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Lecture 1:

Holder continuity of weak solutions of certain

quasilinear elliptic systems



1 Introduction

We consider weak solutions of systems of elliptic partial differential equations

of second order in diagonal form
Au=—-D, (ao‘ﬁ(:c,u, Vu)Dgui) = fi(z,u,Vu) (i=1,...,m) (1)
in a domain Q C R™.

To give a definition of a weak solution of (1) we define the Sobolev space

HI(QR™) = {u: Q — R™u € Ly(Q,R™), Du € Ly(Q,R™)}, where Du

denotes the weak derivative of u. Furthermore let

HY(QR™) = {u: Q — R™u € Ly, Du € Ly, ulpg = 0}.

Definition 1 wu is called a weak solution of Au = f, if u satifies the relation
/aaﬁ(x,u, Vu)Dou - Dgp dx = /f(ac,u, Vu) - ¢pdx (2)
Q Q

for alle ¢ € HY N Log(Q,R™).

We assume that f(z,u, Vu) and a®(z,u, Vu) are measurable and require that

u, f und a®? satisfy the following structure conditions

i) suplul <M < 0.
Q
i) A2 < a*P¢nép < pl€|? for p > A > 0 and for all £ € R™,

111) \f(x,u(x),p)\ < aQ(xvp)
u(x) : f(x,u(x),p) < a*Q(x,p)

for all x € Q and for all p € R™*™ with some a > 0 and a* € R, where
Q(z,p) := a*’ (z)pl,pls.

Remark:

e The second condition of iii) is always satisfied with a* = aM, therefore

we assume w.l.o.g. a* < aM.

e The notations sup |u|, igf |u| etc. are to understand as essential Supremum
Q

etc., i.e. sup |u| = esssup |u| etc.
Q Q

e In the whole course we use the summation convention, i.e. we sum over
greek indices a, 3,... from 1 to n and over latin indices i, 7, ... from 1 to

m.



We will also use the notations B, (z¢) = {x € R"; |z — x¢| < r} and
1 1
U= —/ud:c:—/udx:/ud:c with w, = |Bi|, By C R™.
| By Wy ™
B, B B

We will show that every bounded, weak solution of (1) under the condition
a* +aM <2

is Holder continuous and fulfills an a priori estimate of the Holder norm, more

precisely we will prove:

Theorem 1 Let u be a bounded weak solution of (1) in 2. Let the above
structure conditions i)-iii) be fulfilled and assume a* + aM < 2. Then
u € C%%(Q) for some a € (0,1) which depends on n,a,a*, M, \, u. For every
) CC Q we have the estimate

Sup M S C(n7 a’ a*7 M7 A’ /"L7 Q? Q/)'

z,ycQ/ ’fI: - y’a
Ay

This result has been established by Wiegner [WI1], [WI2] and Hildebrandt-
Widman [HW2] in the years 1975-1977. All these authors proved this regularity
result with the use of Green’s functions. A more simple proof of Theorem 1 was
given by Luis Caffarelli [CA] in 1982. He uses a weak Harnack inequality for
supersolutions of a linear elliptic equation due to Moser [MO] (or [GT], Thm.
8.18) and completely avoids the use of Green’s functions. Section 2 handles

with his proof of Theorem 1.

Remarks:

1) In the case n = 2 a result due to Wiegner [WI3] shows that the condition

a*+asup|u| < 2 in Theorem 1 can be replaced by the weaker condition a* < 1.
Q

In the case n = 2 this condition is the best possible. Frehse [FR] constructs

a system and a bounded, weak solution w with a* = 1 such that u is not

continuous.

2) If n > 3 it’s not possible to weaken the condition a* 4+ asup |u| < 2 through

Q

a* <1, as a counterexample of Struwe [ST] shows.

3) The condition a* 4+ asup |u| < 2 in Theorem 1 is the best possible for n > 3.
Q

If a* + asup |u| < 2 there exist bounded, weak and discontinuous solutions, e.g.
Q

the function u'(z) = I%ZI (t=1,..,n,2 € R",n > 3) is a weak solution of the
system —Au’ = uf|Vul? (cf.[HW1], p.68).



For this system we have a* =1,a =1 and sup |u| =1 — a* + asup |u| = 2.

4) With the idea of Caffarelli it’s also possible to show a Liouwille theorem for
bounded, weak solutions of (1) in R™. This means, that every bounded, weak
solution of a system (1) with the property a* + aM < 2 in the whole R" is
a constant. This result was originally proven by Hildebrandt-Widman [HW3)]
with the use of Green’s functions. Meier [ME2] found a proof of the Liouville
theorem which bases on Caffarelli’s idea to use a weak Harnack inequality for
supersolutions of a elliptic equation and so he completely avoids the use of
Green’s functions. It is not possible to replace the condition a* + aM < 2 by
a* <1lifn >3 (cf. [ME1]).

2 Proof of the Main Result

Before we will start with the proof of Theorem 1 we will define what we under-

stand under a weak supersolution and state the crucial Harnack inequality.

Definition 2 u € H1() is a weak subsolution of the elliptic equation
Lu = D, (a*’(z)Dgu) = 0 if

/aaﬁ(ﬂﬁ)DﬁualsO dr <0 Vo € Hi N Lo(), 9 > 0.
Q

u is a weak supersolution of Lu = 0 if —u is a weak subsolution.

Lemma 1 Let u be a weak supersolution of the equation
Lu = D,(a®¥(z)Dgu) = 0 in Q, the coefficients a®®(z) are required to be
uniformly elliptic. Furthermore we assume that u is non-negative in a ball

Byr(y) C Q. Then we have the estimate

R™™ull1,Byp () < C(n,y A, 1) Bi;l(fy)u.

Proof. see [GT, p.195-198|.
We have (cf. [CA, Lemmal]):

Lemma 2 Let u be a bounded, weak solution of (1) in Byg, and let the above
structure conditions i)-iii) be fulfilled and assume a* + aM = 2l < 2. Then
there is a constant 6(n,a,a*, M, \, ) € (0,1), such that the estimate

u(Br) C Bp(1-5)(60)

holds.



Proof. Calculate A (1|u/?). In the weak formulation we find:

/aaﬁ(:c,uVu)Da (% Z(uz)2> Dgpdx = _/aaﬁ(x,uVu)Daﬂ (% Z(uz)2> pdx
Q

1=1 Q i=1

aWWMWM%wm%mmmz—/&W%wwomwm%m+mIWM¢w

Q
= — aaﬁ(x,u, Vu)Dyu; - Dguigp de — /aaﬁ(x,u, Vu)u; Doguip d
Q
=— Q(x,Vu)qﬁdm—l—/uiao‘ﬂ(x,u, Vu)Dou;Dg dx

Q

SESGE =) L -y

Q. Vu)ods + [ - fia,u, Vu)ods,
Q
therefore: A (1[ul?) =u- f — Q(z, Vu).

Now let £ € R™ with |{] < 1T_l, it follows:

1
A+ ¢ <o 3
because:

a) A (%]uP) =u-f—Q(z,Vu) < (a* —1)Q(z,Vu) < (I —1)Q(z, Vu),
since a* <[ (a* < aM and a* 4+ aM < 2)

b) A(6-u) =& Au < [¢]|f] < al¢|Q(z, Vu) < a'TLQ(x, Vu)
=(1-0)Q(z,Vu) = A -u) < (1-1)Q(x,Vu)
(3) implies that the scalar function h(z) := 1 - 3
non-negative supersolution of A, since

\u!2+§-u) > 0.

1 1
A —_— A - = 2 - * —_— _A -
h < 2 ]u\ & u) 2

For the mean value of h we have the estimate h > 1T_ZM — ¢ -u. Now the weak

Harnack inequality (Lemma 1) implies

h(z) > inf h(x) > 81 (n, A\, p) h(z) > 6 [%M —-¢- ﬂ(m)] Vx € Bp.
We infer
he) = 5 (047 = (@) + =M = 6 ula) 2 1 [0 - oulo)| ()

Choose ¢ in the direction of u and let || = 174; define 0 as the angel between

u and w, set r := ‘—Au) With these notations we have the relations:

§-u=[¢[[u[cos 0 = [¢]|u| and & -u = [¢][u] cos O



Together with (4) it follows
5 (M — |u]) (M + [ul) + 1M — |¢]rM

= 5 (M — Jul) (M + Ju]) + 2L (1 = )M (Il =+

=iIMQA—r)(M+u)+ 1 -r)M

=M1 —7)[5(M+ [u]) + 1]

> 6y [EEM - ¢ -] (here we use (4))

= 01 [%M - 1Tfl|ﬂ| cos 0]

:M5117_l (1 — % cos 9), this means we arrive at:

1 1-1 1-1 [al
_ Z - > _ =
M(1 7“)[2(M—|—]u\)+ - }_M(ﬁ - < Mcos@) (5)
11 [ M+l 11 1zl
1- 1 >6—(1-4
= (1—7r) - 21;1 +1| >5 - < Mcos@
We infer
Jul i ]
g R Y (L Y
M "= T 1 M "
> 0 1—@0089 > 09 (n,a,a™, M, \, 1) 1—@0080 (6)
_?7Ml+1 M — ) ) ) ) ) M

W.lo.g. let 02 < 1, (6) tells us that u lies in a ball with center @ and a radius
which is strictly smaller than M. Furthermore (6) implies
1—r+r(1—r)2r62< Hcos«9) (1—r7)
=1 -2 21"52—%1—7“—627“%005«9

>1—7r(l—145)— 527"‘“‘ cos

> 5y (1—7‘%0089) (r<1
Thus
u
r? — 627“% cosf <1—4 (7)
_ N2 _
:>r2—52rmcosﬁ+<l6 i} <1—62+(162)2 (‘—j}‘gl)

With § := 152 it follows from the last inequality:
257"‘M cosf + (5%) <1-26+6%=(1-6)>?

= M 5'““”' cos f + &2 ( > = o (Ju — §u|?) < (1 —6)?, therefore:

u — 67| < M2(1 — §)>

That’s the statement of Lemma 2. O



The next Corollary shows us what happens if the balls B become smaller:

Corollary 1 Let u be a bounded weak solution of (1) in Bygr, let the above
structure conditions i)-iii) be fulfilled and assume that a* +aM = 2] < 2. Then
there exist points &, € R™ and radii My, such that:

i) My, < M(1—6)F
ii) |6l < [1 - (1— )] M
Q1) || + My < M, |u—&| < My, a.e. in Byrp
i) uw(By-rr) C B, (&),
0 is the constant appearing in Lemma 2.

Proof. We prove i)-iii) with induction:

induction start: k=0 — Choose &y as center of the ball Byr and My = M.
induction step: Assume that for an integer k &, and M; with the properties
i)-iii) have already been constructed. Then u*) := u — &, is a weak solution of

a system of type (1) in Bji-xp with the properties:
/] < aQ(z, V) and u® - f = (u—&) f < (a* +alé]) Qx, Vu)  (8)

Define aj, := a* + a|&|
With iii) (|&,] + My, < M) it follows

ap +aMy < a* +a (|| + M) <a*+aM =21 <2 9)

Furthermore we infer with iii): u®) - f < |u — &]|f] < aMpQ(x, Vu). Thus,
with (8) and (9): aj, < aM, = aj, <1 < 1. With Lemma 2 we find:

‘u(k) _ 5@(’?)‘ < (1 —6)M; a.e. in By-xp (10)

Define now &gy := & 4+ 6™ = &, 4+ 6(T — &) = (1 — 6)&, + 67 and
My 1 := sup ‘u(kﬂ)‘. We get:

B,—kr
My = sup |ulf™)| = sup |u—&a| = sup |u—ou®) — g
4—kR By-kp By-kp
= sup |u® — 5H(k)| < (1—9)M; (with (10))
4—kR
< (1= M (with 1)),

i.e. we have proven i). From the definition of M}, it follows:

lu — &ppr| = [uP V| < Myy1 ae. in Bywp



this proves the second part of iii).
Since [u| < M we come with ii) to:
il < (1= )l +6M < (1 8) [1— (1 )*] M + M
(1—6)M +0M — (1 =81 M

=[1-(1-8F' M, thusii) is proved.
The first part of iii) we get with i) and ii) as follows:
1] + My S [1 = (1= M+ (1 -0 M =M

iv) follows directly from the second part of iii). O
Lemma 3 describes how the oscillation of u behaves in a small ball.
Lemma 3 Let u be a bounded weak solution of (1) in Byg, let the above struc-

ture conditions i) - ii) be fulfilled and assume a* +aM = 21 < 2. Then for any
r € (0, R] we have the estimate

<am ()"

oscp,u < <E> ,

« is defined by 4% = max (1 — 9, %)

Proof. Since |u| < M, it’s obvious that oscp,u := sup |u(z) — u(y)| < 2M,

$,yEBR
furthermore we infer from Corollary 1

0sCR,, , U< 2My, <2M(1 — 5)’“ < koM

with 0 =47% := max (1 -4, %) = gk = (4%)&, and therefore

1 \“ 1 \“
OSCB41_I€R'U, < 4« (W) 2M S 4M (W) s (11)

because 4% < 2.

Now let 0 < p < 1. Then there is a £ € N with the property 4% <p< 4k1,1.
Since the oscillation is increasing in p, we derive from (11):

0scp,pu < 0scp,_, u < 4M (M%)a < 4M (g)a VOo<p<l.
With r := pR we find the desired estimate oscp, u < 4M (ﬁ%)a. O

As a result of Lemma 3 it follows that oscp,u — 0, r — 0; this means that «

is continuous. More precisely: u has got a continuous representative, namely

u(x) == lir% |B_1,,\ | u(y)dy. It’s possible to show u = u a.e. in Bp.
= B,(x
(cf. [EG] ,p.43).



Now we are able to prove Theorem 1:

Proof of Theorem 1. Let By, (xg) C .

First, we will prove the statement for the special case Q' = B,.(x¢).
Let x,y € B,(x¢) be arbitrary and fix them, set r’ := |x — y| € [0,2r).
Since By, (7) C Bor(w0) C © we infer from Lemma 3:

lu(z) —u(y)| < oscp ,@yu < 4M (g—;)a = [u@)-ul)] C(n,a,a*, M,r,\,\).

lz—ylo
Next, we prove the assertion for an arbitrary ' cC €. With the theorem
of Heine-Borel it follows that there exist finitely many balls (B,,()),—; n

(v € R™) with the property ' C U B, (a;) und By, (a;) C Q,

set r(Q,Q) = r{unN r; and let z y E QY be arbitrary points.

Ist case: |z —y| < 7, then there is a4 € {1,..., N}, such that z,y € B, ().

From the first step of the proof we infer M < C(nya,l, M, Q,Q N\ A).

2nd case: |z — y| > §, here it’s possible to estimate as follows:

\u(‘i) yz‘ﬁgy)\ < (21\)4 < C(n,a,l, M, QX A)

As a result we have for any Q' ccC Q:

sup M < C(n,a,l, M, QN A) = ue Q).
z,ycQ |3§' - y|a
TFY
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Lecture 2:

A priori estimtes for harmonic mappings between

Riemannian manifolds

12



1 Introduction

Let ‘H be a compact Riemannian manifold of dimension n > 3 with a regular
boundary and let M be a complete Riemannian manifold of dimension m with-
out boundary. Local coordinates on H and M are denoted by (x!,...,2") and
(vl ..., v™) respectively. The fundamental tensors of H and M will be denoted
by (Yap) and (gix) resp.; let (v*?) and (¢**) be the inverses of (7,5) and (g;x)
resp., furthermore let det(y,3) =: 7. The Christoffel symbols for (g;;) are given
by
Il = g"Tijn Lijk = % (ki — Gik,j T Gijoke) -

To give a precise statement of our results, we need the definition of a regular
ball.

Definition 1 Let By (Q) = {P € M;distpm(P,Q) < M} be a geodesic ball in
M of radius M. C(Q) will denote the cut locus of its center Q. If

0M<ﬁ

e C(Q)NBM(Q)=10

we call By (Q) a regular ball in M, where k = max{0, sup K} is an upper
B, (Q)

bound on the sectional curvature K of M on By (Q).
Examples: i) If M is simply connected and K < 0, then every ball in M
is a regular ball. (cf. [doC], p.149)
ii) M = S™, let N be the open upper hemisphere of S™. Every
ball in AV is a regular ball.
iii) Let M be a connected manifold with 0 < § < K < k. Then
every ball in M with radius M < ﬁ is a regular ball
(cf. [GKM], p.254).

The energy of a C'-map U : H — M is given in local coordinates v by

13



It is well known that the Euler-Lagrange equations for F are given by the elliptic
system
1
i

C?-Solutions of (1) are called harmonic mappings. If v € H2 solves this system

Daly/F7**Dav'} + 7T (0) Dat' Dyt =0 (1 =1,...,m). (1)

in a weak sense, v is called a weakly harmonic mapping. Here we show regularity
of weakly harmonic mappings U from  C H into a regular ball By/(Q) C
M, more precisely we derive a priori estimates for the Holder norm of U.
These regularity results are well known from works of Hildebrandt, Jost and
Widman [HIJW] (p.274) and Giaquinta and Hildebrandt [GH] (p.144, p.148),
who use Green’s functions as an essential feature in their argument. In contrast
to this we here completely avoid the use of Green’s functions by an iteration
process using a weak Harnack inequality for supersolutions of a linear elliptic
equation. This idea was introduced by Caffarelli [CA] to show a priori estimates
of solutions of certain quasilinear elliptic systems. Let U : H — M be a
harmonic mapping which maps Q C H into a regular ball B/ (Q) C M and let
w = min{O,Binf K} denote a lower bound on the sectional curvature K of
M on B M(Q).MT(‘%)e interior regularity result reads as follows:
Theorem 1 Let u be the representation of the harmonic map U with respect
to a normal chart centered at (). Assume that
Byg = {z € R"; |z| < 4d} is a coordinate patch for Q such that the components
Yap () satisfy

NEP < yap(@)€e” < ple?, 0<A<p (2)
for all £ € R™ and all x € Byq. Then there exist a constant
C=C(n,\ u,M,w,k) >0 and a number o = a(n, A\, u, M,w, k) > 0 such that
for every d' < 4d the estimate

N\ —o
[u]a’Bd/ <C(4d—d)
holds.

Remarks:

1) This result is optimal for n > 3, because for M = ﬁ and n > 3 there
exist bounded, discontinuous weakly harmonic maps U : H — SV c RN+ (cf.
[HKW], p.14/15): Choose as one chart on SV the steoreographic projection o
of SV from the north pole P = (0,...,0,1) onto the equator plane

{u € RPN+ =0}, Set u = o(u) and, u = o~ (u) = 7(u), then we have

14



Ti(u):% i=1,...,N

TV () =1 - 1+|2u\2

As a discontinuous weakly harmonic mapping U : H — S we find

X1 T2 Tn
U =(—. = ....,—.0
(=) <\xr’m’ ’m’)

2) For n = 2 every bounded, weakly harmonic mapping is Holder continuous
(cf. [HE]).

3) The same technique as here can be used to prove a-priori estimates for weakly
harmonic mappings from Finsler manifolds into a regular ball in a Riemannian

manifold, see a paper of von der Mosel and Winklmann [vMW].

It’s also possible to prove a boundary estimate using a weak Harnack inequality
at the boundary. For this we assume that a neighbourhood 2 of 9H is mapped
into a regular ball By/(Q) C M. The boundary values are required to be Hélder

continuous with Holder exponent ag. Then we can prove

Theorem 2 Let u be the local representation of U with respect to normal co-
ordinates around Q. Assume that
Ysr = {x = (a],2") € R";|z)| <5R,0 < 2" < 5R}
is a coordinate patch for Q such that OH N is mapped onto
20, = {a = (x},,0) € R" || < 5R)

and the components vo5(x) satisfy the estimate (2). Then there exist positive
constants C = C (n,)\,u, M,w, kT, [u]a@,ZgR) and T = T7(n, A\, 1, Myw, k, ag),
such that for everyr < R

[ul, 5, <C.

2 Interior regularity

First we mention two results of Jost [JO] and Hildebrandt-Kaul [HK] respec-
tively which were already used in [GH]. Lemma 1 permits the construction of

normal coordinates around each point P of B/(Q).

Lemma 1 Let By(Q) be a regular ball in M. Then any two points in B (Q)
can be connected by a geodesic contained in Byr(Q). This geodesic is shorter
than any curve in Bpr(Q) connecting the two points and it contains no pair of

conjugate points.

15



Proof. See [JO|.

Lemma 1 yields that the exponential map expg : By (Q) — M is a diffeo-
morphism und it follows that we can construct normal coordinates on B/ (Q)
around any point P € B/ (Q).

The Jacobi field estimates of Lemma 2 will be used in the proof of regularity.

To state the result of this lemma we need the following functions:

t\/v cot (t\/v), v>0,0<t< -
a,(t) = v
tv/=v coth (tv/=v), v <0,0<t<o0
sin(t\/;) .
s v > 0,0 S t < N
by (t) = tVv Vv

%, r<0,0<t<

Lemma 2 Let By (Q) be a regular ball in M and let
v = (v!,...,v™) be normal coordinates on By;(Q). Then for all € € R™ the

following estimates hold:
{6k — au([v])gin(0)}67€" < T (0)'E€ < {631 — an(|o])gir (0)}E°E" (3)
bE(l0NE'e" < gin(v)'€" < VZ (v (4)
Proof. see [HK], p.212-214.

For any chart ¢ : B/ (Q) — R™ we can define the local representation v(x)
of Ubyv=10Uoyx"!. We use the following abbreviations: a®’ := ﬁ’y“ﬁ ,
fL(v) := a®PTY, (v) Dav? Dgv*. Hence, the elliptic system (1) can also be written
in the form
—Dg (aaﬁDavl) =flv) (=1,...,m)

or in the weak form

/ aaﬁDaviDggoi dr = / flw)yetde Vo e HY N Lo (Bag, R™).  (5)

Baa Baa
The coefficients a®’ () are uniformly elliptic, \*[¢|> < a®®(2)&a&p < p*[€|* ace.
in  and for all £ € R with \* = )‘% and p* = %
Introducing the functions
L(v) = a®PDav' D', E(v) = a®Pgip(v) Dav' Do, P(v) = L(v) — o' fl(v)

on By Lemma 2 implies

ax([v])€(v) < P(v) < ay([v])€(v). (6)

16



We shall write u = u(x) if we use normal coordinates on B/ (Q) with center

Q. The fact that a(t) is decreasing yields

an((u]) > ax(M) > a, (2\%)

To prove Theorem 1 we need some further lemmata.

Lemma 3 Let v be a representation of the harmonic map U with respect to
a normal chart centered at a point P € By (Q) such that |v]| < ﬁ Then
—D,, (a*?(z)Dg|v|?) < 0.

Proof. Use the test function ¢ = nv with n € C2°(Byg),n > 0. We obtain

) ) 1
/aaﬁDaleﬂvlndx—/flvlﬁd$:—§/aaﬁDa|U|2D677dx

Baa Baa Bua
1
= / P(v)ndx = -5 / a®® Dy |v|*Dgn dz.
By Bya
With (6) and a,(|v|) > 0 we infer [ a®?D,|v|>Dgndr <0, i.e.
Baa
|v]? is a subsolution. O

The next two lemmata have been proven by Meier [ME].

Lemma 4 Let v € H} N Loo(Bg) be a solution of —D, (a®?(z)Dgv) < 0 in
Br C R"™. The coefficients a®®(x) are required to be uniformly elliptic with
constants 0 < A < p. Then there is a constant 6y = do(n, A, 1) € (0,1) with the
property

supv < (1 — dg) sup v + dg ][v dx (7)

Bpgr Br
4 BE
4

Proof. The function u := supv — v is a non-negative supersolution of
Br

—Dq, (a®¥(z)Dgu) = 0 in Bgr. A weak Harnack inequality ([GT], Thm. 8.18)
yields
R™ / (supv - v) dx < C(n, A, ) inf (supv - v) .
Br Br \ Br
Bp 1

= wpd "supv —wpd™" ][v dr < C | supv —supwv
Bgr Br Bpr

BE 4

4

The desired estimate follows with &g := &7
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Lemma 5 Let v € H} N Loo(Bg) be a solution of —Dq, (a®?(z)Dgv) < 0 in
Bgr C R", again a®®(x) being uniformly elliptic with constants 0 < X\ < p. Let
€ € (O, %) and m € N be the smallest integer with (1 — §)™ < €2. Then for
s =47 the estimate

supv < 2¢? supv + (1 — €2) ][v dx (8)
Bsr Br

By

holds, where R is some radius in [SR, %] and &g is the constant of Lemma 4.

Proof. Tterating (7) one gets with ¢; = {1 — (1 — §9)™} " 160(1 — 6p)™ ¢ for any
m € N the inequality

sup v < (1 —39p)"supv + {1 — (1 —99)"} Zti ][vd:c.
Br

B,_ i
4—MR =1 B

4—TR

Set T := max  fwvdz, where m is the smallest integer with
izl""’mB4—iR
m
(1 —09)™ < €2. Note that > t; = 1; with s := 4™ we deduce
i=1
supv < e?supv + {1 — (1 — &)™ }vg
Bsr Br

< esupv+ {1 —(1-8y)e?}vg
Br

< e?supv + doe?supv + (1 — €2)vg

Br Br
< 2e?supv + (1 — 62) Ug- ]
Br

The following result is already contained in [GH], Proposition 1.

Lemma 6 Let v be a representation of the harmonic map U with respect to a
normal chart, such that |v| < M. Then there exists a constant C = C'(n, A\, u, M, k) > 0
such that for all Br(xg) C Byq with Byr(xo) C Bag the estimate

R*™ / E(v)dx < C [M*(4R) — M*(R)] (9)
Br(zo)

holds, where M(R) := sup |v|.
BR(aco)

Proof. Test the weak formulation (5) again with ¢ = nv,
n € HY N Loo(Bir(z0)),n > 0 (4R < 4d — |z|). Thus

2 / {aaﬁDaviDﬁvi - flvl] ndr = — / a®® Dy |v|*Dgn d.

Byg (o) Byr(xo)

18



With (6) and the fact that ax(Jv]) > ax(M) > 0 we infer

2a,,(M) / E(w)ndr < — / a®® Dy o[> Dgn dzx. (10)
Bur(z0) Bar(zo)
With M(t) :== sup |v| (t < 4d — |zg|) and 2 := M?(4R) — |v|? estimate (10)
yields e
0< / E(w)ndx < 2ale) / aaﬁDazDﬁn dx. (11)
Bar(xo) Bar(xo)

We see that z is a non-negative supersolution of —Dg (ao‘ﬁ Da) =0 in Byr(zo)

and a weak Harnack-inequality gives us the estimate

R™™ / zdr < C inf =z (12)
Br(zo)
Bar(20)
with a constant C' = C(n, \, u, M, k).
Now let w € H}(Bag(z0)) be a solution of

/ a®’DapDgw dx = R™2 / odr Ve Hi N Loo(Byr(zo)) (13)
Byr(z0) Byr(z0)

From a weak minimum principle for supersolutions (eg. [GT], Thm. 8.1) we
infer 5 inf w > 0. Since w # 0 we can once again use the weak Harnack

inequal?l‘;}(fxzz) estimate
O<R™ / wdr < C inf

Br(zo)
Bag(zo)

It follows that there exists a constant C; > 0 which depends only on n, A and
wu with 0 < C; < w in Br(x). In addition, there is a constant C > 0 with the
property 0 < w < Co in Byg(z¢) (cf. [HW1], Lemma 2.1). By using wz as a

test function in (13) we infer

1
3 / ao‘ﬁDazDﬁw2 dxr + / ao‘ﬁDaDng de = R™? / zwdzx.
Bygr (o) Byr(o) Bar(z0)

Since w is bounded by C and z > 0 (12) yields

/ ao‘ﬁDazDﬁw2 dr < CR™? / zdx < CR" 2 Bir(lf )z.
R\Z0
B4R(:Eo) BQR(:EO)

With n = w?, inf 2z = M?(4R) — M?(R) and in view of (11) the proof of

Br(zo)
Lemma 6 is complete. 1.
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For the iteration process we need some notations:

Choose J € N such that M(1+J71) < ﬁ and set K :=4/2 + %. Further-

more set € := ﬁ and let s = 47™ denote the constant of Lemma 5 belonging

to this e. Now we can prove

Corollary 1 Let v be a representation of U in normal coordinates such that
|v| < M. Then there is an integer iy with the property
][]v — T, |*dx < M?e*s™! (14)
Br, (z0)
for Ry = 47"R, T, is the average of v on Br,(xo).
Proof. Since |v| < M we have 0 < b2(M) < b2(|v|) < 1. Then there exists a
constant C' = C(n, \, u, M, k) with the property C' < A*b2(|v|). By virtue of

this estimate, relation (4), the ellipticity condition

ME? < a*P¢,€5 and Lemma 6 we conclude
R*™ / \Vo?dz < C(n, A, p, M, k) [M*(4R) — M*(R)] . (15)
Br(zo)

Using the Poincaré inequality we arrive for Ry = 47" R (iy an arbitrary integer)
at the estimate
][\v — U, [P de < C [M*(47°T'R) — M*(4 ™ R)].
Brg(z0)
With p := [645%] + 1 we infer
P A A
M? > M%*(R) — M?(47PR) = Y (M?(4~"'R) — M?(47'R))
i=1
>p[M?*(4~ 0t R) — M?(4"R)] for some ig € {1,...,p}.

Therefore flo — Vg, |* dx < C’MQI—l) < M2%ets™. O

Br,
The following geometric lemma will be needed at some steps in the proof of

Theorem 1.
Lemma 7 Let P1, P, be two points in By (Q) with coordinates p1 and pa. Then
b (M)|p1 — p2| < distpm(Pr, P2) < by (M)|p1 — pal.
Proof. Consider for t € [0, 1] the connecting line
C(t) = expg((1 — t)p1 + tp2) =: expg(c(?)).
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Consequently (with (4)and b, is increasing)

dist\pq(Py, Py) < fl Vi (c(t))éi (t) ek (t)
flb ¢(t)| di
0
< b (M )Ip1 p2|.

For the estimate from below we let C1(t) = expg(ci(t)) (0 <t < 1) be the
geodesic in By (Q) of length dist pq(P1, P2), which connects P; and P» (Lemma
1 guarantees the existence of such a geodesic). As a consequence of (4) and

since b, is decreasing we infer

distpm(Pr, Py) = f \/gzk. (er())ét( )c’f(t) dt

1
> bfbn(M(t)\)\él(t)\ dt

f e dt' — b, (M)lp1 — pa. 0

Now we can prove Theorem 1:

Proof of Theorem 1. For 0 < j < J set R; = s'Ry, 7; = %ﬂRO,

Pj = expg(7;). Let v\ be the representation of U with respect to normal
coordinates around P; and set My := M, M; = (1 + = — —) M

(1 <j<J) (note that M; < M).

It will be shown by induction that

W < M; inBp, (j=0,...,J). (16)

Since Py = @ the start of the induction is obvious. Suppose that (16) has been
shown up to j — 1, then we get with the triangle inequality

09| = dist\ (U, Py) < [v97V] + dist aq(Pj—1., P;).

Since (16) holds for j — 1 we infer [vU~1| < M;_; in Bpg,_,. Using the fact that
distpm(Pj—1,P;) = S[ug,| (P; and Pj_1 are both on the geodesic that connects
Q@ and Pjy) we have

W) < M 1+ MJTP< M1+ J7Y < V Vj=0,...J inBg,

Applying Lemma 3 we obtain

Dy (a*9(@)Dslo2) <0 in B, ,
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From Lemma 5 and [v)] < M(1 4+ J~1) in Bpg,_, we infer for some radius
Re [sR;, 0],

BsR]-_l

(17

Lemma 7 yields
”U(j)’ < distpm (U, Py) + distpm(Py, Pj)
< dist (U, Py)+ (1= )[R, | < by (M)|u—Tg, |+ (1 B %) M.

Therefore we obtain from Young’s inequality

-\ 2
D2 < (14 e )02 (M)|u — T, |* + (1 + €%) <1 - %) M (18)

We have s/ Ry < ss? 1Ry = sRj_1 < R, with this estimate we derive

][|u—uR0| de < s ][|u—uRO| dx. (19)
B,
Combining (18), (19) and Corollary 1 we can estimate relation (17) by recalling

that K =4/2+ bg(f,tM) and € = ﬁ as follows:

sup [0W)? < 2e2(1 4+ JN)2M2 + (672 — 202 (M)s™/ ][|u — g, | dx

BsR]-_l
N
+(1 - 4 _J 2
€)1 5 M

SN\ 2
<22(14+ J71)2M2 + (1 — B2 (M)M2E2 + (1 — ) (1 - l) M?

Br,

SN\ 2
< 2e2(1+ JH2M2 + b2 (M)M2E2 + (1 - i) M?

J
-\ 2
8¢ + €22 (M) + (1 — l)

< M?
- J

-\ 2
2 JN a2
<M 2Ke+1—j> — M2,
This proves relation (16).

Now set P = Py, from (16) we obtain for j = J:
M
dist (U, P) = [0 < — i Br, = Bup

Applying Lemma 7 this leads to the following estimate of the oscillation:

1 2 2M
< dist P) < .
b,i(M)OSCBR U bo (M )%1;5) istm (U, P) < bo(M)]

08CBp U <

22

sup [vW))? < 262 sup |v D24 (1—€ ][|v dr < 2 M*(14+J 12+ (1—€ ][|v % da.



Since J — oo if Ry — 0, it has been shown that u is continuous.

Now there exists an integer i1 = i1(n, A\, 4, M, w, k) such that for all balls

B4R($0) C Byg we have

0scp U < S, (M)’

with R = 47" R,
Let u/ be the representation of U with respect to normal coordinates around

U((x "(z0)) and set w'(p) := sup |u/|?, where 0 < o < R.
o(zg)
From Lemma 7 it follows

W] = dist (U, U(x (20))) < bo(M)|u — u(wo)| < bo(M)oscp,u < M.

With R = £ relation (15) yields

—n / (V! |2 dz < C(n,\, p,w, K) [W/(Q) —w' (%)} : (20)
By

Now let P € B,/ (Q) be the point which corresponds to Ug under exp, and
denote by v the representation of U with respect to normal coordinates around
P. Then

|v| = distpm(U, P) < by(M )\u—ue\ <M< \/—
Consequently we infer from Lemma 3 —D,, (aaﬁDmvP) < 0in B,. Applying

1

Lemma 5 we get for an arbitrary e € (0, 5] and s = 47, where m is the

smallest integer such that (1 — dg)™ < €2 (§y being the constant of Lemma 4),

the estimate

sup |v|? < 2% sup |v|* + (1 — €2 ][|v|2d:c (21)
B,

so BQ
with some 7 € [sg, %].

The Poincaré inequality yields s |u— quzdx < C(n, A\ iy M, K, 8)0*™" [ |Vul? da.
By Bo

Since f|u —uel? dxgﬁf\u—uep de <s™" jﬁ]u—uﬂzdx
Bg 4 wn$ (Z) B Bg
we infer with |v| < b,(M)|u —

14
4

g (see above) the estlmate

v[*dx < Ci(n, A\, p,w, Kk, M, €)o Vul? d.
H [
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According to (21) it follows

sup [v]? < 2¢?sup [v]? + Cro* " / \Vul? da. (22)

so o
Bp
1

From the Jacobi field estimate (4) and |u| < M we deduce

1 ‘
pbi(M)Wu\Q < () gir, (u) Do Dgu® < b2 (M)|Vul>.

> =

The energy density e(U) = 1v*%(2)g;,(v)Dav'DgvF doesn’t depend on the

choice of the coordinates, so we have

2\ 9 2u
[ — < <
an ) =V < gan

e(U).

Since |[u/| < M the same estimate holds for « instead of u, this means that we
can compare |Vu|? with |[Vu/|?, i.e.

2 b2 (M
|vu|2 < 1% S(U) < L w( )

12
=won Y = Szan VT

Combining this with (20) and (22) we can conclude

sup |v]? < 22 sup [v|? + Co(n, A, jt, M, w, K, €) [w'(g) — w'(sg)] . (23)

se BQ

From the triangle inequality and Lemma 7 we derive the following two estimates:

1) [o] < bu(M)u =g | < 2b,(M) sup [u — u(w)| < 2325H sup [t/| in B,
14 " BQ

2) | < bu(M)lu — u(ao)| < 2bu(M) sup |u ~ 3| < 2323 sup o] in By,
sQ se

Inserting this in (23) we observe
W'(s0) < Cn, A\, p,w, K, M)W (0) + Cz [W'(0) — ' (s0)] -

Choosing now ¢ = —— we arrive at
g V2C

Cot 3

W'(s0) < 0u'(0) with 0 = Gy r 1

<1

By a standard iteration lemma (e.g. [GT], Lemma 8.23) we discover the follow-

ing growth estimate

() < C3 (7)204 J(R) Vo<h
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where C3 and C4 both only depend on n, A, u, M, w, k. This yields

C p
Vw'(e) < Cs (%) ) W'(R). Since /w'(p) < oscp,u < 24/w'(p) one obtains
for all o < R =4""R (if Byr(zg) C Buq)

Cy 0

oscpu < C (—)a (24)

Y
oscg,u < 2C3 <R> iR

To show that (24) is valid for all ¢ < R we need a covering argument. We will

only sketch it (see also the proof of Theorem 1, Lecture 1).

Let z,y € By(xo),  # .

Ifoe (O, %] we find easily |u(z) — u(y)| < Clz —y|*0™“.

4>~|’;Ux

)

Ifoe (% R] we cover B,(xo) with finite many balls B;, (o) (r; <
i =1,...,L) such that B,(zg) C LLJ B, (a;) and Byy, () C Byg. It follows
) ()| < Cle — ylo0, too.

We have derived (24) for all o < R.

It remains to show the estimate appearing in Theorem 1. For any d’' < 4d we set
4R = 4d — d'. Let z1,x9 be two different points in By, then zq := MT“ € By
and Byg(xg) C Bag.

If |1 — 22| < g we infer directly |u(z1) — u(z2)| < Clxy — z2|*(4R) ™.

If [z1 — 22| > & we use 1 < 2°R™%|21 — 25|® and |u| < M to show

lu(z1) —u(z2)| < C(AR)™“|x1 —x2|*. In both cases we have the desired estimate

lu(z1) — u(xe)| < Clay — x2|*(4d — d') 2. O

3 Boundary regularity

Now we prove a priori estimates at the Dirichlet boundary. Besides the as-
sumptions made in the introduction we let © := Uy be the boundary value
mapping; for 2o € X% set P := O(x (). Since U(2) C By(Q) one can
introduce normal coordinates on Bj/(Q) around P, let v be the local represen-
tation of U in these coordinates.

To prove a priori estimates we need the following auxiliary result (cf. [ME],
p.6):

Lemma 8 Let Y be a domain in R™ and v € Hi N Loo (Y N Byg) be a solution
of =Dq (a®P(z)Dgv) < 0 in T N Byg, the coefficients a®P(x) are required to
be uniformly elliptic with constants 0 < X\ < u. If |Br — Y| > ~|Bgr| for some

25



v > 0, there exists a constant do(n, A, p,7y) € (0,1) such that

sup v < (1 —109p) sup v+3Jp sup wv. (25)
YTNBgr YTNByr OYNByRr
Proof. Define w := sup v—uv, then u is a non-negative supersolution in YNB4g
TﬁB4R

and a weak Harnack inequality at the boundary ([GT], Thm. 8.26) implies

R™ / |u,, | de < C(n, A\, 1) iélf Uy, (26)
Bar :
inf{u(z),m}, ze¥

withm = inf w= sup v— sup wvandu,,(z)= .
m, g

0YNByr YTNB4sr O0YNBsr

(26) yields

R / sup v— sup v | de+R™" / |inf{u(z),m}|dx < Cinfu,,.
YNBsgr 8YNBugr Br
Bag—7T ByrNY

g

>0

Thus
R™|Bar—TY|| sup v— sup v | <C inf {u,m}.
YNByg 8YNBagr BrnT
= Yup | sup v— sup v | <C| sup — sup v]|.
YTNByr OYNByR YTNBygr TNBRr

By setting dp := 1&* we arrive at (25). O

For zy € £% define Sg(z¢) := {z € R™; |z — 29| < R,2" > 0}. As a cornerstone
for Theorem 2 we will prove the following a priori estimate:
Lemma 9 Let u be the local representation of U with respect to normal coor-

dinates around @, let o(R) := oscyp U < W% and 2M + b,(M)o(R) < %

Then there exists a radius R* < R, which depends on n,\, u, M,w,k and o(R),
such that for all o € (0, R*) the estimate

0 a
08Cs, (z)tt < C [(§> 08CS (o) + O (\/QR):| (27)
holds, where C = C(n, A\, u, M,w, k) >0 and & = a(n,\, u) > 0.

Proof. Choose 7 € RY with |r| < M in a way that for P := expg(r) the
inequality m,(R) := supdist p(U, P) < b,(M)o(R) is satisfied.
EO

R
Determine an integer J > 2 with the property

_ s
2M+m7+3MJ 1 <ﬁ
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where m; = m.(R).

M2
< =
- JAM A 7))
do is the constant from Lemma 8 (with the same a®’ as in section 2). For

Let m be the smallest integer which satisfies (1 — dg)™ where

j=0,...,Jset ;= %T and R; = 47JmR. Furthermore, define P = eXpQ(Tj)
and let vU) be the local representation of U with respect to a normal chart
centered at P;. Moreover, we set My := M and M; := J*1M+m7j (1<ji<J).
We will show by induction

For j = 0 the assertion is obvious, suppose that (28) holds for the index j — 1.
Remember that P; and P;_; both lie on the geodesic line which connects @
and P = Pj. Thus

my;_, <supdistp(U, Py) +supdistp(Pj—1, Py) < my + #M

0 0
ER ZR

Since (28) holds for j — 1 we have for z € S;_;
W] < distp(U(x"Nz), Pj—1) + distpm(Pj, Pj—1) < Mj_1 + MJL.

We have chosen J in such a way that

M+ |7+ M1+ MJ ™!
<M+IM+2MI 1t +m,
<2M +3MJ Y+ m,

™
<ﬁ'

Since [v)| < M + |j] and [vW)| < M;_; + MJ ™! in S;_1 we infer

. 1 —1 s .
|U(J)|§§[M+|TJ|+M],1+MJ ] <ﬁ IDijl.
Lemma 3 yields now that |[v()|? is a subsolution in S;_1.
Applying Lemma 8 repeatedly we infer
NP NP 12
sup ’U(j)‘ < (1 —dyp) sup ‘v(])‘ + do sup ’U(j)‘
S4mej71 84_(m_1)R]-_1 E401—(1%—1)}2],71

< (1—=24d0) | (1 —0p) sup ]v(j)]2 + g sup ]v(j)]2

—(m—2
Sy PR, 24*(7"*2)}2]-

+do sup PEAE

0
Ezr(”l*l)}%]v,l
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o)

IN

2
oo < (1=6p)™ sup ‘
Sj—l

0
47VR;_ 4

2 m—1
U(J)‘ +Z(1_50)m717u60 sup
v=0

< (1= 60)™(M + |7])?

m—1

FL= (1 =80)™ > (1= (1=00)™ 61— )™ 7 sup dist},(U, P;)

v=0 =9

=1
< (1= 60)™ (M +|7)? + [L = (1 = 8)™] m3,
< J72M? +m2.
J
Since Sy-mp,_, = S;j we have

0| < TV ey = M i ;.

This proves (28); inserting j = J implies

v(‘])‘ = dist(U,Py) < J M +m, < J M+ M < #

is a subsolution in S;.

in §y. On account of Lemma 3 we conclude that ‘v(‘] ) !2

For an arbitrary = € Sg, set M, (R;) := supdistp(U(x " (z)), Py). By virtue
Sk,

of Lemma 8 we infer for 0 < 4p < R

M?2(0) < (1 60)M7Z(40) + Som? (4o).
A standard iteration lemma (e.g. [GT], Lemma 8.23) yields

A\ 26
M2(19) < K ((R—Q) MR + i (2 QR*)> (29)

where R* := R; (note that R* depends on n, \, u, M,w, x and o(R)) and

K =K(n,\pn), & =a(n,\ un). For p € (0, R*) we arrive at

M, (o) < K ((g)dwm rm, (@)) | (30)

Choose xg € Eg in a way that 7 = u(zg) and choose a sequence x,, € Sg with

u(xy) — u(xg),n — oco. Then the following estimates hold:
1) M-(R) = supdistpm(U, Py) < b,(M)oscs,u
Sr
and 2) m, (o) =supdistpm (U, Py) < b,(M)o(p) Vo< R
0

R

1
On account of —————M,(g) < oscs,u <

2b,, (M) M (o) we finally conclude for

2
br(M)
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every o < R

05Cs,(zo)U < C(n, A, 1, M, w, k) [(%)a 08CSp(z0)U + O <\/Q_)] dJ

Proof of Theorem 2. Let © = Ulgy be Holder continuous with Holder exponent
ag, i.e. [U]a@,zgR < C. Then for every o < R the estimate

o(p) = 0scyou < C (}—%)a@ holds, so there exists a radius R < R with the
M s
W and 2M+bw(M)O'(R1) < %

Choose now y € X fixed and determine z( € E% with the property

property o(Ry) = 0scyp U <
1

d = dist(y,X%) = |y — xo|. To estimate the oscillation of u on X N B,(y) for
0<pop<r< % we distinguish three cases:
1) d > r. Then B,(y) C ¥5r and we use Theorem 1 to observe
oscsrnp, uyi < C ()"
2) r > p > d. Lemma 9 and the Holder continuity of v at the boundary  imply
0SCs B, (y) ¥ < OSCE By, (o) U < OSCSQQ(ZO)UESQ(IO)U
<C [(g)d 05C8,, U + (%)a@] < C(92)" with v := min{&, ae}.
3) r > d > p. The interior regularity yields
0sesanp, @t < C (§)” 05¢snp,, w01 < C (

a
) OS(?*SQd( u.

ISUISY

z0)

With Lemma 9 it follows that
0sesn, ot < C (§)" [ (3)° osesyu+ (4)*]
<0 (8) mac{({) (4"} £ ()7 with 7€ o0}

In all three cases we have

05Cs B, (y) U <C (g)T

with constants C' = C'(n, A\, u, M, w, K, [u]a@’ZgR) and 7 = 7(n, A\, u, M,w, K, ag).
To prove the estimate of the Holder seminorm we use a covering argument like
the one in section 2 and distinguish the cases when |z; — x3| is "small” and

when |z1 — x2| is greater than a constant with depends on the number and the

radii of the balls used for the covering. O
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Lecture 3:

Regularity of weak solutions of degenerate elliptic

systems
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1 Introduction
We consider weak solutions of degenerate elliptic systems of the form
D, (ao‘ﬁ(:c,u, Vu)Dgui) = fi(z,u,Vu) (i=1,...,m) (1)

in a domain  C R™. We assume there exists a locally integrable weight

w(z) > 0 a.e. in Q with the property
w(@)[¢]* < a®(z,u, Vu)éabs < Cu(@)[¢* VE € R™ 2)

To prove regularity of weak solutions of (1) the weight w has to satisfy the
” As-condition”, which means that w belongs to the Muckenhouptclass As. The

Muckenhouptclasses A, are defined as follows:

Definition 1 Let 1 < p < oco. The weight w is an element of Ay, if
p—1

1 =1
sup / w(x)r-1 dx =: (), < o0. 3
s | TBal Bal ] %) 4 )

w is to be said of class As, if for every € > O there exists a 6 > 0 with the
property that for every measurable E C Bpr with |E| < §|Bg| the inequality
w(E) < ew(Bg) holds, where w(E) = [w(x)dx.

E

Example: w(x) = |z|® is an element of As, if & € (—n,n).

Optimal regularity results for weak solutions of uniformly elliptic systems of
type (1) are well known due to Hildebrandt-Widman [HW], Wiegner [WI1],
[WI2] and Caffarelli [CA] (see Lecture 1). For the case of a single elliptic
equation Fabes, Kenig and Serapioni [FKS| have proven Hélder continuity for
weak solutions. For degenerate elliptic systems only a few regularity results and
a priori estimates are known. Baldes [BAL| and Baoyao [BAO] proved some
results, e.g. weak solutions of systems with bounded weights w € A, are under
a smallness condition Holder continous. We will show an a priori estimate of
bounded, weak solutions which contains the results of [BAL] and [BAO].

Our proof uses an idea of L.Caffarelli [CA] to show a priori estimates for weak
solutions of certain uniformly elliptic sytems. His main tool was a weak Harnack
inequality for supersolutions of a uniformly elliptic linear equation; we will
prove such a Harnack inequality for solutions of degenerate (in the above sense)

elliptic equations. The proof of this Harnack inequality is based upon a work
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of Trudinger [TR] in which a Harnack inequality for solutions of some ”mildly”
degenerate elliptic equations was shown. To state our regularity result exactly
we have first to define the spaces H3 (€, w) and H}(Q,w):

Definition 2 i) H}(Q,w) is the closure of C*°(Q) with respect to the norm
[ u(@)Pwdz + [ |Vu(z)?wdz.
Q Q
i) HYQ,w) is the closure of C°(Q) with respect to the norm
[ IVu(z)|?wdx.
Q

Now we can precise the term weak solution:

Definition 3 u € Hi (9, w,R™) is called a weak solution of (1) if

/ao‘ﬁ(x)DguiDagbi dx:/f(x,u, Vau)' fidx (4)
Q

Q

holds for all ¢ € H}(Q,w, R™) N Lso(Q,R™).
Our regularity result reads as follows:

Theorem 1 Let u be a bounded, weak solution of (1) in Q& C R™. The coef-
ficients a®® are required to fulfill (2), under the assumption a*+aM < 2 u is lo-
cally Hélder continuous and there exist constants C = C(n,a,a*, M,Q,Q',Cy) > 0
and o = a(n,a,a*, M,Cs) > 0, such that

[u]a,0r < C. ()

2 Properties of As,-weights

Let w be an As-weight. We will state some properties of weight functions

w € A, which will be needed in the proof of the weak Harnack inequality.
Combining two results due to Muckenhoupt ([MU2], p.104) and Coifman-Fefferman
([CF], p.244]) we infer:

Lemma 1 w € A, for some p > 1 if and only if w € A, i.e. As = |J 4p.
p>1

Lemma 2 (c¢f. [MW, p.223]) Let w € Ax, then there are positive constants ¢

and cy, such that for ¢ > 0 we have:

[ wdz

B,
e S cR
f w dx
Br

<c (6)
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In particular, the doubling property w(Bar) < Kw(Bg) with some K > 0 is

valid.

Lemma 3 (c¢f. [FKS], p.90) Let w € Ay and @i, € C*(R"™) be a sequence with
the properties [ |px|*wdzr — 0,k — 0 and [ |Vr—v[*wdz — 0,k — oo. Then
Q Q

v=0.

From Lemma 3 it follows that a gradient of a function u € Hi(Q,w) with
w € As is unique.

The following two inequalities were proven by Fabes-Kenig-Serapioni ([FKS],
Thm. 1.2 and Thm. 1.5). They generalize the Sobolev- and Poincaré in-

equlaities up to weight functions w € A,,.

Lemma 4 Let w € Ay, 1 < p < oo and 2 C R" be a bounded domain. Then
there exist constants C > 0,0 > 0, which depend only on n and p, such that for
all balls Br C Q, for all 1 <k < -4 ¢ and all u € C°(BR) the estimate

n—1

1
kp P

1 . 1 /
u|"Pw dx <CR| —— VulPw dz 7
w(BRr) /’ | - w(BR) Vel @)

Br Br

holds.

Lemma 5 Let w € Ay, 1 < p < oo and Q C R" be a bounded domain. Then
there are constants C' > 0,0 > 0, which depend only on n and p, such that for
Br C Q, ue CY(Bg) and k € [1, 25 + 0] the estimate

1
kp kp 1

1 1 1 ) P
w(Br) / we) = w(Br) /u(x)w do) wde <COR w(BR)B/ VulPw dx
(8)

Br Br
holds.

Remark: It’s possible to show that the weigth w(z) = ]deth(x)]l_%, f qua-
siconform, posseses also these five properties, although it is in general not
in Ay (cf. [FKS], p.106-112). Since only the above properties of the As-
weights are needed in the regularity proof, Theorem 1 is also valid for w(x) =
|deth(x)|17%. For example, f(z) = |z|“z, o > —1 is a quasiconform mapping.
This yields that w(x) = |x|? is for 3 > 2 —n an admissible weight for Theorem
1.
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3 A Harnack inequality for degenerate weights

Let Q C R™ be a bounded domain. Consider the elliptic equation
Lu= D, (ao‘ﬂ(:c)Dgu> = 0. 9)

The symmetric coefficients a®”(x) are required to satisfy (2) with w(z) € As.
We consider weak solutions in the weighted Sobolev space H2(Q,w). We men-
tion that the estimates of Lemma 4 and Lemma 5 remain valid for

we Ay ifu € ISI%(BR,w) and v € H}(Bpg,w) resp. This can been seen by
an approximation argument. Lemma 6 is a version of Lemma 7.8 in [GT] for
weighted Sobolev spaces and shows that compositions of a Sobolev fucntion

u € H}(Q,w) and a piecewise smooth function are in the space Hi(Q,w).

Lemma 6 Let f be a piecewise smooth function (i.e. f is continuous and
has a piecewise continuous derivative) with f' € Loo(R). If u € H3(Q,w),
then fou € Hzl(Q,w). Furthermore, in the points where f' exists we have
D(f ou) = f'(u)Du, in the other points we set D(f ou) = 0.

Definition 4 A function u € H}(Q,w) is called weak subsolution of (9) in 2,
if for every ¢ € 10{21(9,’11)), © >0 we have

/aaﬁ(x)DguDago dx <0. (10)
Q

u € HY(Q,w) is a weak supersolution, if —u is a weak subsolution.

As mentioned in the introduction it was shown [FKS] that weak solutions of
(9) are locally Holder continuous, this result was proven with the help of a
weak Harnack inequality, which was proven with a generalized John-Nirenberg
Lemma. We will use an idea due to Trudinger [TR] to prove this Harnack
inequality without the use of a John-Nirenberg Lemma. Then we can modify
the reglarity proof of Lecture 1 by using this weak Harnack inequality instead
of the Harnack inequality for uniformly elliptic equations (see section 4). We

will prove the following weak Harnack inequality:

Theorem 2 Let u be a weak, non-negative supersolution of (9) in @ C R™.

Then for every Br C Q and all 0 < a < <1, 0 < vy <k the estimate

~

1
_ Twd < C(n,a,B,v,Cs) inf 11
w(Ban) / |u|Tw dx < C(n,a, B, g)llglzRu (11)

BﬁR
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holds, where k > 1 is the constant appearing in the Sobolev- and Poincaré

inequalities (Lemmas 4 and 5).

The proof of Theorem 2 will be divided into three lemmas. The constants
appearing in the proofs are generic constants and will only depend on the datas

mention in the appropriate lemma.

Lemma 7 Let u be a weak subsolution of (9). Then for any Br C € the

estimate

1

supu < C(n,a, 3, C: 7/ utPwde 12

Bag ( ﬂ 2) /w(BﬁR)B | | ( )
BR

holds, where oo < 3 < 1, Cq is the Ay-Konstante of w and u := sup(u, 0).
Proof. For § > 1 and 0 < N < oo define F' by

(u*)é, u< N

Fl = £ = { SN Nu— (G- )NY w> N

Test the weak formulation [ a®(z)DguDypdr < 0 with p(z) = n*(z)F(u),
Q
n > 0,7 € C}(Bg) (in view of Lemma 6 ¢ is an admissible testfunction), we

arrive at:
/ao‘ﬁ(x)Dgu [2n(2) DanF (u) + n*(2) F'(u) Dou| dz < 0.
Q
Applying (2) we infer
/772F/(u)|Vu|2w dr < C/n|77$|F|Vu|w dx. (13)
Q Q

With F(u) < utF'(u) and the help of the Holder inequality we see

SIS

2
/nzF’\Vulzw dx < C /nQIVu\QF’w dx /ni(u*)QF'wdx , therefore:
Q Q Q

/nzF’\Vulzw dx < C/ni (u+)2F’w dx. (14)
Q Q

Define G(u) := [ |F'()|2 dt =
0

52 ut|F . u< N
{ Vogiglut| =, us . (14) yields

\/SN%”U,‘, u>N

/nQWGlzw dx < C/ni (u*G’)dex. (15)
Q Q
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With the Sobolev inequality (Lemma 4) and Young’s inequality we find

S

2%
1
G*wdr| <CR /2va2+§a2 w dx
B/|n| <CR| = [ (RIVGR +126?)
R

Br

1
w(BRr)

NI

< CR ;/ng [(u+G')2+G2}wdx

- w(BR)
Br
Since G < ut G’ we can summarize
1 1
2% 2
1 1 2
— G|*w da <CR / 2(utG) wdx | . 16
w(Br) / nc = @y ) ) (16)
Bgr Bpr
Set q := % > 1. By taking roots we obtain:
o 2
1 / InG)**w da < (CR)% ;/n2 (u+G')2wdx
w(Br) B w(Br) J
Br Br

Choose p and ¢ in a way that a < p < ¢ < § and 7 in a way that supp n C Bsg,
n=1in Byg, |n:| < ﬁ. By setting N = oo the definition of F'(u) yields
U u u —
G(u) = [IF/()]2 dt = [ 15(e7) 72 dt = V3 [(19)"F dt = P ()"
0 0 0
With the ”doubling property” (Lemma 2) and w(Bgr) < w(Bpr) we infer

1
2kq 2q

1 1
— G|*w dx <(CR
i | o < (CR)

Byr

Q=

+ )2
w(Bor) / (nxu G) wdz
Bsr

From G(u) = ? (u™)? and the properties of 7 it follows

1
2kq 1 2q

w(;pR)B/ e | < (ffciqp)q w(;ﬁR) / O

pR oR

Now we will iterate estimate (17). For this we set g9 = 1,¢q; = kq;—1
= k' — 00,7 — o0, since k > 1. Furthermore, p; = a + (8 — a)'*, 0, = p;_1

— po = 3,000 = @ and p; — pit1 = (8 — @) (1 — (B — «)). We obtain:
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1
2kq;
1 .
lim | —— / (u+)2kq’ wdz = suput. In view of (17) we estimate
1—00 ’U)(BPR)B Buor
pR

=~/ C a 1

qi a +\2

supu < suput < < ) / u ) wdr | . 18

Bar  Ban 111 L= Pit1 w(Bsr) () 18)
BR

It remains to show that the product appearing in (18) is finite.

[T ((ﬂ—awc(?l—(ﬁ—a)) > "= exXp (Z?io (% log ((6—a>1“c(§l—<ﬂ—a>>>>)'

Using the geometric sum we get

i) —_ = _ =
kl
—0" =

3

T <oo (k>1)
k

~

iii)
Altogethter we arrive at

exp (327 (4 log ((ﬁ—a>1+lc<q13<ﬁ—a>>)))

— exp (é log €'+ (i — PELG=AD — Clog (6 - 0)) < C(n,a,8,Cy).

1

2

1
The assertion sup < C' | ——— / lutPwdz | follows with (18). O
Bar w(BﬁR)B

BR

Lemma 8 We assume that the assumptions of Theorem 2 are satisfied. Then

1 1
< —— |1 d 1
. S OXP C w(Ban) / oguw dx (19)

Buar BﬂR

Proof. First we assume u > ¢ > 0, choose as testfunction ¢(x) = n(z)u~!(x),

n>0,n€ CLR) (¢ is admissible). Since u is a supersolution of (9) we infer

/aaﬁ(:c)DguDanu_l dx — /ao‘ﬁ(x)]_)ﬁuDaunu_2 dx > 0.
Q Q
Define v := log (%), t=const. >0 — Dgv = —%.

Since [ a®?(x)DguDyunu=2dx > [ |Vul>nu=2wdz > 0, it follows
o) )

[ a®#(z)DgvDandx < 0. This implies that v is a weak subsolution of (9) and
Q
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Lemma 7 yields

=

1
supv < C / v Pwde | . 20
Sup w(Bon) v (20)
BBR

Now we use ¢(z) = n*(z)u=1(z), n € CH(Q) as a testfunction in (10). Thus,

2/aaﬂ(x)D5u77Danu_1 dx — /aaﬁ(x)D@uDaun2u_2 dx > 0.
Q Q

Using (2) and the Holder inequality we obtain

/772u_2|Vu|2wd:c < C/n|nz||Vu|u_1wd:c
Q

Q
<C /|nx|2wdac /|Vu|2172u2wd:c
Q Q

1
2
Therefore /172u_2|Vu|2w dx < C/ngw dx.
Q Q
2

Choose 1 in a way that n = 1 in Bgg, supp n C Bg, |nz| < e and notice
Vv =u"1Vu — |Vo|? = u=2|Vu|?, with this the last estimate yields

1
/ \VolPwdz < C ﬁ/wdx
BﬁR BR

. . . . . 1
Determine ¢ in such a way that [ vwdz =0, i.e. logt = w(Bon) [ loguwdz.

Bgr Bgr
The Poincaré inequality (Lemma 5) an the above estimate yield

L 1
2k 2

1 2%k 1 / 2
v|“"w dx <CR Voul*wdzx
w(Bgr) / ol - w(BgRr) Vel
BBR BBR
1
2
/wdw < C(n,p,C).

Bgr

<C
- w(BﬁR)

Together with (20) this implies

S

1 1
sup v = log t— inf (log u) = log t+log | - <C / o Pw dz
Buon Bar inf u w(Bgr)
BaR BﬁR

2=

Holder 1 ok
< C| —— / [v|“"w dx <C.
w(Bgr)

BBR
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We see log < C —logt, using the definition of ¢ we arrive at

inf ©
BaR

-1
1
inf u < ex C—i/lo uw dx
(BaR ) B p U}(BﬂR) g
Bsr

If only v > 0 instead of u > € we use Levi’s Theorem to complete the proof. [J

Lemma 9 We assume that the assumptions of Theorem 2 are satisfied. Then

;
u|Tw dz <exp| C+ /loguwdx 21
Jat o (1)

Bur Bsr

1
w(BaR)

where 0 < v < k, C = C(n,a,,7v,Cs).

Proof. W.lo.g. we assume again u > € > 0, if only v > 0 we use Levi’s
Theorem. Consider f = v~ = (log%)Jr and test the weak formulation with
o(x) = *(x)u=(x) (f°(x) + (26)°) where § > 1, n € CY(Bg),n > 0 (¢ is
admissible). We infer

Da¢ = 2nDanu~" (f° +(20)°) + n*u=? (3f°7" = f* = (20)°) Dau,

a short calculation shows the inequality
1
oft <5 (f‘5 + (25)5> : (22)
The weak formulation (10) shows

/ao‘ﬁ(:c)D@wfu_Z (—5f6_1 + 0+ (25)5) Dyudx < 2/aaﬂ(x)D5u77Danu_1 (f‘S + (25)5) dx.
Q Q
In view of (2) we can estimate
/n2u2 (f‘S +(26)? — 5f5*1> |Vu|?w de < C/n]Vanx\ul (f5 + (25)5> wdx.
Q Q
(22) yields
/772u_2 (f‘s + (25)6> \Vu>wde < C’/77|77x|u_1 (f‘S + (25)6> |Vulw dx.
Q Q
With |V f|? = u2|Vu|? and the Holder inequality we infer

/772 (10 +(20)°) IV 2w der < C/ng (£ +(260°) wala.
Q

Q
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Using Young’s inequality we have f + (20)° < 2 (foF! + (26)°); with this and
(22) we obtain

5/772f5_1|Vf|2w dx < C’/ng <f6+1 + (25)6> wdz. (23)
Q Q
By setting g := ‘”Tl > 1 the Sobolev inequality (Lemma 4) and Young’s in-

equality imply for nf? € IEI%(BR,’U)) :
1
2k
1
[nsr#war | <o / (R 4G4 1P P) w
w(BR)B
R

Br

With (23) we can estimate further

=

CR | oo [ (57 426 + 027 V) wa
Br
9 2
Br

1
2

1
< C.4qR 7/ L FO 2w dz + (26)° sup |n, |2
VAR | B (72.f) ()B}g!n\
Br
Altogether we have

1
2k

1
- 9|2k d < C\qR
R

S

/ (ngﬁfq)2 wdr + (25)5 sup ]nx\Q
Br
Br

w(BR)

(24)
Choose p and o in such a way, that o < p < ¢ < 4 and 7 in a way, that

supp 1 C Bor,n =1 in Byg, |Vn| < . Taking roots yields:

(c—p)R p)
_1
2kq

1
_ 92k da
w(BRr) /I??f |
Br

< (CvaR): (<a_2p>R>2w<;aR>B£ el =)

1 _1 5 1
< (Cq)a(oc—p) a4 (20)5T + w(Bor) /quwdac

Bsr
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Using the doubling property we find

1

1
2kq 2q

2qk 1 _1 1 2%
wdz < (Cq)i(o—p) 2 Cq+ w(Bor) f“wdx

(25)
By taking ¢; = k' > 1,p; = a+27"(8 — @), 03 = p; + 27'(6 — «)
— 0;—p; = 2748 — ) (notice o; = p;_1,01 = B, poo = @) (25) reads as follows:

2ki1+1 ﬁ
1 / okitl Lo -1 . 1 oki
—_— f wdx < (CkY)¥ 27Y(B —a)) * |Ck'"+ | ———— / ffwdx
w(By,;R) (O (2 ) w(Bo;r)
BquR Bo'iR
1
2k?
< (CK2)¥ |CK + S / Fw da
N w(BUiR)
BaiR
Iteration of this estimate
First step:
T

1 oki+1
— U}d.T
w(BPz'R) / f

By, r
2ki—1
oL ) . ) 1 ) 1 i—1
< (CEk20) % |Ck! + Cki—19i—1) %1 Ckl—l_'_ / 2k wdx
(CK'2') ( ) B 1) f
o 1R
After i — 1 iteration steps we obtain
1
2kz+1 . 2k
1 / A wde | < ZCk:JH (Ckl2l)ll H (Crigh)w | —L / R da
w(BPzR) 1 i—1 'U)(B[@R)
Byir 7= J Bgr

Estimation of the sums and products in (26)

D11 (CKI2)W < exp <§ 77 log (ij?j)> = exp (i ( log(C)+ %log(Qk)>> -

Jj=1 Jj=1 Jj=1
thus

N
?r"—‘

1
2k

wdz < C(n,a,p,C) w dx

2a) If 1 < k < 2, set p:= 2kt meN
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m+1 ~-m—+1 N m+1  m+41 g m+1  m+4+1
— Y CK I] (CKH2)W <C Y K [ (2k)F <C Y. K ][ &
i=1 j=t i=1 j=t i=1 j=t
1 m+1‘ 9 m—+1 .
=C |k " igl ' + " Ez ' + .. 4 k(mAD)+(m+1)

m+1

It applies i + > [ = (m+1)2(m+2) + 3i5i2, this term takes its maximum (for a

I=i
oL D) (me2)
fixed m) at i = 1 and ¢ = 2, for these i we have: i+ ) | = “——5—>= +1,
mil 9 mii:Z
1+ 3 i +Y i
therefore C |k =1 ... 4 kDD | < COF = < 02k < Cp.

2b) If k > 2, set p := 2k™*! then we infer

m+1 o0 m+1+ > QLJ

m+1 m+1 Lo A . ]
S CK L (CW2)T <C'S. K[ @K1 <Ck =7 < opmts
i=1 j=i =1 j=1

< O(2k)™H < Cp.

From these inequalities we obtain by using the doubling property for every
p = 2k
1 1
p 2k
1 1 2k
_ fPwdzx <C|p+ fPwdx . (27)
w(BaR)

w(Bgsr)
Bar Bsr

If p = 2ak**! for some i € N and a € (1,k), we can use the Holder inequality

to show
Z 3
L / fPwdz | <C|2k+2 + L / *wdx
w(BaR) B w(BgR)
Bar Bgr
i
2k
1
<C|p+ / *wdz
w(BgR)
BBR
Altogether we have for any p > 2k the estimate
% x
L / fPwdx | <C |p+ _t / fw dx . (28)
w(BaR) B w(BgR)
Bar Bsr

Now let pg € (0, 6*1), by using Taylor series we infer

1 > po 1 /
Pof oy de = £ Lwd
’U)(BaR) /e war l! w(BaR)B fw .%'
aR

Buor
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1
/ 2w da

€
X po! 1 k — po
<Cy *kw d C !
= | w(Bsn) /f wdr | +0 >, T |1+ w(Bsn)
1=0 Bin I1=[2k]-+1 Bir
Here, we used the Holder inequality, the doubling property and (28)
1
2k
1
Define A := / fFwda with the help of the ”Stirling formula”
w(Bgr)
Bgr
nl = +/2mn (%)n we obtain
o 1 o 1 AN o0 1
Po (poe)' (1 +7) l
¢ > A =0 3 <0 Y o) (147
I=[2k]+1 I=[2k]+1 1=[2k]+1
s 1
A A
<C Z (poe)'e™ < 1—p066 .
I=[2k]+1
In other words
BN 2%
2k 1 2k
w(BaR) I f wdz)
C Z pO 1 /f%wdx <Ce( 1 B
=[2k]+1 w(Bsr)
Bgr
a
[2k] 2k
Now we can estimate the sum Z w dx by
1=
oo
Z pl_ CePo® < Ce®. For 0 < py < e~ ! it follows
=0
1
2k
1 2k
w5 | f wdm)
1 / pOf/wd:C < C@( (BﬁR)BﬁR
w(Bar
BaR
1
2k
Since f = log (% * and / 2R da
( t ) w(BﬁR)
Bgr
1
PO

1

proof of Lemma 8) we conclude
po

1 / u>0
ePofw dx =
w(BaR)
Bar

w(BaR)
BaR
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(29)

< C' (compare this with the



At the end of this proof we estimate H? | |Lw(wyBaR) in terms of H?HLPO (w,B )
(a < o/ < B <1). We assumed that u > 0 is a supersolution, therefore —u < 0

is a subsolution of (9). Replace the function F'(u) in the proof of Lemma 7 by

{ —u‘s, u<N

F(u) =
() ~6N"ly+ (5 —1)N° u>N

, where § € (—1,0).
Analogously to the proof of Lemma 7 we infer (notations as in Lemma 7):

L
2

1 1
_— G*w dx <CR| —— / LuG 2w dz
w(BR)/’n | - w(BR) Ins
Bgr Bgr

kol
N

Repeating the arguments in the proof of Lemma 7 for g € (0, %) we arrive at

1
2kq 1 2q

1 2kq < Cq )" 1 / 2
uw " dx < uw*lw dz . (31
w(Byr) / “\o—p w(BgRr) (81)

BPR Bsr

Iteration of (31):

Let qo := 9% < 1, g = %qi_l = gt — 0, 4 — oo. After finite many iteration
steps we achieve 2¢; < pg < e L.

As is easily seen (31) holds also for ¥ we infer with 2¢ok = v, 0; =: o/ < # and
the doubling property from (30) and (31)

Po (30) VCV(_’CV/
w dx < C.

1
W
@BQ/R‘%W”C <\ v | i

Bo/R

(32)

2=

1
w(BaR)

1 1
It follows — / uww dx < e%; with logt = / log uw dx
t ’U)(BQR)

Buor Bsr
we obtain

Qe

1

1

—_— uwwdx <erp| C+ /lo uwdzx |. O

w(Bar) / w(Bgr) J
Bar Bgr

Proof of Theorem 2
Multiply (19) with (21), for suitable choices of o and [ the statement of The-

orem 2 follows. O
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4 The regularity result and examples

To prove Theorem 1 we use exactly the same proof as in the uniformly elliptic
case, except one part: Instead of the weak Harnack inequality for uniformly el-
liptic equations (Lemma 1, Lecture 1) we use now the weak Harnack inequality
derived in section 3 (Theorem 2). It’s obvious, that we can prove a priori esti-
mates for every system in diagonal form, for which a weak Harnack inequality
for the corresponding equation is valid. In the authors thesis [PI] such a Har-
nack inequality is proved for coefficients which depend on two different weights.
The idea of the proof is the same as in section 3, but due to the second weight
the proof becomes more involved, we will only mention an example (see below).

Examples: 1) Consider the weight w(z) = r* = |z|* with @ € (—n,n) in
Bpr(0) € R™. A short calculation shows w € As. Form the theory of quasicon-
formal mappings we concluded at the end of section 2 that |z|*"~2) a > —1
is also an admissible weight. Therefore every bounded, weak solution of the
system
—Di(TaDiuk) =0 (k = 1,...,m)
in Bg(0) is locally Hélder continuous, provided o > —n.
2) Let w(z) = (logr)* = (log|z|)*, € B1(0) C R" k € 2N. Then we can
2
calculate that w € As. It follows that every bounded, weak solution of the
system
—Do((logr)*Dou’) =0 (i=1,...,m)
with k& € 2N is locally Hélder continuous in B (0).
2
3) Let w(z) = r*(ogr)?, r = |z|, * € B1(0) C R",a € (—n,n). Then it’s
2
possible to show w € As. We obtain that every bounded weak solution of the
system
—D;(r*(logr)?’Diu*) =0 (k=1,...,m)

is locally Holder continuous in Bi1(0), if « € (—n,n).
2

4) Consider the weights v(x) = |z| and w(z) = |z|", 7 € (1,2), z € B1(0) C R™.

In [PI] it’s shown that every bounded, weak solution of
—D, (aaﬂ(:c)D@uk) =0 (k=1,...,m)
is locally Holder continuous, provided the coefficients a®® fulfill the estimate

2 7I€]? < a®F(2)ats < [al|é? VEER™ (7 € (1,2))
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