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Notation 3D

p: Q C R +— R?, the deformation, Q reference configuration.
F' = Vi, the deformation gradient, 1l the identity.

F = F, - I}, multiplicative decomposition.

W elastic free energy density, DgWW first P. K. stresses.

Y. g elastic Eshelby tensor.

|Al|, (A, B), tr|A]| norm, scalar product and trace.

F=RU =polar(F)U, R e SO(3)




A general framework in finite plasticity

A large class of materials, not only metals, can be modelled in the
framework of

/ W (Fe)det|F,] dz — min. w.r.t. ¢ at given F),.
Q

Fo=VpFE, "
Ygp = F'DpW(F,)det[F,] — W(F,)det[F},] 1l

1
5 e B f(2E)




Properties of the system

thermodynamically consistent for proper choice of f
for f = 90X associated plasticity.

elastic energy density W(F.) defined per unit volume of
intermediate configuration set by F),.

Eshelby tensor > g driving force for inhomogeneities in plasticity.

intermediate configuration unambiguously given up to a global
constant rotation.

allows for det|F},| # 1 in general (e.g. soil mechanics).




A model for small elastic strains with grain
boundary relaxation

/ W (Fe, Re) det|F,| dz — min.w.r.t. ¢ at given R, F},.
Q

Fo=VpF, "
Yg=F'DpW(F,,R,)det[F,] — W(F., R,) det[F}] 11

d 1l —1
a[Fp } = _Fp f(EE)

d 1
JoRe = - Skew(FLR) - Re, R €S0(3), [ne] = sec

W(F.,R,) = & | FTR,4+RTF,—21|]>+2 tr [FTR, + RTF, — 21]".




Physical motivation

...As long as the inelastic deformation is concentrated within the
crystal boundaries which restrain the crystalline domains from
deforming by slip, the metal responds essentially like a relatively
simple viscoelastic material, in which the response of the crystals is
elastic. ... The material then responds essentially as a viscoelastic
body which deforms by creep of the boundary material and by
relative motion and rotation of the grains along the boundaries.

Viscous creep of the polycrystalline metal aggregate associated with
rotation of the grains along the grain boundaries is thus
characteristic for the initial stage of creep tests

Classical Textbook: Freudenthal: The inelastic behaviour of
engineering materials and structures, 1950)




Properties of the model with grain boundary
relaxation

consistent Eshelby structure, frame-indifferent, finite rotations.

viscoelastic effect in the elastic domain, i.e., for arbitrary small
loads. Internal friction with source at the grain boundary.

linear balance equations at given inelastic configuration R, F),.

R. describes rotation of a substructure: extended balance of
angular momentum!

intrinsically dissipative: keeping R, constant does not yield a frame
indifferent model in contrast to keeping I}, constant.




Notation 2D

M C R? midsurface of the plate, h > 0 thickness of the plate.
Qp, := M x [—L, 2] thin planar reference configuration of the plate.
m : M C R? — R?, deformation of the midsurface.
a,b,c € R3, (a|blc) matrix with columns a, b, c.
ws(x, 1y, z) reconstructed deformation.

Fy = Vips(x,y, z) reconstructed deformation gradient.




Small elastic strains for thin structures

Smooth deformation of thin structure ¢ : Qp, — R3, s. that
Vo € GL(3,R).

Small elastic strains: ||[Vip! Vip — 11 || o ~ small.
Vi = polar(Vy) = R(z,y, z) € SO(3). Taylor expansion =
90((513, Y, Z) — QO(ZC, Y, O) Tz VQD(CC, Y, O)°€3 + O(Z)7 Z € [_57 E]

gO((CIZ,y,Z) =2 QO(CC,y,O) Tz R(CE,y,O).Gg zZ € [_575]




Kinematical ansatz for the plate

miz Mmiy i3 Ri3 ¢
:VSOS(%% Z) = | M2 M2y Ros | +2 | Ra3 g
ms, ms, Ii33 R33
Rz, Rizy O
(Vm]Rg) + z Rzg T R23 y 0
R33, Rszy, 0




Reduction of the energy

3D: W(F,R) =+||F'R+ R'F —211]% .

4

Insert F instead of F' and R(x,y) instead of R

W(FS,R) AT R+RT A, —211||>+2 (AL R+ RT A, — 211, ATR)
Z||AZR+RTATHQ.

Integrate over referential domain Qp = M x [—2, 3].

fo2 (Fs, R)d(z,y,2) = [,, h 2||AT R+ RT A,,,—211||> dM +
0+fM 1| ATR + RT A dM




Elastic equilibrium

3D: th W(F, R) dr — min w.r.t. @ at given R.

2D: minimize w.r.t. deformation of the midsurface m. Only
contribution is membrane term

)
Z/ I(Vm|Rs)TR + BT (Vm|Rs) — 2112 dM
M
Quadratic in Vm, uniformly Legendre-Hadamard elliptic at given

R(x,y) € SO(3). Linear balance equation in m.

Kirchhoff-Love and Reissner-Mindlin: membrane limit degenerated,
non-elliptic.




Reduction of the evolution equation: Resultant
rotations

3D: GR(z,y,2) = ;-skew(FR") R.

Complete reconstruction: £R(z,y,z) = iskew(FsRT) R.

TNe

h
%R(CE, Y, Z) = = skew (% ff%(Am + 2 Ar) RT(xv Y, Z) dZ) R(CE, Y, Z)
Assume R(z,y, z) = R(x,y,0) uniformly over thickness.
$eR(w,9,0) = -skew (V| Ry(z,y)) R (2,9,0)) R(x,3,0).

%R(x,y) = iskew ((Vm|Rs(z,y)) R (z,y)) R(z,y).




The thin elastic plate
Find m : [0,T] x M — R? and rotation R : [0,T] x M — SO(3)

/hW(F,R)— (hf + N, m) dM —
M

/ h(N,m)dS — min.w.r.t. m at R
oM

F = (VW‘R;),) — Am

A
W(F,R) = % |FTR+ RTF — 21| + 2 tr [F'R + RTF — 211]"

d 1 T
&R(t) — o - skew (FR ) - R(t)




The thin elastic-plastic plate

Find m : [0,7] x M ~— R3 and elastic rotation
R.:[0,T] x M + SO(3) and F, : [0,T] x M — GL(3)

/ hW (Fe, Re) det|F,| —

(h f + N, m) det[F,] dM — min.w.rt. m at R, F,
F. = (Vm|(R.P)s)- F, !, P=F,

= [F ] (1) e —F, (1) - 0X(Zp)
d 1 T
gy e(t) = - skew (FeRe ) - Re(t)




Reduction for the shell

© : QO — ¢ smooth diffeomorphism.
()¢ curvilinear, stress free reference configuration of the shell.
pe = Qe — R finite deformation of the shell.

m(x,y) = me(O(z,y,0)) deformation of the transformed
midsurface. Strain Ee = 2 ((Vg@g)TRg + RgT(Vggog) — 2]1).

W(ﬁ(?(xvyv Z)) — mg(@(x,y,()))+z v§¢§(@($,y,0))Vx@(3?,y,0).63—|—




The thin elastic shell
Find m : [0,T] x M — R? and R, : [0,T] x M — SO(3)

/ W (F., R.)det[P] —

(h f + N, m) det[P] dM — min.w.r.t. m at fixed R,
F. = (Vm|(R.P)3)- P!, P=V0O

A
W(F., R,) = % |FIRe + R{Fe = 21| + 3 tr [F/Re + RLF, - 211)"

d 1 T
&Re(t) — i . skew (FeRe) ' Re(t)




Frame indifference and rotation of the intermediate
configuration.

3D: F'— QF implies R — (QR. Check invariance of stresses under
(F,R) — (QF,QR), i.e., Q51 (F, R) = 51(QF,QR).

Corotated rate of rotation: %wR = %R —wR, w=0QQT.
2D: Check (m, R) — (Q.m,QR).

3D: F = F.F,=F.Q" QF,. Shell: F,, = V@0, rotation of
Check (F,, R, F},) — (F.QT, R.QT,QF,).

2D: Check (m, Re, F},) — (m, R.Q*,QF}).




Further reduction: The thin planar elastic beam

Constrain motion to {ey, es}-plane.
m : [0, b] — R?, deformation of the beam, Rotation R(«).

Evolution equation for R(«) = Evolution equation for «.

b

2 A\

B m’ sina -+ mh cosa — 1]°

5 1 3
0




The completely relaxed thin planar elastic beam

Complete relaxation: %a =3}

Reconstructed rotation = Normality R(«).e3 = 7iy,.

Actually solved

b

20+ A

/ ( 'LL;_ ) [||m]| — 1]2 dx +— stat. no claim of minimality!
0

Nonconvex double well problem.

Dynamic relaxation of microstructure through rotations.

Ljapunov analysis of the equilibrium limit.




Complete elasto-plastic framework.
elastic Shell = plastic Plate, with I, = VO.

Avoid: metric coefficients, Christoffel symbols, topology of the
shell.

Normality retained in the relaxation limit.

Linear balance equations, nondegenerate membrane part!
Locally wellposed by elliptic regularity and Korn for shells.
Study nonconvex problems as relaxation limit via Ljapunov.

Similar structure in rate-independent plasticity: nonconvex update.




The flow based approach

Balance of linear momentum is side condition

Solve elastic trial step at given R., I, with extended Korn's
inequality = ¢ = @(Re, F)) or m = m(R., F})

Solve abstract ODE
d

w5 =—F J (S(p(Re, ), Re, Fy)
d 1
—R. = — -skew(F.R}) - R,
dt Me ( )

Decisive: Curl(R.F))




3D-Local existence and uniqueness

Displacement data g € C*(RT, H>?#(02, RY)).
viscoelastic, viscoplastic.
Time 1" > 0, unique solution

90 S C([()? T]7 H5,2(Q7R3)) )

(F,, R.) € C*([0,T], H**(Q, GL(3,R)), H**(Q, SO(3))) .




2D-Local existence and uniqueness

Displacement data g € C*(R*, H>?%(M, R?)).
viscoelastic, viscoplastic.
Time 1" > 0, unique solution

m € C([0,T], H>2(M,R?)),

(F,, R.) € C*([0,T), H**(M,GL(3,R)), H**(M, SO(3))) .




3D: Extended Korn’s first inequality

Let F,, F, ' € C1(Q, GLT(3,R)) be given with
det[F,(x)] > T > 0. Moreover suppose that for the dislocation
density Curl F,, € C'(Q2, M3*3). Then

Jct >0 Vo¢eH(Q)
Ve Fy () + Fy (@) Vo 12200y = ¢ 10117120 -

Proof: [Neff'02], recent improvement: F, € L>°, Curl F, € L*(Q)
and geometric condition on jumps of F}, suffice.




2D: Extended Korn’s first inequality

Let F,, F,, ' € C'(M,GL"(3,R)) be given with
det[F,(x)] > pu* > 0. Moreover suppose that for the dislocation
density Curl £}, € C'(M,M?>*3). Then

Jct >0 Vo¢e Hj(M)
[(V9|0) Fy () + Fy (@) (Vl0) 112 2 ¢ 9N 7m 2000

Proof: Consequence of 3D, [Neff'02], recent improvement:
F, e L>(M), CurlF, € L*(M) suffice.




Examples for flow rules: Norton-Hoff

Associated, isochoric plasticity: f =0X .

X (Sg) = % (1 + || dev(sym Sg)|| — oy )™ x

. dev(symXpg)
T || dev(sym Xg)||

|| dev(sym %) — oy]

(f (£5),8.) >0 premonotone type




The thermodynamically consistent 3D-model for
small elastic strains with grain boundary relaxation

/ W (Fe, Re) det|F)| dr — min.w.r.t. ¢ at given R, F},.
Q

F.=VipF, '
Ygp=F'DpW(F,,R,)det[F,] — W(F., R,) det[F}] 11

d 4 —1
&[Fp } = _Fp f(ZE)

d 1
aRe — E . SkGW(B) Re

B=[u2 -1 —F.R)+\[3—(F.R,1)]]-F.R.




Reduction of the consistent evolution equation:
Resultant rotations

3D: GR(z,y,2) = ;-skew(B) R.

Complete reconstruction: £R(z,y,z) = iskeW(Bs) R.

h
LR(z,y,2) = iskew (% ff% By dz) R(x,y, 2).
Assume R(z,y, z) = R(x,y,0) uniformly over thickness.

h
%f2h Bsdz = pu(2 Ay, — AmRY A, — ;L_;A"“RTA"“)RT
2
2
+ ABAm — (Ap, R)Apm — 5(A,, R)A,)RT = BIS

thermo




The moderately thin elastic plate
Find m : [0,T] x M — R? and rotation R : [0,T] x M ~— SO(3)

/hW(F,R)— (hf + N, m) dM —
M

/ h(N,m)dS — min.w.r.t. m at R
oM

F = (VW‘R;),) — Am

A
W(F,R) = % |FTR+ RTF — 21| + 2 tr [FTR + RTF — 211]"

d 1
—R(t) = — - skew (B2, ) - R(t) Airst order PDE-system!
TMe




Significance of Curl(R.F})?

Curl(R.F},) not a priori bounded.

(ReF),) determines the smoothness of the elastic moduli.
Elasticity tensor deteriorates with Curl(R.F},) — oo.
Curl(R.F,) variable of crack initiation?

large viscosity 1. for small grain size, no internal friction for single
crystals, [Ke'47], single crystals — zero elastic viscosity limit!




Reduced, partially linearized structure

Assume [ = 1l + Vu and F,, = 11 4+ p with Vu and p small. The
system may then be reduced to

/ %<D,ge,ge> [1 + tr [g,)] ] dr — min. w.r.t. u at given ¢,

Q

~ 0V(e.)
- Oe
ce=¢—¢p, e(Vu(z))=2(Vu' +Vu), e,=2(0p" +p),
\Ijthermo(€7 Ep) — \11(56) [1 + tr [g‘p] } :

5p(t) < f(TE) )

Ty = _6€p {\Ptherm(?(gj 5]9)} = [1 + tr [8p] ] — %<D.€e, 8e> 1,

||
>
o

A
W(ee) = %<D°56756> = 1 |leell® + 2 g [56]27 T




The partially linearized system

T'r reduced Eshelby tensor.

intrinsically thermodynamically admissible.

correct of second order in ¢, €.

linear balance equations at given ¢,,.

tr [e,] > 0, plastic dilation, softening. tr [¢,] < 0, hardening.
well-developed theory only for tr [¢,] = 0.

Sometimes [1 + tr [¢,,|] not accounted for!




