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Plan of the talk

General framework of linear elasticity.
Discontinuous Galerkin methods.

Mesh dependent error estimates.

BD and BV spaces.

Korn's first and second inequality.

Natural mesh independent BD error estimate.

Optimal mesh independent BV error estimate.




Notation

uw : B C R? — R3, the displacement, V,u = %(VUT + Vu)
symmetrized gradient. B reference configuration.

H}(B) Sobolev space with zero trace on the boundary of B.

E typical element of a triangulation 7, with A > 0 typical diameter
of the elements and e € &}, typical face of these elements.

Vi, discrete space subordinate to the triangulation: u € V), &

u,, € H'(E),up,, = 0. uy, discrete solutions.

[u] jump over a face.




Linear Elasticity

The problem of linear elasticity reads

DivC.Vyu = f
Yo B = u
(C.VSU|8NB =T

C constant coefficient (not essential) uniformly positive definite
elasticity tensor, i.e. (C.,n) > c™||n||*. For simplicity: 4 = 0, not
essential and Oy B = 0 (essential). For smooth boundary and data
the unique solution satisfies u € H?.




Stress-displacement formulation

The problem of linear elasticity can be cast into the two field stress
displacement problem

Diveo = f
oc=C.V.u

U p = U




Global Hellinger-Reissner Variational principle

The stress displacement problem can be formally obtained by taking
free variations with respect to both u, o of

Ifu, o] = /B G<g,@—1.a> (0, Vu) + fu)

/aDBna(u—u)

Here n is the unit outward normal on O0pB.




Local Hellinger-Reissner Variational principle

Assuming a subdivision of B into a finite union of elements E, we
specialize the variational principle to one such element

Iy = [E <%<U,Cl.a>—<0,vsu>+ fu)

1
/ —no(u—u") + / no(u— u)
Op\OpB K OpNopB

and obtain a global principle for the subdivision by summing up:
In = > Ig. Now free variations are taken w.r.t.

up € Vi, & up),, € H'(E) and oy, correspondingly. This gives a set
of discrete equations.




Discrete primal problem

Some algebraic manipulations lead finally to the weak discrete
problem: find up € V3, with

ah(uh,vh) — / f - Up, V?)h - Vh
B
where the bilinear form is

an(w,0) =Y /E (Y s0n, C.V qn) + (V svm, C.B([un]))

R[], CV ) +8 S /B (re([un]), C.re([on]))

ecOF

Here, R and r. represent contribution of the possible
jump-discontinuities. Question: How good is this method?




Discrete primal problem in variational form

Switch to corresponding variational problem: minimize

ah(uhauh) —/Bf”LLh

in the discrete space V}, with jumps. Task: show coercivity and
continuity of ay over Vj,.




Mesh dependent norms

For h > 0 we consider two relevant mesh-dependent semi-norms on
V = H}(B) + Vj, given by

lolls = > IV°

EETh eESh

v e Hy(B)+Vy

v e Hi(B)+V,

lvll* =
EcT;, ec&y,

That |Ju|| is a norm on V is clear. What about [ju]4? Problem is
absent for Poisson-equation (Laplace Operator harmless)!




Discrete norm

Consider [Jup|]® = 3 || Vup |2 + [[uh]]g This suggests that ||u| is a
norm on V.
Let v, € V.= Hy(B) + V. Then || - ||, : V — R defined as

loll; = > IV*0l§ &+ > llre([o])

EETh GEgh

(2)’6 veV

is a norm on V. Proof. ||v]|s = 0 implies that [v] = 0. Then apply
Korn's first inequality on HJ(B) which shows v = 0. B




Continuity and coercivity of the bilinear form

Let V = H}(B) + V},. Then
an(un, vn) < Cllupllg - llvnlls, Vun,on € V
ah(uhv Uh) > ct ‘Huhmi‘a vuh S v

Proof. Estimates involving the jumps and trace inequalities. |
Hence unique solutions uj, of the discrete primal problem exist!




Mesh dependent estimates

Let u be the exact solution of the linear elasticity problem with

u € H™(B) for 2 < m and let uj be the solution of the dicretized
primal problem. The coercivity of the bilinear form together with
consistency and Galerkin orthogonality implies, along the standard
arguments, that

lu — unllg < CR™ 1 ||ullm, 5, mesh-dependent estimate.

0.8 < C h™ ||u||;m. B, mesh-independent L?- estimate.

lu = |

These estimates are the state of the art for discontinuous Galerkin

methods.
What is the real value of these estimates?




Korn’s first inequality

Theorem 0.1. [Korn’s first inequality] Assume that Q C R? js a

bounded domain with Lipschitz boundary 0€) and let
u: Q) CRY— RY. Then

3ct >0 Vue HHQ) [[Vul + Vulld > et ul%zg,

where the constant ¢ > 0 depends only on the geometry of the
given domain () and the boundary.

Proof. Standard inequality in linear elasticity, see e.g., Ciarlet. A
generalization to nonconstant coefficients has been proved by the
author with applications in finite plasticity. |




Korn's second inequality

Theorem 0.2. [Korn's second inequality] Assume that Q C R% is
a bounded domain with Lipschitz boundary 0S) and let
u:Q C R — R Then

Jct >0 Vuec HZQ) [[Vu' + Vullg + ||Ju

2
2.0 = c’ HUH%{L?(Q)

where the constant ¢ > 0 depends only on the geometry of the
given domain () and the boundary.

Proof. Standard inequality in linear elasticity. |




Scaled Korn’s second inequality

Theorem 0.3. [Homogeneous Korn’s second inequality] Assume
that Q C R? js a bounded domain with Lipschitz boundary ) and

Q] > 1. Let u:Q C RY— RY. Let Qy be the scaled domain h - .
Then

Ject >0 VuecH"(Q,)

HvuT+qu§2h+

1
2 + 2 2
> c(Q) | [Vullg, + Jull2.q

where the constant ¢t (Q) > 0 is independent of h > 0.

Proof. Consider the scaling u +— u(h - x). H




The space of bounded variations BV

The displacement-gradient is a bounded measure allowing for jumps
in the displacements along internal surfaces:

lullBv(s) = llullLr(s) + | Dul|(B)

|Dul||(B) = sup {/ (u, Div¥) dx | U € C3(B,M»™%), ||V, < 1 } .
B

Theorem 0.4. [Poincaré for BV] Foru € BV () with generalized
trace u,, = 0

lull iy < C - ([ Dull(£2)




The space of bounded deformations BD

The symmetrized displacement gradient is a bounded measure:

1
Jull sy = 1) + IEDW(B), E(Du) = (Du” + Du)

1E(Du)||(B) = sup {/B (u, Div[¥L + U)) da | U € C3(B,M*»™%), |||

Theorem 0.5. [Poincaré for BD] Foru € BD(S)) with generalized
trace u),, =0

lull Ly < C - [E(Du)]|(2)




Natural estimates

All constants independent of A > 0: it can be shown that

HUHBD S CHUHBV1 well known.

\Huhmg < Cllunl, Vup € V corresponds to the former for the
discretization.

lunlley < Cllun|l, Yun € V, use Hoelders inequality and
properties of the subdivision.

|lunllBp < Cllunllg, Yun € V, use Hoelders inequality and
properties of the subdivision.




Natural mesh independent B D-estimate

As a consequence of the already established convergence of the
method we get with the last inequality

|u —unllep < Cllu — unllg < CR™ ™ ||ullm, 5

a mesh independent estimate of the error in BD. Can we hope for

more? In any case, BD is strictly an artefact of the linearization
procedure!




Loss of rigidity
By introducing the possibility of internal jumps, rigidity is lost
(internal elements are free to rotate against each other) and as

consequence a replacement of Korn's first inequality on the
BV /BD-level does not exist:

HUHBV S CHUHBD, Is false.
lunl| < CJlun|lg is very probably false!

lun]| < C(h)||lun||g true at a constant A > 0, but A — 07

The same is true for the respective discrete realizations of BV/BD,
l.e Vh




Convergence of the discretization

However, convergence in the symmetric triple norm and L?
convergence at specific rates already imply convergence in the simple
triple norm.

Theorem 0.6. [Convergence in simple triple norm] Assume there
is sequence vy, € Vi given such that |uaflg < ChR™™ ' and
|vnllo.B < C R™ for h — 0. Then

lonll < €A™

Proof. Use the scaled version of Korn's second inequality on each
element and shrink the elements uniformly (minimal aspect ratio for
a subdivision- assume regular subdivision). u
Observe that this is no general estimate!




Optimal mesh independent BV -estimate

Let u be the exact solution of the linear elasticity problem with
u € H™(B) for 2 < m and let uy be the solution of the dicretized
problem. Then we already had

luw — up

lu — up,

|s < O™ ullm, 5

0,8 < CR™ ||lullm,5 .

which implies by the former general result

lu—unllav < Cllu—unll < CF K™ ullm,5

Optimal in the sence that discrete solution might have jumps but
classical solution is smooth.




Summary

Derivation of a discontinuous Galerkin method in linear elasticity.
Based on local Hellinger-Reissner principle.

Derivation of standard mesh-dependent error estimates.
Improvement to mesh independent error estimates.

Optimal BV -estimates.

Decisive: Korn's second inequality on the element level.

Results true for general isoparametric families of triangulations.




Outlook

Implementation

Application to infinitesimal plasticity: prominent role of B.D-spaces,
slip lines and shear bands etc.

Model fracture

Transfer the methods to finite elasticity.




