.4) reduces to the continous-time Riccati
differential equation

~X=AX+XA+Q— (S+XB)R'(S+XB)",
and for R > 0, 1T = 0 and II;5 = 0 (1.4) coincides with
X =AX+XA+Q+11,(X)— (S+XB)R'(S+ XB)*.

The latter class of linearly perturbed Riccati differential equations appears
among others in control problems with stochastically jumping parameters (see
[13], [14], [17], [20], [21], [30], [33] and the numerous literature cited therein);
the corresponding algebraic equations and inequalities play also an important
role in the application of the Lyapunov-Krasovskii method to linear time-delay
systems (see [25], [31]).

First steps concerning the theory of the rational matrix differential equation
(1.4) have been performed by Hinrichsen and Pritchard [23], by Ait Rami et
al. [3,4] and by Chen et al. [8-10], who obtained unter additional assumptions
sufficient conditions for the existence of the solutions of (1.4) on a given inter-
val for certain initial values (see also [18]). The algebraic equation (1.5) has
been studied recently in detail by Damm and Hinrichsen [12].



Dragan and Morozan [15] considered in the case of time-varying coefficients
coupled systems of differential equations which can be transformed to the form
(1.4); they investigate properties of stabilizing and bounded solutions of these
differential equations and provide a theorem on the existence of the maximal
solution - the case of periodic coefficients is studied as well.

The aim of this paper is to provide a unified treatment of the class of equa-
tions (1.4). In Sections 2 and 3 of this note we recall several notations and
preliminary results concerning Schur complements and linearly perturbed Lya-
punov equations. In Section 4 we show that the solutions of (1.4) depend in
particular monotonically on 7" and on a given initial or terminal value. As a
consequence of Theorem 4.5 we derive two corollaries concerning the existence
of the solutions of (1.4) on (—oo, ] which extend the existence result that has
been derived recently in [8]. The main contribution of Section 5 is Theorem
5.9 where we present sufficient conditions for the existence and the uniqueness
of the stabilizing solution X of (1.5). Furthermore we show in Section 6 that
under adequate definiteness, stabilizability and detectability assumptions the
solution of (1.4) converges for any positive semidefinite terminal value to the
stabilizing solution of (1.5).

There exist also discrete-time versions of our results — details can be found in
[19].

2 The Schur complement

In this section we present some notations and preliminary results from matrix
analysis.

Remark 2.1 The Moore-Penrose inverse of an m x n matriz Z is the unique
n X m matriz Z satisfying the conditions

ZYZ7t =7%, Z22V7 =17, (ZTZ) =2%Z, (Z7%) =Z7%.
It has the following properties (see [28]):

(i) (Z7)" =
(ii) (Z27)* —( -y
(iii) (NZ)T = X"1Z% for all X # 0.
(iv) Ker Z+ = Ker Z*, ImZ*t =1Im Z*.
(v) If Z is hermitian or positive semidefinite, then so is Z7.

Lemma 2.2 ([2], Theorem 9.17) Assume that Z is an m X n matriz and
W is a p x n matriz. Then the following statements are equivalent:



(1) Ker Z C Ker W.
(ii) W =WZ*+Z.
(iii) W+ = Z+ZW+.

Lemma 2.3 ([5], Theorem 1) Let H be a hermitian matriz of size n +m
with

L N
=33

where L isn xn and M is m x m. Then:
(1) H is positive semidefinite if and only if
M>0, L—NM"N*>0 and KerM C KerN.

(ii) If M > 0 then H is positive semidefinite if and only if L— NM~1N* > 0.
(iii) H is positive definite if and only if M >0 and L — NM~1N* > 0.

The matrix H/M := L— NM"N* is called the Schur complement of M in H.

Corollary 2.4 If

L N
=33

1 a hermitian matrix then H admits a Schur decomposition

- I NM*||L—NM*N* 0 I 0
0 I 0 M| |MTN* I

if and only if Ker M C Ker N.

The following lemma provides the basis for the proof of a comparison theorem
for rational matrix differential equations of the form (1.4); under the additional
assumption Ker M = Ker M it was already proved in [11].

Lemma 2.5 Let

L N - L N

be hermitian (n+m) x (n+m) matrices, where L and~l~) are n X n matrices.
Define Hy:=H — H, My:= M — M and Ny := N — N. If

Ker M C Ker N, Ker M C Ker N and Ker M, C Ker N,
then

H/M — H/M — Hy/My = (NM*M — N)(M§ + M*Y)(NM*TM — N)*.



PROOF. From the definition of H/M we infer

H/M — H/M — Hy/M,
= —NM*N*+ NM*N* 4+ (N — N)MS (N — N)*

~ + —_ + ~ 7 *
- [N —N] [MdMJM+ MJA:L[CIMJ [N _N] . (2.1)

With the assumptions of the lemma it follows from Lemma 2.2 that N =
NM*M and N = NM* M. Using the properties of the Moore-Penrose inverse
we get

NM*M(M] + MY)N* = N(Mf + M*)N* — NM* MM} N*
and
NM*M(M} + MYYMM*N*
= N(M} + MY)N* — NM MM+t N* — NM* M M; N*.
From the last two identities it follows with Ny = NyM; M, that
(NM*TM — N)(Mf + M) (NM*M — N)*
= N(MJ + MT)N* — N(MJ + M*)N* — N(MJ + M*)N*
— NM*MyMF (N — N)* — (N — N)M; MyM*N*
+ N(Mf + M*)N*

= N(Mf — MT)N* — NMjN* — NMfN*+ N(MJ + MT)N*
o [Mp - My o
= [N -N] [ ME M (N -N|",
and this yields together with (2.1) the assertion of the lemma. O

Corollary 2.6 Let

L N - L N

be hermitian (n+m) x (n+m) matrices, where L and L are n x n matrices.
Assume that

KerM C Ker N and KerMQKerN.

If H > H and M > 0 then the difference H/M —H /M is positive semidefinite.



PROOF. Let Hy:= H—H, My:= M — M and Ny := N — N. From Hy; > 0
we infer with Lemma 2.3 (i) that My > 0, Hy/M, > 0 und Ker M; C Ker Nj.
Therefore the assumptions of Lemma 2.5 are satisfied. Moreover M; and M+
are positive semidefinite. Consequently Lemma 2.5 yields the assertion of the
corollary. [

3 Lyapunov equations and stability

In this section we consider the linearly perturbed algebraic Lyapunov equation
A X+ XA+TL(X)+Q =0, (3.1)

where A and @) are given n X n matrices, () is hermitian and II,: H" —
H™ is a positive linear operator. For the investigation of (3.1) we need some
preliminary facts.

First we extend some results of Damm and Hinrichsen [12] which are based
on the concept of resolvent positive operators in ordered Banach spaces. More
information about ordered Banach spaces can be found in Section 7.1 of [35].

Throughout this article we endow the real vector space H™ of all hermitian
n X n matrices with the scalar product (A, B) = tr A*B and the induced
Frobenius norm ||A||r := (A, A)'/2. Notice that H" is a Hilbert space with
respect to (-,-); moreover H" is ordered since the cone H’ of all positive
semidefinite matrices defines an order relation on H" by

A>B < A—-BeH!;
this order is used subsequently.

In the next lemma we recall some properties of the trace of a product of
matrices.

Lemma 3.1 ([22]) (i) For all matrices A € C**™ and B € C™", tr AB =
tr BA.

(ii) Let A,B € H with B > 0. Then, tr AB > 0, with equality holding if
and only if B = 0.

(wii) Let A,B € H'. Then, tr AB > 0, with equality holding if and only if
AB = 0.

Now we introduce the concept of resolvent positive operators. Details on this
topic can be found in Section 3.11 of [7].

Definition 3.2 An operator T: H" — H"™ is called inverse positive if the



inverse T ' exists and is positive. The operator T is called resolvent positive
if X — T s inverse positive for all sufficiently large A € R.

For any linear continuous operator 7 we denote by

r(7):= sup |A|] and s(7):= sup ReA
Xeo(T) Aca(T)

the spectral radius and the spectral bound of 7, respectively.
Define the continuous-time Lyapunov operator £4 by
La:H"—H", X— A"X+ XA.

If \,..., A\, are the eigenvalues of A (counted with multiplicities), then the
eigenvalues of L4, considered as an operator from C"*" to C"™ ", are the n?
numbers A; + g, 1 < 7,k < n. If all eigenvalues of A lie in the open left
half-plane then —L4 is inverse positive, and the inverse of L4 is given by (see
Section 5.3 in [27])

LX) = — /0 AT X A

Since A\ — L4 = —L4_»2r is inverse positive for A > 25(L,) it follows from
Definition 3.2 that L4 is resolvent positive.

The next theorem generalizes Lyapunovs stability theorem. A slightly modified
version of this result can already be found in [17] (see also [16], Section III);
in the case of time-varying coefficients a similar result has been proved in [14],
Proposition 4.6.

Theorem 3.3 ([12]) The following statements are equivalent:

(1) All eigenvalues of A lie in the open left half-plane and r (C;lﬂl) < 1.
(11) —(La —11y) is inverse positive.
(111) There is some X > 0 such that (L4 + 11;)(X) < 0.

(iv) For any @ > 0 equation (3.1) has a unique solution X > 0.

(v) La+ 11 is c-stable.

If any one of these conditions is fulfilled then A is called c-stable relative to
I1;.

It turns out that the classical definitions of stabilizability and detectability
have to be replaced in our situation by the following generalizations.

Definition 3.4 A pair (A, B) of matrices A € C**" and B € C™™ is said
to be c-stabilizable relative to Il if there is a matriz F such that A+ BF is
c-stable relative to [ L] TI[}].



According to Theorem 3.3 (A, B) is c-stabilizable relative to II if and only if
the inequality

1
F

1

(A+BF)*'X + X(A+ BF) + r

<0

]*H(X)

is fulfilled by a pair (£, X) with X > 0.

Notice that the concept of mean square stabilizability used in [17] is in the
special case considered there equivalent to c-stabilizability relative to II.

Definition 3.5 A pair (C, A) of matrices A € C™™ and C € C™*" is said to
be c-detectable relative to Il if there is a matrix L € C"*™ such that A+ LC'
1s c-stable relative to I1;.

Next we formulate a necessary condition for c-detectability which corresponds
to the well-known Hautus critierion.

Lemma 3.6 If there exist a positive semidefinite matriz V # 0 with CV =0
and some A > 0 such that

(L4 4 T1)* (V) = AV, (3.2)

then (C, A) is not c-detectable relative to 11;.

PROOF. We assume that (C, A) is c-detectable relative to II;. Then accord-
ing to Theorem 3.3 there exist matrices L € C"*™ and X > 0 such that

(£A+LC + Hl)(X) < 0. (3.3)

From C'V = 0 and Lemma 3.1, (i), we infer that (V, Layrc(X)) = (V, La(X)).
Using hypothesis (3.2) and Lemma 3.1, (iii), it follows now that

0< MV, X)=((Ls+TI)*¥(V), X)
(V. La(X) +IL(X))

=(V, Layrc(X) +1L(X)) <0.

Hence (V, Lairc(X) 4+ I1;(X)) = 0, and Lemma 3.1, (ii), yields now in view
of (3.3) that V' = 0, which contradicts the hypotheses. [

The following lemma generalizes results known from stability theory in the
special case II; = 0.

Lemma 3.7 Suppose Q > 0 and (3.1) has a solution X > 0.



(1) If Q@ > 0 then A is c-stable relative to 11y and we have X > 0.
(i1) If (Q, A) is c-detectable relative to 11y then A is c-stable relative to 1.

PROOF. (i) Let us assume that A is not c-stable relative to II;. Then from
Theorem 3.3 it follows that s(L£4 + II3) > 0 and now the Krein-Rutman-
Theorem for resolvent positive operators (see [12], Theorem 3.7) shows that
there is some A > 0 and a matrix V € H,5 \ {0} such that (L4 + I1;)*% (V) =
AV. So we have

Hence (V, Q) = 0, and since @ is positive definite, it follows from Lemma 3.1,
(ii), that V' = 0. This contradiction proves that A is c-stable relative to II;
and from Theorem 3.3 we obtain that the unique solution of (3.1) is positive
definite.

(ii) If A is not c-stable relative to IIy, then it follows from the proof above
that there is a nonzero matrix V' > 0 such that (V, Q) = 0. Since V' and @ are
both positive semidefinite we obtain QV = 0 which contradicts by Lemma 3.6
the c-detectability of (@, A) relative to I1;. O

4 Existence and comparison theorems

In this section we present a general comparison theorem which allows the com-
parison of solutions of two rational matrix differential equations. As corollaries
we derive two existence results. To formulate the comparison theorem we de-
fine D(R) as the set of all X € H™ such that

R+1I5(X) >0 and Ker[R+ IIo(X)] € Ker[S + X B + II15(X)]
and the rational matrix operator R: D(R) — H" by
R(X)=AX + XA+ Q +1,(X) =[S+ XB + 5(X)]
x[R + Ty (X)) T[S + X B + H(X)]*. (4.1)

If II;5 = 0 and Iy = 0 then D(R) = H" if R > 0 and Ker R C Ker [ 3]. In the
general situation we have

Lemma 4.1 If X € D(R) and Ker [R + HQ(X)] C Ker B, then

X eD(R) foral X >X.

In particular, H'} is contained in D(R) if R > 0 and Ker R C Ker [£].

10



PROOF. From R + HQ(X) >0 and X > X we infer that

R+TI,(X) > R+ Ty(X) > 0,
consequently

R+1TI,(X) > I(X — X) > 0.
These inequalities imply that

Ker[R + IT(X)] € Ker [R + (X)) (4.2)
and

Ker[R + II,(X)] C KerITy(X — X) C Ker ITj5(X — X),

where the last inclusion is obtained by applying Lemma 2.3, (i), to the matrix
H :=TI(X — X). Using (4.2) and the assumptions fulfilled by Ker {R+H2(X)}
we get

Ker[R + II5(X)] € Ker [S +XB+ ng(f()}
and

Ker[R + y(X)] € Ker B C Ker |(X — X)B|.
Combining the preceding relations we obtain finally

Ker[R + II5(X)] € Ker[S + X B + II12(X)],

and toghether with R+ II(X) > 0 it follows that X € D(R). If in particular
R > 0and Ker R C Ker[ 2], then X = 0 fulfills the assumptions of the lemma.
In this case H’} is contained in D(R). O

It is obvious that R(X) is the Schur complement of the so-called dissipation
matrix

AX) = AX + XA+ Q+T1(X) S+ XB +»(X) (4.3)

' S+ X B+ II2(X)]* R+ TI1(X) '
Consequently, by Lemma 2.3, (i), the quadratic matrix inequality R(X) > 0
and the linear matrix inequality A(X) > 0 are equivalent on D(R).

We agree that in this paper all statements concerning solutions X of (1.4) and
(1.5) are made under the additional hypothesis X (¢) € D(R) on its domain
of definition and X € D(R), respectively.

11



Lemma 4.2 If X is a hermitian (n X n) matriz such that

Ker[R + T5(X)] € Ker[S + X B + ip(X)] (4.4)
then

R(X) = (A+ BF)'X + X(A+ BF) + H T m(x)] H o 4s)
where

F=FX):=~[R+1L(X)|"[S+ XB + [j5(X)]*. (4.6)

PROOF. From Lemma 2.2 it follows that condition (4.4) is equivalent to
—F*[R+1I(X)] =5+ XB+ I15(X).
So, if we rewrite R(X) as

R(X)=A"X+ XA+ Q+IL(X) - F'[R+1I(X)]F,

we obtain
Rx) -] o) ]
— A'X + XA

{8+ Ma(X) + PR+ (X)) | F
_ F*{[S F (X + [R+ HQ(X)]F}
=(A+BF)'X + X(A+ BF). O
Lemma 4.3 Let X; and X3 be hermitian (n X n) matrices such that
Ker[R + I(X;)] € Ker[S + X;B + Ij5(X,)], i=1,2.
Fori=1,2 define
F;:= F(X;) = —[R+ TL,(X,)]"[S + X; B + I15(X;)]*
Then the following identities hold:
R(X1)=(A+ BF,)"X; + X;1(A+ BF,)
— (B2 — F)*[R+ 1 (X0)](F2 — F1)

+ [FIQ] T 4 TI(X))] H (4.7)

12



and

R(Xs) — R(X1) = (A + BF,)*(Xo — X1) + (Xo — X1)(A+ BF)
+ (Fy — F1)"[R + o (X4)|(F2 — F1)

4 LﬁJ (X, — X1) L{J | (4.8)

PROOF. Using Lemma 4.2 we get

4 L‘{ll 7+ TI(Xy)] Lﬂ

=(A+ BF)" X, + X (A+ BF,)
+ Q + I (Xy) + FY[R + (X4 Fy
+[S+XiB + o (Xy)|Fy — X4 BE,
+ FY[S + XuB + 1o (X0)]" — F5 B Xy
=(A+ BF)" X, + X1(A+ BF,)
+Q + 11 (Xy) — FY[R + IL(Xh)]| FA

+ {S +Tha(Xs) + FY[R + 112()(1)]}F2

+ F;{[s T (X)) + [R+ H2<X1)]F1}

= (A+ BE)*X, + X (A + BE)
— (Fy — )[R+ 1L (X)|(Fy — FY)

4 [}{2] T+ T1(X,)] Lé] ,

which proves (4.7). Subtracting this from (4.5) with X := X5, we obtain
(4.8). O

To formulate the announced comparison theorem we introduce another ratio-
nal matrix operator R: D(R) — H" with

RX)=A*X + XA+ Q41 (X) — [S+ XB + I115(X)]
X [R 4+ TL(X)]*[S + X B + (X)) (4.9)

where we assume that Q and R are hermitian and where D(R) denotes the
set of all X € H" such that

R+1,(X) >0 and Ker[R+II5(X)] C Ker[S + X B + I1;5(X)].

13



With these notations we have

Lemma 4.4 Let X € D(R) be given. If

, (4.10)

QS QS
ls*Rlzlé*fz

then

X eD(R) and R(X) > R(X).

PROOF. Inequality (4.10) implies, in particular, that R > R, and conse-
quently

R+1I,(X) > R+1I,(X) > 0. (4.11)
Furthermore, we have

R+Ty(X) >R~ R>0.
From these two inequalities it follows that

Ker[R + I(X)] € Ker [R + Iy(X)] € Ker [S + X B + ;5(X))
and

Ker[R + I,(X)] € Ker |[R — R| C Ker [S - 5],

where the last inclusion follows from the fact that (4.10) also implies Ker |[R —

]ﬂ C Ker {S - S] (see Lemma 2.3, (i)). Combining the two relations above we
get

Ker[R + II(X)] € Ker [S + X B + I15(X)],
and together with (4.11), we obtain X € D(R).

If we associate the matrix

AX) = A X + XA+ Q+11(X) S+ XB+1I5(X)
T[S+ XB T (X)) R+ TIy(X)

with (4.9), just as A(X) is associated with (4.1), it follows from (4.10) that

A(X) > A(X), and now an application of Corallary 2.6 yields the statement
of the lemma. [

14



Theorem 4.5 (Comparison theorem) Let T C R be some interval and
ly € Z. Assume that Xs and Xy are on I solutions of —Xo = R(Xs) and

— X1 = R(Xy), respectively. If

QS QS
ls* R} = lS* R]’

then Xo(ty) > Xi(ty) implies that Xo(t) > Xy (t) fort € TN (—oo,ty].

PROOF. Define X = X, — X; and F; := F(X;), i = 1,2. According to
Lemma 4.4 we have X;(t) € D(R) for t € Z and using (4.8) we infer, that X
is a solution of the differential equation

and

Q) ==R(X1(t)) - R(Xu(t))
+[Ba(t) — Fu(1)] [R+ I(Xa ()] [Fa(t) — Fa(8)].

Now Lemma 4.4 implies that Q(¢) > 0 for all ¢ € Z. Therefore Theorem 2.1,
(ii), in [33] yields the statement of the theorem. [

Theorem 4.5 generalizes the well-known comparison theorem for standard Ric-

cati equations. It shows that the solutions of (1.4) depend monotonically on
( g 1%) and on the terminal value Xjy.

Subsequently we present two corollaries showing how the comparison theorem
can be used to derive existence results and upper and lower bounds for the
solutions of (1.4).

Corollary 4.6 Let T C R be some interval and ty € I. If Xy and X, are on
T hermitian solutions of —X, < R(Xy) and —X, > R(X.), respectively, with

Ker [R+Tly(X,(t))] CKer B for te TN (—o00,ty], (4.12)

15



then Xo(ty) < Xy < X, (ty) tmplies that the solution X of
~-X =R(X), X(t;)=X; (4.13)
exists on I N (—oo,t¢] and fulfills there the inequality

Xo(t) < X(t) < Xu(t). (4.14)

PROOF. By the hypotheses, there exists a hermitian matrix function ¢, > 0
such that —X, = R(X,) with Q = Q — Qy, R = R and S = S. Since Xy >
Xo(ty) we obtain from Theorem 4.5 (which holds also in the time-varying case
— see Remark 4.8) that X (t) > X,(t) for t € Z N (—oo,ts]. Substituting Q)
by @, < 0 the right inequality in (4.14) follows analogously. Notice that X
cannot blow up as long as (4.14) holds. Hence X () exists for t € ZN(—o0, t¢].

It remains to show that X (¢) € D(R) for all t € 7 with ¢ < ¢;. Using Lemma
4.1 this results immediately from (4.12) and the fact that X (¢) > X,(¢) for all
teln (—oo,tf]. ]

Corollary 4.7 Assume that Ker R C Ker B and

L?* g} > 0. (4.15)

If Xy > 0 then the solution X of (4.13) exists on (—oo,ts| and fulfills there
the inequality

0< X(t) < Xu(t)
where X, is the solution of the linear equation
X =A'X+ XA+ Q+1(X), X(t;) =X;. (4.16)
PROOF. Since (4.16) is a linear differential equation its solution X, exists
on (—oo,tf] whereas X exists a priori only on a certain interval (™, t¢].
Define D := X,, — X. Then D satisfies the differential equation
~D=A"D+DA+Q, +11,(D), D(t;) =0,
where
Qu =[5+ XB+(X)][R+(X)]"[S+ XB + U (X)]* > 0.
From Theorem 2.1, (ii), in [33] we obtain now that D(t) > 0 for ¢t € (¢, ],

ie. X,(t) > X(t), for t € (t~,ty].
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With Q = SR*S*, R= R and S = S the corresponding differential equation
—X = R(X) has the trivial solution. Since Q > @ and X(t;) > 0 it follows
from Theorem 4.5 that X (¢) > 0 for ¢t € (¢t7,t]. Hence, X is bounded from
below and above as long as it exists for ¢ < t; and therefore it follows that
t7 = —o00.

Finally it follows from (4.15) that in particular R > 0 and Ker R C Ker S.
Since Ker R C Ker B, Lemma 4.1 implies that H? C D(R). Consequently
X(t)e D(R) forallt <t;. O

Remark 4.8 We mention that all the results obtained in Section j remain
valid if the coefficients of (1.4) depend on t and the assumptions used are
valid for all t.

5 Existence of constant solutions

One way to find a solution of a nonlinear operator equation 7 (x) = 0, where
T: X — )Y is a Fréchet-differentiable operator between Banach spaces X and
Y is the so-called Newton-Kantorovich procedure. Its formulas are of the form

7;/i<£lfi+1 —.T,L) = —T(.I'Z), iIO,l,Q,...,
where 7 is the Fréchet derivative of 7 at x;. To apply this method to the
algebraic matrix equation R(X) = 0 we first need the Fréchet derivative R'.
Since

R(X +tH) —R(X d
R (H) = lim (X +tH) ( )EdtR(XthH)

t—0 t

)

t=0

provided R’y exists, it is easy to obtain the following lemma (see [12]):

Lemma 5.1 For X € H" with det[R + II3(X)] # 0 and the corresponding
feedback matriz F = F(X) the Fréchet deriwative Ry : H" — H"™ is given by

, ) 1" I
Rs(H)=(A+ BF)*H+ H(A+ BF) + [F] II(H) [F] :
In particular

RI(X) = R(X) — HT H .

The following theorem generalizes the main result derived by Damm and Hin-
richsen in [12] who applied the classical Newton-Kantorovich procedure and
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used stronger assumptions; for standard Riccati equations the result has been
proved in [29]. Our proof follows the idea presented in [6] (see also [26]). We
construct a sequence {X;}22, defined by

(A+ BF)" Xiy1 + Xi1(A+ BE)
1

1" I .
+ M T+ T1(Xi41)] M b I=0, i=012, (5.1)
with

where X; is some adequate initial matrix. This algorithm differs from the
Newton-Kantorovich procedure by the additional term ZJ%l I which is used for

technical reasons; here the sequence (w%l) could be replaced by any strictly

decreasing sequence (a;) with a; > 0 and a; — 0 for i — 0.

Theorem 5.2 Assume that (A, B) is c-stabilizable relative to I1 and that there
exists a matriz X € D(R) with Ker[R+115(X)] C Ker B for which R(X) > 0.
Then there ezists a solution X, € D(R) of R(X) = 0 such that Xy > X for

every solution of R(X) > 0 with Ker[R + II(X)] C Ker B. Moreover, all the
eigenvalues of

A, = A— B[R+ IL(X)][S + X4 B + Ms(X)]* (5.3)

lie in the closed left half-plane.

PROOF. By the hypotheses, there exists a matrix X € D(R) with
R(X)=Q-Q (5.4)
where Q is a hermitian matrix such that Q <Q.

Since (A, B) is c-stabilizable relative to II, there is an Fy such that Ay :=

A+ BFy is c-stable relative to [F]or IT HO } We are going to use the unique
solution X of the linearly perturbed Lyapunov equation

A Xy + X1 Ap + [}{0] [T + T1(X,)] []] +1=

as initial value for the sequence defined by (5.1). If we define F' := F(X) then
as in the proof of (4.7) we get
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R(X)=AsX + XAy — (Fy — F)*[R + TIy(X)](Fy — F)
+ [}{0] [T + II(X)] [1*{0] .

From this equation it follows together with (5.4) that

0=A5X1 + X140 + [FJ [T +T1(X,))] w +I-RX)+Q-Q
= A5(X) — X) + (X, — X) Ay + [;0] * (X, — X) [P{O] +V, (5.5)

where

V=Q-Q+ (Fy— F)[R+T(X)|(F, — F)+1>0.
Since Ay is c-stable relative to [ A } i [ FA }, Theorem 3.3 shows that X; > X.
Starting with Ay, Fy, X1, we construct recursively the three sequences of
matrices {A;}5%,, {Fi}5%, {Xi}52,, where X; and F; are defined by (5.1) and
(5.2), respectively, and where
We show by induction that for all t = 1,2, ...
(a); A;is c-stable relative to {}r 11 H ],
(b)i Xi > X1,
(C)i Xz'+1 > X.

Notice that (b); and (c); imply (in view of Lemma 4.1) in particular that
X:, Xis1 € D(R).

The proof follows the scheme (c);1 = (a); = (b); and (c);. Assume that
(¢)m—1 holds. We show that (a),, is valid. Letting X; := X,,, Xo := X,,_1 in
(4.7) and applying (5.1), we get
1
R(Xm) = —(Fn — Fp1)' [R+ (X)) (Fo — Frq) — P, I.

Together with (4.5) it follows that

A\ X+ XA + [P{ ] T+ T1(X,,)] L“{ ]
- (Fo = Fo 1) [R 4+ To(Xo)] (Fon — Fon ) + ;I 0. (5.6)
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Next, use (4.7) again with X; := X, X, := X,, and apply (5.4) to get
PRSI I T 5
A X+ XA+ | | [THIX)] L | -Q@+Q
— (Fp — FY'[R 4 Ty (X)|(Fy — F) = 0.

Subtracting this from (5.6), we obtain
A (X — X) + (X — X)A,, + lF ] (X, — X) lF ] +W =0,

where

W:Q - Q+ (Fm - Fm—l)*[R+H2(Xm)](Fm - Fm—l)
+ (F), — )[R+ TL(X)](E, — F) + 7711 I

is positive definite. Since X,, > X it follows from Theorem 3.3 that A, is
c-stable relative to {Flm] I1 [Flm}; this proves (a),,.

We now define X,,;; as the unique solution (necessarily hermitian) of the
linearly perturbed Lyapunov equation

. N I 1
Ap X1 + X1 Am + [Fm‘| [T+ I(Xp41)] [Fm] to I=0. (5.7)

As in (5.5) it is found that

A

* < > [ : I
A (Kt — )+ (Xr — X) A+ [F ] (Xr — X) [F ]

FQ=Q+ (= FY[RATL(D)(Fy— F)+ =0, (58)

Next it will be shown that X,, > X,,,1. Subtracting (5.7) from (5.6) we get

11" I
A (X — Xona1) + (X — Xong1) Ay + [F 1 (X — Xong1) [F ]

+ Fm_ mfl)*[R+H2(Xm)](Fm_ mfl)
()= 9

The last two equations, together with the fact, that A,, is c-stable relative
to {Flm] 11 [Ffm} imply (in view of Theorem 3.3) that X,, > X,,11 > X; this
proves (b),, and (c),,.

20



We have obtained a nonincreasing sequence {X;}2, of hermitian matrices
bounded below by X. Hence

X, = lim X,

11— 00
exists and is a hermitian matrix with X, > X. From Lemma 4.1 we obtain

that X, € D(R). Passing to the limit in (5.1) when i — o0, it is found that

(A+BFy)' X, + X . (A+ BF,)+ LU{J * T + TI(X )] LE{J =0,

which, in view of Lemma 4.2, can be rewritten as R(X,) = 0.

Finally, since A; is c-stable relative to { Fll } i { Iﬂ for all ¢ > 0, the eigenvalues
of the matrix (5.3) lie in the closed left half-plane. [J

Corollary 5.3 Assume that Ker R C Ker B, (A, B) is c-stabilizable relative
to I and

QS
S* R

> 0, (5.10)

Then R(X) = 0 has a solution Xy > 0, and all eigenvalues of the matrix
(5.3) lie in the closed left half-plane.

PROOF. According to Lemma 2.3, (i), condition (5.10) implies that X = 0
is a solution of R(X) > 0. Therefore an application of Theorem 5.2 yields the
statement of the corollary. [

Corollary 5.4 Assume that (A, B) is c-stabilizable relative to I1 and that
there exists a matric X € D(R) with Ker[R + Iy(X)] C Ker B for which
R(X) > 0. Then there ezists a solution Xy € D(R) of R(X) = 0 such
that Xy > X for every solution of R(X) > 0 with Ker[R + II5(X)] C Ker B.

Moreover, all the eigenvalues of the matrixz (5.3) lie in the open left half-plane.
PROOF. Passing to the limit in (5.8) when m — oo we obtain

. . 1 o | 1
AT(X; - X))+ (X —X)AL + (X, — X)
F, F,

= —R(X) = (Fy — F)*[R + T (X)|(F, — F) < 0.

Since X, > X it follows now from Lemma 3.7, (i), that A, is c-stable relative
to [FQ}*H [ 7, ] and that X, > X holds. [
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If X is a solution of R(X) = 0 and if F' = F(X) denotes the corresponding
feedback matrix then X is called stabilizing, if A+ BF is c-stable relative to

Famra

Lemma 5.5 If R(X) = 0 has a stabilizing solution X, then Xs > X for
every solution X of R(X) > 0. In particular, X is the (unique) mazimal
solution of R(X) = 0.

PROOF. Let X, be a stabilizing solution of R(X) = 0 and denote the cor-
responding feedback matrix by Fy = F(X;). For every X with R(X ) >0
there is a matrix Q < @ such that R(X) = Q — Q. If F = F(X), then an
application of (4.8) with X; := X and X, := X, yields the equation

(A+ BFE,)*(X,— X)+ (X, — X)(A+ BF)+Q - Q

+ (Fy — B)'[R + Ty (X)) (F, — F)

+ lég]*H(Xs —-X) ll“{] = 0.

Hence, the difference X, — X fulfills a linearly perturbed Lyapunov equation
where Q > Q, R+11,(X) > 0 and A+ BF, is c-stable relative to [Ffs} I1 {}S}
Applying Theorem 3.3 we obtain X, > X. O

Lemma 5.6 Assume that the following hypotheses hold:

(i) R>0, ($5)>0,
(ii) (Q—SR™'S*, A—BR™1S*) is c-detectable relative to {—Rfls*} I [_RLS*}.

Then every positive semidefinite solution of R(X) = 0 is stabilizing.

PROOF. Let X > 0 be a solution of R(X) = 0 and denote by F' = F(X)
the corresponding feedback matrix. From Lemma 4.2 we know that X is also
a solution of the linearly perturbed Lyapunov equation

~

(A+ BF)*X + X(A+ BF)+ Q +1II(X) =0 (5.11)

with
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=[] 93l

L WL ] L S

=Q-SR™'S*+ (F+R'S") R(F+R™'S") (5.12)
and
(X) = [zﬁ I1(X) H

Notice that Q > 0. We assume now that A + BF' is not c-stable relative
to II. Then it follows from Theorem 3.3 and the Krein-Rutman-Theorem for
resolvent positive operators that there is a matrix V' € H? \ {0} and some
A > 0 such that

(Larse+ 1) (V) = AV. (5.13)
Lemma 3.1, (iii), shows now that
0<(V,Q) = —(V, (Laspr — (X)) = =MV, X) <0

and we conclude that (V,Q) = 0. From Q > SR™'5*, R > 0 and (5.12) it
follows that

(V,Q—SR'S) = (V,(F+R's*") R(F+R'S")) =0,  (5.19)

and this equations implies

(Q-SR'S )V =0 (5.15)
and

(F+R7$)V(F+R™'S) =0 (5.16)
Since V has a positive semidefinite square root, we obtain FV = —R-15*V.

Using Lemma 3.1, (i), it is easy to see that for all Y € H" we have
(VL (V) + 1)) = (V. La_prerse (V) + 1Y)
with
I I
1) = |_phg| 100 |_ghs].
From (5.13) it follows finally that

(ﬁA BR-15* + H)ad] V)=V,
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and together with (5.15) this contradicts the presupposed detectability. Hence
A+ BF is c-stable relative to II. [

Corollary 5.7 Assume that

QS
lS*R =0

and that (QQ — SR*S*, A — BR"S*) is c-detectable relative to II;. Then every
positive semidefinite solution of

A X+ XA+ Q+1L(X)— (S+XB)RY(S+XB)"=0

15 stabilizing.

PROOF. In this special case we have
F=-RY(S+ XB)*.

Hence it is trivial that Ker RT C Ker F* which according to Lemma 2.2 is
equivalent to RTRF = F.

We precede as in the proof of Lemma 5.6. Since R > 0 we obtain from (5.14)
and Lemma 3.1, (iii) that

V(F + RTS*)*R(F + RtS*)V = 0.
Using R > 0 we get
R(F + RYS*)V =0,

and multiplication from the left with R yields now that F'V = —RTS*V.
Continuing as in the proof of Lemma 5.6 the statement of the corollary fol-
lows. U

The assertion of Lemma 5.6 can be sharpened if we replace the detectability
assumption by @ > SRTS*. Instead of R > 0 it is then sufficient to assume
that R > 0 with Ker R C Ker S.

Lemma 5.8 Assume that

R>0, KerRCKerS and Q> SR'S*

If X > 0 is a solution of R(X) = 0, then X is stabilizing and positive definite.
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PROOQOF. Using the notation from the proof of Lemma 5.6 we obtain Q >0
(this can be easily derived from formula (5.12) where R~! has to be replaced by
R™). Applying Lemma 3.7, (i), to equation (5.11) we then obtain the statement
of the lemma. [

From Corollary 5.3, Lemma 5.5 and Lemma 5.6 we infer:

Theorem 5.9 Assume that R > 0,

QS

ls* r[ =Y

(A, B) is c-stabilizable relative to 11 and (Q — SR™1S*, A — BR™1S*) is c-
detectable relative to {_RLS*} II [_Rfls*]. Then R(X) = 0 has a unique

positive semidefinite solution X, . Moreover, X is stabilizing and maximal
among all solutions of R(X) = 0.

6 Convergence theorems

In this section we show that the same idea that is known from the theory
of standard Riccati differential equations and that has been used by Abou-
Kandil, Freiling and Jank in order to prove convergence for linearly perturbed
Riccati differential equations ([1], Theorem 1; [20], Section 3; [21], Section 2,
see also [17], Theorem 5.1) can be used in order to derive monotonicity and
convergence results for the solutions of (1.4) with X (t;) > 0.

Lemma 6.1 Let Z C R be some interval and ty € Z. If X is on L a solution
of =X = R(X) such that R + I, (X(t)) is positive definite for t € I then
X(tf) >0 (X(t;) <0) implies X(t) >0 (X(t) <0) fort € TN (—o0,ty].

PROOF. Differentiating —X = R(X), we obtain

~X=A"X + XA+T(X) + [XB + I1p(X)|F
+ FTIy(X)F + F*[XB + I;5(X)]*

=(A+ BF)*X + X(A+ BF) + H I1(X) H .

The statement of the lemma follows now from Theorem 2.1, (ii), in [33]. O
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Lemma 6.2 Assume that R > 0,

QS
%”Jzo

and that X, is a solution of the differential equation —X = R(X) with X,(0) =
0. If the algebraic equation R(X) = 0 has no positive semidefinite solution then
tlilin | Xe(t)|| = oo. Otherwise Xpin = tlir_n Xy(t) exists and is the minimal

positive semidefinite solution of R(X) = 0.

PROOF. From Corollary 4.7 we know that X,(t) > 0 exists for all ¢ < 0.
In particular, it follows that R + Il (Xg(t)) > 0 for all ¢ < 0, and since

X,(0) = SR71S* — Q < 0, it follows from Lemma 6.1 that X,(t) < 0 for
all t < 0. So if lim | Xe(t)]| < oo then the monotonicity of X,(¢) implies

that X, = tlim X,(t) exists. Obviously X, is positive semidefinite and a
——00

solution of R(X) = 0. If X > 0 = X,(0) is another solution of R(X) = 0, it
follows from Theorem 4.5 that X,(¢) < X for all ¢ < 0. Passing to t — —o0
we obtain X, < X. O

Theorem 6.3 Assume that the following hypotheses hold:

(i) R>0,(25)>0,
(i1) (A, B) is c-stabilizable relative to 11,
(iii) (Q—SR™1S*, A—BR™1S*) is c-detectable relative to LRLS*F 11 [7Rfls* }

If X is a solution of —X = R(X) with X(0) > 0, then Jim X(t)=X,.

PROOF. We choose a matrix Q € H" such that
Q>Q and Q> SR'S*

Then it follows from Corollary 5.3 that the algebraic equation

A*X + XA+ Q+TL(X) =[S+ XB + I15(X)]
X [R + Ta(X)]*[S + X B + I X))* (6.1)

has a solution X, > 0 which in view of Lemma 5.8 is stabilizing and positive
definite. Now there exists some A > 1 such that X (0) < AX,. We consider the
solution X, of —X = R(X) with X,(0) = AX,. If X, denotes the solution
of the same differential equation with X,(0) = 0, then from Theorem 4.5 we
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obtain the inequality
Xo(t) < X(t) < X,(t) forall ¢t<0. (6.2)

Under the given hypotheses the equation R(X) = 0 has a unique positive
semidefinite solution X, . Because of Lemma 6.2 it follows that X,(t) — X
(monotonically) for ¢ — —oo. We show now that X, is monotonically de-
creasing as t is decreasing. If we multiply (6.1) with A and substitute X by
X4, then (having in mind that Q > Q) we obtain an inequality of the form
R(AX,) < 0, where R is a rational matrix operator with 7 = AT. On the
other hand we have X, (0) = —R(Xu(())> = —R(M\X,). Since T > T it follows
with Lemma 4.4 that

Xu(0) 2 R(X,) = R(AX) = 0.
Using again Lemma 6.1 this proves that X, is monotonically increasing with

Xu(t) > Xo(t) > 0 for all t < 0. Hence tlir_n Xu(t) = X, since X is the

unique positive semidefinite solution. Together with (6.2) this proves the as-
sertion of the theorem. [J
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