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Abstract

In this paper we examine loss of ellipticity and associated failure for fiber-reinforced com-
pressible nonlinearly elastic solids under deformations that give fiber extension. In particular,
the analysis concerns a material model that consists of an isotropic base material augmented
by a reinforcement depending on the fiber direction and referred to as reinforcing model. We
examine a reinforcement that introduces additional stiffness under simple shear deformations
in the fiber direction. In previous contributions it was shown for this material that loss of
ellipticity under uniaxial tensile loading in the fiber direction requires a non-convex reinforcing
model. Here we generalize this result and show that loss of ellipticity under plane deformations
not associated to uniaxial loading in the fiber direction but that also create fiber extension
may occur for convex reinforcing models. The implications of this result in the mechanical
response curves of these materials are discussed. Furthermore, failure is interpreted in terms
of matrix failure for polymer composites.
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1 Introduction

In the last few years, different materials are being analyzed in the context of anisotropic finite-strain
elasticity. These include among other, biological, composite and synthetic solids. In particular,
many of these materials are being modelled as fiber reinforced nonlinearly elastic solids since
these materials often exhibit non-linear behavior during service and are anisotropic. In nonlinear
elasticity, the constitutive equation of the material can be given in terms of a strain-energy function
that depends on independent deformation invariants. In this framework, some of the studies that
can be found in the literature just focus on certain characteristics of the strain energies, for instance,
polyconvexity [2, 5, 6, 3, 7, 1], ellipticity [4] or deformation invariant formulations [8] (see also the
references therein). Other works focus on the mechanical response of the constitutive equations
since these are used to model different materials, for instance, [9] and [10]. Furthermore, a variety of
phenomena related to the behavior of fiber-reinforced materials have been captured. These include,
among other topics, residual stress [11], piecewise deformations [12, 13], fiber kink broadening [14]
and cavitation instabilities [15].

A recent series of articles [16]-[21] within the framework of nonlinear elasticity has developed
a continuum mechanical model to capture fiber failure or fiber instabilities in fiber-reinforced
nonlinearly elastic solids under plane deformation. The onset of failure is assumed to occur at
loss of ellipticity of the governing differential equations. At the breakdown of ellipticity surfaces of
discontinuity may arise inside the material. Depending on the loading regime and on the direction
of the normal to these surfaces of discontinuity relative to the fiber direction, the mechanism of
failure was interpreted in terms of fiber kinking, fiber splitting, fiber de-bonding or matrix failure.
Furthermore, the loss of ellipticity condition was related to both the convexity of the function that
gives the strain energy of the material as well as the convexity and monotonicity of the nominal
stress in particular directions of that material. Fiber kinking and fiber splitting were associated
to fiber compression. Fiber de-bonding and matrix failure were associated to fiber extension.
The failure mechanisms were captured under uniaxial loadings in the fiber direction. For plane
deformations that give fiber compression the loss of ellipticity analysis and associated failure was
also carried out. On the other hand, the loss of ellipticity analysis and associated failure in these
materials under plane deformations giving fiber extension but not related to uniaxial loading in the
fiber direction was left opened. Here we will focus on this analysis, namely, we will study the loss
of ellipticity in fiber reinforced compressible nonlinearly elastic solids under plane deformations
that give fiber extension. This analysis is intimately related to the matrix failure mechanism.

The anisotropy of homogeneous fiber reinforced nonlinearly elastic solids is characterized by
two independent deformation invariants in three dimensions. We denote these invariants by I, and
I5. The invariant I represents the square of the stretch in the direction of the fiber reinforcement.
The invariant I5 is related to the fiber stretch but registers, additionally, the reaction of the
reinforcement to shear deformations and to deformations of surface area elements normal to the
fiber direction [17]. It is well known that the isotropy of a compressible material is characterized
by the three invariants Iy, I, Is of the Cauchy-Green deformation tensors. The combination of
these five invariants give the more general homogeneous transversely isotropic nonlinearly elastic
solid. For fiber-reinforced nonlinearly elastic materials, the strain energy function is considered to
be given by two terms: one term that reflects the isotropic character of the material, i.e. a function
that depends only on the three invariants I, Is, I3; and another term that reflects the transversely
isotropic character of the material, i.e., a function that depends on the two direction-dependent
invariants Iy, Is. The second anisotropic term is referred to as the reinforcing model. In our
analysis and following [16] a constitutive model consisting of an isotropic base material augmented
by a uniaxial reinforcement depending on only one of the two anisotropic invariants has been used.

More specifically, the results obtained in [16]-[21] are the following. The analysis for incom-
pressible materials was contained in [16], where, for anisotropy characterized solely by I, under
uniaxial loading in the fiber direction, it was shown that (a) the failure mechanism captured in com-
pression is fiber kinking, and (b) in tension it is fiber de-bonding. On the other hand, for anisotropy
characterized solely by I5 under the same loading conditions, we found that (a) compressive failure
is associated with fiber kinking and fiber splitting, and (b) tensile failure is associated with shear
bands in the sense that the discontinuity surfaces are not close to either the fiber direction or its
normal. In [17] and [21], the same analysis was carried out for compressible materials. In [17], for
I4-based anisotropy, it was shown that the results are similar as for incompressible materials. In
[21] I5-based anisotropy was chosen, and, as for incompressible materials, it was shown that com-
pressive failure may be associated with fiber kinking and fiber splitting. On the other hand, tensile
failure was related to matrix failure as opposed to the incompressible case. For both invariants,



loss of ellipticity cannot be avoided under fiber compression. Furthermore, for I4-based anisotropy,
failure can be avoided under fiber extension if the reinforcing model is convex. Nevertheless, as
distinct from the results obtained for the I4-based anisotropy, it was found that loss of ellipticity
is possible for convex reinforcing models when I5 > 1. However, this is not so in the special case
of uniaxial tensile loading in the fiber direction, for which loss of ellipticity does require loss of
convexity of the reinforcing model. This particular case is associated to fiber extension. Neverthe-
less, Is > 1 may involve fiber extension, i.e Iy > 1, or fiber compression, i.e I, < 1. It follows that
the reinforcing model may lose ellipticity under deformations obeying simultaneously I > 1 and
I4 < 1. This is a parallel result to the one obtained just with the invariant I,. On the other hand
a question remained open: whether or not for plane deformations not related to uniaxial loading
in the fiber direction and obeying simultaneously I5 > 1 and I, > 1 the loss of ellipticity requires
non-convex reinforcing models. This is on what we focus here, and, in particular, we show that for
I5-based anisotropy, convex reinforcing models may lose ellipticity under those circumstances.

The paper is organized as follows. In Section 2, we introduce the basic notation and some
necessary relations in nonlinear elasticity. The material model and the ellipticity condition are
introduced in Section 3. In Section 4, the main result of the paper is established, namely, it is shown
that a convex reinforcing model depending on I5 may lose ellipticity under plane deformations not
related to uniaxial tensile loading in the fiber direction but that also create fiber extension. The
analysis is not restricted to plane deformations. Nevertheless, a non elliptic plane deformation
is given as an example to clarify the result. In Section 5 we summarize and discuss briefly the
results obtained in the previous sections. Furthermore, the implications of these results on the
stress strain curves of these materials are discussed.

2 Notation

For a,b € R? we let (a, b)gs denote the scalar product on R?* with associated vector norm ||al|2; =
(a,a)ps. We denote by M**? the set of real 3 x 3 second order tensors, written with capital letters.
The standard Euclidean scalar product on M**3 is given by (X,Y)ysxs = tr [XY 7], and thus
the Frobenius tensor norm is || X||? = (X, X)yaxs. In the following we omit the index R3, M3*3.
The identity tensor on M3*3 will be denoted by 1I, so that tr[X] = (X,1). We let Sym and
PSym denote the symmetric and positive definite symmetric tensors respectively. With Adj X we
denote the tensor of transposed cofactors Cof(X) such that Adj X = det[X] X! = Cof(X)T if
X € GL(3,R). For vectors ,n € R™ we have the tensor product ({ ® n);; = & n;. In general
we work in the context of nonlinear, finite elasticity. For the total deformation ¢ € C*(Q,R?) we
have the deformation gradient F' = Vip € C(Q,M>*3). The first and second differential of a scalar
valued function W (F) are written DpW (F).H and D%W (F).(H, H), respectively.

3 Constitutive equations and ellipticity

We consider a homogeneous transversely isotropic compressible elastic solid. The transverse
isotropy is characterized by the existence of a single fiber direction defined by a unit vector field
denoted by a in the reference configuration. The strain-energy function (defined per unit reference
volume) W depends on the five independent invariants mentioned in Section 1, i.e. on I, I, I3, I4
and I5. Whence, we write

W:W(117]2aj37]47]5)‘ (1)

The invariants I1, I and I3 are the principal invariants of the left Cauchy-Green deformation tensor
B = FF7, or of the right Cauchy-Green deformation tensor C = F”F, where F is the deformation
gradient tensor relative to the natural or undeformed configuration. Therefore,

1

L(C) =w[C), L(C) =3 [(tr (€))% — tr [02]} . I3(C) = det[C]. 2)
The invariants I4 and I5 are associated with the fiber reinforcement and depend on a as well as
on C. They are defined by

I(F) :=(C,a®a) = {a,C.a) = (F.a, F.a) = ||F.a|?,

I5(F) = (C?,a®a) = (a,C*.a) = (C.a,C.a) = ||C.a||®*, C=FTF. (3)
We note that +/I; has an immediate interpretation as the stretch in the direction a, as can be
seen from (3);. Thus, I registers deformations that modify the length of the fiber. In particular,



in terms of rectangular Cartesian basis vectors iy, 12,13, with a = i;, we have simply Iy = Cy;.
Similarly, I5 = C%, + C%, + C%;. Hence, in general, I registers changes in the fiber reinforcement
length by means of the indicator C; and shear deformations via the indicators C2 and Ci3. In a
more general sense, the invariant I5 is related to the fiber stretch but registers, additionally, the
reaction of the reinforcement to shear deformations and to deformations of surface area elements
normal to the fiber direction [17]. It follows that I, > 1 implies that I5 > 1. The argument above
is sufficient to establish this latter condition in the case a = i;. Nevertheless, we provide a proof
for any fiber direction a. To see this point, use Cauchy-Schwarz to obtain

1< 4(F):={(C,a®a) = {a,C.a) < |al]||C.q] . (4)

Since ||a]| = 1 we have ||C.a|| > 1 which implies I5(F) > 1.

For fiber reinforced materials, it is customary to simplify the general expression of the consti-
tutive equation and consider that the strain energy is given by two terms: one associated to the
isotropic base of the material and another associated with the anisotropic character of the material.
Therefore, the strain energy can be represented as

o~

W(F) = ‘/Viso(11;12713)+Waniso(l4al5)- (5)

where Wi, characterizes the isotropic base and Wyniso characterizes the anisotropic part of the
material model. The latter term is referred as reinforcing model. It follows that Wiy, is a
function that depends at most on the three invariants Iy, I, Is. Similarly, Waniso is a function that
depends at most on the two invariants Iy, I5. In our ellipticity analysis we will further restrict
Waniso to be a function of just I5. Furthermore, we will discard Wis, as it may be appropriate for
strongly anisotropic materials. It follows that the nominal stress S; corresponding to W (F) is

S1 = 2Wiso1 FT + 2Wisoo (1111 — C)FT 4 213 Wigos F 1
+2Wanisos A @ FA + 2Waniso5(A QFCA +CA® FA), (6)

where the subscripts 1, ..., 3 on Wiy, indicate differentiation with respect to I1, ..., I3, respectively,
the subscripts 4,5 on Wyyis indicate differentiation with respect to Iy and I5 and I is again the
identity tensor.

The energy function and the stress must vanish in the reference configuration (where I; = Iy = 3
and I3 = Iy = Is = 1). Restrictions on W in the reference configuration can be found in [17].

For plane deformations only two of Iy, Is, I3 are independent. Furthermore, if the fiber direction
is taken to be in the considered plane, I and I5 are connected through I and I3 [17]. The in-plane
part of the material response depends then just only on I, I5 and I or on any equivalent set of three
independent invariants. The ellipticity of the governing two-dimensional equations also depends
on only one anisotropic invariant, either I, or Is. Nevertheless, reinforcing models depending on
either of the invariants 14, I5, or a combination of both introduce a distinct anisotropic character
to the material model due to the splitting of the strain energy. Whence, and from that point of
view, the ellipticity analysis of the different reinforcing models have to be considered separately.

3.1 Equilibrium and ellipticity

In the absence of body forces the equation of equilibrium can be written as

. ow
DlVS‘lZO7 541:87:5‘:.DI/I/(.F‘)7 (7)

where 5] is the nominal stress tensor. We say that /V[7(F ) induces a (strictly) Legendre-Hadamard
elliptic system or that the equations of equilibrium (7), are elliptic if

VENER, En#0: DIW(F).(E@nE@n) >0 (>), 8)

where D%W(F)(H , H) denotes the second differential of W\(F) evaluated in the direction H. In
what follows we will consider the very special, simplified, case in which Wiy, = 0. This assumption
is taken since we are interested in highly anisotropic materials. The effect of the matrix in a
composite material material in different analysis is disregarded with respect to the effect of the
fiber reinforcement. For instance, it is usually the case that the elastic modulus of the fiber is much



higher than the one of the matrix and the fiber is assumed to bear the loads in the fiber direction.
Whence, the constitutive equation is

—

W(F) = WaniSO(IS(F)) = WaniSO(HC-a||2)- (9)

We focus on the ellipticity analysis of this strain energy function, i.e on the ellipticity analysis
of the invariant I5. To this end we need to compute the second differential of W (F'), namely

D%W(F ).(H, H) and evaluate the second differential for rank-one tensors H = £ ® n. First, we
compute the first differential. It is

DpW(F).H =W/, ... (||C.al]?) 2(C.a,(FTH + HTF).q) . (10)

Hence, the second differential is obtained as

DLW (F).(H,H) = W/ (|C.a|®) [2(C.a, (FTH + H'F).a)]*
+2Who(ICall?) [(FTH + H"F).a,(F"TH + H"F).a)
+(C.a,(H"H + H"H).a)]
= 4w, (IC.a||?) (C.a,(FTH + HTF).a)’
+2Whio(ICall®) [|(FTH + H'F).a|® + 2(C.a, H Ha)] . (11)
Now we specify the direction H as H = £ ® ). Since for arbitrary v € R3

H'Ho=(@n"(E@n).0=(n®E&)Env) =nlé*nv), (12)

it follows that

H'H = ¢ nen. (13)

Moreover,

(FTH+ H"F)a=(F'(¢@n)+(E®@n)"Fla=F"((®n).a+ (n®)Fa
= F".¢(n,a) +n (¢ Fa). (14)

Using (13) and (14), the second differential (11) can be written finally as

DEW(F).(€ @ 1,6 © 1) = 4 Wi (| C.all?) (C.a, FT £ (n,a) + 1 (€, F.a))”
+ 2W oI Call?) [IFT € (n,a) + 1 (€, Fa)|® + 2(C.a, | n @ )]
= AWhio(|C.all?) (C.a, FT £ (n,a) + 1 (€, F.a))”
+ 2W o (I1C-al|?) [IFT& (n,a) + 1 (€, Foa)|* + 2 [€]2 (n, a) (Fua, Fn)]
= AW (IC.all?) ((C.a, FT.€) (n,a) + (C.a,n) (FT £, a))°
+ 2W,eo(ICall?) [IFT € (n,a) +n (€, Fa)|® + 2|2 (n, ><F'G’F'7Z>1]5'>

A simple proof of the necessary and sufficient conditions for W to be elliptic in the reference
configuration can be found in [18]. In what follows we just note the reinforcing model that we will
be considering. We require that Winiso (I5(F)) obeys

W;IIISO(IE’) >0 (< 0) for '[5 >1 (< 1)7 Wa/mlso( ) =0, (16)

and that
WE:,IHSO(I5) — T (OO) as I5 —0 (OO) (17)

Without loss of generality we may take Wapiso(1) = 0. These conditions guarantee that Waniso (I5 (F))
is elliptic in the reference configuration. Furthermore, by continuity, it is elliptic in some neigh-
bourhood of the reference configuration in the space of deformation gradients F. These conditions
also guarantee that the strain energy and the stress vanish in the reference configuration.



4 Ellipticity of Is-reinforcing models

We are now concerned with the ellipticity of the energy function (9). More in particular, we focus
on the ellipticity analysis of this strain energy function when the fiber is extended, i.e. when
I, > 1 (that implies I5 > 1). Since by (16) the strain energy function is initially convex in some
neighbourhood of the reference configuration we try to establish if the strain energy needs to lose
convexity in order to lose ellipticity, i.e. we try to construct non elliptic deformations that give
fiber extension when W/ . (||C.a|?) and W/ ... (]|C.a||?) are positive. It was proved in [21] that
under uniaxial loading in the fiber direction the loss of ellipticity implies that the strain energy is
not convex. Here we focus on deformations that are not uniaxial load in the fiber direction. It is

shown that the strain energy may lose ellipticity and that Waniso be convex simultaneously.

4.1 Simple cases: uniaxial load in the principal directions

Let us investigate first two simple cases: uniaxial load in the fiber direction and uniaxial load
transverse to the fiber direction. For the former case, n = Aa, A € R. Under these circumstances,
the second differential (15) can be written as

DEW(F).(€ ®n,€ @) = AW ([ C.al®) ((C.a, FT &) Mlal]? + A (C.0, a) (FT £ a))”

aniso

+ 2Waniso (1C-al®) [IIF € (n, a) + 1 (¢, F.a)|®
+2[£° N (a,a) (Fla, F.a)] . (18)

It follows that if W/ .. (||C.a|?) and W/ ;.. (
ellipticity is not possible.
Let us focus now on uniaxial load transverse to the fiber direction. In this case (n,a) = 0.

Under these circumstances, the second differential (15) can be written as

|C.al|?) are positive, then (18) is positive and loss of

DEW(F).(€ @ 1,6 © 1) = AW (IC.al|?) ((Ca,m) (FT £,a))°
+ 2W;niso(||c'a’”2) ||77 <€7 FG>H2 . (19)

As in the previous case, if W/ . (||C.a|?*) and W/, (]|C.al|?) are positive, then (19) is positive

and loss of ellipticity is not possible. These results are in agreement with the results given in [17]
4.2 The case with [, > 1 as side condition

Now, loss of ellipticity for (9) is analyzed when the condition I,(F) = ||F.a||?> > 1 is imposed. We
take the second differential from (15) as

DEW(F).(€ ®n,6 @ 1) = 4 W/ (IC.al®) ((C.a, FT.€) (,a) + (C.a,m) (FT.£,a))’
+ 2Wiiso(IC-all?) [[FT €[ (n,0)* + 2(F &) (n, a) (F £, a)
HER (FT.6,a)" + 2% (,a) (Foa, Fap)] (20)

Without loss of generality, we consider that || = 1. It follows that the second differential (20) can
be written as

DEW(F).(¢ @ 1,€ &) = AW,nino (ICall?) ((C.a, FT.€) (1, a) + (C.aym) (F €, a))”
+2Wso(IC.al®) [IFT €2 (,0)” +2(F7.,) (1, ) (F €, a)
+(FT ¢, a>2 +2(n,a) (F.a, Fnﬂ . (21)

We try to find F and directions &, n € R? such that (21) is nonpositive. We additionally assume
In| = 1. The deformation gradient F' € M*3 has to satisfy the following nonlinear two conditions

det[F] > 0, non singular deformation,
|F.al|>>1, the side condition Iy > 1. (22)

We further look for F' that obey

|FT.€||2 = ?||€]|*, compression, but not in the fiber direction ,
(n,a) <0,  (C.a,n) =(F.a,Fn) >0 (23)



where ¢ is a small positive number. The nine components of F € M3*3 have to obey the five
conditions in (22)—(23). After a straight forward computation, the second differential (21) using
(22), (23)1 and |n| =1 yields

DEW(F).(€ @ n,€ ®n) < AWo(IC.al?) (IC.all [FT ]| + (| C.all |FT£])°

+ 2Wieo (1C-all?) [IIFT.E17 + 2| FTEl* + |FT |7 + 2 (n, a) (F.a, Fap)]
= [IFT€l* (16 Wihiso(IC-all?) [ C.all* + 8 Wyiso (1C-al|*))

+ AW (IC-al®) (. a) (F.a, Fun)
e (16 Wiiso (IC-al*) [|C-all® + 8 W yiso (1C-al|*))

aniso

niso(

+4Woiso(IC-al?) (0, a) (F.a, Fun) . (24)
Now use (23)3 in (24) and take € small enough. It follows that, since W, .. (||C.a|?) > 0,
DEW(F)(€@mE@mn) < 0. (25)

Let us complete the proof by showing that the five conditions (22)—(23) can be met in the planar
case. For some a > 0 and ¢ > 0, we take

a:<1> nzl(a) £=<O) (a,n) = == <0

o) "TViraz\1 )" ) T AT S
(B v _ _ (B By _

F<0 572), CFTF(ﬁ7 5), det[F] = 8/5 — 2,

FT:(f ﬁ) Fle=(/5-7)-¢ |FTéP=6-+,

—afB*+ By

<O'a’7 77> = \/m ) <C'a? a> = ﬂ2 * (26)
Now choose
B>1, —af?+8y>0, 6—~>=¢2. (27)

(IC-al®)

This example shows a nonelliptic deformation gradient obeying I, > 1 for positive W/’

aniso
and W/ .. (||C.al|?) and finishes our argument.

5 Discussion and Summary

This analysis has been motivated by instability phenomena in fiber-reinforced composite solids. In
particular, the materials under consideration are isotropic base materials augmented by a function
that accounts for the existence of fiber reinforcement (the reinforcing model). The onset of fiber
failure is established on the basis of loss of ellipticity of the governing differential equations for
the considered elastic materials. A detailed analysis of the ellipticity status of the compressible I5
reinforcing model without restricting to plane strain deformation has been provided under fiber
extension. In particular, it has been found that loss of ellipticity (and hence fiber failure) is to be
expected under fiber extension for which Iy > 1 and I5 > 1. Nevertheless, this is not the situation
under uniaxial tensile loading in the fiber direction, for which loss of ellipticity does require that
convexity of the reinforcing model Wpis0(I5) has been lost at a prior deformation. It follows then
that the mechanical response curves of these materials will be convex at loss of ellipticity. This
situation is not analogue to the one established for reinforcing models depending on I for which
ellipticity loss was related to loss of convexity or monotonicity of the nominal stress in the fiber
direction [20].

The materials studied here would correspond to materials with a strong transversely anisotropic
character, as e.g. in fiber composites. Fiber composite materials whose fiber reinforcement in-
troduces sufficient additional stiffness in the composite shear modulus were considered. In the
literature, [23, 24, 25] different experimental results have focused on failure in polymer composites
and some remarks are appropriate. These analysis have shown that in fiber composites fiber tensile
failure occurs either prior to the critical stretch at which fiber tensile failure occurs or close to the
critical stretch at which fiber tensile failure occurs. The latter failure is captured when the fiber



de-bonds from the matrix under tensile loading and has been the focus of [17]. More in particular,
it was established that I4-reinforcing models could model this kind of failure. The former failure
is captured when the matrix fails under tensile loading and is further associated to the so called
shear failure or combined tensile-shear failure, i.e. it is predicted that these materials fail in a
shear type of mode. In our analysis of I5-reinforcing models, loss of ellipticity and the associated
failure may involve convex reinforcing models. Furthermore, convex reinforcing models do not lose
ellipticity under uniazial tensile loading in the fiber direction. Whence, failure is intimately related
to fiber shearing as it is the case for polymer composites that fail in a shear type of mode. We
conclude that the materials under consideration here in our analysis are sensitive to a possible fiber
misalignment when loading is in the fiber direction. Furthermore, combined tensile-shear failure
could be the failure mode.
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