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1 Introduction

These notes present relations which the author has found useful in treating convexity
questions in nonlinear elasticity. They cannot be exhaustive and remain most of the
time on a formal level. The notes are mainly meant for engineering students wishing
to complement their mathematical knowledge. One of the goals was to provide a lot of
detailed calculations which show how the notions of convexity work.

After working through these notes the student should understand the meaning of
convexity, polyconvexity and ellipticity. He should know how to prove or disprove the
convexity and ellipticity in simple circumstances, avoid the pitfalls of convexity conditions,
understand the meaning of coercivity and prove coercivity in different situations. Since
we are in a vectorvalued setting, the student needs a good deal of knowledge in matrix
analysis and in manipulating tensor differentiation. The presented material on matrix
analysis can be complemented by studying the books of Horn/Johnson [?, ?].

As far as tensor differentiation is concerned the author has found it useful to calculate
the differentials directly based on the Taylor expansion without calculating cumbersome
partial derivatives. The advantages are that the Hesse-matrix of second derivatives of
a scalarvalued function of a matrix-valued argument W : M3*3 +— R is immediately
available in terms of the generated bilinear form. This is, in my opinion, a decisive
advantage.

When it comes to checking polyconvexity of a given function, the second derivative
approach has its limitations: in the relevant applications one has to check the convexity
of a function P : R — R. In the isotropic case the investigations are facilitated by going
over to the eigenvalue representation. However, in the anisotropic setting this reduction
step is not possible. Instead of checking the convexity of P by direct means, it will be
easier to provide constructive rules of how to obtain polyconvex functions from simpler
ones.

Good sources for covering the mathematical background are Ciarlet [?], Marsden/Hughes
[?7] and Dacorogna [?, ?]. For an introduction to the theory of function spaces and partial
differential equations the work of Evans [?, ?] is a valuable source. More about nonlin-
ear elasticity can be found in Ogden [?], Silhavy [?], Gurtin [?], Holzapfel [?] and the
forthcoming book of Schréder [?].

Of the many important contributions of Sir John Ball the articles [?, 7, ?] are also in
reach of a non-expert audience.

An unsolved problem

Given a class of anisotropic, frame-indifferent materials with positive definite elasticity
tensor C in the stress-free reference configuration 1l: is it always (constructive?) possible
to find a polyconvex (quasiconvex, elliptic) function W such that

D*W(1).(H,H) = (C.H, H) .

In the isotropic case, the positive answer for polyconvexity (and thence quasiconvexity,
ellipticity) has been given by Ciarlet [?].



2 Mathematical background

2.1 Some linear algebra and bilinear forms

2.2 Trace, scalarproduct and norm

We let M3*3 denote the set of three by three matrices and GL(3) be the set of invertible
three by three matrices. Let 1l be the identity tensor on M3*3. We recall the property of
the trace:

Lemma 2.1
Let A, B € M*<3 then tr(AB) = tr(BA) .

Proof.

tI‘(AB = tr ZA”BJk = Z (Z Akz] ]k)
_ZZBk] k—trZBk] ji —trBA) .

We define a scalarproduct on M3*3 by setting:

Definition 2.2 (Scalarproduct on M?**3)

(A, B) :=tr(ABT).

Lemma 2.3 ({4, B) is a scalarproduct on M?3*3)

Proof. The bilinearity of (A, B) is clear. The symmetry follows from invariance of the
trace under transposition:

(A, B) = tr(ABT) = tr((AB")") = tr(BAT) = (B, A) (2.1)

and the positivity of (A, A) can be seen in the following way

3
(A, A) = tr(AAT) = ZA,] A=) A5 >0

i,j7=1 i,j=1

for A # 0. n

Remark 2.4 (Trace and scalarproduct)
With the introduced notation we have tr(A) = (A, 1) where 1l is the second order identity
tensor.

We may define a corresponding norm:



Definition 2.5 (Euclidean norm on M?>*3)
Let A € M**3 then

|A]l == v/(A, A)
defines a norm.

Proof. Obvious.

For Q € O(3) it holds then Q]| = /[QTF = 1@, Q) = v/ir([QQT) = /(W) = V3.

Lemma 2.6 (Compatible matrixnorm)
Let A € MP*3. Then ||An|lrs < ||All - |7]lrs -

Proof. Well known. Subsequently we will skip the index R3 if there is no danger of
confusion. ]
The introduced scalarproduct on matrices exhibits some useful commutation properties.
It holds

Lemma 2.7 (Commutativity)
Let A, B,C € M**? then

(A,BC) = (ACT,B) = (BT A,C) = (C, BT A).
Proof.
(A, BC) = tr(A(BC)") = tr(ACT BT) = tr((ACT)BT)

= (ACT B) = tr(ACTB") with (?7?)
= tr((ACT)BT) = tr(BT(ACT)) = tr((BTA)CT)
=(BTA,C) and with (??)
= (C,BTA). |
This implies immediately
Corollary 2.8
(A,B) = (A", BT).
Proof.
(A,B) = (A,B-11) with (77)
= (ABT 1) = (BT, AT . 1) = (BT, AT) . u

Lemma 2.9 (Symmetric matrices and scalarproduct)
Let S € Sym(3), where Sym(3) denotes the symmetric three by three matrices and let
T € M3*3. Then

(5,T) = (87,T) = (8,77) = {8, 5(T" + 1)),
VSeSym3): (S\T)=0=T=-T".



Proof. The first part is obvious. For the second statement assume the contrary, i.e. T
is not antisymetric, but V. .S € Sym(3) :  (S,T) = 0. Now T has a nonzero symmet-
ric part sym(T) = 377 4+ T. Choose S = sym(T) in the first statement. This yields
(S, Ty = (sym(T),sym(T)) = || sym(T)||* = 0. A contradiction. |

Lemma 2.10 (Invariance of the trace)
Let A € M**3 and S € GL(3,R). Then tr(S™'AS) = tr(A).

Proof.
tr(ST'TAS) = (STTAS 1) = (AS, STT1) = (A, S7TST) = (A, 1) = tr(A). u

Lemma 2.11 (Invariance of the norm under orthogonal mappings)
Let A € M**3 and Q € O(3). Then ||QA| = ||A| and ||AQ| = ||A]||.

Proof.

IQAI” = (QA, QA) = (A,QTQA) = (A, A) = | A|*. u
Corollary 2.12
For A € M*3 and Q € O(3) it holds ||QTAQ|| = ||A|| . |

2.3 Positive definite bilinear forms
Consider the set PSym(3) of positive definite three by three matrices. A useful observation
is

Theorem 2.13
Let A € PSym(3) and B be positiv semi-definite. Then

tr(AB) >0,
while in general A B ¢ PSym(3).
Proof. Since A € PSym(3), there exists an orthogonal matrix @) € O(3) which diagonal-
izes A, i.e., QATAQ = Dy4. In D4 appear the positive Eigenvalues of A since A € PSym(3).
The matrix B := QT B(Q is still positive semi-definite since for arbitrary ¢ € R? it holds
(€ B.£) = (£.Q"BQE) = (Q-£,BQE 2 0.
Now
tr(AB) = tr(QTABQ) = tr(QTANBQ) = tr(QTAQQT BQ) = tr(D4B).
But
) M0 0\ b b by
tr(DAB) =tr 0 )\2 0 . b21 b22 b23
00 A bs1 b3z bs3
)\11:?11 /\11:712 /\13:713 .
= tr )\2b21 )\21)22 )\2[)23 == Z )\z bzz > 07
Asbsr Asbsz  Asbss =1




because b;; > 0 since B is positive semi-definite and therefore has only non-negative di-
agonal entries (test with e;). |

Theorem 2.14
Let D be a positive definite diagonal matrix and let B € M®*3. Then
(DB, BD) > X\, (D) - || B||*.

Proof. (DB, BD) = (DBD, B) and

/\1 0 0 bu blg 613 )\1 0 0
DBD = 0 )\2 0 . b21 b22 623 : 0 )\2 0
0 0 )\3 b31 b32 633 0 0 )\3

Atbir Aibiz Aibis A 000
= | A2bar Azbza Agbaz | - [ O Ay O
Asbst Asbsz  Asbss 0 0 A
AALb1r AtAsbia AtAsbis
= | A2A1bar  AaAabaz  AaAszbos
AsAibzr AzAabsa AsAsbss

Al)\lbll )\1)\2b12 >\1)\3b13 bll b12 b13
<DBD, B> = < )\2)\1[)21 >\2)\Qb22 >\2)\Bb23 ’ b21 b22 bZ3 >
)\3)\11)31 )\3>\2b32 /\3>\3b33 b31 b32 b33

3 3
= Z )\i/\jb?j > )‘?mn(D) Z b?j = )\I2niH(D)||B||27
i,j=1 B,j=1

since A\; A; > 0 by assumption. [ |

Corollary 2.15
Let D be a positive definite diagonal matrix and B € M**3. Then

(BD, B) > A\uin(D)||B|*.
Proof.

(BD, BY = (BV'DV'D, B = (BV'D, BY'D) > /X2 .(D)|| B> = \uin(D)|| B]>. W

min

Corollary 2.16
Let D be a positive diagonal matrix and B € M3*3. Then

(DB, B) = Auinl D)1 BII
Proof.

(DB, B) = (vVDVDB, B = (VDB,vVDB) = (VDB)",(vVDB)")
= (B™VD, BTVD) > \uin(D) || BT[> = Ain(D) || B|)* n



Corollary 2.17
Let A € M**3 and B € PSym(3). Then (AB, BA) > \2,.(B)|| Al

min

Proof. Set B = Q" Dg(Q where Djg is the diagonalization of B. Then

(AB, BA) = (AQ"DpQ,Q"DpQA) = (QAQ" Dy, DpQAQ™)
with Theorem 77 it follows

> Ain(DB)[QAQ™|I* =

min

Dp)l|AlI* = Apu(B) - [|A]* - u

mln(

Corollary 2.18
Let A, B € PSym. Then (AB, BA) > X2. (A)||B|* and (AB, BA) > X2, (B) ||A|]*.

mln rnln
Proof.

(AB, BA) = (Q"DaQB, BQ"DAQ) = (DAQB,QBQ"DAQ) = (DaQBQ",QBQ" D)
> M (DA)|QBQTI? = X (Da)IB* = X (A) B L

Corollary 2.19
Let F € GL(3,R) and H € M**3. Then

[FTHE|* > X (FFT) - | H|.

min

Proof.

|FTHF||? = (FTHF, FTHF) = (FFTH HFFT) > X2 (FFT)| H|?. u

min

Corollary 2.20
Let F € GL(3,R) and H € M**3. Then

\FTH+ H'F|> > X2, (FFT) - ||[HF ' + (HF Y2,

min

Proof.

\FTH + H'F|> = |[F'(HF ' + F~TH")F|)?
>\ (FFT) |HF ' + (HF Y. u

min

Corollary 2.21
Let F, H € M®*3. Then ||[FH||? > \um(FTF)| H|?.

Proof.

|FH|> = (FH, FH) = (H,FTFH) = (HH" , F'F)
= (HHT Q" DprpQ) = (QHHTQ", D)
(QH)(QH)", D) = {(QH), D(QH))
Ain(D)[|QH||* = Auin(D)(QH, QH)
Amin(D)(H, Q"QH) = Ain(D){(H, H)
Amin(D)[H|[? = Xenin (FTF) || HJ? . u

I AVAR



Corollary 2.22

Let F H € M3X3 and det[FTF} = 1. Then HFH”2 HFT—F||2 HHH2

Proof. With the previous Lemma we only need to estimate Ap, (F' Tp ). We have

I = Auin(FTF) - M(FTF) - Apax (FTF)
1

Auin (FTF) =
( ) Mo (FTF) - Apax(FTF)
1 1

> =
T Max(FTF)  Apax (FTF)  Apax(FTF)?
and let n be an eigenvector corresponding to A.« then

FTF.

AIIl X T
" lls

hence for Apin:
1
Amin(FTF) > [
EE) 2

Corollary 2.23
If A, H € M®*3 then (ATAHTH, HTHATA) >0

Proof.

(ATAH"H,H'HA"T A) = (Q" D yrsQH"H, H' HQ" DQ)

=(DQH"HQ",QH"HQ" D) > X,,,,(D)|QH"HQ"|]*

- )\?nln( )HHTHH2 = mln(ATA)HHTHH2 .
Corollary 2.24
Let F, H € M?*3. Then <FTF, HTH> > )\min(FTF) . ||H||2
Proof.
(FTF,H"H) = (Q"DprpQ,H"H) = (D,QHTHQ") = (D, (HQ")"(HQ"))
= ((HQ")D,HQ") > Xuin(D)|HQ™|I?

= ain( D) H > = Aia(FUF) - | HJ*.

Corollary 2.25
Let P € PSym(3) and F € M**3. Then (FP, P7'F) > 322 || F||2.

Proof. Without loss of generality we may assume that P = D = diag(A;, A2, A3). Then

(FD,D™'F) = (D"'FD, F),

,\Ll 0 0 Fin Fip Fi3 A 0 0
0 £+ 0 Fy1 Fyy Fy 0 A

0 0 L F31 F3y Fss 0 0 A3

A3

D'FD =



A A A:

Stin P2l s

A A A:

= | Sl 2 3|,

A A A

SFs (2Fa il

3 3

A Ai Ai
(D'FD,F) = S 22 > Jmin N™ g Aming g2 n
! VR A U

. % max ; ._ max
i,7=1 2,j=1

A good source for any kind of matrix analysis is Horn/Johnson [?, 7.

2.4 Properties of the tensor- or dyadic product
Let n,& € R?, then n ® £ € M**3 and (n ® &);; = n; &. This yields the following

Lemma 2.26 (Basic properties of the tensor product)
Let A e M3*3 v € R3 and n ® & € M3*3 then

L (n®&).v=mn(&wv)

2. e =Ecan.

3. trln®&] = (n,¢).

4. tr[n@n] = [nll*

5. @&l = [InlPIE]>-

6. MRE M) =Nt Een)= (8" >0.

tr[(n®§)*)] = (tr[n @ ¢])*
(n®&T + @I = 2(nl*|1€]1>.
A-n®&=An®L

10. (n®&)-A=nx AT

11. A-(n®&) - AT = An® AL,

© o N

12. rank(n®¢§) = 1.

13. for every matrix A € MP?*3 with rank(A) = 1 there exists vectors 0, € R? such
that A= ®¢.

4. B=1+n®¢= B =1~ 5 n@&if (1,6 # L.
Proof.
1. trivial.

2. trivial.

10



B.otrn®@E = (@& M) =300 ymi &6 = Yimi- & = (0,€).
4. with the previous line clear.
B ln@&l? =323 &) = 22, 22, mi&; = (2, m7) - (Zj 5?) = [Inl*1€]I*.
6. M@ (@) =>,m®@8iy(E@n)iy=>_,m& &in=
Sm&) (&Gm) =i &) Y& m) = (Cmi &)= .87 >0.
T tr[(n®&)Y = ((n@ &> 1) = (n,8)* = (tr[n @ &)~
8. [[m® &)+ @8> =2n@&|* + 2@ & (E@n)) > 2[nl[I€]>
9. A- (@ €)v = An (£,0) = (An® &).0.
10. (n®¢&)-Av=n{Av)=n (AT v) = (n@ AT.H)w .
11. then ok.
12. 1 € R? is a basis of the image of 7 ® £.

13. Let rank(A) = 1, then there exists £ € R3 : A.£ # 0 (£ € image(AT)). We set
= ﬁ' Then A = n® ¢ since (n ® §).{ = A.{ and let ¢ € kern(A), therefore

N®&).C=n-(&C) =n- (AT, ¢) =1+ (u, A.L) = 0.

14. direct computation. [ |

Observe that (FTFHTH, ¢ ® £) is not necessarily positive, since taking e.g.,

T o 1 0 T . 1 1 o X
FF_(OA’HH_12’5_1 =
(FTPHTH ¢ &) = (FTFE, H'HE) =22 + (14+ Nz +20 <0
for some z and some positive . Note, however, that if F7F and H” H can be diagonalized

simultaneously, then the positivity of (FTFHTH,£ ® &) holds true.

2.5 The adjugate and determinant

Definition 2.27 (Projector P : M**3 — M?*?)
Let A € M3*3. Then

P,;;.A = the matrix which remains if row j and column i are cancelled. (2.2)
Remark 2.28
P is linear and (Cof A);; = (—1)"* det[P};. A]. |

11



Definition 2.29 (Adjugate of a matrix)
Let A € M3*3. We define the adjugate Adj A in the following way:

(Adj A) = (~1)"* - det[(P;;. A)]
if A is invertible, then
Adj A = det[A] - A1

(2.3)

The expression det[(P;;.A)] is called the minor.

For ease of reference we supply also the component form:

Hyy Hy His
Ade = Adj Hy Hiyy Hos
H3y H3y Hss
Hy Hoyz|  |Han Has Hjy  Hy
H3zy Hss H3, Hss H31 Hzo
_ | |Hi His ‘Hn Hyz| |Hin Hi
N H3zy Hss Hsz,  Hss H3z Hsp
Hy Hiz|  |Hu His Hyy Hy
Hyy Hos Hjy  Hos Hjy  Hy
HyyHzz — H3oHys  HgyHopz — Hoi Hsz  HyyHzy — Hzy Hy
= | H3oHy3 — HipH3s Hy1Hsz — H3 Hy3 Hz Hyps — HyHsp

H12H23 - H22H13 H21H13 - H11H23 H11H22 - H21H12

For H € M?*2 we have

1+ Hyy H
Hgl ].+H22

=1+ H11 + HQQ + H11H22 - H21H12 =1+ tl"(H) + det[H]

det[(l + H)] =

Hence for invertible F' € M?*? we get

det[(F + H)] = det[((1 + HF')F)] = det[(1l + HF~

[ Y] det[F]
=det[F] (1 +tr(HF™) 4+ det[(HF 1))
= det[F] + det[F] tr(HF ') + det[H]

[

= det[F] + tr(H Adj F) + det[H].

This representation remains true for non invertible F € M?*? by density. Thus for
F, H € M?*3 we have in components

(Adj (F + H))iy = (=1)"" det[(Py;.(F + H))]

( 1)Z+j det[(P” F+ PU H)]

= (=1 (det[(P.F)] + det[(Py;.F)] tr(Py.H (Py.F)™") + det[(P;;.H)))
(Wwwmﬂ](WWmMMNM%H@JWH

(=) det[(Py. H)].

12



This means
Adj(F+ H)=AdjF + D(Adj F).H + Adj H.
where

D(AdjF).H =AdjF - {(F",H)1 - HF '}
D*(Adj F).(H,H) = 2Adj H .

2.6 Adjugate and determinant
Definition 2.30 (Adjugate Adj F' = Cof(F)T)

D(AdjF).H =AdjF-{(F" H)l - HF '}
D?*(Adj F).(H,H) =2Adj H, (2.4)

since Adj F' is a quadratic expression in the entries of F'.

Lemma 2.31 (More properties of the Adjugate)
Let A, B, P € GL(3,R) and @ € O(3). Then we have:

1. Adj A = Cof(A)T.

Adj((®@n) =0.

Adj(IL+&@n) =1+l — @
Adj (AB) = Adj B Adj A.

= b

5. Adj AT = (Adj A)T.

6. AdjA- A= det[A] - 1.

7. Adj(P7'AP) = P~* Adj AP, hence Adj is an isotropic tensor function.
8. Adj(A™1) = (AdjA)~L.

A3 0 0
9. Let D be a diagonal matrix, then Adj D = 0 XXz 0 ).
0 0 M
10. tr [AdJ D] = )\2/\3 + /\1)\3 + )\1)\2.
11. tr [Adj (P7YAP)] = tr [Adj A].
12, [[Adj (QTTAQ)|]* = || Adj Al*.

13. (AdjFTF, 1) = || Adj F|%.

13



14. For Q € O(3) : Adj(QF) = (Adj F) Q" and || Adj (QF)| = || Adj F|.

Remark 2.32

Every noninvertible matrix can be approximated by invertible matrices. Therefore, by
density, the above properties carry over to non-invertible matrices as well. [
Proof.

1. obvious: definition.
2. obviously, £ ® n has rank one, hence there are no nonvanishing 2 by 2 minors.

3. we apply the formula for the derivative of the adjugate (??) to obtain
Adj(I+¢®n) = Adjl + DAdjL{@n+Adj{®@n =1+ DAdjL.E®@n+0 =
IT+1((LE@n) -1-¢@n) =1+ (nl-{amn

4. obvious: definition.
5. obvious: definition.

6. obvious: definition.

7. Adj (P~'AP) = det|P~LAP] - (P~'AP)~! = det[A] - P"LA~1P
= P~'det[A] - A~'P = P~1 Adj AP,

8. obvious: definition.

9. obvious: definition.

10. to be read off immediately.

1. [ Adj (QTAQ)|1? = |Q " Adj AQ|J* = || Adj A%

12. (AdjFTF, 1) = (AdjF AdjFT. 1) = (AdjF (Adj F)", 1) = (AdjF,Adj F) =
I Adj 1>

13. obvious: definition and isotropy. [

Theorem 2.33 (Cayley-Hamilton)
Let A € M3*3. Then A is solution of its characteristic polynomial det[(A- 1 — A)] = 0,
ie.

0=\ —tr[A]- A%+ tr [Adj A] - A — det[A] - \°

which means

2.5
0= A% —tr[A]- A* + tr[Adj A] - A — det[A] - A° (25)
0=A%—tr[A]- A> +tr [Adj A] - A — det[A] - 1.
Proof. Standard exercise in classical linear algebra. [

14



Lemma 2.34 (Invariants)
For all real diagonalizable A € M3*3 we set

]1(14) L= tI‘(A) = )\1 + )\2 + /\3 s
IQ(A) L= tI‘(AdJ A) = )\1)\2 + )\2/\3 + )\1)\3 5
[3(14) .= det[A] = )\1)\2)\3 .

Because of Theorem ?7? this implies

tr(F)? = tr(F?) + 2 tr(Adj F)
At + Ao+ A3)2 = A2+ 224 22 4 2(A s + Aods + Ahs) . u

Lemma 2.35 (Coefficients of the characteristic polynomial)
Let A be real diagonalizable and assume that det[A] > 0. Then we have

I} (A) >3- Ir(A)
I3(A) >3- I(A) I3(A).

Proof. Young’s inequality shows that X; - A; < $A7 4+ 3A7 (consider (A\; — X;)* > 0).
Therefore A2 + A2 + )\§ > Mo+ A3+ A A3, Hence

A+ X2+ 237 = (AT + A3+ A7) +2(Mida + Aods + Ai)g)
>3 (AMAe + XAz + A A3)

which proves I;(A)? > 3 - I1(A). In order to prove the second statement note that we
may assume \;(A) # 0 without loss of generality since otherwise the statement is true
anyway. Let therefore det[A] # 0. Then the inverse A~! € M®*3 exists and with the first

statement we know I, (A™1)2 > 3 [,(A™"). Moreover A(A™1); = ﬁ. Therefore

1 N 1 N 1\2 . 1 N 1 N 1
SV VRV e U Y5 VRS VS VRS VO W

Mg+ Aods + A s 2>3 A+ Ao+ A
)\1)\2)\3 B )\1)\2)\3

(A e 4+ Ao + A As)® =>3(A 4 Ao + Ag) - (M dods),

which is jUSt ]2<A)2 Z 3[1(14) : ]3(A) |

Corollary 2.36 (Estimates between ||F||, | Adj F'|| and det[F))
Let F € M**3. Then we have
IF[|* >3v/3det[F],
IFI? >3 Adj F]|,
I Adj FI|* 233 (det[F])?,
IF|* = (FTF,1) < V3 |FTF]|.

15



Proof. Set A = FTF. The symmetry of A ensures the applicability of the foregoing
Lemma ??. Thus we have

L(A) = [(FTF) = t2(F'F) = ||F|?,
L(A) = L(F'F) = tr(Adj (FTF)) = tr(Adj F - Adj F7) = || Adj F||*,
L(FTF) = det[FTF) = (det[F])?,

and

[}(A) 23 (A) & ||FII* = V3| Adj F|
I5(A) 23 1(A) - I3(A) & || Adj F||> > V3| F|| det[F].
The last two lines lead immediately to the second statement and third statement. The

last statement is only a simple algebraic estimate. |

Theorem 2.37 (Representation for linear mappings of M>*3 — R.)

For every linear mapping L : M*3 — R there exists a uniquely determined matrix
M; € M?*3 such that

VX e M3 LX:=LX)=(My,X).

Proof. The matrix M can be constructed easily. |

Remark 2.38
This statement allows us to identify M3*3 and L(M**3 R).

2.7 Formal first derivatives

By direct expansion of tensorvalued functions we are able to identify termwise the ap-
pearing derivatives having in mind the corresponding Taylor-series representation. The
simple yet efficient method is illustrated by examples. Let us begin with recalling the
Neumann-series for matrices:

(L-—F)'=1+F+F+F+...
This series converges whenever ||F|| < 1.

(F+H)!"=F'+H" = D(F").H=H".

(F+H?=F*+FH+HF+H*= D(F*))H=FH+ HF
= D*(F*).(H,H)=2-H*.
If we differentiate the first derivative again with fixed argument, i.e.,

D(D(F*).H).H=D(FH+ HF).H=HH+ HH,

16



then one determines not only the second derivative in a fixed direction H (the quadratic
form) but the complete bilinearform. This has to be noted in the subsequent calculations.

(F+H)?=F'+F*H+FHF +HF’+ FH?+ HFH + H*F + H®
= D(F*).H = F’H + FHF + HF?
= D*(F®).(H,H) = 2{FH?>+ HFH + H*F}
= D¥F%.(H,H,H) =6 H?

(F+ D) (F+H)=F'F+F'H+H"F+H"H
= D(FTF)H=F'H+ H'F
= D*(F'F).(H,H)=2-H"H .

(F+H) '=F0+F'H)'=0+F'H)F!
=W~ (-F'H)"'F
using Neumanns series
= (Il - F'H+(F'H?+..)F!
=F ' FP'HF ' 4 (F H)QF 14,
= D(F).H=-F'HF!
= D*FY.(H H)=(F'H?*F'=F'HF'HF".
(F+H)"(F+H)'=(F'F+F'TH+H"F+H"H)™*
= ((F"F)(L+ (F"F)"(F"H+ H"F + H"H)))
(L + (FTF)"(FTH+ HTF + HTH))) " - (FTF)™!
— (1 — (—=(FTF) N (FTH + H"F + HTH))) ™ - (FTF)~!
expanding with Neumanns series
=l — (F"F)y"(FTH+H"F + H"H)+
[(FTF)y" (FTH+ H"F+ HTH)] +...)- (FTF)™!
=(FTF) '~ (FTFy Y FTH+ H'F+ H'H))(FTF) '+
(FTF)"(FTH+H"F+ H"H)]| -
(FTF)"(FTH+H'"F+H"H)| - (F"F)"" +...
keeping terms up to second order
=(F'F)'—(F'F) " (FTH+ H"F+ H"H))(FTF)™!
(FTRY"YWFTH + H'F) - (FTF)"Y(FTH + H'F) - (FTF)™!
=D((FTF)YY.H=—(FTF)"Y(FTH + H"F))(FTF)™!
=D*((F'F)™Y.(H,H) = —(F'F)"Y(H"H))(FTF)™!
(FTFYY FTH+H'F) - (F'TF)y" Y F'TH+ H'F) - (FTF)™!

-1
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|F+H|*=(F+H F+H)
=(F,F)+(F,H)+ (H,F)+ (H,H)
= D(|F|*).H = 2(F, H) .

|F+ H| =+(F+HF+H)=+\/||F|?+2(F,H) + |H|?
| H||?
= ||F|{ H) + =}
||F||2 1F||?
1[H|?
= |FI{1 + —==(F, H) + = +...}
||F||2 2 ||F|?
1
=IF||+ —(F,H)+... ,F#0,
||

where we have used the expansion v/1 4+ x = 1+ %:)j—{—. .. for x € R. Therefore for matrices
as well as for real numbers we have:

1
D(IFI)-H = o (FH), F£0.
]
Using the chain-rule we obtain thus for p > 1:

D.(|F|P).H = pl|F||"™ = (F, H) = p||F|[P*(F, H) .

IE]
The product-rule: obtains in the usual format
D(G(F)-J(F)).H=(DG(F).H)- J(F)+ G(F)-(DJ(F).H).
Differentiation with the help of the inverse function and the chain-rule:
G(J(F))=F = DG(J(F)).DJ(F).H =1d.H,
and if this can be inverted it follows:
DJ(F).H = (DG(J(F))) ".H.

If G is continuously differentiable, then also J is differentiable.
Let us demonstrate this with an example. Let A, B € PSym(3) and G(A) = A? and
J(B) = B2. Then we have

G(J(B)) = B = DG(J(B))e DJ(B).H = H
and with DG(A).H = AH + HA it follows
J(B) DJ(B).H+DJ(B).H J(B)=H

&B> DJ(B).H+D.J(B).H B = H.
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This is a matrix equation for DJ(B).H (Lyapunov matrixsystem), which, for H €
PSym admits a unique solution. The precise expression is to difficult for our purposes and
we do not consider here functions of the type F — W((FTF)2). Such functions, however,
appear naturally for scalarvalued functions defined on the eigenvalues of (F7F )%.

FTF
D(|FTF||*).H = QHFTF“(HFTFH FTH + H'F) =2(FT'F, FTH+ H'F).
For p > 2 it holds:
1 FTF
D(=||FTF|P).H = |FTF|Pr! JFTH+H'F
(p|| 17) I I <||FTF|| )

= |FTF||P~*(FTF,FTH + H'F).

tr(F+ H)=(F+ H,1) = (F, 1) + (H, 1) = tr(F) + tr(H)
= D(tr(F)).H = tr(H).

The formal expansion of the determinant shows for dimension n:

1+ det[H] if n =1
det[(1L + H)| = 1+ tr(H) + det[H] ifn=2
) 14 te(H) + tr(Adj H) + det[H] ifn=3

1+tr(H)+ -+ tr(Adj H) + det[H] ifn > 3.
From now onwards we restrict attention to dimension n = 3:
det[F]=det[(l + (F - 1)) =1+tr(F—1)+tr(AdjF — 1)+ det[(F — 1)]
This shows that for F' — 1l = Vu
det[(J1 + Vu) =1+ tr(Vu) +... =1+ Divu+...

Lemma 2.39 (Expansion of the determinant for n = 3)
Let det[F] > 0, then

det[F + H] = det[F] + (H,Adj F) + (Adj H, FT) + det[H] .
Proof.

det[F + H] = det((1l + HF ") F) = det[(1l + HF)]det[F]

= det[F](det[1] + tr(HF ") + tr(Adj(HF ™)) + det[HF 1))

= det[F] + det[F|{(HF ™', 1) + det[F|(det[( HF")|(HF~")~", 1)
+ det[F]det[H]det[ F ]

= det[F] + det[F|(HF ', 1) + det[F){det[ HF "|FH ', 1)+
det[F]det[H]det[F ]

= det[F] + det[F|(HF ™', 1) + det[F){det[(HF 1| FH ', 1)+
det[H]

= det[F] + (H,Adj F") + (Adj H, F") + det[H] .
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By continuity this result holds as well for non-invertible matrices F, H € M?3*3, [ |

On M3*3 the operator Adj : M3 +— M3*3,  F +— AdjF is a polynom of second
grade in the entries of F', therefore, the Taylor expansion must end with the second term.

Lemma 2.40 (Expansion of the adjugate for n = 3)
It holds

Adj(F+H)=AdjF+D(AdjF).H+AdjH .
Proof.

Adj(F+H)=AdjF+ D(AdjF).H+ AdjH
= D*(AdjF).(H,H) =2-Adj H . u
Let G(F) = F~!, then
D(FY.H=-F'HF .
D(det[F)).H = det[F] - tr(HF™") = det[F] - (F~T H) = (Adj )", H) .
1 1

D(In(det[F))).H = det[F]D(det[F]).H = Wdet[FKF*T, H)=(FT H).

I
det[F]
1

= 2Indet[F] - mdet[ﬂ (F~T H) =2Indet[F] - (F~" H).

D((Indet[F])2)).H = 21n det[F] - D(det[F]).H

D(Adj F).H = D(det[F]F~").H
= (D(det[F]).H)F ' + (det[F])D(F~").H
=det[F[(F~", H) - F~' +det[F|(-F 'HF ™)
=AdjF(F" H) — (Adj F)HF ™
=AdjF{(F~" H) -1 — HF'}.

For this identity we might have as well differentiated the identity Adj F - F' = det[F] - 1l
with the same result.

D(Adj (FTF)).H = D(Adj F Adj F*).H
= (D(Adj F).H) Adj F* + (Adj F)D(Adj F1).H
=AdjF{(F" H)Il - HF '} Adj FT+
(Adj F){Adj F{(F~ ', H)Il - HF*}}T.
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1

D(det[F]

).H = D(det[F~Y]).H

D((det[F])™").H
[

(—1)(det[F])~*D(det[F]).H

D(Adj (F™1)).H = D(det[F~']F).H
= D((det[F]))"'F).H
= {(=1)(det[F])2det[ F|(F"~T, H)}F + (det[F]) ' H
= (=1)(det[F)) ' F(F~T H) + (det[F])"'H
=—Adj FYFT H) + (det[F])'H .

D(F")H=D(F'")"Y.H=-F1(DF").H)FT
= -FTH'FT={DWF").H}".

{(G(F+H)Z' ={G(F)+ DG(F).H + ..} =GF)' + {DG(F).H\" +
= D(G(F)").H = {DG(F).H}".

D(tr(Adj F)).H

tr(D(Adj F).H)

tr(Adj F{(F~T, H)Il — HF'})

tr(Adj F{(1l, F'H)Il - HF'})

tr(Adj F)tr(F'H) —tr((Adj FYHF ™).

D(|F|]?).H = D((F, F\).H = 2(F, H).

D(|F|)).H = D((F, F)*).H
1 1 r
= 5(F.F) 2 D((F, F)).H = <W’H>'
F H 1
D(m).H = TF] ™ ||F||3<F H)-F.

D(FTF)H=F'H+H"F.

D(V(FTF)).H = 0,V (F'F).(FTH + H'F)
Opr W(FTF), (FTH + H'F))
- Opr U(FTF), HY + (0,r W (FTF) - FT HT)

={
=
= (F - (0pr Y (F"F) + 0 W(F'F)")  H).

F
F
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2
D(|F"F - 1||").H = 2| F' F — 11||(

D(|F —1|*).H = 2(F — 1, H) .

FTF -1
[FTE — 1|’
= 2(FTF —1,FTH+ H'F).

FTH + H'F)

D((tr(FTF — 1))%).H = D(FTF — 1, 1)*).H

=2(FT'F -1, 1(F'H + H'F, 1)

D(tr(Adj (FTF)).H = D((Adj FTF,11)).H = D((Adj F Adj F", 11)).H

D(||Adj F'|[*).H

= D({Adj F, Adj F)).H .

2(Adj F, D(Adj F).H)
2(Adj F,Adj F{(F~", H)Il - HF'})
2(F~T H)||Adj F||* — 2(Adj F, (Adj F)HF ™) .

D(det[FTF]).H = D(det[F"]det[F]).H = D((det[F])?).H

= 2{D(det[F)).H }det[F]
= 2(det[F))*(F~T, H) = 2det[F]{(Adj F)*, H) .

1 1
D<det[FT]det[F]>‘H - D<<det[F])2>‘H
= —2 (det[F]) " *(det[F]F~T, H) = —2 (det[F])">(F~ T, H).

—H - det[F] S —Fé(det[F})‘S det[F] (F~7, H)
— H - det[F]F — %dejF]é< Ty

for F' =1 it follows
1
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2.8 Derivative for symmetric argument

Lemma 2.41 (Derivative for symmetric argument)
Let W : M®*3 +— R be differentiable and let W be the restriction of W on symmetric
matrices, I.e.,

VCeSym(3): W(C)=W(C).

Then
DeW(C) = % (DW(C) + DW(C)T) .
It follows that the derivative of a function defined on a symmetric argument can always
be assumed to be symmetric.
Proof. Let H € Sym(3)
W(C+H)=W(C+H)=W(C)+ (DW(C),H) +...
and since H € Sym(3) it follows
=W (C) + <% (DW(C) + DW(C)") , H) + ...

= W(C)+ (DcW(C), H) + ...

Compare this result with a discussion in the literature [?], p.213. [ |

2.9 Formal second derivatives

The second derivatives are needed for the investigation of convexity properties and ellip-
ticity.
D*(||F|]*).(H, H) = D(D(||F||*).H).H = D(2(F, H)).H = 2(H,H) = 2| H|]*.
D*(||F||").(H, H) = D(D(||F|").H).H = D(p|F||"~* - (F, H)).H
—p-(p—2)|FIIP(F, H)* +p| FI"~*- (H,H) .

D¥(|[F|).(H. H) = D(D(|F|}).H).H = D<<H—§H, H)).H
(LH)  (FH)FH) |H]P(FH)Y
1] BE BRREE

D*(|FTF|*).(H,H) = D(D(|F"F|]*).H).H
=DQ(F'F,F'TH+ H'F)).H
=2(F"TH+H"F,F'TH + H'F)+
2F"F H'H + H"H)

=2 F'H+H"F,FTH + H'F)+
MHFTF HTH)

=2|F"H + H"F|* + 4(F"F,H"H) .
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DQ(}DHFTFHP).(H, H) = D(D(%HFTFHP).H).H
= D(|FTF||P~*(FTF,FTH + H'F)).0
= (p—2)||FYF|P*F'F,FTH + H'F)*+
|FTF|P2[(FTF,2H" H)+
(FTH+ H"F, F"H + H'F))
= (p—2)||FTF|P*F'F,FTH + H'F)*+
|FTF||P2[2(FTF, H"H) + |[FTH + H"F|]?] .

D*(|FTF — 1|*).(H,H) = D(D(||[F'F — 1||*).H).H
=D2(F'F -1, F"H + H'F)).H
=2{(FTH+ H"F,F"TH + H'F)+
(FTF — 1, H"H + H"H)}
=2{(FTH+ H'F, FTH + H"F)+
20FTF — 1, H'H)}
=2|F"TH+ H"F|*+4(F"F -1, H"H).

D*(||F — 1[]*).(H, H) = D(D(||F — 1L||*).H).H
=D(2(F —1,H)).H=2(H,H) =2|H|?.

D((tr(FTF — 1)?).(H, H) = D*((F'F — 11, 1)°).(H, H)
= D(FTF — 1, 1) (FTH + H"F,1)).H
=2{(FTH + H'F,0W)(FTH + H"F, 1)+
FI'r—1,1)(H"H, 1)}
F'TH+ H'F 1) (F'H+ H'F 1)+
(F'F -1, 1) H|*}
2((FTH + HTF, 11)° + 2(FTF — 1, 1) || H||*}
= 8(F, H)? + 4(|| F||* - 3)|| H||* .




But with Lemma 77 it follows
D?*(det[F]).(H, H) = 2(Adj H, FT)
which shows the unexpected formula:
det[FI{(F~T, H) — (HF )", HF )} = 2(Adj H, FT) (2.6)
and for I’ = 1l we obtain (cf. Satz ?7?)
L, HY — (HT H)} = 2(Adj H, 1)
{tr(H)* — tr(H?)} = 2tr(Adj H) . (2.7)

1

2(m).(ﬁ, H) = D(=2- (det[F))(F~ " H)).H
=4 (det[F])2(F T, H)" +

2 (det[F])"2(HF~ ', (HFHT).

D*(Indet[F]).(H,H) = D{F~T, H)).H
= (-FTH"FT H)
=—(FT"H' HF 'Y= —(HF )" HF ).

D*((Indet[F))2)).(H, H) D(2Indet[F] - (F~7, HY).H

—~
det[F]>0
=2Indet[F) (-FTH'F" H)+2(F " HY(F ', H)
= —2Indet[F|(FTHY, HF ) + 2(F~ T, H)?

— —2Indet[F|((HF )T, HF ™) + 2(F ", H).

D?*(In(det[FT F))).(H, H) = 2D*(In(det[F])).(H, H) (2.8)
det[F]>0

=-2(HF )" HF ).

Lemma 2.42 (Formal second derivative of U(F) := W(FT + F))
Let W : Sym(3) + R. Then the second derivative of (F) := W (FT + F) is given by:

D*V(F).(H,H) = D*W(F' + F).(H" + H H" + H).
If D*W(S).(H,H) > ¢t - |H||?, then
D2\IJ(F)(H7H) > ¢t ||HT+HH27

and one only looses strict convexity of W (choose HT = —H) . [ |
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Lemma 2.43 (Formal second derivative of ¥(F) := W(F'F))
Let W : PSym(3) — R. Then the second derivative of ¥(F) := W (FTF) is given by:

D*V(F).(H,H) = 2(0W (F'F), H'H) + 02W(F'F).(FTH + H'F,F"H + H'F).

Proof. We formally derive the expression of the second derivative of W(F) := W(FTF).
W((F+H)(F+H)=W(F'F+F'H+H'F + H'H)
=W(FTF) +{(OW(F'F),FTH+ H"F) + -

thus DU(F).H = (OW (FTF), FTH + H'F) and expanding this term itself it follows

(OW(F+H)"(F+H)),(F+H"™H+H"(F+H)) =

=(OW(F'TF+F'H+H'"F+H"H)),(F'TH+H'F+H"H + H'H))
= (OW(F'F)+0W(F'F).(FFTH+H'F+...),(F'TH+ H"F +2H"H))
= (OW(FTF),FTH + H'F) + 2(0W (F'F), H' H)
+ O2W(FTF).(FTH+H"F,FTH + H'F) + ...

Thus for U(F) := W(FTF)

D*U(F).(H,H) = 2(0W (F'F),H'H) + 0W(F'F)(FTH+ H'F,FTH+ H'F). &

3 Convexity

Let us now come to the important notion of convexity.

Definition 3.1 (Convex sets)
A set K is called convex, whenever

AR+ (1-MNFeK (3.9)

for F1,F; € K and X\ € (0,1).

In geometric terms this definition says that the line, joining F; and F5 is included in
K. Obviously, every vectorspace is also a convex set, but consider for example the set of
all positive definite matrices PSym. This is not a vectorspace, since multiplication with
negative real numbers will make the positive definite matrix negative definite. However,
PSym is a convex set, since if P, P, are both positive definite, then the matrix AP, +
(1 — M) P, is still symmetric and positive definite.

Definition 3.2 (Convexity of functions)
Let K be a convex set and let W : K — R. We say that W is convex if

WAE, + (1= AN Fy) < AW(F) + (1 — AW (F)

for all F, F, € K and A € (0,1).

26



Remark 3.3
Observe that in this definition it is necessary that the function W is defined on a convex
set K.

Lemma 3.4 (Second derivative and convexity)
Let K be a convex set and let W : K +— R be two-times continuously differentiable. Then
it is equivalent:

1. W ist convex.
2. D*°W(F).(H,H) >0 VF e K, VH € Lin(K).
Proof. [?], page 27. |

Remark 3.5

Here it should be noted that the possible increments H have to be considered in the linear
hull of the convex set K and that certainly not every convex set is a linear vecorspace as
seen above for the set PSym.

Lemma 3.6 (Convexity of the square)
Let P :R" +— R be convex and P(Z) > 0. Then the function

Z eR"—[P(Z2)]-[P(2)]

Proof. Assume first that P is a smooth function. The second differential of F(Z) =
P(Z)- P(Z) can be easily calculated. We get

DyE(Z).H = P(Z)-DzP(Z).H + DzP(Z).H - P(Z)
D}E(Z).(H,H)=2(P(Z)-D}P(Z).(H,H) + DzP(Z).H - D;P(Z).H) > 0.

Hence E(Z) is convex. In the non-smooth case we proceed as follows:
E\Zy+ (1 = XN)Zy) = [P(ANZy + (1 = N\)Z2)] - [P(MNZ1 + (1 — N\) Z3)].
The assumed convexity of P shows that
[P(AZy+ (1= N)Zy)] < [AP(Z1) + (1 — N P(Zy)].

Since the square function is a monotone increasing function for positive values and as-
suming that [AP(Z;) + (1 — X\)P(Z3)] is positive we get the estimate

E\Zy+ (1 —N)Zs) < [AP(Z)) + (1 = N P(Zy))°.
However, since the square function is itself convex we may proceed to write

E\Zy 4+ (1 = N Zy) < AP(Z1)* + (1 — ) P(Z,)?
= \E(Z)) + (1 — N E(Zy).

The proof is complete. n
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Corollary 3.7
Let P : R™ — R be convex and assume that P(Z) > 0. Then the function

ZeR"—[P(Z)P, p>1
IS convex.

Proof. The same ideas as before carry over to this situation. [ |

Lemma 3.8 (Convexity and monotone composition)
Let P : R™ — R be convex and let m : R — R be convex and monotone increasing. Then
the function R" — R, X +— m(P(X)) is convex.

Proof. A direct check of the convexity condition. |

Remark 3.9 (Nonconvexity of mixed products)
Let P, : R" — R, i = 1,2 be convex and assume P; > 0. Then the functions

ZeR"— [P(Z)]-[P(Z2)],
ZeR"— [P(2)* [R(2)), pg>1,

are in general non-convex. As simple examples may serve x — x?(x—1)?, x + e®-2%. The
function (z,y) — 2% - y? may serve as an example where functions in different variables
are convex and positive, but their product is not convex. [

Remark 3.10
In order that W : K — R be convex it is not sufficient to assume only

D*W(C).(H,H) >0

for all C € K, YH € K. Since for example with W : PSym — R, W/(C) = det[C] we
have that K = PSym is a convex set (cone) and

D*W(C).(H,H) =2 (C,Adj H) >0

for C, H € PSym since Adj H is positive definite for positive definite H' , but W (C) =
det[C] is not convex as a function of C'. |

We deduce

Lemma 3.11 (Convexity on M*** and PSym(3))
Let C € PSym(3) and W : PSym(3) +— R. Assume thatVH € Sym(3) : 92W(C).(H,H) >
0 and W (C') € PSym,(3). Then the function

UM =R, Fw W(F'F)

IS convex.

IEvery positive definite H can be written as H = X7X. Then Adj H = Adj XTX = Adj X Adj X”
is positive definite.

28



Proof. Use Lemma 77 for the second derivative of W and observe that
Lin(PSym) = Sym .

Apply then basic properties of the scalar product. |
Let us again remark that M®*3 and Sym(3) are vectorspaces while PSym is a positive,
convex cone. Thus there are no problems involved with the domain of definition of the
convex functions. In all cases the domain of definition is convex.

Example 3.12

Let W(C) = ||C||?, then U(F) = ||FTF||? is convex in F, as has already been seen. Here,
using Lemma ?7? shows W (C) = 2C € PSym(3) and 02W (C).(H, H) = 2|H||*> > 0. In
fact, (F) = ||FTF|? is strictly convex, which can be shown by considering the higher
derivatives.

Example 3.13

Let A,C € PSym(3); W(C) = (AC,CA), then ¥(F) = (AFTF,FTFA) is convex in
F since W (C) = ATCA + ACAT € PSym(3) and 02W (C).(H,H) = 2(AH,HA) >
M. (A) - ||H||* and the conclusion follows with Lemma ?7.

Example 3.14

Let A,C € PSym(3) and W(C) = (C, A) (W is linear in C'). Then ¥(F) = (FTF, A)
is convex since W (C) = A € PSym(3) and 92W (C).(H,H) = 0. If, on the other side
W(C) = ||JAC||* then one cannot use Lemma ?? to conclude the convexity of W(F) =
|FTFA|? since in general W (C) ¢ PSym(3) because W (C).H = 2(ATAC, H) and
ATAC ¢ PSym(3).

Remark 3.15
For the conclusion in Lemma ?? it is not sufficient that 92W (C).(H, H) > ¢* - ||H|]? for
H € Sym(3) and 9W (C) € Sym(3). We show this with a counterexample.

Let W(C') = —Indet[C]. Then
VH € PSym(3) : W (C).H = —(C~T H) = (—C~', H).
Moreover 9 W (C) € Sym(3) since —C~! € Sym(3) if C' € PSym(3) and

VH € Sym(3) : 0 W(CO).(H,H) = (C'H)T,C™'H) = (HC™',C™'H)
> A (C7H) [ HI1?.

Therefore, the function W(C') = —Indet[C] is strictly convex on PSym(3) [?], but the
function W(F) = —Indet[FTF] = —In(det[F]?) is not convex on M®*3 which can be
easily seen: choose Fy, Fy € M3
1 00 1 0 0
FR=|o10], B=[0o -1 0
0 01 0o 0 -4
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For 0 < A < 1 we have det[F;] = 1 and det[F»] = 4. Thus
—AIn(det[F}]%) — (1 — \) In(det[F5]*) = =2(1 — A\)In4 < 0

and
A+ (1=2X) 0 0
det[AF} + (1 — A\ Fy] = det 0 A—(1=X) 0
0 0 A—4(1-=X)

= (2A—1) (2\ —4).

This implies for A= g

% Q 52

M—1)(2h—4) =2 <1,

@A -1 @A -4 = 2 <
Therefore

2
CIn(detAF £ (1 = VFJ?) = —21n2) — 1) (27 — 4)] = —21n2_4 -0,

contradicting the convexity condition for W(F) = — In(det[F]?). m
Remark 3.16

It is also not sufficient for the conclusion in Lemma ?? that 92W (C).(H,H) > 0 for all
H € PSym(3) and 9.W (C') € PSym,(3). Again, we provide a counterexample.

Example 3.17

Let W(C') = det[C]. Then GCW( ).H = (H,AdjC) and for C' € PSym it follows that
AdjC € PSym,. Moreover O W (C).(H,H) = 2(AdjH,C) > 0 for H € PSym,. But
neither W(F) = det[FTF] is convex nor W(C') = det[C] is convex on PSym.

3.1 Singularity and convexity

Remark 3.18 (Singularity for det[F] — 0 and convexity)
Let W(F) such that W(F) — oo for det[F] — 0. Choose F, F\, € M3?*3

100 1 1 1
F=(0o10], B=(0 -11],
001 0 0 1

this implies det[F}] = det[F5] = 1 and for A = § + ¢ it holds

A—(1-X) 11—\ 11—\
det[\F} + (1 — \)Fy] = det 0 A—(1-=2N) 1—A
0 0 A+ (1=N)
=2\ — 1)? = 4¢>.

The convexity condition for W is violated if ¢ — 0. Thus, a potential ¥ with such a
singularity can never be convex on M?3*3.
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Lemma 3.19 (Convexity and frame-indifference)
Assume that W : GL*(3) — R is frame-indifferent and

min  W(F)=W(1), W(F)>W() VF&S0(3). (3.10)

FeGL™(3)
Then W is not convex.

Proof. Frame-indifference implies that W(Q 1) = W (1l). Thus W is minimal on SO(3),
the group of proper orthogonal matrices. However, SO(3) is not a convex set. We may
construct F'=AQ1 + (1 — \) Q2 & SO(3). Assume that W is convex. Then

W(F)=WAQ:+ (1 -A)Q2) < AW(Q1) + (1 - AN W(Q2) = W(LL), (3.11)
contradicting W (F') > W (1) forall F' ¢ SO(3). |

Lemma 3.20 (exp : Sym(3) — PSym(3) is a homeomorphism)
Let A € Sym(3), then the matrix exponential mapping

exp(X) = Z ﬁXJ
j=1

is such that exp(A) € PSym and is continuous and the inverse function In : PSym(3) —
Sym(3) exists and is continuous.

Proof. See [?], page 19. |

Lemma 3.21 (D(exp(X)) : Sym(3) — L(Sym(3),PSym(3)) is bijective)
The derivative of the matrix-exponential exp(X) is bijective on L(Sym(3), Lin(PSym(3))).

Proof. See [?, p.208]. |
Corollary 3.22 (exp : Sym(3) — PSym(3) is a diffeomorphism)

Proof. The bijectivity of D(exp(C')) and the inverse function theorem imply the differ-
entiability of the inverse function In C. [ |

Lemma 3.23 (Derivative of scalarvalued isotropic tensorfunctions)
Let U : M?*3 — R be an isotropic scalarvalued tensorfunction. Then the derivative
DU : M3+ M3*3 is an isotropic tensorfunction.

Proof.
V(F+H)=VY(F)+DV(F)H+...=V(F)+ (DVY(F),H) + ...
because of isotropy of W it holds for all Q € O(3)
U(F+H)=0(Q"(F+H)Q)=VQ"FQ+Q"HQ)
= V(QTFQ)+ DV(QTFQ).(QTHQ) + ...
= U(F)+(QDY(QTFQ)Q", H) + ...
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also for all H € M3*3

(DU(F), H) = (QDY(Q"FQ)Q", H)
Q'DY(F)Q = DY(Q'FQ). u

3.2 Chain rule and Sansours formula

Lemma 3.24 (Sansours formula)

Let A € Sym(3) and let ¥ : Sym(3) — R be a differentiable isotropic scalarvalued
tensorfunction. Set W(A) = W(exp(A)). Then the chain rule obtains in the following
form:

1.

D4 [¥(exp(A))]
DAW (A)

exp(A) - DU(exp(A)),
DV (exp(A)) - exp(A) .

2. Setting A = InC it holds as well

DU (C) =D, W(InC)-Ct.
Proof. We follow [?]. We expand first the matrix-exponential function. It holds

1 1
exp(X+H):]1+(X+H)+§(X+H)2+6(X+H)3+...

:]1+(X+H)+%(X2+XH+HX+H2)+
%(X3+XHX+HXX+H2X+X2H+XH2+HXH+H3)+...
:]1+X+%X2+%X3+...+
H+%(XH+HX)+%(XXH+XHX+HXX)
= exp(X)+
H+%(XHJrHX)+é(XXH+XHX+HXX)+...

J/

D(ex;:(rX)).H
Now we consider the expansion of ¥(exp(A))

U(exp(A+ H))

U(exp(A) + D(exp(A)).H + ...)
(exp(A)) + (D¥(exp(A)), D(exp(A)).H) + ...

U (exp
B(exp(A)) + (DU (exp(A)), H + %(AH L HA)+

(D (exp(A)), é(AAH +AHA+ HAA) +..) + ...
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= W(exp(A)) + (DT (exp(A)), H) + %(D\D(exp(A)), AH + HA)+
(DW(exp(A)), AAH + AHA + HAA) +

= U(exp(A)) + (DY (exp(A)), H)+

[(AT"DW(exp(A)), H) + (D¥(exp(A)) A", H)| +

| =

[(ATATD\I/(eXp(A)), H) + (AT DW(exp(A)) AT, H” +

é(D\IJ(exp(A))ATAT, H)+

since here A = AT it follows
= W(GXP(A)) + (D¥(exp(A)), H)+

~[(ADW(exp(A)), H) + (DW(exp(A))A, H)) +

[(AADY (exp(A)), H) + (ADW(exp(A))A, H)] +

D =N =

é(D\I/(eXp(A))AA, o)+

and since DV is an isotropic tensorfunction and exp(A) is isotropic as well it follows that
DW(exp(A)) is an isotropic tensorfunction and therefore

DU (exp(A))-A=A-DV(exp(A)).
This implies

Y

W(exp(A + H)) = W(exp(A)) + (DU(exp(A)), H) + (DU(exp(A)) A, H)+

(DU (exp(A))A*, H) + .. ]

—~

| —

WU (exp(A)) + (DU (exp(A)) - [+ A+ 2A2 ), H)

)
= U(exp(A)) + (D¥(exp(A)) - exp(A), H)
and since V¥ is isotropic, DW¥(exp(A)) and exp(A) commute
= U(exp(A)) + (exp(A) - DU (exp(A)), H)
but at the same time it holds
U(exp(A+ H)) = U(exp(A)) + (Da¥(exp(A)), H) + ...

implying VH € Sym(3)

(DaV(exp(A)), H) = (exp(A) - D¥(exp(A)), H)
(DaW(A), H) = (exp(A) - D¥(exp(A)), H) .

Setting A = In C shows the other part. [ |
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3.3

Convexity and ellipticity

Let W € C*(M3*3 R) be a scalarvalued function. In the following let F, H € M**3 and
n, & € R3. Subsequently we classify the possibilities for the second derivative of W. The
matrix representation of D?W is also called elasticity tensor or stiffness matrix. We call
W in a given F' € M3*3

1.
2.
3.

10.
11.

12.

13.

14.

15.

uniformly positive or stable, if D*W(F).(H,H) > ¢t - || H|*.
strictly Legendre elliptic, if ~D?*W(F).(H,H) >0 VH # 0.

strictly convex, if
WAL+ (1 =MNFy) <X-W(F)+ 1=\ -W(Fy,) Xe(0,1).

Legendre elliptic, if D*W(F).(H, H) > 0.

convex, if W(AFy + (1 = AN Ey) < A-W(F)+(1—=X)-W(F,) Xe(0,1).

. strictly uniformly Korn-elliptic, if ~D?*W (F).(H,H) > ¢" - |HT + H|*.

strictly Korn-elliptic, if D?*W (F).(H,H) >0 VH: HT + H #0.

. uniformly Korn elliptic, if D?*W(F).(H,H) > ¢ -||FTH + H'F|>.

. polyconvex, if there is a convex function P : M3*3 x M3*3 x R +— R with W (F) =

P(F,Adj F,det[F]).
strictly polyconvex, if W is polyconvex and P strictly convex.

quasiconvex, if for all Q C R3 and all ' € M3*3 and all v € C5°(9) it holds

1wm¢m:/wwymgfww+pmmdL

i.e., u(x) = F - x + c is minimizer to his own boundary conditions.

uniformly strictly quasiconvex, if for all 2 C R3 and all F' € M3*3 and all v € C5°(Q)
it holds

hﬁwm+a¢ww%mg/ww+Dmmdx

strictly rank-one convex, if the function f(t) :== W(F 4+t (n®¢)) is strictly convex
n ¢.

rank-one convex, if the function f(t) := W(F +t-(n® €)) is convex in ¢ for all
F e M*3.

uniformly Legendre-Hadamard-elliptic (LH-elliptic), if D*W(F).(n ® &,n ® £) >
- lln @ &JI*.
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16. uniformly Legendre-Hadamard elliptic, if
D*W(F).(n@&n®&) = ct - Inlf* - [I€]1*.

17. strictly LH-elliptic, if D?*W (F).(n®&n®&) >0 V n,&#0.

18. strongly elliptic, if
(& M®).£) >0 ¥ n,&#0, with

(€, M(n).6) = D*W(F).(n® & n®¢E)
M is also called acoustic tensor and with this definition M is symmetric.
19. elliptic, if det[M(n)] #0 Vn #O0.
20. Legendre-Hadamard elliptic, if D?*W(F).(n® & n® &) > 0.

The following relations between these definitions obtain:

1. (27)(27)
Proof. (?7)=-(?7) is obvious. Assume (??). Then
H H
VH#0 D*W(F).(+ ——) >0,
LH| 1 H]]
but the unit sphere is compact on M**® and since D*W (F).(H, H) is continuous,
the minimium is achieved, let us say in H, thus

H H H H

W) ) = DPW(E) (7 =)

[redipmived| IH| [ H]|

1 H H

-D*W(F).(H,H) > D*W(F).(——, ——)

IH|[? IH| [ H]|
P

set ¢ = D*W(F).( T ), therefore

D2W (F).(H, H) = ¢* - ||H|]?

[l

Alternatively one might consider a contradiction argument. The benefit of this
argument being the possibility to extend it to the infinite-dimensional case with
appropriate modifications: assume ||H,|| = 1 such that D*W(F).(H,, H,) — 0.
Since the unit sphere is compact there is a subsequence H,,, which converges to H.
Since D2W (F).(H, H) is continuous in H we have D*W (F).(H, H) = 0. However,
|H| = 1, contrary to the assumption that D*W (F).(H, H) > 0% H # 0. |

2. (?7)= (77)
Proof. Since W is smooth. [ |
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10.

11.

12.

13.

(7?7)7 (77)
Proof. W(F) = |F||* is strictly convex, but
D*W (F).(H,H) = 8(F, H)* + 4||F||? - ||H||? is not uniformly positive in £ =0. M

(??7)= (?7)

Proof. ||[HT + H|*> < 4| H|?. |

(??7)= (?7)

Proof. Obvious. |

(7?) & (77)

Proof. Again the differentiability of W. |

(7)< (77)

Proof. Compactness argument. [
()= (77

Proof. Obvious. u

(77)7 (77)

Proof. Consider again W (F) = || F||*. [

(?7)=(77?)

Proof. Use the properties of the tensorproduct. |

(77)7(?7)

Proof. There are F, H # 0 such that FTH = 0. |

(7?7)=(?7), if Apin(FTF) > 0. More precisely

D*W(F).(n®&n®E) > 26" - An(FTF) - In||* - 1€]>

Proof. Use the properties of the tensorproduct and the scalarproduct. [ |
(?7)=(?7)
Proof. See [?]. |
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14. (77)=(27)

15.

16.

17.

18.

Proof. Assume that W is polyconvex. We define f(t) = W(F +t(n®¢)) and check
the convexity of f directly. Let A € (0,1).

FOt 4+ (1 =Nto) = W(F 4+ M1+ (1 = MNta] (n®E))
= P(F 4 [M1+ (1= M\to] (n®8),

Adj (F + [M1 + (1= M) (n®€)),

det[(F + [Mt1 + (1= N)ts] (n ®€))))

Using the expansion formula for the determinant and the adjugate we obtain there-
fore

fOt + (1= Nty) = PAF +t (@8] + (1 = A)[F +1t2 (n®)],
AMA) (F+t (n@ )]+ (1= N[Adj (F +t2 (n®8))],
Aldet[(F 4+t (n® &))]] + (1 = A)[det[(F +t2 (n ® &))]])

SO+ (1= Nt) SAP(F 41 (n®E),
Adj(F+t (n®9)),
det[(F'+ 11 (n®¢€))])

+(1=XNP(F +t, (n®§),
Adj (F +ty (n®§))
det[(F +t5 (n®¢€))]
=\ f(t) + (1= A) f(t2)

)

which proves the statement. [ |
(?7)#(?7)
Proof. [?]. |
(?7)=(?7)
Proof. [?]. |
(77)7(77)
Proof. [?]. |
(?7)=(77?)
Proof. Differentiate f twice w.r.t. t. [
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19. (?7)=(?7)
Proof. Obvious. [

20. (?7)e(?7)e(77) <(77)
Proof. Use properties of the tensorproduct and compactness.

21. (77)%(27)
Proof. Set W(F) = &-||F||*+det[F], then D*W (F).(H, H) = 2¢| H||*+2(Adj H, FT)
and D*W (F).(H, H) is strictly Legendre-Hadamard elliptic. Choose F' = —pu1l and
H = diag(\1, Ay, A3) with % < \; < 1. This implies

D*W(F).(H, H) = 2e(AT + X5+ A3) — 2u(Asha + A Az + AgAp)

<2-3—-2u- 2 .
If u > 4e then D*W (F).(H, H) < 0. n
22. (A2 . [

23. (?77)4A(?7)
Proof. Let A € M**3 with det[A] # 0. Define W(F) = (F, A- F), then
D2W(F).(H, H) = 2(H, A~ Hy and (&, M(n).€) = (n© &, A(n® &) = (19 &, An & &),
now choose A.n = —n. [ |

24. (?7)&(?77)
Proof. Differentiate f twice. [ |

25. (27)%(27)
Proof. Consider f(t) = ||[F +t- (n®&)|* |

Apart for quasiconvexity all mentioned properties are pointwise conditions.

Example 3.25 (LH-ellipticity for ||dev(F + FT —211)]?)
The second differential of || dev(F + FT — 211)||? estimates || dev(HT + H)||?>. We write

1
|dev(HT + H)|]> = |HT + H|? — = tr [HT + H]”
n
A
= |HT + H|? = —tr[H]® forn=3 =
n

4
= 2| H||?> + 2tr [H])* — 4(Cof H, 1) — ~tr [H]
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2n —4

= 2||H||* +
Idev(€ @ n+n®EI* = 2] Inll*.

tr[H) —4(Cof H)1), H=¢(®@n =

For n =2 it holds
1
| dev(H™ + H)|[* = ||H” + H|[* = ~ tx [H” + H]’
4
= |HT + H|? = —tr[H]” forn=2 =
n

4
= 2| H||? + 2tr [H])® — 4det[H] — ~tr [H])
=2|H|* —4det[H], H=¢(®@n =

[dev(¢ @n+n@E[* = 2[1€[1 Il

This shows uniform LH-ellipticity. However, ||dev(F + FT — 21)||? is not uniformly
convex. Take e.g., ' = \t(1l + A) with A € s0(3).

Remark 3.26 (Ellipticity for differential-operators in Div-form)
Let F = Vu(z) € M>*3 and A : M**3 +— M?>*3 be a continuously differentiable function.
We say that the PDE-system

DivA(Vu) = f, wus=y,

is elliptic, if B(F).(H,H) := (H,DA(F).H) instead of D*W (F).(H, H) has the corre-
sponding property. If the PDE-system is the Euler-Lagrange equation of a corresponding
energetic formulation, then the ellipticity conditions can be read off in terms of the energy
density W'.

Example 3.27 (Ellipticity of Div Vu!Vu = 0)

In this case A(F) = FT'F and therefore DA(F).H = FTH + H'F, thus B(F).(H, H) :=

(H,DA(F).H) = (H, FTH + H"F). We have

B(F).(H,H) = (H,FTH + H'F)
=((F" = 1W)H H) + (H,H) + (H'(F - 1), H) + (H", H)
> =2|F — 1| - | H|]* + [|H|* + (H", H)
for H=n® & it follows
B(F).(n®&n®&) > (L—2F 1) - [In]*[I€]*-

Hence, the operator A is elliptic as long as the pointwise condition (1—2||Vu(z)—1]) > 0
is satisfied.

How to know, whether a given operator is the differential of some energy? The answer
follows in the next statement.

Lemma 3.28 (Pseudopotential and integrability conditions)
Let A € CY(M?*3, M®*?). The following is equivalent:
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1. AW e C2(MP3,R):  DW(F) = A(F)
2.VF HHeM>3: (DAF).H H)=(DA(F).H,H) integrability conditions

Proof. One direction is just the theorem of Schwarz on commuting second derivatives.
For the reverse direction consider the so called pseudopotential

1
W(F) = / (A(F), F) dt,
0
which is well defined on M3*3. Let H € M3*3. Then
1
DW(F).H = / (F, DA(LF).(tH)) + (H, A(tF)) dt
0

_ / 1 % it A(tF)], H) — t (DA(tF).F, H) + (F, DAtF).(tH)) dt

_ /0 <% [t A(LFY], H) dt
= (L A(F)], H) — ([0 A(OF)], H) = (A(F), H)

and since H is arbitrary it follows DW (F) = A(F). |

Example 3.29 .
The tensorfunction A(F) = FTF is not the derivative of some potential, since (H, DA(F).H) =

(H,FTH + HTF) + (H,FTH + H"F).

3.4 Invariance properties of convexity

Lemma 3.30 (Invariance of convexity) A
Let W : M**3 +— R be a convex mapping and let A € M**3. Then W(F) := W(A - F)

A

and W(F) :=W(F - A) are also convex.

Proof. Check directly the convexity condition for W by using the linearity of F'+— A - F
and FF'— F-A. |

Lemma 3.31 (Invariance of strict convexity)
Let W : M3**® = R be a strictly convex function and let A € GL(3,R). Then W (F) :=

A A

W(A-F)or W(F):=W(F-A) are also strictly convex.

Proof. Since A € GL(3,R) we have F} A # F,A whenever I} # F,. For 0 < A < 11it hold
therefore

A A

WOF, + (1= \NE) = W(AFL 4+ (1 = AN F)A) = WOAFLA+ (1 — N RBA)
< AW(AFLA) + (1 — VW (F,A)
= MV (F) 4+ (1 = MW (F). |
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Lemma 3.32 (Invariance of strict ellipticity)
Let W : M?*3 — R be a smooth uniformly Legendre-Hadamard elliptic energy expression

A A

and let A € GL(3,R). Then W(F) := W(A-F) viz. W(F) := W(F - A) is also uniformly
Legendre-Hadamard elliptic.

Proof. We have D*W (F).(H, H) = D*W(AF).(AH, AH). Taking H = £ ® 1) yields

D’W(F).(¢®n,{ @ n) = D*W(AF).(A(§ ®n), A(§ @)
= D*W(AF).(A¢®n, AE®n)
>t AL Inl)?
> ¢" Amin(ATA) [1€]17 1]
=" JIgll? [Inl?. u

Lemma 3.33 (Invariance of stability) X
Let W : M3*® — R be smooth and stable and A € GL(3,R). Then W (F) := W(A-F)

~

viz. W(F) :=W(F - A) is also stable.

Proof. It holds D?W(F).(H,H) = D?W(AF).(AH,AH) > ¢ - |AH||?>. Therefore
D*W (F).(H,H) > ¢* - A (AT A) || H|2. |

3.5 Invariance of polyconvexity

Let us define polyconvexity.

Definition 3.34 (Polyconvexity)
F +— W (z, F) is polyconvex if and only if there exists a function
PR3 x M3 x M**3 x R — R (in general non unique) such that

W (z, F) = P(z, F, Adj F, det[F])

and the function R — R, (XY, Z) — P(x,X,Y, Z) is convex forall x € R3. [ |

Lemma 3.35 (Invariance of polyconvexity) )
Let W : M®*3 = R be a polyconvex function and let A € MP*3. Then W(F) := W(A-F)

A

viz. W(F) .= W(F - A) is also polyconvex.

Proof. Let P : M3*3xM33 xR be convex, i.e., for \ € (0,1) and arbitrary (Xi, Y7, 21), (X2, Y5, 29) €
M3 x M3*3 x R it holds:

. Xy Xo A X1 A Xo
Plrx-Ivi|l+a=-n-[vn]|l<xpP{|n]|]|+a-n-P[|¥]]|. 312
21 Z9 21 zZ9

Define T : M3*3 — M?3*3 x M3*3 x R

T(F) := (F,Adj F,det[F]) .
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This implies

T(A-F)=(A-F,Adj(A-F),det[(A- F)])
= (A-F,Adj F - Adj A, det[A] - det[F]).

W(F) = P(T(F))
W(F)=W(A-F)=P(T(A-F))
= P(A-F,Adj F - Adj A, det[A] - det[F]).

We define
X A A- Xy
P Yi =P Yi-AdjA
21 det[A] - 21

It remains to show that this P is itself again convex. For this we write

X4 X
Plx-Ivi|+a-N-[v]]=
<1 Z2
A- X, A- X,
PlXx|AdjA- Vi | +(1=))-|AdjA Y,
det[A] - det[A] - 2o

The convexity of P with the arguments (A - X7, AdjA - Yy, det[A] - z1), (A - X5, Adj A -
Ys, det[A] - z5) yields, however,

A- X, A- X,
<APllAdjA-vi | |+@=N-P|[AdjA-Y;
det[A] - z det[A] - 29

X1 X2

= A\P Y) +(1—=X)-P Y,

21 22

Thus W (F') is polyconvex since W(F) = P(T(F)) and P is convex. Similarly one may
show the polyconvexity of W (F) = W (F - A). [

Corollary 3.36 (Invariance of polyconvexity under F'+— A - F'- B) X
Let A, B € M?*3. Assume that W (F) is polyconvex. Then W(F) := W(A-F - B) is
polyconvex in F'.

Proof. Use the preceeding Lemma first from left and then from the right. |

Corollary 3.37 (Inhomogeneous invariance of polyconvexity)

Let W : QxM?3*3 — R be a polyconvexe function, this means for fixed xy € ) the function
W (x0,-) is polyconvex. Assume that A(x) € M**3. Then W (z, F) := W (x, A(z) - F) viz.

A

W(z, F):=W(x, F - A(x)) is also polyconvex.
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Proof. For fixed zy €  repeat the preceeding argument for W (xq, F'). The matrix A(x)
only changes the inhomogeneity. [

Corollary 3.38 (Invariance of strict polyconvexity)
Let W : Q x M*3 — R be a strictly polyconvex function and assume that A(x) €

A A

GL(3,R). Then W (z, F) := W(x, A(z)-F) viz. W(z, F) := W(x, F-A(z)) is also strictly
polyconvex.

Corollary 3.39
Let F' = I, - F, with det[F] , = 1. Then the function

A

Wz, F):= W(F,)
is strictly polyconvex if W : MP*3 — R is itself strictly polyconvex. Therefore, it suffices

to define a strictly polyconvex function in terms of F,.

Remark 3.40
The same results carry over to weak lower semicontinuity and quasiconvexity.

Lemma 3.41 (Additive polyconvex functions)
Let P, P, : M>*3 — R and P; : R — R be convex, respectively. Then

P M3 x M*3 x R— R,
P(X, Y, Z) = Pl(X> + Pg(Y) + Pg(Z)
1S convex.

Proof. Check the convexity conditions directly. [

Corollary 3.42
Functions of the type W(F) = Pi(F) 4+ P(Adj F) + Ps(det[F]) with P, convex, are
polyconvex.

There are many characterisations of polyconvexity. Let us mention just these ones for
special functions.

Lemma 3.43 (Polyconvexity for special functions)
Let h : Ry +— R be smooth. Then

Wi(F) = h(||F])
Wo(F) = |F||* + h(det[F]), 1<a<6,

are polyconvex if and only if h is convex.

Proof. In case of W) see [?], in case of W, see [?]. |
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Example 3.44 (Polyconvex functions I)
Let A,F € M* und det[F] > ¢ > 0. Then the following list presents examples of
simple polyconvex functions H — W (H).

W<H) - <A,H>2,
W(H) = (AdjH, A),
W(H) = (Adj H, A)*,
W(H) = |[AdjH|]?,
W(H) = |D(Adj F).H|*,
W(H) =—(AdjH, A),
W(H) = (HF)" HF),
T 2 2 : T
= (F77, H) ~ dot[F] (AdjH, F7),
W(H) = ||[H H|]* + || Adj (HT H)||* + det[H] — Indet[H],
W(H) = ||H||22’
det[H]3

W(H) = ||H|*> + det[H] - In det[H] .
Let us also recall the following result in convex analysis.

Lemma 3.45
A differentiable function W : M**3 +— R is convex if and only if

VFe M¥*VHcM>3: W(F+H)>W(F)+DW(F).H,
VE e M3 YEeM*: W(E)>W(F)+DW(F).(E—F).

This statement can be used to check convexity properties if the function W is not twice
differentiable.

Proof. Well known characterization of convexity. |
For polyconvex functions we may conclude thus

Lemma 3.46
Let W : M3*3 +— R be a smooth polyconvex function and let P : M**3 x M3*3 x R — R
be the corresponding convex function. Then

VE, F € M3*3
W(E) > W(F)+ D, P(F,Adj F,det[F]). [E — F]
+ Dy P(F,Adj F,det[F)). [D(Adj F).(E — F) + Adj (E — F)]
+ D3P(F,Adj F,det[F]). [(E — F,Adj F") + (Adj (E — F), F") + det[(E — F)]]
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Proof.

W(E) = P(E,Adj E, det[E))

> P(F,Adj F,det[F]) + DP(F, Adj F, det[F]).

= W(F) + D,P(F,Adj F,det[F)). [E — F]
+ D, P(F, Adj F, det[F]). [Adj E — Adj F]
+ D3P(F, Adj F, det[F]). [det[E] — det[F]] .

Insert now the expansion for the adjugate and the determinant. Recall that, e.g., Adj E =
AdjF + D(AdjF).(E— F)+ Adj(E — F). Thus

W(E) > W(F) + D, P(F,Adj F,det[F)). [E — F]
+ Dy P(F, Adj F,det[F)). [D(Adj F).(E — F) + Adj (E — F)]
+ D3P(F,Adj F,det[F]). [(E — F,Adj F") + (Adj (E — F), F") + det[(E — F)]] .
|

Corollary 3.47
For additive polyconvex functions we obtain therefore

VE,F € M*®
W(E) > W(F) + DP,(F).[E — F]
+ DPy(Adj F).[D(Adj F).(E — F) + Adj (E — F)]
+ DPs(det[F]). (E — F,AdjF") + (Adj (E — F), F") + det[(E—F)]] . W

For strictly polyconvex functions the statements carry over with > instead of >.

Lemma 3.48 (Polyconvexity at the identity)
Let W be strictly polyconvex and take u, ¢ : R? — R3 wu(x) =z, ¢(x)sq = x. Then for
F=Vu=1 and all V¢:

W(Ve) > W(l) + <D1P(]1, 1), V(g — 1))
+ (Do P(IL T 1), [IL- (V (6 — ), ) = V(¢ — 2) + Adj (V(¢ — 2))])
+ Dy P(IL 1, 1) - [(V(¢ — ), 1) + (Adj V(¢ — x), 1) + det[V(¢ — 2)]] ,
W (Il + H) > W (1) + (D P(1,1,1), H) + (D, P(11, 11, 1), [1L - (H, 1) — H + Adj H])
[

+D3P(]1 ,1)-[(H, 1) + (Adj H, 1) + det[H]] ,
+ <D2P(]]_, 1,1),Adj H) + DsP(11,1,1) - [(Adj H, 1)]
+ D3P(1,11,1) - det[H] .
Proof. This is a direct conclusion based on Lemma 77. [ |

45



3.6 Infinitesimal convexity, polyconvexity, quasiconvexity and
rank-one convexity

Let us assume that W is twice Frechet-differentiable. Then it admits the expansion
W(F + H) = W(F) + DW(F).H + L DW(F).(H, H) + of | H|").
Specifying F' = 1l and assuming that the reference configuration is stress-free, this yields
W(ll+ H) = W(1l) + DW(11).H + %DZW(H).(H, H) + o(||H|]?). (3.13)
On the other hand, quasiconvexity at the identity means that forall u € C§°(£, R?)
/QW(]l + V) dx > /QW(II) dx. (3.14)

Setting H = Vu, integrating (??) and using that

/ DW(1).Vu dx = DW(]l)./ Vudx = DW(1).(z ® ugg) =0

0
yields
/W]l—i—Vu dx—/W ) dx 4+ = /D2 (Vu, Vu) dx + o(||Vul|?) .
Combining this with (??) yields
/w dx</W]1—|—Vu dx—/W ) dx+ » /02 ).(Vu, V) i+ of|| V] |?)
implying
o<t /D2 (Vu, Vu) dx + of||Vul|?).

We call W infinitesimally quasiconvex if [?, p.325]
0< = / D*W(1).(Vu, Vu) dx,

which is a nonlocal condition. Combining the expansion (??) with Lemma ?? and equating
like powers gives as necessary condition for polyconvexity at the identity, the infinitesi-
mal polyconvexity condition

%DQW(H).(H, H) > (DyP(1L, 11, 1), Adj H) + D3 P(1L, 11, 1) (Adj H, L) . (3.15)

Using the relation

X? —tr[X] X = Cof X — tr[Cof X]1 (use Cayley-Hamilton),
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and since DoP(11,1,1), D3P(1,1,1) may be assumed arbitrary, allows to reformulate
(?77?) into the equivalent requirement

1
JY e M*PVH € M** . 5DQW(H).(H, H)>(Y,H?> —tr[H] H) . (3.16)
Infinitesimal convexity is simply convexity at the identity, thus
VHeM>*: D*W().(H,H)>0.

Combining (??) with the condition that W should be rank-one convex at F' = 11, i.e. for
all £,n € R3

W +¢&®n) > W(L)+ DW(L).(E@n),
gives

W) +DW).((@n) <W(I+E@n)

w
W)+ DW(1).(£ ®@n)
1

+ 5 DPW (). @ m,E @ n) + ol

which implies the local infinitesimal rank-one convexity condition
1
5D2W(]1).(£®n,§<z<>n) >0. (3.17)

Open question: is infinitesimal polyconvexity equivalent to infinitesimal rank-one convex-
ity? Essentially, the question is: are there infinitesimal quasiconvex functions that are not
infinitesimal polyconvex? It is known that infinitesimal rank-one convexity is equivalent
to infinitesimal quasiconvexity, see e.g. [?]. Compare also with [?, p.128] where the case
of quadratic functions W is treated. It is shown there, that there are quadratic func-
tions Q(F, F') which are rank-one convex, but not polyconvex. Taking W (F) = Q(F, F)
shows that infinitesimal rank-one convexity does not imply infinitesimal polyconvexity.
However, the counterexample is not frame-indifferent.

4 Weak convergence

In this part we would like to motivate the importance of weak convergence and its relation
with the minors of a matrix.

Let us start by recalling the notion of weak convergence. We say that a sequence of
integrable functions &, € L? converges weakly whenever for all fixed ¥ € L?(Q) it holds

/ §(z) V(z)dV — / E(z) U(z)dV.
Q Q
In this case we write

& — ¢ in LX(Q).
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The weak limit, if it exists, is unique. If we choose the testfunction ¥ =1 it holds

/ka(ﬁ)ld\/%/ﬂg(x)ld\/.

Thus weak convergence implies convergence of averages and similarly of all higher mo-
ments of &. However, weak convergence of &, does not imply that & converges strongly.
To see this, consider the (oscillating) sequence

&k(z) = sin(k z)

on the interval Q = [—7, w|. We will show that £, — 0 but that V &k € N : ||€]|z2 > ¢™ > 0,
excluding strong convergence.
Proof. Take some smooth but otherwise arbitrary ¥ € L?(—n, ) and consider

/7r sin(kz) ¥(z)dx = /7r dix[_ Cos(lm)%] U(z)dx

—T —

=[- cos(k:m)%] V()™ — /7r [— Cos(ka:)%]dilll(m) dx.

- X

For k — oo this converges to zero. However

T 1 1
: 2 N S S I L
/ sin(kz) dx = [293]_7r [4k sin(2kx)]" . =7 >0.

—Tr

What is missing in obtaining strong convergence? One can show that if in addition to
weak convergence, the norms of the sequence converge, i.e.,

€kl — N1€]lz2

then we obtain strong convergence &, — £ € L2
Proof. Assume that & — & and ||&g]|z2 — [|€]|2. We write

gk — &1I* = llgxll* — 28, &) + 1€1* — lIEl* — 2(€, &) + lIg]1* =0,

since, in the mixed term, £ is now treated as a fixed testfunction (assuming the role of

).

4.1 What type of nonlinear functions preserve weak conver-
gence?

This is the question: assume that & — & € L?(2), weakly. For what type of nonlinear
functions f is it true that

F(&) — f(&) inL*(Q).

The answer is surprisingly simple: the only functions preserving weak convergence are
the affine linear functions f(x) = a + bx. Thus, weak convergence methods would not
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be of much help in treating nonlinear problems. However, many sequences arising in
applications of continuum mechanics are not arbitrary sequences, but the sequences have
the additional, decisive property of being sequences of gradients, i.e. we speak of

&=V ==V,

for a sequence of functions ¢, — . Within this extra structure, there are indeed nonlinear
functions, which are preserving weak convergence! Subsequently, we will see that weakly
convergent functions are essentially so called null-Lagrangeans.

4.2 How to get weak convergence?

In many cases one can show that some sequence of functions &, € LP({) satisfies a uniform
bound of the type

el = / lu(@)Pav < K.

If p > 1 one can extract a subsequence which converges weakly in LP(), i.e.

&, =& InLP(Q), j—o0.

4.3 Null-Lagrangean and weak continuity

Integrands W for which the integral fQ W (Vu) only depends on the boundary values of u
are called null Lagrangians, since the Euler-Lagrange equations are automatically satisfied
for all functions u. Affine combinations of minors are the only null-Lagrangians and the
only functions that preserve weak continuity of sequences of gradients.

Theorem 4.1 (Null-Lagrangean)
Let 0 C R3 be an open, bounded set and let ¢ € C§°. For constant A € M>*3 define
T(A) = (A, Adj A, det[A]). Then

/QT(A + Vo(x)) dx =T(A) - |2] componentwise,
especially for A =0
/QT(ngS(x)) dx =0, componentwise,
this means
/Q Vo(x) dx =0, componentwise

/Adj Vo(x) dx =0, componentwise
0

/Q det[Vo(z)] dx = 0.
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Proof. See, e.g., [?], page 193, Theorem 3.2. Let us nevertheless continue. Expanding
T(A+ H) shows

T(A+H) = (A+ H Adj A+ H,det[A + H))

= (
=(A+ H,AdjA+ DAdjA.H + Adj H,det[A] + (Adj A, H) + (A, Adj H) + det[H])
= (A, Adj A, det[A]) + (H, DAdj A.H, (Adj A, H))

+(0,Adj H, (A,Adj H)) + (0,0, det[H]) .

Setting H = V¢ and integrating over €2 shows (since A is constant) the statement once
we can show that

/ Vo(x) dx =0, componentwise
Q

/ AdjV¢(z) dx =0, componentwise
Q

/det[ng(x)] dx=0.
0

For the first term it is easily seen, by Gauss theorem (partial integration), that

/qu)(m) dx = plr)®@i dS=0.
Q 20

The other properties hold, since determinants and adjugates of gradients may be written
in divergence format. For example consider for ¢ € C5°(R? R?)

1 1 1
(1, 22) = (2222353) , Vo(r1,19) = < 3! §2> ;
det[v¢] = ;1 iz - QS;Q 5261 ’
= qb}m : ¢2x2 + ¢1 : ¢§2,$1 - ¢31U2 : ¢2x1 - ¢1 : ¢32L'1,(E2
= [¢" - "], + [0 %]

) ¢1 . ¢2 )
= Div ( 52 ).
_¢1 . ¢2$1
Corollary 4.2 (Simple further null-Lagrangeans)
Let C' € M3*3, C}; = const. and ¢ € R, ¢ = const. and take ¢ € C3°(Q,R?). Then

z2

/Q (C, V() dx = (C, /Q Vo(z) dx) =0,
/Q (€, Adj V() dx = (C, /Q AdjVo(z) dx) =0,
/Qc ~det[Vo(x)] dx=0.

One of the cornerstones in applying convexity methods to problems in nonlinear elas-
ticity is that weak convergence of the gradient implies weak convergence of the (nonlinear
terms) adjugate and determinants.
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Theorem 4.3 (Weak continuity of the gradient)
Let Q C R? be open and bounded, p > 2, % + % <1, (p> q%l) and r > 1. Suppose

¢p — ¢ in WH(Q),

AdjVéy — H in LY(S),

det[Veoy] =6 in L"(Q).
Then

H=AdjVé, &=det[V].

Proof. By the compact embedding W2?(Q) C L?(Q) we can immediately assume that
or — ¢ € L*(Q) strongly. Since smooth functions are dense in W12 we can consider the
smooth case. Let us look at a generic case. The general case follows easily. We consider

the weak continuity of the determinant in the planar case. Thus consider a sequence of
functions ¢;, € C*°(R? R?) such that

o — ¢ € L*(Q),

and the gradients converge weakly, i.e.,
Vor =~V & VUeOrQM>*?): /Qquk U(z,y)dV — /QV¢ U(z,y)dV.
We want to show that the determinant of the gradients converges weakly as well, i.e.,
YU eCr(QR) : /Qdet[VqSk] U(z,y)dV — /Qdet[V¢] U(z,y)dV, k — oo,

despite the fact that the determinant is a nonlinear function. Fix ¥ € Ce(Q,R) and
compute (here, subscripts denote partial differentiation)

/¢kza: ¢ky /¢k ¢ky /¢k kyx\Il+¢k:y ] V7
/ ¢k,y [gbk,:p\p] dV = +/ ¢k [¢k,z\11]y dV = / ¢k [¢k,xy\i] + ¢z,x \ij] dv7
Q Q Q

since U has vanishing boundary data. Adding up and using (Theorem of Schwarz on the
symmetry of second partial derivatives) that ¢3 ,, = ¢3 ,, shows

[ detiTon W) av = [ ~ohet Vot 6} By av.
Q Q

Strong convergence of ¢, and weak convergence of V¢, implies, however,

/‘@ W+mmwdvf/¢¢w+¢¢ww
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Reversing the partial integration shows that

/—¢1 P2, + 2 ¢! xi;ydvz/det[w]\if(x,y)dv.
Q Q

This shows the claim for smooth functions. The result follows by density. In the general
case note that the entries of the adjugate are determinants themselves and compare with

(7, p.366]. u

Example 4.4
With the same assumptions it holds

u, —u in WP(Q) =
/det[Vul,] -1 dx — / det[Vu] - 1 dx,
Q Q
/Adj Vu, dx—>/Adj Vu dx, componentwise.
Q Q
Definition 4.5 (Caratheodory-functions)

We say that the function G : R3 x R?® x M®*3 — R is a Caratheodory-function, if

for every pair (ug, Fy) € R* x M**% is 2+ G(z,ug, Fy) measurable
for almost all xy € R? the function (u, F) +— G(x¢,u, F) is continuous.

Theorem 4.6 (Nemitsky-operators)
Let 2 C R3 be a bounded open set and let G : 2 C R® x M3*3 = R be a Caratheodory-
function. Moreover, assume the growth condition

V(z,F) e QC R x M G(x,F) < g(x)+C*-||F|
for a function g € L1(2). Then the operator
H:LP(Q)— L1Q), H(F).(z)=G(z,F(x))
IS continuous.

Proof. This is well known and shown for example in [?]. |
Remark 4.7
This operator is already continuous, if only LP(§2) is mapped into L%(£2).

Example 4.8 (No growth condition)
The following functions do not satisfy a growth condition:

F — —Indet[F],
1
Fes—,
1]
1
F—.
™ det[F]

In all three cases the energy may be bounded while ||F'|| can be large. One cannot expect
continuity results between LP-spaces.
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5 A glimpse on the direct method of the calculus of
variations

5.1 Weak lower-semicontinuity

Theorem 5.1 (Weak lower semicontinuity and convexity)
Let G : R? x RY +— R be a Caratheodory-function. Assume that G(x,T) > 3 and that
T — G(z,T) is convex. Then

T,—~T inL'=
/ G(z,T(z))dx < liminf [ G(z,T,)dx.
Q

n—oo QO

Proof. Standard result of convex analysis. See, e.g., [?], Theorem 7.3.1, p. 352. Let us
remark that in the presented convex case one does not need any growth condition
on G in order to conclude the weak lower-semicontinuity. |

Theorem 5.2 (Weak lower-semicontinuity in W'?(2) and polyconvexity)

Let G : R x R® x M?*3 i+ R a Caratheodory-function. Let F +— G(z,u, F') be polyconvex
for all (z,u) € R® x R and let Q@ C R3 be an open bounded set and assume that
u,(x) — u(x) almost everywhere and Vu, — Vu € L*(Q). Moreover, assume there is a

function ¥ € L'(Q) such that
G(z,u,(z), Vu,(x)) > ¥(x), G(z,u(x), Vu(x)) > V().
Then

/QG(;C,U(Q;),W( ) dx<hm1nf/G 2, u(7), Vit () dx

V—00

Proof. [?],Theorem 5.4, Seite 161. Remark that still no growth condition is needed. W

Theorem 5.3 (Weak lower-semicontinuity in W'?(Q2) and quasiconvexity)

Let 1 <p < oo and G : R3xR3x M**? — R is a Caratheodory-function and assume that
F — G(z,u, F) is quasiconvex for all (z,u) € R? x R and Q) C R? is an open bounded
set. Moreover assume the growth condition

V(z,u,F): 0<Ga,u, F) < g(x) + CT(L+ [ull” + || F[]P),

for some non-negative locally integrable function g : R® — R. Then
I(u) :== / G(z,u, Vu) dx
Q

is weakly lower-semicontinuous in WP(Q) .

Proof. [?], Theorem 2.4. |
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Remark 5.4
In applications to physically realistic material behaviour, which does not satisfy a growth
condition, the quasiconvexity condition could not be used up to the present.

In order to put the notions of weak-convergence and convexity into perspective we
motivate their usage in the following.

5.2 The direct methods of the calculus of variations in a finite-
dimensional nutshell

Let us assume that we have a function W : R — R and we would like to find a global
minimizer of this function. The first necessary assumption is that W, the energy is
bounded below, i.c.,

VeeR: W) >-K, (5.18)

since otherwise, there does not exist a global minimizer (one can then lower the energy
beyond all bounds).

Now we consider infimizing sequences: these are sequences of points xj, whose
energy levels approach the lowest possible energy level, i.e.,

W (xy,) — inf W(a).
acR
From (??) we know that the number inf,cg W (a) exists. Our hope is that the infimizing
sequence will somehow approximate the global minimizer, more precisely, if z; converges
to some limit point x, then we hope that this limit is indeed a global minimizer. Assume
for the moment that W is continuous and that x; converges to . Then
lim W (xzy) = W(lim zx) = W(x)

k—oo k—oo

by continuity of W. Since on the other hand

lim W(xy) = ;gﬂgW(a) :

k—o0

we see that = must be a global minimizer (not necessarily unique). We have used continuity
of W and convergence of x;. The continuity of W in this argument is not really necessary.
Assume that W is lower-semicontinuous. By this we mean that

ry—x =  lminf W(zy) > W(x).

k—o00

Lower-semicontinuous functions may have jumps, but in jumping, one is only lowering
the function value. Now assume again that an infimizing sequence x;, is converging to x.
Then

inf W(a) < Wi(x) < liminf W(xy) = lim W(zy) = inf W(a).

a€R k—o0 k—oo a€R

Thus the limit £ must be a global minimizer.
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Still, it is possible that an infimizing sequence is escaping to infinity, by this we mean

|zg| — oo while W (xg) — inf W(a).

a€eR

If this happens, there is no convergence of xj, possible. We need assumptions on W which
exclude this behaviour. These conditions are called coercivity-conditions. We may
assume e.g,

W(z) > Cf |z| — Cs. (5.19)
Then it is impossible that an infimizing sequence escapes to infinity since

lim W(xy) = ;Ielﬂg W(a)

k—o0

and |zy| — oo is a contradiction due to (77?).

Finally, we would like to have an infimizing sequence, not escaping to infinity, which con-
verges to some limit point. From coercivity we conclude that our infimizing sequence
is necessarily bounded

Since our setting is finite dimensional, we know from Bolzanos Theorem that each bounded
sequence of numbers contains at least one convergent subsequence meaning xy, — x if
kj — oo. This property is known as compactness. Denoting wj, again by z, (a
standard abuse of notation) we have found a convergent, infimizing sequence, and from
the preceeding we know that the limit must be a global minimizer. Thus in order to show
that global minimizer exist one route is to show that

1. W is bounded below.

2. W admits, therefore, infimizing sequences.

3. W is coercive such that infimizing sequences stay bounded.

4. compactness: the infimizing sequence contains a convergent subsequence.

5. W is lower-semicontinuous: the limit of the subsequence realizes the infimum energy

level.

5.3 Function spaces: Lebesgue and Sobolev

Let 1 < p < oo and assume that © C R" is an open, bounded set. The space LP(£2) of
Lebesgue-integrable functions is defined as

LP(Q) ={f: QCR"— R, /Q|f(x)|pd\/<oo}.
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This space is a reflexive function space with norm

ey = [ Ir@Pav.

For p = 2 there is a corresponding scalar product defined by

(. 9) oo /f

for f,g € L?*(Q). The Sobolev space W1P(Q) is defined as
W'P(Q) .= {f € L(Q), the distributional derivative V f satisfies / IV f(x)PdV < oo},
Q

with norm
[ 1—/Q|f(ar)|p+|Vf(x)|pdV.

For p = 2 this is a Hilbert space with corresponding scalar product

;9w 22/(2<f(13)7g(fv)>+<Vf(l’)7Vg(fv)>dV.

The one property which we need predominantly is that a bounded sequence f, € W?(Q)
admits a subsequence converging weakly to some element f € W?(Q). Other important
properties are so called embedding theorems saying that functions in W1?(Q) are e.g.,
already continuous, provided certain relations between p and n obtain. For example

WP (Q) c ¢ (Q),

if p > n. For the details we refer the reader to [?, ?].

5.4 The direct methods of the calculus of variations in the func-
tion space setting

In the infinite-dimensional setting there are several obstructions in repeating the previous
method. For purposes of illustration let us specify our domain €2 to be an interval (a, b).

Our energy shall be given by
b
— [ Wia) s

We impose Dirichlet boundary conditions, i.e. ¢(a) = ¢ and assume the coercivity-
condition

W() = Cf [g]* = Cs. (5.20)
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Let us first show that in the space H'(a,b) of functions defined over the intervall (a, b)
with square integrable derivatives, the energy I is bounded below. To this end consider

0> I(en) = [ W) dx
b
> [t @F - Cads

b
ch/|¢qux—@w—ay

Using the one-dimensional Poincaré-inequality and the boundary condition ¢(a) = g we
obtain

b
w>1wwzcg/|¢@P+wmm%x—@w—@.

Hence we conclude that sequences with bounded energy, satisfying the boundary condi-
tions, are necessarily bounded in the space H!'(a,b) of square-integrable functions with
square integrable distributional derivatives. This step is usually straight forward, based
on local coercivity conditions? like (??) for multi-dimensional situations. As a con-
sequence we obtain that the energy I is bounded below and that, therefore, infimizing
sequences of functions ¢ € H'(a,b) exist. These infimizing sequences stay bounded in
H'(a,b), i.e., for some positive constant,

Kz/WMW+wvww.

However, in the infinite-dimensional setting, boundedness of the H'-norm does not imply
that the sequence of functions converges strongly in H'! For examples we refer to [?].
The best one can hope for is weak-convergence, i.e., there exists a subsequence such that

¢k, — ¢ in H'(a,b).

Our hope is that along weakly convergent, infimizing sequences we may find global min-
imizers of I. Now we need something to replace lower-semicontinuity (which worked for
strong-convergence). We need to require the weak lower-semicontinuity, i.e., along
weakly convergent sequences

or — 0 € H'(a,b) = I(p) < lilfninfl(gok)

In our one-dimensional setting, a sufficient condition for weak-lower semicontinuity is the
convexity of the integrand W. Therefore,

I(p) < liminf (o) = lim I(py) = inf I(3).
() < liminf I(py) = lim I (o) et (@)

2By this we mean an estimate showing that locally, the energy density W (F) bounds some power of
||F||. Recall, that in linearized elasticity, this is not true any more, since only the symmetric part of F' is
locally controlled. Coercivity is only established after integration over the domain and using appropriate
boundary conditions.
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Thus, if W is convex, then existence of global mimimizers is guaranteed, as in the finite-
dimensional setting. In this scalar-valued setting (¢(x) € R) the only weakly-lower semi-
continuous energies are those based on convex integrands W. Here, convexity is used
to show weak-lower semicontinuity of the problem.

5.5 How to use polyconvexity to obtain weak lower semiconti-
nuity

In the vectorvalued setting polyconvexity is a readily available tool to obtain weak lower
semicontinuity. Without entering into the details let us explain the main idea. Let

o) = [ W(Tie)ax
be the given stored energy with a polyconvex W i.e.,
W (F) = P(F,Cof F,det[F])

and P convex. Assume one has already an infimizing sequence which converges weakly.
Since this is a sequence of gradients we have,

Vr — Ve  in some L(12).
By the weak continuity of the minors of gradients we have as well
T(Ver) = (Ver, Cof Vi, det[Vr]) — T (V) = (V, Cof Vi, det[V]) .

Thus the convexity of P together with the weak convergence of the argument vector
T, — T ensures

uwzéwwww

:/P(Vgo, Cof Vg, det[Vy]) dx
Q

- /Q P(T(Vy)) dx = / P(T) dx

< lim inf /Q P(T}) dx :Q /Q P(T(Vigy)) dx — /Q W(Vey) ds.

Thus, polyconvexity is in fact using the convexity in a nontrivial way.

The major task (not yet completely solved): find manageable conditions (other
than polyconvexity) on the integrand W such that weak lower-semicontinuity
is satisfied. It is known that Legendre-Hadamard ellipticity is not sufficient
in general.
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6 Energies

Let us call W : M®*3 — R the energy density. We start with two properties of the energy,
first the frame-indifference condition (a physically must) and second a material symmetry
property: isotropy.

6.1 Frame-indifference of the energy

Frame-indifference expresses the requirement that rigidly rotating a body should not alter
the stored elastic energy. This translates into the requirement of left-invariance under

SO(3):
VQeS0B): W(QF)=W(F). (6.21)
Note that here @) € SO(3) is a rigid rotation. It is easily seen that if
W(F) =9 (FTF), (6.22)

then W is frame-indifferent. The converse can be established assuming that F' € GL*(3).
Assume that F' = V¢ is homogeneous. Since

W(F)=W(QF)=W(QR(F)U(F)) =W ({U) =W((FTF) =V (F'F).

Here, F' = RU is the unique polar-decomposition into proper orthogonal and positive
definite symmetric stretch for F' € GL™(3), moreover, we have chosen @ = R*(F).?

6.2 Material isotropy

Material isotropy is the property that the material in a specified (reference) configuration
has no preferred direction. Imagine a ball of homogeneous material without preferrred
direction. Applying a specific load to that ball will give rise to a specific deformation
and stress response. If we rotate the ball before loading (material rotation), the response
should be unchanged.

In terms of the elastic energy W this translates into the requirement

YQeSO@B): W(FQ)=W(F),

i.e., right-invariance under special rotations. There are some subtleties involved in also
assuming the right-invariance under O(3) which we do not discuss here.

It is useful to remark that isotropy is immediately lost upon deformation: if the ball
is already deformed into an ellipse, it will make a difference whether we rotate this ellipse
prior to deformation!

Since we are dealing with an energy which is already frame-indifferent we have both
left- and right -invariance under SO(3)

V Q1,02 €803): W(QiFQs) = W(F).

3The reader should note that this reduction of W(F) = ¥(FTF) is only valid in first order theories,
i.e. energies only depending on F' and not on higher gradients.
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In terms of the representation of W(F) = W(FTF) (frame-indifference) we obtain the
corresponding isotropy- invariance condition as

W(FQ)=W(F) & (FQ)'(FQ)) = T(Q"CQ) = ¥(C).
Using this result, we may orthogonally diagonalize FTF
FTF = Q" diag(\], A3, )@,
where \; > 0 are the eigenvalues of U = VFTF. Note that the numbering of the

eigenvalues can be changed by permutating the columns of the matrix ) appropriately.
Thus we must have

U(FTF) = W(QTFTFQ) = W(diag(A}, A3, A3)) = W( A1, Ao, As) (6.23)

and U must be invariant under permutation of the entries (called symmetry of \if) The
eigenvalues of U are also called singular values.

Theorem 6.1 (Representation for homogeneous, isotropic energies I)

Let W € C*(MP*3 R) be frame-indifferent and isotropic. Assume that the reference
configuration is stress free, i.e., DW (1) = 0 and let the material be homogeneous, meaning
that W depends only on F' but not on the location x € ). Then there exist constants
A, i > 0, the so called Lamé-constants, such that

W(F) = %HFTF —1? + g(FTF — 1, ]1>2 +o(|FTF —1?).
Proof. [?], S.156. |

With the same assumptions we have as well

Corollary 6.2 (Representation for homogeneous, isotropic energies II)

Let W € C*(MP**3 R) be frame-indifferent and isotropic. Assume that the reference
configuration is stress free, i.e., DW (1) = 0 and let the material be homogeneous, meaning
that W depends only on F' but not on the location x € ). Then there exist constants
A, i > 0, the so called Lamé-constants, such that

W(F) = pllVETE 1P+ S (VFTF — 11" 4 o [VFTF — 1]},

where vV FTF = U is the symmetric, positive definite Biot stretch tensor. This represen-
tation is usually circumvented since computing first U as a function of F' is cumbersome.

6.3 Nonlinear St.Venant-Kirchhoff energy
Let E = 3(FTF — 1) be the Green strain tensor. A function W of the form

W(E) = 4pl|E|I* + 4X\(E, 11)°
W(F) := W(E) = p|FTF — 1|> + M(FTF — 11, 1)
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is called energy of St.Venant-Kirchhoff type with the Lamé-constants u, A > 0. We are
interested in the first and second derivatives:

DW(F).H =2u-(FTF —1,FTH + H"F)+
A (FTF — 1, 1) (FTH + H"F, 1)
D*W(F).(H,H) =2u||FTH + H'F|* + 4u(F"F — 1, H'H)+
SAF.H)” +4A(|F|* = 3)| H]* .
We observe that D?*W (F).(H, H) is not positive throughout. Thus the St.Venant-Kirchhoff
energy is not not convex. Let us proceed to show that this energy is not Legendre-

Hadamard elliptic either. To this end we choose a uniform compression Fy = % - 11 and
consider

1 1 1
D*W (Fy).(H, H) =2p||—H + —H"|]> + 4p(— 1 — 1L, H" H)+
m m m

2 1

1
BM—1L, H) +4A([| 1" = 3) || H]*

I
=— (2ul|H + H"|]? + 4p(1 — m*) (1, H"H)+
SA(IL, H)? +4X3(1 — m?) | H|]%)
take H = £ ® 1 to obtain
1
= —5 (0PIl + 2(¢; 0)*) + (L —m?)[|E] 7P|+
SA(E,m)” +4A3(1 — m?) ]| [1n]|?)
choose &, such that (¢,17) =0
1
= —5 pQIEIPInIP + 40 = m)IEP[In*| + 1221 = m®) €] [n]°)
1
= ISPl (44 + 4pa(1 = m®) +122(1 = m?)) .
Taking m sufficiently large, i.e. compressing strongly, it follows

D*W(Fy).(€@n,§®n) <0.

Hence, W is not elliptic. Therefore W is not polyconvex/quasiconvex either. This
energy is therefore not suited for realistic applications in the nonlinear regime. Its only
virtue is that it is invariant under rigid rotations and that it is consistent with isotropic
linear elasticity.

6.4 Energies of Green-Naghdi type in elasto-plasticity

While I am not concerned with plasticity theory here, the question still arises, whether
the potential energy used for the elastic part of the deformation will lead to an elliptic
boundary value problem once the plastic process is kept fixed. This is not an academic

4This definition of the elastic constants is actually valid only up to constant factors!
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problem since usually, in FEM-calculations, the so-called elastic trial step may be far off
the final equilibrium position. If, then, the elastic response is not itself well-behaved, the
algorithm might run in troubles.

We have already seen that by using the multiplicative decomposition F' = F; F}, and
assuming a polyconvex potential in the variable F, (which is not a gradient), the potential
as a function of F' will be polyconvex at given F,. In this sense we may say that elastic
polyconvexity is preserved under plastic flow. The same holds for convexity, rank-one
convexity and quasiconvexity.

Plasticity models do not need to be not be based on the multiplicative decomposition.
Green-Naghdi postulate in [?] a split of the total strain tensor £ = FTF — 1l in an elastic
and plastic contribution, such that

E=E.+E, E—=E-E,.

Here, £, is the plastic strain which has to be determined by some flow rule. The energy
governing the elastic response of the material is defined in terms of E., thus

W(F, E,) =W(E,)=W(F'F-1-E,).

If W is a convex function of E, one may show, similar to the case of the St.Venant-
Kirchhoff energy that the ensuing PDE-system at given £, is not Legendre-Hadamard
elliptic.

6.5 Biot-type energy

If we specify the energy to depend only on the stretch part U = v FTF in the polar
decomposition of F,

A
Wioe(F) = p|U = 1* + 5 trll - n,

we obtain another frame-indifferent, isotropic replacement of linear elasticity. While this
energy has certain compelling features setting it apart from the SVK-energy, one can show
that it is still not leading to an elliptic boundary value problem [?]. In the one-dimensional
case the energy looks still like a (nonconvex) double well potential.

6.6 Linearized St.Venant-Kirchhoff energy
Setting F' = 1l + Vu implies
F'F -1 = (114 Vu)" (1 + Vu) — 1
= (I + Vu' + Vu + Vu'Vu) — 1
= Vul + Vu+ Vu'Vu.

For small displacement gradients (Vu < 1) one may neglect the quadratic term and
abbreviating the infinitesimal strain tensor by &,

1
e =sym(Vu) = E(VUT + Vu),
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we obtain

. A A
W(Va) = pllel? + 5 (e, 1)° = %HVUT + Val* + S(Va + 1)°.

The first and second differential w.r.t. Vu read

D(W(Vu)).H = p(Vu+ Vul, H) + X - (Vu, 1) - (1, H)
= (2ue + X\, 1) - 11, H) ,

N 1 1
D*(W(Vu)).(H, H) = Sul H" + H|* + M1, H)* > Sl HT + H|[.

This implies uniform Korn-ellipticity w.r.t.Vu (but not local coercivity). The correspond-
ing Cauchy stress tensor o(Vu) verifies

(o(Vu), H)y = D(W(e).H
= (2ue + A, 1) - 1, H)
= o(Vu) = pVu + pVu' + X - tr(Vu) - 1
= uVu+ pVul + X Dive- 1.
Since Div(Vu!) = V(Divu) und Div((Divu) - 1) = V(Div u) it follows
Div o(Vu) = (2u+ A) V(Divu) + 2uAu.

This is the well-known expression for the divergence in the Lamé-equations of lin-
earized elasticity.

6.7 Ogden-material
Let f € C'((0,00),R) be a convex function. Energies of the form

W(F)=a tr(FTF — 1) + 8 tr(Adj FTF — 1) + f(det[F])
= o|[FI|* + Bl Adj F||* + f(det[F]) — 3o — 308
are simplest examples for so-called Ogden-materials [?, ?]. (In this special form they
are also called compressible Mooney-Rivlin energies). As defined, this energy is

obviously polyconvex. Choosing «, 5 > 0 and f’(1) allows to adjust to a stress-free
reference configuration

VH e M*? . DW(1).H =0.
Often f(z) = —In(x) or f(x) = % is used which implies a physical singularity for det[F] —
0. The first and second derivative are calculated as
DW(F).H = 2a(F, H) 4+ 26(Adj F, Adj F(F~*, H) — (Adj F)HF ")+
f'(det[F])det[F)(F~", H)
D*W(F).(H,H) = 2a||H||* + 48(Adj F, Adj H)+

268||D(Adj F).H|]” + f"(det[F])(det[F|(F~", H))*+
f/(det[F))det[F](F~T, H>2 — f/(det[F))det[F]{((F~*H)", F"*H) .
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For incompressible material (det[F] = 1) this is reduced to

W(F) =a|FII*+ 8 |[F*

1 1 1
:Oz()\%—F)\g—i-/\g)—i-ﬁ()\—%‘i‘)\—%—}‘)\—%),

where A = A(V FTF) are the singular values of F.
The most general form of Ogden type materials is given by

N M
W(F) =Y aillFI™ + 37 65| Ad FI[» + f(det[FY).

in which the constants o, 3;, pi, ¢; can be determined from experiment.

6.8 Compressibles Neo-Hookean material

A subclass of Ogden type materials appears by setting the parameter 7 = 0 and consid-
ering a smooth convex function

f(x)=—n-(Inz) +n(nz)® +ns2® —naw +ns, 17, >0,i=1...5.
This energy is also called to be of Neo-Hooke type since the leading term «|F'||* alone

would lead to a linear relation between stretch and strain.

6.9 Incompressible Neo-Hookean material
The energy looks like
W(F) = ||F|*.
However, the corresponding equilibrium system is by no means linear since the nonlinear

constraint det[F] = 1 has to be incorporated.

6.10 Polyconvex model energy with singularity for det[F] — 0

Having in mind that quasiconvexity is only useful for energies satisfying a polynomial
growth condition the strength of polyconvexity comes into play when considering energies
which do not satisfy such a condition. A very simple polyconvex energy with (a physically
meaningful) singularity for det[F] — 0 is obtained by setting for F': det[F] > 0

W(F) =tr(F'F — 1) — Indet[(FTF)] = || F||* — 2Indet[F] — 3.
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This energy is material frame-indifferent and isotropic. The first and second differential
are

DW(F).H =2(F,H) — 2(F~ ' H),
D*W (F).(H, H) = 2| H|]* + 2((F~'H)", F~'H)
_ 2 -T 2 L . T
> 2||H|* - (AdjH,F") .

det[F]

Thus DW(11).H = 2(1l, H)—2(1.=", H) = 0, hence F = 1l is a stress-free reference config-
uration. If det[F] > ¢t > 0 then H — D?*W(F).(H, H) is strictly polyconvex and strictly
Legendre-Hadamard elliptic, which can be shown by straightforward computations.

6.11 Energies defined on the Hencky-tensor

Let C = FTF. The matrix logarithm In C is also called Hencky-tensor. In the engineering
literature one may encounter the following isotropic and frame-indifferent energy:

W(F)=(InC, )", p>2
= 2P (Indet[F])P if det[F] > 0.

The first and second derivative are given by
DW(F).H = p 2° (Indet[F))*"' (F~T H),
D*W (F).(H,H) = p (p—1) 2°(n det[F))"~2 (F~", H)’
—p2° (Indet[F))P* (HF YT, HF ),
and we observe, that 1l is a stress-free reference configuration. However, we show that

this energy will not lead to an elliptic system. To this end choose Fy = m - 1. Then
det[Fy] =m?* and F~' = L . 1. We have

DPW(Ry).(H, H) = p (p— 1) 2 (P (1, 1)’
—p2P (lnm‘(\)’)p_1 i<HT,H>

m2

_ 7%’ ((p— D(Inm®P=2 (1, HY? — (nm®~* (HT, H))

choose H=1n®¢

P

DIW (Fy).(n© €0 © ) = Lo (P 2[(p — 1) — (nm?)] {6, m)°

There always exists an m > 1 with ~ D?*W(F,).(n®&,n® &) < 0. Here, e.g., p%l < Inm.
Thus this energy W is not elliptic. |
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6.12 Sansours energy
Set C' = FTF and let ¥ : Sym — R be isotropic. We consider
W(F)=W(C)=9(nC).
It is shown by Sansour in [?] that (see (77))
DcW(C) = D¥(InC)-CL.
Let us consider more specifically a quadratic U:
U(X) = MX, 1)* + gl dev (X)),
DV (X).H =2 (X, 1)(1L, H) + 2u(dev(X),dev(H))
=2M(X, 1)(1, H) + 2p(dev(X), H) ,
with constants A, u > 0. This implies
W(F)=W(C)=XnC,1)*+ p|| dev(In C)|1?,
DpW(F).H = (S, H) = (F - Sy, H) = (F - DeW (FTF), H)
= (F DY (InC)C~ Y H) = (DY(InC), FFTHC™)
=2MIn FTF 1)1, FTHC™) 4+ 2u(dev(ln FTF), FTHC ™)

and we see that 1l is a stress-free reference configuration. Let us show that the energy is
not Legendre-Hadamard elliptic. To this end consider the function h: R — R

h(t) =W (L +tn®¢))
= W((IL +t(n® &))" (1 +t(n ©¢)))
=W +tnRE+E@n) + P2 (n® ).

010
Takingn® &= (10 0 0] implies
0 00

1 t 0
(L+tned)) " (M+th@é) =t 1+ 0],
0 0 1
1—xr t 0
det t 1+t*—k 0 =(1—kr)-(K* =K@+ +1),
0 0 1—k
and the eigenvalues are
1 1
Ky =1, @:§<2+t2+t\/4+t2>, 53:5(2+t2—t\/4+t2>,

Kikekg =1,
0 = Inkikoks = Inkoks = Inky + In k3,

Inky = —Inkg.
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Diagonalising C = FTF and using the isotropy of the energy we may obtain the following
represention of W in terms of the eigenvalues of C"

W(FTF) = AInC, 1)* 4 || dev(In O)||?

1
=\ (In(k1k2k3))* + p ((ln k1)? + (Ink2)? + (Ink3)* — g(ln K1+ Inky +In /<a3)2> :
This implies for the function h:

1
h(t) = X (In(k1koks))? + p ((ln k1)? + (Inkg)? + (Inks)? — g(ln k1 +Inke + In /4;3)2>
= 2u(In k2)? = 2u[ln (2 + 2 + V4 + t2> —In2)%.

However, this function h(t) is not convex in ¢t. Therefore, W is not rank-one convex,
implying that W is not Legendre-Hadamard elliptic. [
The same argument shows that

1
W(F) = 5l FTF?

is not an LH-elliptic energy since in terms of the eigenvalues of F7F we have

W(F) = % (1) + (Ino)? + (In k)?)

and therefore, similar to the above,
h(t) = (Inky)? = [In <2 + 2+ tV4+ t2> —1n2)?

is not convex. [ ]

6.13 Simo/Ortiz energy

Let us consider an energy W of the form
1
W(F)=—||F||? — Indet[F] + (Indet[F])?, p,q>2.
q

This isotropic energy has been used for the modelling of compressible material in [?]. We
show, that this energy is not polyconvex. On the one hand it is easily seen that W
cannot be identified to be polyconvex simply by looking at the convexity properties in
terms of the determinant, since

h(y) = —Iny+ (Iny)?, p>2,

is not convex. However, this failure does not automatically imply that polyconvexity is
lost! (also it seems that it is highly unlikely...). In order to show the lack of polyconvexity
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let us adapt an ingenious argument which has been first given in [?] in another context.
We set for a > 0:

1 00
Ay=all, Dy,=a |0 1 0
0 0 3
Then it obtains
Al = a V3, det[A,] = a3,
| D, = a V11, det[D,] = 3 a?,
1 1 1 00
§Aa+§Da:Oé 010 5
00 2
1 1 1 1
—A,+ =D, = det[(=A, + =D,)] =2 o
dt[(lA +1D )= 1d t[A ]+1d t[Da]
€ A la «@ —dae «
2 2 2 2
Adi(AA, + 2Dy = 2 adja, + 2 AdiD
J 2 (0% 2 (e} _2 .] (0% 2 J [0

Assuming that W is polyconvex, then there exists a convex function P : M3 x M**3 x R,
such that W(F) = P(F, Adj F,det[F]) and therefore

1 1 1 1 1

1 1
W(éAoz + §Da) = P(éAoz + 2D0t7 AdJ ( Aoz + §Da)a det[(EAa + EDOJ])
= ( A, + ;Da, Adj A, + %Adj D,, %det[Aa] + %det[Da])

1
P(Aq, Adj Aq, det[Au]) + 5 P(Da, Adj Do, det[ D))

wlr—‘L\JIH "U

(W(Aa) + W(Da)) -

Let us evaluate this condition for arbitrary ¢ > 2 and p = 2:

a? V6" —In2 — 3Ina + (In(20%))?

1
Wi(a {0 )=
0

o = O
N O O

1
q
1
< =
2

( a? V3 — 3lna + 9(In a)*+
—aq V11" =In3—3Ina+ (ln(3a3))2> .
q

However, there is always some « > 0, such that this necessary condition for polyconvexity
is violated. Therefore, W cannot be polyconvex. It can be shown, moreover, that W is
not LH-elliptic either.
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6.14 Modified Simo/Ortiz energy

It is very easy to modify the preceeding energy into a polyconvex one. We just add the
term (det[F] — 1)? and consider

W(F) = $||F||q — Indet[F] + (Indet[F])? + (det[F] — 1)*, p,q > 2.

This energy is polyconvex for ¢ > 2,p = 2 since it is easy to check that the function
P:M»3 xRt —R

P(e,y) = guguq Clay 4 (ng) + (y— 17

1S convex.

7 Again polyconvexity
Let W € C%*(R? x M**3 R) be a given scalar valued energy density. We say that

Definition 7.1 (Polyconvexity)
F +— W (z, F) is polyconvex if and only if there exists a function
PR3 x M3 x M3 x R — R (in general non unique) such that

W (z, F) = P(z, F, Adj F, det[F))

and the function R — R, (XY, Z) — P(x,X,Y, Z) is convex forall x € R3. [ |

A consequence of this definition for a more restrictive class of energy densities is

Corollary 7.2 (Additive polyconvex functions)

Let W(x, F) = Wi(z, F) + Wa(x,Adj F) + Ws(x,det[F]). If W;, i = 1,2 are convex in
the second variable respectively and W3 : R3 x RT — R is convex in the second variable
as well, then W is altogether polyconvex. [ |

Remark 7.3 (Construction of polyconvex energies)

The last corollary will be one of our main tools in constructing polyconvex strain energies:
we identify functions which are convex on M®*3 and R and then take positive combina-
tions of them. |

Definition 7.4 (Ellipticity)
We say that the elastic free energy W € C?*(M3*3 R) leads to a uniformly elliptic equi-
librium system whenever the so called uniform Legendre-Hadamard condition

>0V FeM™ :VEneR s DEW(F).(E@n.E@n) =" - [[&]f|In]l*
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holds. We say that W is strictly elliptic if and only if the strict Legendre-Hadamard
condition

VFEFeM**? :VEneR: DIW(F).(E@n,6@n) >0

holds. We say that the elastic free energy W is strictly rank-one convex if the function
[ R—R, f(t) = W(F+t-(£®n)) is strictly convex forall F € M**3 and all§,n € R*. B

Definition 7.5 (Quasiconvexity)

We say that the elastic free energy is quasiconvex whenever forall Q C R? and all F' € M?3*3
and all v € C§°(Q)) we have

W(F)-\Q\—/Q W(F) dxé/ﬂ W(F + Vu(z)) dx.

This means, that the homogeneous solution Vu = F' of the homogeneous boundary value
problem

Div DpW(Vu) =0, uj,(r) = Fa+c,

is automatically a global minimizer. It is clear that this condition is a nonlocal stability
condition and therefore difficult to handle. Every quasiconvex function is automatically
elliptic.

The decisive property in the context to be treated here is the following well known
property

Theorem 7.6 (Polyconvexity implies quasiconvexity and ellipticity)
Let the stored energy W be sufficiently smooth. Then if W' is polyconvex it is quasiconvex
and elliptic. Moreover rank-one ellipticity and ellipticity are equivalent.

Proof. Standard result in the calculus of variations [?]. We remark that the converse is
in general not true. u

Theorem 7.7 (Rank one convexity and eigenvalues)
Let

W(F)=®(A, ..., \),

where ® is symmetric and \; are the eigenvalues of (FTF)z (we have shown in (??) that
this representation can always be assumed for isotropic and frame-indifferent energies).

If W is rank-one convex and ® € C*(R"™) then
0?P
() 20

This means that rank-one convexity implies separate convexity (convexity in each argu-
ment separately) of the energy in terms of the representation in the eigenvalues \;.

Proof. This is Proposition 1.2 of [?, p.254]. |
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8 Isochoric and volumetric terms

Let F' € GL(3,R). Then

det] (L)] =1
(det[FTF])s

It is sometimes preferable to express strain energies as a sum of isochoric (describing only
the change of shape) and volumetric terms, i.e

W(F) - Wiso <( FTF

m) + Wvol (det[F])

We will show that this decomposition is compatible with the requirement of polyconvexity.

Let for example Wy (A) = (A, 1) and define iso(F) = —EE— Then
(det[FTF])3
2ol
FTF det|F'] > 0
Wiso | ———— | = Wi(iso(F)) = det[F] 3 £ (8.1)
(det[FTF))s 00 det[F] <0

and W (F) = Wi (iso(F)) is a polyconvex function (however not of the additive type, see
Corollary ??) which we proceed to show in the sequel.

For the remainder let us agree to extend functions W which are naturally only defined
on the (nonconvex) set det[F] > 0 to M3*® by setting W = oo for arguments with
det[F] < 0 as we did in the last example. It is clear by such an extension that W can
never be convex, because it is only supported on a nonconvex set. However, this extension
is compatible with the requirement of polyconvexity since

P(z) = {f () =>0 (8.2)

00 <0

is a convex function whenever f is convex on R*.

Lemma 8.1 (Isochoric terms)

Let W(F) = %. Then W is polyconvex.

Proof. We investigate first the convexity of the function P : Rt x R — R, P(x,y) =
f(z) - g(y). The matrix of second derivatives is of course

D2P(1y) — (f”(af).- g(y) f'(x)- g’(:u)) ‘

fl(x)-g'(y) flx)- 9" (y)

If f, g are positive, smooth and convex then we have f”(x)-g(y) > 0 and det[D*P(x,y)] =
f"(x)g(y) f(x)g"(y) — (f'(x)g'(x))%. Observe that P is convex, if D*P is positive defi-
nite by Lemma ??. In our situation D?P is positive definite, if f”(z) - g(y) > 0 and
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det[D?P(x,y)] > 0. Thus we must guarantee that f”(z) g(y)f(z) ¢"(y) > (f'(z)g' (x))%.
Let a > 0 and p > 2. We choose f(z) = 27 and g(y) = y”. Then

F'(x) g) f(x) g"(y) = ala+ Do~ FFyPa=p(p — 1)yP
and

(f'(2)g'(2))* = (—aa= @ Dpyp=1)? = o2y~ 2t lp2 21,
We arrive at the condition that

a+1> p

o (8.3)

The larger one chooses p, the better for the choice of a. Notably P(z,y) = :%a -yP is
convex for o = % and p = 2. We set

| F|
€3

’ 2

W(F€) = P& |IF]) =

We check the convexity of W(F ,&). Thus

A

W()\Fl + (1 — )\)FQ, A+ (1 - )\)52) = P()\gl 4+ (1 — )\)52, H)\Fl + (1 - )\)FQH)
MR+ (=R
(A& + (1= N)&)3

and the monotonicity of the square for positive arguments yields

5 B B AL+ (1= V]I F)
WAF + (1 =XNF, o+ (1= X)&) < 6t (- NG)

= P(A& + (1= )&, Al Fr ]| + (1 = M| E2]).

Since by assumption P is convex, we get

A

WAR + (1= NE, A + (1= N)&) < AP, 1) + (1= A P&, || £2])
- )‘W<F1,fl) +(1- )\)W(F2,fz)-

The proof is complete. For this proof compare also with [?] or [?, p. 140]. |

Lemma 8.2 (Volumetric terms)

Set C = FTF. The following terms are each polyconvex and have each a stress free
reference configuration:
_1 _—
det[C]

1 Fe (det[C’] + 2>k, k>l

k
2. F s ((det[C’])vam—Z) ,p=2k>1p=>

N =

72



3. F i (y/det[C] — 1)k, k> 1.
4. F — (det[C] — Indet[C]).
5. F + (det[C] — Indet[C] + (Indet[C])?).

Proof. On the natural domain of definition det[F] > 0 the given functions are convex in
the variable det[F]. |

Lemma 8.3 (Convex terms)
Let X € M**3. Then the following terms are each convex:

1 X [tr(XTX)]F, k> 1.
2. X = tr((XTX)R), k> 1.

and the statements remain true if X is changed into X T since linear transformations leave
convexity properties invariant.

Proof.

1. [tr(XTX))* = || X||**. We compute the second differential:

Dx (IIXI**) -H = 2k - | X||**7*(X, H)
DX (IXI%*) «(H, H) = 2k - | X|[**72(H, H) + 2k (2k — 2) | X[* (X, H)" > 0.

2. tr((XTX)*). Set C = XTX. Then

D¢ (tr(C*)) .H = D¢ ((C*, 1)) .H
= k- (CF ' H)
D¢ (tr(C*)) .(H,H) = k(k — 1)(C*H, H) > 0.

Thus Dc (tr(C*)) = kC*~! € PSym and D% (tr(C*)) .(H, H) > 0 which allows us
to apply Lemma ?77.

A change of X into X7 is permited: convexity is invariant under the transformation
X — XT, [

Lemma 8.4 (Generic polyconvex terms)
Let F' € M**3. Then the following terms are each polyconvex:

i ) LR A
det[(FTF)3

2 [tr(Adj(FTF)l)}k’ k> 1.
det[(FTF)|3

Proof.
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[te(FTR)E

det[(FTF)5  det[F]

Wi

We have already shown (see (??)) that the function P(z,y) = -% - yP is convex
provided that o = % and p = 2k > 2. Now define a new function

R F2k
W(F,C) = P, | Fal)) = I

(s

Observe that by the monotonocity of the 2k-th power for positive arguments we

have the inequality

IAF 4+ (1= Nl < (B + (1= 2] 2l)* (8:4)

It remains to check the convexity of W (F, (). To this end
WP + (1= NP, M+ (1= 0)G) = POG + (1= NG, A + (1= ) Fl)
AR+ (= VB
(G + (1= NG)t

With (??) we have
; AIF + (1= N)]F)™
W(AF 1—=NF), A 1—A < 2
(AFy + ( JFo, G+ ( )G2) < G+ - NG
= P(AG + (1 = NG Al Al + (1 = A E2]).

The convexity of P yields

W()‘Fl + (1= N)Fo, NG+ (1 = N)G) < AP |F) + (1= XN)P(G, || F2)
= MNW(Fy, G) + (1= W)W (F, Go).

The proof is finished.

k Adi F 2k . .
= LAIFITY ond we may proceed like in case one.
det[(F)]3

—

tr(Adj(FTF)
det[(FTF)]

2.

ol

Corollary 8.5 (Generic exponential polyconvex terms)
Let F' € M**3. Then the following terms are each polyconvex:

I oexp | D" 1>,
det[(FTF)3 |7 —

tr(Adj(FTF))k:| k> 1.

2.
eXP [ det[(FTF))3
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3. exp [W(F)| if W(F) is polyconvex.
Proof. By the foregoing lemma each argument of the exponential is polyconvex. Since
exp is convex and monotone increasing it preserves the underlying convexity. Hence the

composition is polyconvex. Observe however, that these functions alone are not stress
free in the reference configuration. [ |

Lemma 8.6 (Special polyconvex terms)
Let F € M**3. Then the following terms are each polyconvex as functions F > R:

1. Fs <'F—”22—3> - (tr( ¢ 1)—3) 0> 1.
det[F]3 det[C]3
. J : ]
2 Fs ("d*‘ef;;!?’ —3%3) = (tr(Adj(d Cr))i —3\/5) L i= L

Proof.

1. We have already checked in Lemma 7?7 that the expression % is polyconvex,
et 3
IF]1?

. Observe that by the
det[F]

2

3
estimates for the invariants Lemma ?? we know that P(F,det[F]) —3 > 0. We
define the function [a]; = max{a,0}. Then

hence there exists a convex function P(F,det[F]) =

(HF—H: — 3) = [P (F, det[F]) —3]’.
det[F)3 T

P is convex in F and z +— 2%, i > 1 is monotone increasing for positive values and
convex, hence

[P(X) = 3],

is altogether convex in X which is however the polyconvexity of F' +— [P(F, det[F])—
3)",. Since this last expression coincides with

( i 3>"
det[F]

Wi

the polyconvexity is proved. [
2. We know already that ”je‘jfg!?’ — 34/3 is polyconvex since the exponents verify the
decisive inequality QTH > z%‘ Moreover, % —3v/3 > 0 with Lemma ??. Now

exactly the same reasoning as before applies.
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Corollary 8.7
Let F € M**3. Then the following more general terms are each polyconvex:

I.FH(m—?)k) P>, k>

2k
det[F] 3

2 Fo (LAEEE _ (3v3)) 21 k21

det[F]?*

2k
det[F] 3

3. F s exp (M—3k>]—1,@'21,k21.

4 F s exp (M—(?)\/ﬁ)k)]] 1, j>1, k> 1

det[F]?

Proof. Apply the same ideas as above and observe that exp is a convex monotone in-
creasing function, so that we may apply Lemma ?7?. [

Remark 8.8
The above isotropic terms of the type

W(F) = (ﬂ—:%) i1
det[F]

have the nice special property that W(1l) = 0 and W (F) > 0. Hence the reference con-
figuration is automatically stress free. This contrasts known polyconvex functions like
Ogden-materials, where only by a judicious choice of parameters the reference configura-
tion can be made stress free. We know of no other polyconvex energies which join this
feature. The polyconvexity of these terms seems to be gone unnoticed. Of course, the
terms are objective and meet various growth conditions which are necessary for the suc-
cesful application of the direct methods of variations to prove the existence of solutions
to a corresponding finite elasticity problem.

wn

Remark 8.9 (Non ellipticity of mixed terms)
The following terms are non-elliptic hence not polyconvex:

C(EE N IAGEE N
W(F)_<det[F]§ 3) (det[F]Z 3\/5)’ J=t

Moreover, the term

. 2 Z
F— M—Z’) ,i>1
det[F]3

is non-elliptic, hence cannot be polyconvex, even so % — 3 > 0 in light of Lemma
et 3
??. Here the term % itself does not have the right exponents [?] for polyconvexity.
et 3
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Proof. We let i,j = 1 and consider the eigenvalue representation of W (F'):
22\ /) 4 (Qed)® + (Ahg)? )
W(F) = ATt 4 (( 1Aa)” 1 (Aoda) + (Aiha) —3\/5) — (A1, Mo, Ag).
()\1)\2)\3)§ <)\1A2)\3)

We take the extreme deformation F' = diag(0.1,10,¢) with ¢ € R*. If W (F) is rank-one
convex, then

100.01 + 2 “ /(1 +100.01¢2 J
B(0.1,10, 1) — (0—+ _ 3) . (H% _ 3¢§>
t3

should be convex, according to Theorem ?7. However, this is not the case as can easily be

verified. Typically, convexity in ¢ (hence ellipticity with respect to F') is lost for extreme
deformations only. [

9 Coercivity for new isotropic formulation

Coercivity is a condition on the growth of the free energy for large deformation gradients.
It is a necessary part of the existence proof via the direct methods of variations. More
precisely we have

Definition 9.1 (Coercivity)

Let I(u) = [, W(Vu)dx for W : M**3 — R be the elastic stored energy functional. We
say that I is q-coercive, whenever

I(u) < K = Jlull, .o < K.

Lemma 9.2 (Coercivity of special energy)
Let the elastic stored energy density be given by

W(F)=a" % -3 +5F (%—3\@)—1—
5 (det[F]4+W—2)+cl ()4 ()
_ ot tr(detfc]é) o #ot | [ o) VA
5 (det[C]2+ e;o]z —2) te (L) e ().
Then

is coercive for q = 4.
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Proof.

F:det[p]% (det[F]3),
I = oy el
/ 2o det(F]J# dx
det[F]?

1 1
apply Youngs inequality with — + 5= 1
a

1 g
/—H i1 4 L idet [F)|% dx
Q@ det[F]3 b

3
takinga = -, b=3 yields

- /3 udet[ % gt

for ¢ = 4 this shows

2 F 1 2 Fl? 1
= [ 21—+ gl ax= [ 2| Lo ax
Q3 det[F]3 3 o3 | det[F]? 3
2 1
<1 P+ =1 2
<3 (u) +3° + % (u) +
< (2 + ! I(u) +2+ 3
— 4+ = u .
~ \3Ba 30
An application of Poincaré’s inequality will end the proof. [

Theorem 9.3 (Existence of minimizers)

Let the reference configuration Q C R?® be a bounded smooth domain and let 9€); be
a part of the boundary 02 with nonvanishing Lebesgue measure. Assume that I(¢) =
Jo W ) dx with W as in Lemma ?? Let ¢y € WH4(Q) be given with I(¢g) < oc.
Then the prob]em

inf{ I(¢ / W(Vé(z)) dx, ¢(x) = ¢o(x), z € 0y, ¢ € WH(Q)}

admits at least one solution. Formally, this solution corresponds to a solution of the
boundary value problem

Div DW (V) =0,
¢(z) = ¢o(X), x € 0.

Proof. The energy is polyconvex and coercivity in W'4(€Q) has been shown in Lemma
??. Since I(¢) > 0 and I(¢p) < oo the infimum exists and the direct methods of variation
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yield the existence of at least one minimizer. [ |

It is our aim to express the parameters o, 3,0 > 0 in terms of the Lamé constants
i, A. In fact, by a judicious choice of these parameters all Lamé moduli of the infinitesimal
theory can be represented.

Lemma 9.4 (Stress free natural state)
Let W be an isotropic free energy function with stress free natural state, then W admits
the following expansion near to 1l

A
W(F) =W(C) = |BIP + 5 w(B) + ol E|]*)
A
=TI =P + 5 (€= 1) +o(|C - 1|P).

where E = $(C' — 1) = 1(FTF — 1) and A, ju > 0 are the so called Lamé-constants.
[

Proof. See e.g., Ciarlet [?]. |

Corollary 9.5 (Expansion)

W(C) = WL+ (C — 1)
= W(L) + DeW(C1,)C — 1] + L DAW(C,) (€~ 1), (€~ 1)) + ..
=040+ SDEW(CL)C — 1), (C~ 1) 4.

Hence equating like powers shows

1 A
S DEW (W).[H, H] = [ H|? + 5 (i)

1 A
DEZW(1).[H, H] = B |H|* + n tr(H)?. u

This forces us to calculate the second differential in 1 of

3

Njw

tr(Adj( Nl —3V3 |+

det[C]3

5(det[0]2+ —2)+01 () +e ().

det[C]?

It is obvious that the higher order terms do not yield any contribution as far as a lin-
earization with respect to 1l is concerned since the brackets itself are stress-free. Thus we
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are left with

3 3
tr(AdjC)2
=at | |t | =3+ | = —3V3 |+
( det[C]? ) det[C]
+4 (det[c]2 + % - 2)
det[C]
We consider first the contribution of the a-term. The first and second differential are
12
DeW,(C).H =3 |tr(—E— {(]1, HYdet[C] T + tr(C) —~det[C] T (Adj €, H)}
| det[C]? 3
> BN -1 —1 =2, ?
D:Wo(C).(H,H) =6 | tr( [ ]1 - | (1L, H)det[C] —i—tr(C’)?det[C] s (AdjC, HY| +
det|C]3

2
C
det[C]

tr(C)%Qdet[C] T (Adj C, H)? + tr(C)det[C] T (D Adj C.H, H>))

- ((H,H>%1det[6’]_32(Adj C,H) - é((]l,H>det[C]_32(Adj C, H)+

[N

3 [tr(

Thus
D?;Wa(]l).(H, H)=6-3 {(]I,H)l + 3%“]1’ H)r .

3-32 ((]1,H>%11<]1,H> - %((ﬂ,H}l(]l,H) + 3_?21<11,H>2 +3-1((1, H)? — HHH2))

=18-0+27 (|H|* - (1, H)?) .
Next consider the contribution of the f-term.
DeWs(C).H = gtr(Adj C)2 tr(D. Adj C.H)det[C] ™" + tr(Adj C)2 (—1)det[C]2(Adj C, H)
D2W,(C).(H, H) = g% t(Adj C) 7 te(D. Adj C.H)det[C] '+
g tr(Adj C)% tx(D2 Adj C.(H, H))det[C] "+

g tr(Adj C)} tr(D. Adj C.H)(—1)det[C] 2 (Ad] C, H)+
3 tr(Adj )3 (D Adj C.H, 1)(—1)det[C](Adj C, H)+
tr(Adj C)22det[C] *(Adj C, H)? + tr(Adj C)2 (—1)det[C] (D Adj C.H, H).
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Whence

DLW, (1).(H, H) — z%

;\@(D AdjC.H, ) (—1)(11, H)322(11, H)? + 3% (—1)(D Adj C.H, H)
31 3 ) 3

= 172@ JH) + 5\/§((]1,H) —||H||*) + 5\/52(]1,H>(—1)<]1,H>+
O VB2(I, H)(-1){1L, H)332(1, ) 4 33 (-1)((1, H)* | H|?)

- e - )

Finally, the J-term
DeWs(C).H = 2det[C](Adj C, H) — 2det[C] *(Adj C, H)
DiWs(C).(H,H) = 2(Adj C, H)* + 2det[C](D Adj C.H, H)
— 2 (=3det[C)"*(Adj C, H)? + det[C]*(D Adj C.H, H))
DXW;(1).(H, H) = 8(1L, H)”
Thus we get altogether

DEW (1).(H. 1) = 27a( A1 = (L 1))+ 25 (G HIF - (n, 1) + 8501, 1)°

= (270 + ﬂ5)||H\|2 + (86 — ?ﬁ — 270)(11, H)”

HMPAmm

It remains to determine posmve parameters «, 3,0 > 0 such that

— %a +£ﬁ

:85—§5—27a.

> o=

Adding both equations and multiplying by 4 yields

f= 1 \/—
We choose 6 = (2u+ A) - t with ¢t € RT. Thus § = %(2u + A)[1 — 32t] > 0. Reinserting
into the first equation shows

—=2u+ ) —320.

Ju 3
—_— = — A)(1—32t) >0.
This is true if
8 7
— >1—32t.
3-272u+ A
This is met for e.g. 1 — 32t = 5 327 SN This implies ¢ = % Hence 6 = 233”;1122’\

Sp

andﬁ—%\[ and o = 5.
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10 The anisotropic polyconvex setting

Lemma 10.1 (Properties of the anisotropy structural tensor M)
Let n € R® with ||n|| = 1 and define M = 1 ® n. Then the following statements hold:

1. MT = M.

2. M is positive semi-definite.
3. MTM = M.

4. tr(M) = 1.

5. M? = M.

6. || M]? = 1.

Jn— M2 =2

(1L — M)(IL — M) =1 — M.

© o =N

(M —M)"(1—M)=1-M.

10. (1 — M) is positive semi-definite.

11. rank(M) = 1.

12. Adj M = 0.

13. det[M] = 0.

14. rank(l — M) = 2 and Adj(1l — M) # 0.
15. Adj(1l — M) = M.

16. (H,H.M) > 0.

Lemma 10.2 (Convex anisotropic terms)
Let X € M**® and M = n®mn. Then the following terms are each convex as functions in
X:

1 X [tr(XTX - M)k, k> 1.

(
2. X — [tr(XTX - (11— M))F, k> 1.
3. X — [te(XTX - M- XTX - M)k, k> 1.
4. X = [tr(XTX)]2 + tr(XTX) - tr(XTX M),

5. X = 2[tr(XTX)]2 + tr(XTX) - tr(XTX (1L — M)).

6. X — Ltr(XTX))? + tr(XTXXTX M),
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and the statements remain true if X is changed into X' since linear transformations leave

convexity properties invariant.
Proof.
1 [tr(XTX - M)]F = (X, X - M)*. We compute the second differential:

Dy ((X, XM>k> H = (X, XM ((X, HM) + (H, X M))
= 2k(X, X M) (X, HM)
D% ((X, XM>’“) (H,H) = 4k(k — 1)(X, XM (XM, H)>+
2k(X, XM)* ' (H, HM) > 0.

in this context see also 7?7 Equation 15.
2. [tr(XTX - (1= M)]* = (| X]|2 = | X.n)|2)*. We may apply the same reasoning as

in the previous line. Observe that

(IXT* = 1Xnl*) = 0 if ol = 1.

XXM, MX"X)"
XEX(n@n), (nxn)X"X)

(tr[[X*X - M- XTX - M)* ={(

= (

= (X" (Xn®n),(nhe XnX)
(

(

k

e

e

(XpenXT, X(ne Xn)
(Xn® X)), (Xne X.n)
(X @ X))

= [ X.n)|*.

)
)k

Hence, computing the differentials yields

Dy (X)) .H = 4k - | Xp] - (X, Ho)
D% (IXnl|™) .(H, H) = 4k (4k — 2) | X~ (X, Hon)+
4k | Xol| =2 (H.y, Hoy) > 0.

4. tr(XTX) 2 +tr(XTX) - tr(XTX M) = [| X||*+ || X||*- | X.n]]2. We calculate the second
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differential, which yields

DX (IXII* + [IX11*- I X-nll?) .(H, H) =
8(X, H) + 4| X |]?||H||> + 8(X, H)(X.n, H.n)+
2| X PN HIPP + 2| X ||| H ]
> 8(X, H)? + 4| X|1*|| H|I” — 8> X [N E-n) ([ H || X nl)+
20| X PN HIPP + 2/ X ||| H ]
> 8(X, H)” + 4| X|°|| H|]” = 4| X|]*| H.nll> — 4L H||*| X ml*+
2| X PN HIPP + 2| X ||| H .l
> 8(X, H)” + 4| X || H||” — 2| X |I*| H.nll* — 2| H|]*[| X |
> 8(X, H)* >0

where we have used Young’s inequality.

X = 2r(XTX)P + tr(XTX) - tr(XTX (T — M) =21 X ||1* + || X% - |1 X (1L — M)
We calculate the second differential, which yields
D% X"+ [|X 7 - X (2 = M)|P) (H, H) =
16(X, H)? + 8| X || H||> + 8(X, H)/{(X (11 — M), H(1L — M))+
2 X (1 — M)|P [ H* + 2/ X1 2 (1 — M|
> 16(X, H)* + 8[| X P H |1 = 8[IX|[|H|[| X (1 — M)|||| H (1L — M)||+
2 X (1 — M)|P[H* + 2/ X[ 2 (1 — M
> 16(X, H)* + 8[| X P H |1 = 41 X|[*| H (1 — M)||* = 4| H|*| X (1 — M)||*+
2 X (1 — M)|P [ H|* + 20| X1 2 (1 — M
> 16(X, H)* + 8| X I H|* = 41 XN H P[0 = M) = 4[| H P X (1 = M)[*+
2 X (1 — M)|P | H* + 20| X1 2 (1 — M|
> 16(X, H)* + 8| X P H [ = 2 X P H [P = M)|* = 2/ H|*[1X]*[| (1 — M)|J?
> 16(X, H)" + 8[| X|*|| 5| - 8| X|1*| H]?
= 16(X,H)* > 0.

Ca[tr(XTX)P 4+ tr(XTXXTXM) = 1| X||* + | X" X .n||2. Compute the differentials
1
D (S + X7 Xl ) 1 = 2AXPIHIP + (XX (X7 + HOX) )

1
D3 (UK + XXl ) (0, ) = 2UXIPL P + 40X, Y

2AXT X, H'Hy) + [(XTH + H' X).n||?
> 2| X (P HPP + 4(X, H)* = 2| X P H|P|lnl* + (X" H + H"X).n||?
= 4X,H) + |(XTH + H'X).5||> > 0.
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Lemma 10.3 (Generic anisotropic polyconvex terms)
Let F € M*3 and M = n ®n. Then the following terms are each polyconvex for k > 1:

[tr(FTF)]k 5 [tr(FTFM)]* 5 [tr(FTF(1L — M))J*
(det [ F]))F (det[[FTF])) (det[[FTF]))}
[r(Ad(FTED - [r(AUFTR)M)E - [te(A(FTF) (- M))]F
(det[[FTF]])z (det[[FTF]])z (det[[FTF]))s
Proof.
1.
e(ETR) R
(det[[FTF])3  (det[F])3
and we may use the same ideas as in the proof to Lemma ?? to conclude that the
term is polyconvex.
2.
[tr(FTFM)]* _ (F, FM>k _ (B F(en)” _ |[Fg* ‘
(det[[FTF])3  (det[F]) (det[F])3 (det[F])3
We have already shown (see (??)) that the function P(z,y) = —% - yP is convex

provided that o = % and p = 2k > 2. Now define a new function

R 2%
W(F.¢) = P(C, || Fapf)) = 12

Observe that by the monotonicity of the square for positive arguments we have the
inequality
ML+ (1= N Fo* < N[ Frll + (1= N[ Fonl])* (10.5)
It remains to check the convexity of W (F,¢). To this end
WF; + (1= N Fy, AG + (1= N)G) = POG + (1= NG, [AFLn + (1= \) Fa])
B+ (L= N Fa*
MG+ (1= M)G)s

With (??) we have

MFrnl + (1= N Fanl)™
(AG+ (1= )\)CQ)%
= P(AG + (1 = NG Al[Frnl| + (1 = A)[[Fanl).

WAF, + (1= N E, MG 4 (1= NG) <



The convexity of P yields
WO+ (1= VB G+ (1= 0)G) S AP Bl + (1= NP(G | Ba)
= AWV (F1, Q) + (1= AW (Fy, &)
The proof is finished bearing the correct extension (??) in mind.

[tr(FTP (1 — M))F _ |[F( = M)|*

and we proceed as in the second case.

(det[FTF])s  (det[F))3
4. [tr(Adj(F TF))I] | Adj FII* 5 and we proceed as in the first case.
(det[[FTF]])s  (det[F])3
5. tr(Ad(F" F) 1)]k [ Ad] FT'Z“% and we proceed as in the second case.
(det[[FTF]])s (det[F])3
6 [tr(Adi(FT ) (1L — M))I* = [ Adj (1 — M)[[* and we proceed as in the second
. et FTE) (det(F))}

Corollary 10.4 (Generic anisotropic exponential polyconvex terms)
Let F € M3 and M = n ®mn. Then the following terms are each polyconvex for k > 1:

A [tr(FTF)]kl exp [tr(FTFM)]’i |
| (det[[FTF]))3 | (det[[FTFY))3

3 e |[EETE(H A{))}] 4 exp |EAETE)
| (det[[FTF])S | (det[[FTF]))3

5. exp | (AdJ(FTF)M)]] 6. oxp | (AP )1 M))]]
| (det[[FTF])s | i (det[[FTF]))s

7. exp[W(F)] if W(F) is polyconvex.

Proof. By the foregoing lemma each argument of the exponential is polyconvex. Since
exp is convex and monotone increasing it preserves the underlying convexity. Hence the
composition is polyconvex. Observe, however, that these functions alone are not stress-
free in the reference configuration. [ |

Let us show that for any p > 2

exp (|Fall* = 1)" ||l > 1,

10.6
0 else, ( )

Waniso(F) = {

86



is Legendre-Hadamard elliptic. This is enough to see that any additive composition of
Waniso With an isotropic elliptic energy will also remain Legendre-Hadamard elliptic. To
see this, we compute the piecewise second differential. Since

Drlexp (| F.al2 = 1)"].H = exp (| F.al|? — 1) [p (IF.a|? = 1)"" 2(Fa, H.a>] . (10.7)
we obtain for the non-zero branch of W,is0
D3 Wil F).(H, H) = exp (| Fal> = 1)7 . (10.5)
+exp (|Flal®* = 1)" 2p [(p —1), (||[F.a]?® - 1)p72 2(F.a, H.a)® + (|[F.al® - 1)p71 (H.a, H.a)
This formula tends continuously to zero for ||F.a|*> — 1 and is positive for ||F.a|?* > 1.
Hence, the complete second differential is always positive and continuous. Thus, convexity
of Waniso implies Legendre-Hadamard ellipticity. By continuity, we obtain that Wy, is
convex also for p = 2.

One might be tempted to use some other ansatz terms in order to construct polyconvex
strain energies. However, we have e.g.

Lemma 10.5 (Non-elliptic terms I)
Let F € M® and M = a ® a. Then the following terms are each non-elliptic, hence
non-quasiconvex:

1. F—tr(FTF-M) tr(FTF) = tr(CM) - tr(C).
2. Ftr(FTFFTF - M) = tr(C?M).

JAdiF2 ) e i
Fo (229500 3} = [ te(Adj(———)) -3
((det[F1>3 ) (“ Caaren?” )

= (tr(Adj(m) — ]1)) 1> 1.
Proof.
1. The last equation can be expressed in the form
tr[FT FM) te[FTF] = ||F||*||F.a|? .
Calculating the second differential with respect to the deformation gradient yields
Dy (|F|I? - [|F.al)?) .(H, H) = 8(F, H)(F.a, H.a)+
2| Fal®|| H|* + 2| F|*|| H.al*.

We see that this expression is in general non-positive (take F, H in diagonal form),
which excludes convexity. However, it is possible to show the non-ellipticity as well.

Take
-1
F, =

O O3
SO O

1 1 1
, &E=10), n=|n], a=10
0 0 0

3=
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and H = £ ® n. This yields

Dy (IFIPIF.all?) (€ ®n,§ @n) =

8(F, ¢ @n)(F.a,§ ®n.a) + 2| Fall*llg @ nl* + 2| F[*[|€ @ n.al*

:8(%—@%%% (1+n2)—|—2(3%+1) :%—4.
If we choose n > 2, then we get

D% (IF|1* - [ Fal?) (€ @£ @ 1) < 0.
Thus, the non-ellipticity of this function is shown.
. The forms of the individual expressions are
tr[FTFFTFM] = ||[FTF.a|*.
First we compute the second derivative of the function with respect to F'
Dy (|F"Fa|?) .(H,H) = 2(F"F.a,H Ha) + |(F"H + H'F).a|>.
Set H = ¢ ®@n with ||€|| = ||n|| = 1. This yields after some manipulation
D} (IFTF.al?) (€ @ n,& ©@n) = 2(F.a, Fn){(n,a) + (n,a)*| FT¢|*+
(FT¢,a)" +2(F7€,m){n, a)(F"€, a).

Take the explicit expressions

1 0 0 0 1 1 1 1 1
F,=(02 0], ¢=(0] |F¢P==, a=—4|1], n=—41|-1
001 1 n* V3 1 V3 \ 1
This leads to the expressions
(Fra By =—1+ 25 {an) =2
na, Fpn) = =14 —, a,n) ==
1 3n? =3
and altogether we have for some reasonable n
D% (|Ff Fuall?) (€@n 6 ® 1) < (<24 o5)z 4+ <0
" ’ - 3n?"3 n
Observe, that the isotropic counterpart tr [[[C?] = ||[FTF|]? is a convex function of

F.

. Even though || Adj F||2/(det[F])3—3 > 0 in light of Lemma ??, the term || Adj F||2/(det[F])3
alone does not have the right exponents to be polyconvex. Moreover it can be shown
that the term is non-elliptic (Dacorogna, 1989). . u
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Lemma 10.6 (Non-elliptic terms II)
Let F € M**? and M = a®a with ||a|| = 1. Then the following terms are each non-elliptic,
hence non-quasiconvex:

oo 1) ~ G

C q
2. F— <(m,a®a>—1> , q > 2.

Observe that both terms have stress-free reference configuration.

Proof. We show the non-ellipticity of the first expression. The non-ellipticity of the
second one follows along the same lines. We calculate

T
(—2 a@a) = (—— L a@a) = ———|[Fal?
(det[C])s (det[FT])5 (det[F])5
Set F' = Fy + t£ ®n. This yields
L Faf? = [Fo+tE®n|* | Fo-a + t&(n, a)||? _
(det[F))3 (det[[|Fo + t€ @ n])3  (det[F], + (Adj FL,t£ @ n) + 0+ 0)3
1Fo-all® + 2t(Fy.a, §)(n,a) + (& E){n,a) _ || Fo-al® + 2t(Fp.a,€)(n, a) +t2<§,§><n,a>_
(det[F], + t(11, Adj Fy.€ @ 1))3 (det[F], + t(Adj Fy.€,7))5
Now we choose
1ty
L (1 0 1 1 V2 \/\;
a=—|1],6=|1],n=10) ,F; = 1 3v2
V2 \¢ 0 o) V2 o2 0
0 0 d

This yields

lall = lIgll = llnll = 1,
1
<a’n> = <6L,f> = Ea
<777§> =0,
Fyln=a, det[F), = é, Fy.a=n

det[F), - a = det[F], - Fy '.n = Adj Fy.n.

89



As a consequence, we get

[Fo-all* + 2t(Fo.a, ), a) + (€, &) (. a) _ |Inll* + t(n, §)(n, a) + (&, €)(n, a)

; 2 1

(det[Fl, + t(Ad] Fy.€,7))5 (5 + HE Adj Ff )’
1

1+04t"— 1421 14t
V2 V2 _ V2

GrHEAG R (g + Py (6 a)i 1+

Thus
1+t2L 14+¢2L

If we choose - = 3 it turns out that A is not convex in ¢, hence (Theorem ??) W is not

a3
elliptic. We remark that the non-ellipticity is mainly due to the fact that
C
(

—,a®a) >1
(det[CT)s

is in general not true (consider F, = diag(n, 1, 1)), whereas

_¢
(det[C])3

holds by virtue of Lemma ?7. |

{ ) >3

Lemma 10.7 (Non-elliptic terms III)
Let F € M3*® and M = a ® a with ||a]| = 1. Then the following terms are non-elliptic,
hence non-quasiconvex:

1. F—W(F)=c tr(CM) — colny/tr(CM).
2. F—W(F)=c tr(AdjCM) — coln/tr(Adj CM).

with cy,co > 0. Observe that these terms have a physically desired singularity in fiber
direction, i.e

Ws(F) — o0 as F.a—0
Ws(F) — o0 as AdjF.a— 0.

Proof. We show that the ellipticity condition is in general violated for the first term. We
calculate

Ws(F) = c¢; tr(CM) — eaIn/tr(CM) = ¢ ||F.a|]* — coln|| F.a|
C
= ¢ |Fal? - flnHF.aHQ.
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Then calculating the first and second differential yields

Co

DWs(F).H = 2¢,(F.a, H.a) — TFal?

-(F.a, H.a)

1 (F.a, H.a)?
D? F).(H,H) = 2¢,||H.al]* — — — . ||Ha|* -2 - —Z2— .
WS(F).(H. H) = 20 H.a C2<||F.a||2 Il -2 00 )

Take H = ¢ ® n with ||£]| = ||n|| = 1. This gives

D?Wsw).(s@n,g@n)=2c1||§<n,a>||2—c2(HF - letn >||2—2%>
— 9 a)’ — ¢ <77>a> o <F'a75><77’a>2
- ralbn) 2<||F.a||2 2Rl )

Without loss of generality assume that £ is chosen such that (Fl.a,&) = 0. It follows that

[F-a]?
If the deformation F' in fiber direction a is such that ||F.al|* < 3% then

WS 9.6 w0 = .0 (20— 1720 ).

D*Ws(F).(§ ®n,€ @ 1) = (n,a)’ (201 - HFC—ZHQ) <0

Observe that the more severe the deformation in fiber direction is, the more the ellipticity
condition is violated. It is thus just the physically interesting region ||F.a| small which
fails to be elliptic. Now we consider the second term. We calculate

Ws(F) = ¢ tr(AdjCM) — eolny/sr(Adj CM) = ;|| Adj FT.al|? — %ln\l Adj F7 .a|?

DWs(F).H = 2¢1(Adj F'.a, DAdj F*.H" .a) — (Adj F".a, DAdj FT.H" .a)

2
| Adj FT.al|?
D*Ws(F).(H,H) = 2¢,[(DAdj F*.H" .a, D Adj F* .H" .a)+

(Adj FT.a, D Adj FT.(H”, HT).a)] — m[w AdjFT.H".a, D Adj F*.HT .a)+
2
(Adj FT.a, D* Adj FT.(HT, HT).a)] + mmdj FT.a, DAdj FT.H )’

Since D* Adj F.(H, H) = 2Adj H and for H = £ ® we have Adj£ ®n = 0, it follows that
Co

I Adj F™.a?
(Adj F”.a, DAdj F™.H” .a)°

D*Ws(F).(6®n, & @n) = 21| D Adj F*.H .a||* - IDAdj F*.H" .a|?

2¢o
H Adj FT.a|*

— IDAdj FT.HT .a|?[2¢; — —— 2

|| J CLH [ €1 ||AdJ T 6L||2]+
p
@ (AdjFT.a, D Adj FT.HT.a)".

| Adj FT.al|*
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Consider (Adj FT.a, D Adj FT.H".a). If we choose F~T.a = s- ¢ with s € RT, then
(Adj F".a, DAdj FT.H" .a) = (det[F]F " .qa, Adj FT{F~Y H"YIL — H'F~1).a)

= det[F]*(F~ [<F*1n®£> — (n®&F"].a)
= det[F]*(F~ < "0, )F T a-F . (n@&F " a)
= det[F]? [||F al? < n€>—< Ta, F " (n® &) F".a)
= det[F]*s* [JIE)*(F~"m,8) — (&, (F T.n©€).6)]
[F]

= det[F]*s? [1 - (F~ .g,m —(n, F1.¢-1)] =0.

With this choice we get

D*We(F). — DA FT.H  .a|?[2¢) — — 2
Ws(F).(€@n,§ @n) = || D Adj al|*[2e1 HAdeT.a||2]
— |DAdj FT.HT a|?[2¢1 — - ]
det[F]7||F~T.a|]?
— DA FT.H .a|]?[2¢; — — 2.
1D Ad FTHT ol — <]

Since F' can still be chosen with det[F] = 1 taking s > 0 sufficiently small finishes the
argument. [ ]

11 Coercivity for metric based anisotropic elasticity

Let us recall

g; = tr[G;] = tr [H] H;] = ||H;|I” > 0

Jiy=tr[CG;] =(F"F,H]H;) = (FH FH)
= |F H] | = [|1H; FTI1? > Ao (H] H) [ FT > = Auin (G| I,

Js; = tr [Cof C G] = (Cof F" Cof F, HjTHj) = <CofFHjT,CofFHjT> = || CofFHjTH2
= Co I 2 A Hy)| Cof P = N (G| Cot FIF,

I3 = det[C] = det[F]* < \/_ | Cof FI|* see (27). (11.9)

Since G is always strictly positive definite we know that the smallest eigenvalue Ay, (G;5) >
0 is strictly positive.

With these preliminaries let us proceed to show that the anisotropic energy W3
satisfies a local coercivity condition, which is needed, together with polyconvexity of
Waniso to ensure the existence of global energy minimizers. Coercivity is a condition that
ensures that the energy growth enough for large deformation gradients F'. More precisiely
by local coercivity we mean here an estimate of the type, see [?, Th.2.2]

VE e M3 wmiso(F) > O, (|F|P + || Cof F||9) — Cy, p>2, q> (11.10)

NN GV]
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with constants Cy,Cy > 0 and C; > 0.
The function W§™*° has the generic form (taking only the relevant structure into

account, i.e. setting o,; =, Brj =06, Vs =7, 95 = G, Jaj = Ju, J55 = J5)

1 1

1 1 g ._
Jlite JHB LT 11.11
Faget Tigypgph T50 (11.11)

\Ijgm'so (F)

Thus it follows easily, taking the relations (?7?) into account, that for a, 3 > 0

: 11 1 1 g
\chmzso F —J J 0%
2 ( ) — 1+aga + 1+5gﬁ 5+ 3
11 1 g .
> — mln 2 _Amln i COfF 2+—I v
“Ttag® (GH) [ F[I” + Hﬁﬁ (G5) |l | o 1s
=cf ]|F|]2+c§r\|CofF||2+;det[F] S (11.12)

for some given constants ¢, c; > 0. In case that ~ is positive we have shown (??) with
Cy =min(c],cf), Cy=0and p=q=2.
In the case where 7y is negative with 0 > v > —% we may continue estimating

Waniso(F) > cf | F|? + cf || Cof F|2 + % det[F] %,
> cf | F|I? + ¢ || Cof FIJ? — ¢ det[F] ™",
= | FII? + ¢f || Cof FIJ2 = ¢f (det[F]2)1,
> cf |F|I? +¢f || Cof FIJ> — ¢ [det[F] + 1], 0<|y|<
1
V33

It is obvious that for all ki, ks > 0 there exist numbers /%1, 12’2 > 0 such that

N | —

> f | FII* + cf || Cof FII* — cf | | Cof P12 +1]. (11.13)

Vl’eRJrl k1372—k'2$3/22];}1$3/2—];2. (1114)
Applying this reasoning on z = || Cof F|| yields the existence of numbers Cy, Cy > 0
such that
. 1
U (F) > cf |[F|* + ¢ || Cof FII” — f [=== || Cof F||? + 1]
V3v3
> cf |F||> + Cy || Cof FIIP/? — C . (11.15)

This shows local coercivity with C; = min(c],C) and p =2 and ¢ = 2 also for 0 > v >
1

3-
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12 Local coercivity of a Cosserat model

Let us assume given a material with rotational degree of freedoms, called a Cosserat

material. Here, the tensor U = R'F is not necessarily symmetric and R € SO(3). We
assume the strain energy can be written as

WSes,(U) = 2a || symTU — 1> + atr [U — 1]
+23 || sym Cof U — L|[* + B tr [Cof U — 11]°

+ ((det[U] —1)%+( - 1)2) : (12.16)

det[U]
with positive material parameters «, 3,y > 0.

Definition 12.1 (Rigidity in Cosserat models)
Following Truesdell [?, p.311] we call the pair (¢, R) € R3 x SO(3) rigid, whenever

Ve € SO(3) and R = const.. Then ¢ represents a rigid rotation.

Our first observation is

Lemma 12.2 (Symmetrized control)
Let X € M**3. Every two out of the three following conditions imply that X = 11.

symX =1, symCof X =1, det[X]=1. (12.17)

Proof. We start with sym X = 1l and sym Cof X = 1. Thus, from the first condition
X =1 + A with A € 50(3) and

Cof (I + A) =1L + D Cof LA+ Cof A = 1 + ((1L, A)Il — A") + Cof A
=1+ A+ Cof A. (12.18)

However,
symCof(Il + A) =11 = symCof A =0 = diagsym Cof A =0, (12.19)

which implies A = 0.> The second case is sym X = 1l and det[X] =1. Weuse X =11+ A
and 1 = det[ll + A] = 1+ tr [A] + (1L, Cof A) + det[A] = 14 (1, Cof A) = 1+ ||A||?, which

SHere are some remarkable relations for skew-symmetric matrices:
0 a p ¥ =B ay
A€so(3): Cof A=Cof |- 0 ~| =[-8y B> —Bal| €Sym,
-5 -y 0 ay —Ba  o?
[|AlI> =2 (a® + 8% ++7) = 2tr [Cof 4],
| Cof A||?> = 4% + % + o' + 2 (829 + a2 + 2a?) = (a? + 32 +~°)? = tr[Cof 4],
0 —a —p 0 a p a? + 32 By —ary
ATA=[a 0 — —a 0 ~]|= By a? + 2 af . (12.20)
By 0)\-B — 0 —ay fa B4y
||ATA||2 _ (a2 +ﬁ2)2 4 (a2 +,72)2 + (62 +’72)2 + 2(6272 + 0[2’}/2 +a262)
=2(a + 5 +97) +4(8%° + 0®y* + f2a?) = 2(a” + 57 +97)°

1
= 2tr [Cof A]* = 3 |Al%.
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implies at once A = 0. Thence, X = 1I.

In the third case, sym Cof X = 1l and det[X] = 1. Since then Cof X = 1 + A we
obtain Cof X = det[X] X~ = 11 + A, or, using the determinant constraint, X 7 = 1+ A.
Taking the determinant again, implies

det[X] det[Tl + A] = 1+ tr[A] + tr[Cof A] + det[A] = 1 + tr [Cof A] =

L= 14 tr[Cof Al = 1+ J]IA?. (12.21)

Thus A = 0 as in the second case. [ |

Corollary 12.3 (Rigidity control) -
Zero local energy-level WS (U) = 0 holds if and only if U = 1.

macro

Proof. The reverse direction is obvious. In the other direction we observe

Wees (U)=0 = symU=1, symCofU =1, det[lU]=1, (12.22)

macro

and use the previous Lemma. [ |

Corollary 12.4 B B
Zero local energy-level WS (U) = 0 implies that ¢(z) = Q.x + b for some constant

macro
rotation Q € SO(3) and some constant translation b € R3.

Proof. W& (U) = 0 implies that U = 11, as seen above. However, U = ETVgp =1
shows that Vg (z) = R(z). Now we apply the Curl-operator on both sides to see that 0 =
Curl R(x). This shows that R = const. by using the estimate | curl R(x)|> > C* || D, R|?,
shown in [?]. Thus Vi = Q for a constant Q. Hence ¢ is a rigid rotation. [

Let us now show that even the following statement of coercivity is true:

Theorem 12.5 (Local coercivity)
There exist constants C,Cy > 0 only depending on the material parameters «, 3,y > 0
such that

Wi, (@) = Cf (T2 + || Cof T|* + det[T]°) - 5 (12.23)

macro

Remark 12.6
This result is surprising at first glance since at face value WS controls symmetric parts
of the first two terms only.

Proof. To see Theorem 7?7 we first note that
WSess (U) = 2a||symU — 1| + atr [U — 1]
+ 20 ||sym Cof U — 1L[|* + S tr [Cof U — ]1]2
1

+ ((det[U] - 1)*+ (det[U] - 1)2) > 2| symU — 1|>+ &, (12.24)
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where
£:=atr[U—1]" 428 symCof U — 1| + ~ (det[T] — 1)°. (12.25)

Using the result shown in (?7) we see that for some positive constants C,Cy > 0, only
depending on the material parameters (subsequently constants may change from line to
line)

WSes,(0) = 2a||symT = 1* + Cy (tr [0)” + det[T]” + || Cof T|1?) — €

= SIT+T" 212+ (tr [0 + det 7] +HCofUH>

||U+UTH2—8tr[U]+12)+C'1 (trm + det[U] —|—HCofU||>

(Ol NN Gl e
/N N

20T + 2 [0]° — 4(Col T, 1) — 8 [T] +12)

e} (tr [T + det[0] +||CofU||) (12.26)
= a||U||* = 20 (Cof U, 1) — 4 tr [U]

+ Cy (tr [U] + det[U] +||CofU||)

The proof is finished by noting that quadratic terms dominate all other contributions. W
Lemma 12.7
Let X € M®**3. Then

Jet>0: VX eM™
| X + X7||* + || Cof X + (Cof X)"||* > ¢ (|| X]||* + || Cof X||?) . (12.27)

Proof. We proceed by contradiction and compactness. Our first observation is
Cof X =A€s0(3) = Cof X =0. (12.28)
To see this, we compute (first for invertible X € GL(3))

Cof X = det[X] X1 = Cof Cof X = det[X] X,
det[Cof X] = det[det[X] X 1] = det[X]’ det[X 7] = det[X]?,
Cof X = A € 50(3) = det[Cof X] = det[4] = det[X]* =0,
Cof X = A €s0(3) = Cof Cof X = Cof A = det[X] X = Cof A =
tr [det[X] X] = tr [Cof A] = %HAHQ = 0= A2 (12.29)

Since every non-invertible matrix X can be approximated by invertible matrices all ob-
tained formulas that make sense for non-invertible matrices are valid as well.
Next, observe that

| X + X7+ || Cof X + (Cof X)T|2=0 = || X|*+ | Cof X|I>=0. (12.30)
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For this statement, we do not really need (?77) since the cofactor of a skew-symmetric
matrix in M?*? is symmetric.
Now, assume that (??) does not hold. Then there is a sequence X} € M3*3 such that

1 Xe + X))+ || Cof Xy, + (Cof Xi)T||> — 0 but || Xg|* + || Cof Xi||* > e >0. (12.31)

Thus, dividing by [|[Xg[* + || Cof Xy||* we get

1
XA+ [ Cof XalP?
|| X ; sy I
(X ol e (] £ ] Cof e 207
1
+ H (COka + (COka)T>H2 —0 &
NDAEC Rk
|| X ; sy T
(X T Cof e (] £ ] Cof Xa P07
X Xr
k + Cof k
K Tcorxaqrem O (T Toot X)o7

(11 + XTI* + | Cof X+ (Cof Xi)[[?) — 0 &

| Cof I2—0. (12.32)

However,

Xk

12.33
(1X5|1* + || Cof Xy |2) /9 (12.33)

is a bounded sequence. Thus we may extract a convergent subsequence (not relabelled)
such that

X X (12.34)
— .
(I Xk[l* + || Cof Xy |2)3/4 (|| X]|* 4 || Cof X||2)1/4) 7
and by continuity of the cofactor
|| s n a i
([IX 1% + || Cof X[|2)3/4 ([ X||* + || Cof X||2)1/4)
X XT
f f 2=90. 12.
o corx o g et xpam =0 12:3)
This is the contradiction. [ |
Corollary 12.8
Let X € M**3 and p > 1. Then the local estimate holds
Jet>0: VX e M3
| X + X% + || Cof X + (Cof X)T||P > ¢* ([|X]|* + || Cof X||P) . (12.36)
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Remark 12.9
The estimate || Cof X + Cof XT||? > ¢ || Cof X||* does not hold as can be seen for Xj, =
0 -1 0
1 0 0. The occuring problem is related to the fact that for a not necessarily
0 0 k
convergent sequence Zy, the sequence Cof Z;, may converge to some limit Y, which is not
a cofactor. Note, however, that sym Cof X =0 = Cof X = A € 50(3) = Cof X =0 as
has been shown in (?77).

12.1 Estimates on Cof X in terms of sym Cof X, tr [X] and det[X]

In the existence theorem one may observe that
4||sym Cof X — 11||* = || Cof X + (Cof X)T — 21|? (12.37)

remains bounded when integrated over the domain. It is clear that this is not sufficient
to directly obtain a bound of || Cof X||?. However, such a bound may be established,
provided we know already independent bounds on tr [X]| and det[X]. To see this, we
compute for invertible X

|| Cof X + (Cof X)* — 2112
= || Cof X + (Cof X)"||* — 8(Cof X, 1) + 12
= 2|| Cof X||* + 2 (Cof X, (Cof X)T) — 8(Cof X, 1) + 12
= 2| Cof X||* + 2 (det[X] X7, det[X] X ') — 8(Cof X, 1) + 12
= 2| Cof X||? 4+ 2det[X]*(X T, X~!) — 8(Cof X, 1) + 12
= 2|| Cof X||? 4+ 2det[X]*(1L, (X 1)) — 8 (Cof X, 1) + 12
use 2tr [Y?] = 2tr [V J* — 4 (1, Cof Y)
= 2|| Cof X2 + 2det[X]? (2t [X1]* — 4 (11, Cof (X )>) —8(Cof X, 1) + 12

[
2tr [X )% = 4det[X (1, (X*l)T>) — 8(Cof X, 1) + 12
4
det[X]
[X1]* —8det[X](1L, X) — 8 (Cof X, 1) + 12

/

/N -7 N

= 2|| Cof X||? 4 2det[X]”

— 2|| Cof X2 + 2det[X]? ( 2tr [X']* -

(]1,X>> — 8 (Cof X, 1) + 12

,.1/—\

= 2|| Cof X||? + 4det[X )2

|g< S

> 2|| Cof X||* — 8det[X](1l, X) — 8 (Cof X, 1) + 12 (12.38)
> 2| Cof X || — 8 det[X](11, X) — 8v/3|| Cof X|| + 12

use Young’s inequality on the middle term

—~

1
> 2|| Cof X||* — 4 (52 det[X]? + §<]1, X>2) — 8V/3|| Cof X|| +12.



This shows that

E=oatr[X —1]* + 28| sym Cof X — 1|? 4  (det[X] — 1)?

= atr[X — 1]° + 28| sym Cof X — 1||? + v det[X]* — 2y det[X] + ~

> atr[X — 1]+ 3 (H Cof X||* — 2 (e*det[X] + é(]l,Xf) — 4V/3| Cof X || + 6)
+ v det[X]? — 2y det[X]* + v

= atr[X]* — 6atr [X] 4 9o + 3 (|| Cof X||> — 2 (£* det[X] + 51_2<]1’X>2> — 4V/3|| Cof X || + 6)
+’ydet[X]2 — 2vdet[X] + v

= T te[X]P + (% - i—f)tr [X]* = 6vtr [X] + 9a + B (|| Cof X||* — 4v/3|| Cof X || +6)

+ Ldet[X]? + (% — 26¢2) det[X]? — 2y det[X] +

2
. 23 ¥ 9 .
Z Ty > - — >
1f(2 62)_Oand(2 2(e*) > 0 we obtain
> %tr [X]? — 6artr [X] + 9a + B (|| Cof X ||* — 43| Cof X|| + 6) + %det[X]Q — 2y det[X] +~
= %tr (X]? + %det[X]Z + 8| Cof X||? — 6 tr [X] — 43 3| Cof X|| — 2y det[X]

+(%a+65+7)
> min{Z, 2, 8} (tr [X]° + det[X]* + | Cof X

— max{6a, 4v/30, 27} (|tr [X]] + || Cof X|| + |det[X]]) + (9o + 6 3 + 7)
abbreviate £ = (|tr [X]|, |det[X]|, || Cof X]|)
> at||€]l3 = bH €l — ¢ = a[€]l5 — bTIIE]l: + e (12.39)

where we have used the estimate of the 1-norm in terms of the 2-norm. Hence, in terms of
generic constants a™,bt, ¢™ only depending on the material parameters «, 3,y we obtain
that

E<K(,B,7)+E = tr[ X +det[ X + || Cof X|? < K +E. (12.40)
The result has been shown using the invertibility of X. Since every matrix X can be

approximated by invertible matrices the result holds true also for non-invertible matrices.

12.2 Other useful observations

Lemma 12.10
Let F € GL(3). Then

VNeS*: ||[FN|?|FT".N|*>1. (12.41)
Proof. We rewrite the inequality in terms of C' = FTF. This yields
|F.N|?|[|[F~T.N|* = (C.N,N) (C™*.N, N). (12.42)
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After diagonalizing C' we obtain with C' = QT DQ and n = Q.N
(C.N,N)(CT'.N,N) = (D.n,n) (D~ ., ) . (12.43)
Let Ay, A2, A3 be the diagonal entries of D then

(Do) (D™ ", m) = (Mg + A2z + As3) (Al A 73)
= (ni + 15 +n3)? +( - )
Al A3 o2 + A3 Ay 2 2
— =2 —+—=-2 . 12.44
+ ()\3 + )\1 ) T3 ()\ )\ ) UBYE ( )
Since
Ai A (A — A))?
—+—==-2]|=——2>0 12.45
(Aj " Ai ) ANidg T ( )
the result follows by observing that (n? + n3 + n3)? = 1. |
Corollary 12.11 (Nearly conformal energy)
VNeS?: ||FN|?| Cof F.N|?> det[F]*. (12.46)
Moreover
F.N|J? f F.N|?
VN €S*: Went(F,N) = [Nl Co | ~1>0, (12.47)
det[F]?
and

Weont(RT SO(3), N) =0, nearly conformal local energy .

Lemma 12.12 (Antmann’s relation)
For F € GL(3) let C = FTF. If det[C] = 1 and tr [C] = 3 then C = 1l and F € SO(3).

Proof. We may orthogonally diagonalize C' and obtain for the eigenvalues that

1= det[C] = /\1 )\2 /\3,
3 =tr [C] = )\1 + )\2 + )\3. (1248)

The arithmetic-geometric inequality (A A2 A3)*? < (A + Az 4+ A3) evaluated for (?7)
yields, however, equality. This is only possible if A\; = 1. Thus C' = 1. [

Remark 12.13
Note that it is decisive that C = FTF as shows the example

, det[X]=1, tr[X]=3, butX #£1. (12.49)

O = Q
_ 0 o

1
X=10
0
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Lemma 12.14 (Ball’s observation)

1 1 5
W(F):= <||F| —=>0, W(SO(3))=0. 12.50
(F) = SIFI + gy — 5 20 W(S03) (12.50)
Proof. We show first criticality of SO(3).
DW (F).H := (F,H) — det[F] > (Cof F,H) =0 for F € SO(3). (12.51)
The equation for critical points yields
1
F = det[F]* Cof F = FT
et[F]77 Co dct[F] =
1
FF'=——1 & F=03R >0. 12.52
In this case, the energy level reads %ﬁQ + % This is minimal w.r.t. positive 3 exactly
for@ = 1. Thus among all critical points F' = R is minimal. [

Remark 12.15
Note that Ball’s energy (?7?) satisfies the assumptions of Lemma ?? but is polyconvex.

Conjecture 12.16
Assume that W : GL(3) — R is left-O(3) indifferent and

min W(F)=W(1), W(F)>W(L) YF&O(®3). (12.53)

FEGL(3)

Then W is not Legendre-Hadamard elliptic? The idea would be to generalize the case of
energies of non Legendre-Hadamard ellipticity given in the strain-type form

W(F) = ||[FTF —1]>. (12.54)

Lemma 12.17 (Quasiconformal energy)
Let F € GL(3). Then

VFecGLB): W(F)=|F|*|F**-9>0, (12.55)
and W(R* SO(3)) = 0.
Proof. First we observe
IFIPIETHP =9 = [FI* | FT? = tr[Cltr [C71] = 9. (12.56)

In terms of the eigenvalues of C' we have after diagonalization

11 1
(A1 + A2+ A3) (—+—+—)—9

A A X
)\1 )\1 )\2 )\2 )\3 )\3
=1+—=—+—+1+—=—+—=4+1+—4+—-9
+)\2+/\3+ —1—)\1—1—)\3—1- +)\1+)\2
Al A A1 As Ay A3
=—=4+—=-2 —+—==-2 —4+—==2]. 12.57
(A2+A1 )+(>\3+)\1 HE Gy (12.57)
Using the binomial formula we see that each bracket is individually positive. [
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13 Relaxed M-condition

For the time being the differences between various forms of Ogden-type energies and the
proposed classical energies with voumetric/isochoric split remained unclear since both
ansatzes were (uniformly) polyconvex and verified various growth conditions sufficient for
the solvability of the boundary value problem. The first appearing difference is that only
a judicious choice of positive parameters made Ogden type energies stress free whereas
energies with vol/iso-split allowed for arbitrary combinations of positive parameters. As
example for Ogden type energie consider e.g.

Wogden(F) = c1 - [|F||> + ca - || Adj F||* + ¢3 - (det[F])? — ¢4 - Indet[F]
= ¢y - tr(C) 4¢3 - tr(Cof C') + ¢3 - det[C] — 62—4 -Indet[C]
=c; - |U|> + ¢z || Adj U||? + ¢5 - (det[U])? — ¢4 - Indet[U]

where F = R-U and C = FTF. In [?] the author introduced the so called M-condition. In
a simplified setting for hyperelastic materials the M-condition amounts to the requirement
of convexity of the strain energy W as a function of U. Here we want to relax this
physically appealing requirement to

Definition 13.1 (Relaxed M-condition, RM)
We say that the strain energy W fulfills the relaxed M-condition whenever

V H € PSym D;W(U).(H,H) >0
V (Ul — UQ) I~ PSym <DUW(U1) — DUW(UQ), U1 — U2> 2 0

Remark 13.2

This new condition is still another expression of the intuitive idea that increased strain
should lead to increased stress; here increased strain refers to the quantity Uy —U; € PSym,
i.e the two local deformation states differ only by a pure multi-axial stretch and the
corresponding stresses DyW should then increase. If Uy — Uy ¢ PSym we cannot truly
compare the two local states; in some directions there may be an increase of stretch in
others stretch may decrease. The RM-condition does not impose any restriction on those
(indefinite) states whereas the original M-condition does. It is clear that RM does not
imply M but M is sufficient for RM. Even so neither the original M-condition nor the
relaxed M-condition are sufficient to garantee the existence of solutions to corresponding
boundary value problems the latter RM-condition may be used to distinguish Ogden
ansatzes and volumetric/isochoric splits.

Theorem 13.3 (Neo-Hooke and M-condition)
Let

WNeo—Hooke(F) =Cr- ||Uv||2 —c¢4-In det[U] )

where ¢; > 0. Then Wxeo—Hooke Verifies the original M-condition.
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Proof. We simply compute the second derivative for Wi co— Hooke:
DUWNeo—Hooke(U)~H - Cl<Ua H> - C4<U_1a H>
DiWneo—tooke(U).(H, H) = ¢ | H||* + cx{U "HU ', H) > 0
if H € Sym since U € PSym. [ |

Theorem 13.4 (Relaxed M-condition)
Let

Wogden(F) = c1 - [|U|I> +ca- || AdjU||* + 3 - (det[U])* — ¢4 - Indet[U],
W1 (F) = det[U]* — 41ndet[U],
1
det[U]'
where ¢; > 0. Then Woggen, and W, ; verify the relaxed M-condition.

W2 (F) = det[U]* +

Y

Proof. We “simply” compute the second derivative for Woggen:
DuWogden(U).H = (U, H) + c2(Adj U, D. AdjU.H) + 2¢3(AdjU", H) — cllﬁm(Adj UT H)
= c (U, H) + c3(AdjU, D. AdjU.H) + 2c3(Adj U, H) — e, (U™, H)
DEWogaen(U).(H, H) = ¢ | H||> + co(D AdjU.H, D. Adj U.H) + co(Adj U, D*. Adj U.(H, H))+
2c3(DAdjUT . H,H) + c,({U "HU ' H)
= 1| H||? + 2| D Adj U.H||* + co(Adj U, 2 Adj H)+
2c3(DAdjU.H, H) + cy(HU™ ', U " H)
=c||H||* + 2| DAdjU.H||* + 2¢5(Adj U, Adj H)+
2c3(AdjU[(U " H)Il — HU Y|, H) + c,(HU ", U 'H)
= c1||H||?> + c2|| D Adj U.H||? + 2¢5(Adj U, Adj H)+

2¢sdet[U] [(U—l, H)Y? — (HU Y, U*H)} Ve (HU U H)
= | H||> + ¢2|| D Adj U.H||? 4 2¢,(Adj U, Adj H)+

2¢4det[U] [(U—l, HY? — (HU Y, (HU—l)T>] + e (HU L, U H)
= | H||> + ¢2]| D Adj U.H||* 4 2¢,(Adj U, Adj H)+

2¢3 - 2(Adj H,U) + c,(HU ", U 'H) > 0,

since every summand is positive for H € PSym and U € PSym. We repeat the same
procedure for W, 1. This yields

DyWoor 1 (U).H = 4det[U)*(Adj U, H) — 4 (AdjU, H)

det[U]
= Adet[U(AdjU, H) — 4U', HY |

DEWyo1.(H, H) = 12det[U])*(Adj U, H)? + 4det[U]*(D(AdjU).H, H) + 4U*HU ', H)

= 12det[U]*(Adj U, H)* 4 4det[U)’ - 2(Adj H,U) + 4(HU ', U*H) > 0
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if H € PSym and U € PSym. Now the case for W, 2:
DyWaor2(F) = 4det[U]*(Adj U, H) — 4det[U]°

= 4det[U]*(Adj U, H) — 4det[U]*

D2Wooa.(H, H) = 12det[U]*(Adj U, H)? 4 4det[U]*(D (AdJU

AdjU. H)

{
(U™ H),

H)+

).-H
16det[U] *(Adj U, H(U ™', H) — 4det[U] " (~U'HU ', H)
= 12det[U]*(Adj U, H)? + 8det[U]*(Adj H, U)+
16det[U]>(Adj U, HW(U™, H) + 4det[U] " (U'HU™',H) > 0
if H € PSym and U € PSym. [ |

Lemma 13.5 (Failure of strict RM)
Consider as examples

A A\

Wy(F) = %HFTF — L+ S u(FTF - 1) = %HU2 ~ L)+ S (U - 1),
[als
det[F]
Ws(F) = (Indet[U])*

1U1?
det[U]

-3 -3

W2(F) =

wlr
Wi

Then Wy, Wy and W3 fail to verify the strict RM -condition.
Proof. In both cases we compute the second differential.
D2W,(U).(H, H) = 2% (|UH + HU|? + (U? — 1,2H%)) +
22 ((UH + HU,1)* + 4(U? — 1, 1) (H* 1)) .

Choose U =m -1l and H = £ ® £ with ||| = 1. Then H? = £ ® £ and

D*W,(U).(H, H) = 4 2 (4m?|| ¢ @E|P+2(m’l — 1,E®E)) + %2 (4m? + 4 - 3(m? — 1))

- %2 (4m*|€ @ &|1 +2(m*ll — 1L,E® &) + %2 (4m? + 4 -3(m? — 1))

:%2(4m2-1+2(m2—1)-1)+g2(4m2+4-3(m2—1))

<0
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if m € R is sufficiently small. For the second term:

12

pyWau).gi =3 | MU {2<U, HYdet[U] — U122 det[U] 5 (Adj U, H)}
| det[U]3 | 3
p2wa).(m ) —6 | JU | {2<U, HYdet[U] — U122 det[U] 5 (Adj U, H)r+
det[U]3 3
3 [ IUIE l2||H||2det[U]_32 U, HY2det[U] T (Adj U, H)—
det[U]? 3

2 2 =8
2(U, H) Sdet[U] * (AU, HY — HUH?-—5det[U] S (AU, HY —

2
HUHQ—det[U]T(D AdjU.H, H>1
2

o| Lo | daenor (o)~ o) +

det[U]3

||U||2g det[T]F [2||H||2_2<UH>3<U H)—Q(UH>3<U JH)—
det[U]3
VP2 =240, 1Y

—HUH?gdet[U]:f’ detl] ({U" 1) — (U~ H, HU)

(D Adj U.H,H)=2(Adj H,U)

o S L
P {<U H) - 30 m] -

U|? —2 4 B
s [V T gy 2 - . -
det[U]3
4 -1 10 2/77—1 2 4 2 . s r7—1
vy )+ Dy - duiad pad o
o [ o)
— o PV my— o pwt /Y|
e | R )
U|? =2 8 _
O qeior¥ [apne - S o)
det[U]3

10 N 4 . e
g IV ) = U1 AdG U )]

o L ]’
e [ = W ]
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o

6 2
det[U]

A - 300, )

) 4

FRIUIO ) S0 AU
WP ([0 - S ]

— 6 (4w, H) - Z|UIZU, HY| +
e (4w = gope

4 -
WP = IV, B)Y(U ™, H)

5 _ 2 . —
FSIUIO ) = S A AU

_ g U (4<U, 1y = L2 01w, myw, By + oo mie
det[U] 3 9
4 B 5 _ 5 2 ) o
OIPIHIE = 201, )0, 1)+ 2 B = 20 Adi H,Ad 1>)
2
oo
det[U]

_ _ 2
(HU||2HHH2+4<U,H>2—4||UH2<U,H><U LH) (U UT H) -

2
201 adi 7. AG U
Observe that the admissible choice H = p™ - U yields p* - DEW,(U).(U,U) = 0. Now take

H = U+ X with X € PSym. For the inequality we need only consider the bracket. After
some algebraic manipulations we get for the bracket

1 _
0= 2UP (0. ) - GV X) | +
(I + 4007 X0 — 40P X0 X) + Ul ) -
2
A X, aq U )

Now assume X = tn ®  where 1 is some unit eigenvector of U and t € R*. Thus
H € PSym and we infer for the bracket

() = IO +

_ _ 2
> — AU, n) U g m) + (OO )

= —2t|U]*

2 (U2 + 40,7

~

= —21U|1* |\ -

1
u}+g+x@_}+
At
— — 2
> — AUV, m) U g m) + (U, ) )

2
=~ U1 33 = (O3 + 23+ X)) +

~ W =

2 (U2 + 40,7

— — 2
2 (U172 + 44U, 1) = 4O U, 00" o, ) + OO, m))
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If U is such that A\; > max{A2, A3} then for ¢ > 0 small enough the expression will be
negative. Remark that if U = p™-11, i.e. a pure pressure state we have D3 W,(U).(H, H) =
p?||dev H||*> > 0. Equally, no such violation is possible if H,U are both diagonal (are
coaxial). Finally, the calculation for Wi:

DyWs(F).H = 2p (Indet[U])*" (U™, H)
DXW5(F).(H,H) = 2p(2p — 1) (Indet[UN)* 2 (U, H)? — —2p (Indet[U))* " (U HU ', H)
— 2p (In det[U]) 2 [(2}) — 1)U HY — ndet[lU(UHU, H>] .

Choose U = m - 11. Hence
1
DiWs(m - 1).(H, H) = 2p (3Inm)* > — [(2p — 1)(1L, H)® — 3Inm||H||] .

If m is large enough, this expression will be negative. |
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