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Intr oduction

TheabsoluteGaloisgroupGg of the eld of rationalnumberds arguablythe centralobject
of algebraicnumbertheory asit governsall number elds andtheir arithmetic.However, its
structureremainsvery mysterious.A naturalapproachs to studyits linear representations,
i.e. continuoushomomorphism&Gg ! GL,(K) for someinteger n 1, whereK is
a topological eld. Among other things, the Langlandsprogramdescribesthe case of
comple representations.e. thosewith K = C, via automorphiaepresentationsOnly for
n = 1 all complex Galoisrepresentationareknown explicitly, asthey aredescribedy the
Kronecler-Webertheoremresp.by class eld theory whenQ is replacedby an arbitrary
number eld.

Oneof the aimsof this thesisis to studyanddevelop methodsfor computingexplicitly
with odd semi-simplecontinuousrepresentationsf dimensionn = 2 overF,, for aprimep,
ie.

. GQ ! GLz(F_p)

whereF,, is equippedwith the discretetopology Odd meansthattheimageof any comple
conjugationhasdeterminant 1. For bothcomplec representationandrepresentationsver
Fp continuityimpliesthattheimageis a nite group.However, in GL(C) therearerelatively
few nite subgroupsip to conjugationwhereaghetheoryis muchricheroverF,.

Odd semi-simple2-dimensionalcontinuousGalois representationsver F, arisefrom
certainmodularforms by atheoremof Deligne,Deligne-SerreandShimura.The arithmetic
of sucha modularrepresentatioiis closely connectedwith the coefcients of the modular
formit comesfrom. A conjectureby Serre(henceforthsimply the Serie conjectue) claimsa
corversehamely thattheirreducibleamongthoserepresentationsanbe obtainedrom pre-
ciselydescribednodularforms. Thus,theirr educibleodd 2-dimensionalGaloisrepresenta-
tions with coefcients in F,, are believedto be completelygovernedby modularforms. As
modularformsareveryaccessibléor explicit computationsthe Serreconjecturgrovidesus
alsowith atentative computationahpproactio all such2-dimensionatepresentationsf Gq
over Fp.

The modularforms usedin the original versionof the Serreconjecturewere classical
Hecke eigenformsthatis, they are holomorphicfunctionsfrom the upperhalf planeto the
complex numberssatisfyingcertaintransformatiorandgrowth propertiesandthey areeigen-
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formsfor theso-calledHecke operatorsTheseconditionsimpIyF;hatafterasuitablenormal-
isationtheseformshave a Fourierseriesatil of theformqg+ | ,a.q" withq= € P
wherethe a, arealgebraicintegers. The associate@aloisrepresentatiover Fy only de-
pendson the reductionof the a, moduloa chosenprime above p. So, it is naturalin the
context of the Serreconjectureo try to de ne modularformsdirectly over nite elds.

A goodtheoryof modularforms over ary ring in which the level is invertible was set
up by Katz in termsof the algebraicgeometryof modularcurves. It is this theorythatwe
will beusingin this thesis. For weight at least2 whenworking with the group (N for
N 5 theKatz formsover F, coincidewith the reductionsof the forms describedn the
previous paragraphThe caseof forms of weightone,however, playsa specialrdle, asthen
the Katz theoryis muchricherthanthe classicalbne. Onecanextendthe Serreconjectureo
includeweightoneKatz formsover Fp,, which oughtto correspondo Galoisrepresentations
unrami ed atp. Thisaspectvasdiscussedy Edixhovenin [EdixWeighi.

In view of their numbertheoreticsigni canceit is essentiato be ableto compute(Katz)
modularforms over nite elds explicitly. Oneaim of this thesisis to establishmethods
for computingthe associatedHecke algebrawith fastmethods preferablyin termsof linear
algebraover nite elds. Usingwork by Eichler and Shimura,one can computeclassical
modularforms of weight at least2 with linear algebramethodsover the integersby using
integral modularsymbolsor integral groupcohomology Hencereductionmoduloa prime
abovepyieldsamethodfor computing(Katz) modularformsoverF_p. However, thetheoryof
modularsymbolsandgroupcohomologyalsomakessensever Fy,. So,anaturalquestionto
askis whetheronecancomputemodularformsover F,, directly with linearalgebramethods
over Fp,. More precisely the questionarisesin which caseshe Hecke algebraover F,, of
(Katz) modularformsoverF_p coincideswith the oneof modularsymbolsoverFy,.

The relationshipsbetweenthe ob-

jects describedis illustratedin the g-

ure. Themodularcurvescanbe seenas @

the unifying elementof the objectscon- \
cerned.Consideringhe modularcurves
asRiemannsurfacesanalyticcohomol- @
ogy for a certainsheafgivesrise to the =
modularsymbols. The étale cohomol-
ogy of the modularcurve over Q for a T <z
similarly de ned étalesheafleadsto the

Galois representation. Finally, global

odd 2-dim. s.s. Galois
representations
sectionsof a certaininvertible sheafon

themodularcurve basechangedo F, yield the Katz modularformsover Fp.

Modular curves

Katz modular forms

We now give anoverview of the thesisandmentionimportantresults.
Chaptel is areprintingof thearticle“Dihedral GaloisRepresentatiorendKatz Modular
Forms” ((W-Dih]). In thatarticle we prove the extendedform of the Serreconjecturefor
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dihedralGaloisrepresentationdviore precisely the principalresultis the following theorem
(cf. Theorem(1.1.1).

Theorem. Letp beaprimeand : Gq ! GL,(Fp) anirreducibleodd Galois represen-

tation such that theimage of G !  GL2(Fp) Pre) PGL(Fp) is a dihedral group D, for
somen. Asin [Serel] de neN to betheconductorof and to bethe prime-top part
ofdet (thatis therestrictionto (Z=N Z) whendet is consideed asa character of
(Z=(N p)Z) ). De ne theminimalweightk( ) asin [ Edix\eigh{.

Thenthere exists a normalisedKatz eigenformf 2 S, )( 1(N ); ; Fp) (i.e. it has
level N , weightk( ) and character ) sud that its associatedGalois representation
f :Gq! GLy(Fp) isisomorphicto .

The modularity of dihedralrepresentationgas apparentlyalreadyknown to Hecke, at
leastfor p > 2. Sothe questionis whetherthe weightandthe level of the modularform can
be choseraspredicted.For modulat irreducible but not necessarilglihedralrepresentations
thisis knownif p 3 by thework of mary mathematiciansput for p = 2 thereareopen
exceptionalcases.Our resulthenceshaws thatthis is alsotruefor p = 2, atleastwhenthe
representatiofs dihedral. The proof relieson the useof Katz modularforms anddoesnot
work whenoneonly usesreductionof holomorphicmodularforms.

Chapterdl, Il andIV concernthe computationof the Hecke algebraof Katz modular
forms over nite elds. In otherwords,we needa faithful modulefor that Hecke algebra
which canbeeasilydescribedndcalculated Theoneusedn theMagmaimplementationss
themoduleof modularsymbols put alsoacertaingroupcohomologygroupcanbeemployed.

In Chapteil we studythis groupcohomologygroupandmodularsymbols(for their def-
inition see(2.5.1) by relatingthemto certaincohomologygroupsof modularcurves. From
ageometrigpoint of view thecohomologygroupsof modularcurvesarethe naturalobjectto
consider However, they area priori not very accessibleBut for modularcurvesthatareob-
tainedasquotientsof theupperhalf planeby groupslike = 31(N)withN 5, they agree
with certaingroup cohomologygroupsfor , which have an elementarydescription. For
moregeneralgroups SL,(Z) therearedifferencesThe usefulnes®f modularsymbols
(orratherthemodularsymbolsformalism)stemdrom thefactthatagoodimplementatior{in
Magmaby William Stein)exists. Besidegshemodularcurves,whichwe consideasRiemann
surfaceswe alsouse- in slight generalisation analyticstacks calledmodularstacks.The
latter notion only differs from the former, whenthe modularcurve in questionis obtained
asthe quotientof the upperhalf planeby a non-freelyacting subgroup PSL,(Z) of
nite index. In the stacksettingthe cohomologygroupsunderconsideratioralsonaturally
arisein the theory of group cohomology whereasfor modularcurves geometricmethods
suchasPoincaréduality are available. Using both points of view allows usto establishan
explicit descriptiorof the rst cohomologygroupof any modularcurve andthepush-forvard
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of ary locally constansheafof R-moduleson the modularstackfor anarbitraryring R (cf.
Theorem(2.4.6).

Theorem. For anyring R, anycongruenceubgoup PSL,(Z) andanyR[] -moduleV
with associatedocally constansheafV ontheanalyticstad [ nH], wehave

HY( nH; V)=M=M"'"+M"

withM = Coind™>2®(v), = 9 1 = 1 1 and thenatural projectionmap
fromthestak [ nH]tothemodularcurve nH, seenasa Riemanrsurface

We canpreciselydescribethe differencebetweenthe objectsin question,which yields
thefollowing criterionfor themto be equal(cf. Theorem(2.6.1). For the precisede nitions
seeChapterl.

Theorem. LetR bearing, SL,(Z) bea congruencesubgoupandk 2 aninteger.
Supposéhat the orders of all stabilisors for the actionof = \ h 1i on the upper half
planeH areinvertiblein R.

Thenthe moduleof modularsymbolsover R for  of weightk is isomorphicwith the
group cohomolay group over R for  of weightk and the cohomolay group over R of
weightk of the modularcurve nH. Similar resultsalso hold for the respectiveparabolic
andtheboundarysubspaces.

We arealsoableto describehetorsionof the modulesin questionovertheintegers(see
Proposition(2.4.8). Finally, a study of theseobjectsfor ;(N) asa (Z=NZ) -moduleis
carriedout, whichwill benecessarin orderto passto characterén Chapterll .

The principal aim of Chapterlll is to comparethe Hecke algebraof modularforms
overF, for 1(N) with p-N to theHecke algebrade ned onthe parabolicgroupcohomol-
ogy groupHF}ar 1(N); Vk 2(Fp)), whereVk »(Fp) is theFp[ 1(N)]-moduleof homoge-
neouspolynomialsof degreek 2 in two variables. The mainideais to work in weight 2
with level N p which forcesusto restrictto weights2  k p+ 1.

We introducethe following notation.Let M beary Fy-vectorspaceon which the Hecke
operatorsT| andthe p-partof thediamondoperators i, act.By M [k 2] wemeanM with
the action of the Hecke operatorT, “twisted” to be I¥ 2T, (in particular T, actsaszero).
Furthermoreby M (k  2) bedenotethe subspacenwhichHi, actsasl® 2.

For3 k pthereisthefollowing propositionby Serre(cf. Proposition(3.3.8).

Proposition. (Serre) Letpbeaprime N 5and3 k pintegerssudthatp - N. More-
over, letL denotetheZ,[ ,]-moduleconsistingof themodularformsin Sy( 1 (N p); Qp( p))
all of whoseg-expansionsareintegral. LetL = L Fp.

Thenthere is anisomorphism

L(k 2)=Sk( 1(N);Fp) Spss k( 1(N);Fp)lk 2];

which respectshe Hedke action.
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We establisha parallelresulton group cohomology(cf. Proposition(3.2.5), which for
thenon-parabolispacess alreadypresenin [Ash-Stereng.

Proposition. Letpbeaprimg N 5and3 k pintegerssudthatp-N.
We havethe exactsequence

0! HL( 1(N):Vk 2(Fo) ! Ha ( 1(Np);Fp)(k  2)
D HL (C1(N); Vess « 2(Fp))k 2]! O;

in which theHedke actionis respected.

Via the Jacobianone can obtain a connectionbetweenKatz modular forms over F,
and the correspondinggroup cohomologygroup, following the stratgy of the proof of
[EdixJussieyy Theorenb.2. In thatway we areableto prove thefollowing result(cf. Corol-
lary (3.3.14).

Theorem. Let p be a prime N 5andk 2 f2;:::;p+ 1g integers suc thatp - N.
Let P be a maximalideal of the F-Hedke algebra T of Sc( 1(N);F,) correspondingo
a normalisedcuspidaleigenformf which is ordinary; i.e. the p-th coefcient ap(f ) of the
standad g-expansionoff is hon-zeo.

ThenH ,}ar( 1(N); Vic 2(Fp))p isafaithful modulefor Tp .

StudyingSk( 1(N );F_,,) asa(Z=NZ) -modulethisresultcanbe extendedo characters
(cf. Proposition(3.3.20). It shouldbe mentionedhatmethoddrom p-adicHodgetheory(cf.
Corollary (3.3.7)and[EdixJussiel) Theorem5.2) shov thatthe ordinarinessassumptioris
notnecessarwhenk < p.

In ChapterV we explain how themethoddrom Chapterdl andlll canbeusedalgorith-
mically. Using a methodfrom [EdixJussieliwe obtainthe following corollary of the case
k = p of theprecedingheorem(cf. Corollary (4.5.5).

Corollary. TheHede algebra of weightone Katz modularformsfor 1(N) over F, with
p - N canbecomputedisingcuspidalmodularsymbolsover Fp.

ChapterV reportson computercalculationsperformedwith the algorithmsfrom Chap-
ter V. Oneresultis thefollowing (cf. Theorem(5.1.1).

Theorem. All groupsSL,(F2r ) occurasGaloisgroupsover Q for r from1 upto 77.

This extendscomputationdy Mestre,who coveredr  16.

Chapterd andV areindependentf ary otherchapter Chapterdl, Ill andIV build on
eachother
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Notations and Conventions

Let R bearing whichis commutatve andhasa unit elementAll baseringsin thisthesisare
assumedo satisfytheseproperties.

If M is aleft R[G]-modulefor agroupG, we denotethe (left) coinvariantsby
cM = M=IgM;

with theaugmentatiorideal | ¢ de ned by the exactsequence

g7 1

0! Ig! R[G] U1 R! O

Theaugmentatiodealis theideal of R[G] generatedby all elementof theform (1 g) for
g2 G. If M is aright R[G]-module ,we denotethe (right) coirvariantsby

Mg = M=MIg:

For theright resp.left invariantswe usethenotationM © resp.°M .

If gis anelementof nite ordern in G, we de ne the norm of g asthe element
Ng = 1+ g+ + g" Yin R[G]. Similarly, if G is a nite groupwe meanby N¢ the
formal sumoverthegroupelementf G insideR[G].

If isanendomorphisnof M , respectinghesubmoduleN M , thenotationkery ( )
meanghekernelof consideredisanendomorphisnof N .

We let Mat,(Z)sp denotethe monoidof 2 2-matriceswith entriesin Z andnon-zero
determinantWe have thefollowing importantmatricesn Mat »(Z)go :

= (11y- - 0 1 . = - 1 1 .
T=G1): = 10 =T = 14 ;
2_ 0 1 . 0— (10)- = 10
-1 1> T= (l 1) ! - 01
Fora2 2-matrixM = 28 overaringR onede nesShimua'smaininvolution

M =Tr(M) M= ¢d b

c a

If M hasinvertibledeterminantwehaveM = M 'det(M). ThematrixM is alsocalled
theadjoint matrix. Moreover, we havetheidentityM = (M )>.

We considerthe standardsubgroups( N), 1(N) and o(N) of SL,(Z) consistingof
thosematricesin SL,(Z) whichreduceto (3 9) resp.to (3 ;) resp.to(o ) moduloN .

If G is a subgroupof SL»(Z), we denoteby G = G=(h 1i \ G) the corresponding
subgroupof PSL,(Z).

If SL,(Z) is acongruenceubgroupj.e. containssome ( N ), thenthroughoutthis
thesisthenotationSy (' ; R) meanKatz modularformsof weightk for thegroup overthe
Z[1=N ]-algebraR (seee.g.[EdixBostor}). A similar notationis usedwith a character



Chapter |

Dihedral Galois Representations
and Katz Modular Forms

This chapteasappeareds[W-Dih]. All changego the publishedversionareindicatedby
footnotes.Thenotationslightly differsfrom the oneusedin the otherchapterof this thesis.

We shaw that ary two-dimensionabdd dihedralrepresentation over a nite
eld of characteristip > 0 of theabsoluteGaloisgroupof therationalnumbers
canbeobtainedrom a Katz modularform of level N, character andweightk,
whereN istheconductor istheprime-top partof thedeterminanandk is the
so-calledminimal weightof . In particulark = 1if andonlyif isunramied
at p. Directargumentsareusedin the exceptionalcaseswheregeneralresults
onweightandlevel loweringarenot available.

1.1.Intr oduction

In [Serrel Serre conjecturedthat any odd irreducible continuousGalois representation

:Gq ! GLy(Fp) for aprimep comesfrom amodularform in characteristip of acertain
level N , weightk 2 andcharacter . Later Edixhovendiscussedn [EdixWeigh{ a
slightly modi ed de nition of weight,theso-calledninimalweight denoted( ), by invok-
ing Katz' theoryof modularforms. In particular onehasthatk( ) = 1if andonlyif is
unrami ed atp.

The presentnote containsa proof of this conjecturefor dihedtal representations We
de ne thoseto be the continuousirreducible Galois representationthat are inducedfrom
a characternf the absoluteGalois group of a quadraticnumber eld. Let us mentionthat
thisis equivalentto imposingthattherepresentatiois irreducibleandits projectveimageis
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isomorphicto adihedralgroupD , for somen.!

(1.1.1)Theorem. Letpbeaprimeand :Ggq! GL2(Fp) anodddihedml representation.
Asin [Sere]] de ne N tobetheconductorof and to betheprime-top part of det
(consideedasa characterof (Z=(N p)Z) ). De ne k( ) asin [Edix\\eighf.

Thenthere exists a normalisedKatz eigenformf 2 S y( 1(N ); ;F_p)Katz , whose
associatedsaloisrepresentation ; isisomorphicto .

Wewill ontheonehandshaw directlythat comesromaKatzmodularform of levelN
character andminimalweightk( ) = 1,if isunramiedatp. If ontheotherhand is
rami ed atp, wewill nish theproofby applyingthefundamentawork by Ribet,Edixhoven,
Diamond,Buzzardandotherson “weight andlevel lowering” (seeTheorem(1.4.2).

Let usrecallthatin weightat least2 every Katz modularform on ;2 is classicalj.e. a
reductionfrom a characteristizeroform of the samelevel andweight. Hencemultiplying
by the Hassanvariant,if necessaryjit follows from Theorem(1.1.1)thatevery odddihedral
representatios above alsocomesfrom a classicalmodularform of level N and Serres
weightk . However, if onealsowantsthe charactetto be , onehasto echLdeein case
p = 2that isinducedfrom Q(i) andin casep = 3that isinducedfrom Q(" 3) (see
[Buzzarg, Corollary2.7,and[Diamond, Corollary1.2).

Edixhoven'stheoremon weightlowering ([ EdixWeighf, Theoremd4.5) stateshat mod-
ularity in level N and the modi ed weight k( ) follows from modularity in level N
and Serres weight k , unlessone is in a so-calledexceptionalcase A representation

: Go ! GLy(Fp) is called exceptionalif the semi-simpli cation of its restrictionto a
decompositiorgroupat p is the sumof two copiesof anunrami ed character Becauseof
work by ColemanandVolochthe only opencasdetft is thatof characteristi@ (seetheintro-
ductionof [EdixWeight).

Exceptionalityat 2 is a commonphenomenotfor mod 2 dihedralrepresentationsOne
way to construcexamplessto considetheHilbertclasseld H of aquadraticeld K thatis
unrami ed at 2 andhasa non-trivial classgroup.Onelets k bethedihedralrepresentation
obtainedoy inductionto Gq of amod2 characteof the Galoisgroupof H jK . If theprime2
staysinertin Ok , then20k splitscompletelyin H andtheorderof ¢ (Froby) is 2, where
Frob, is a Frobeniuselementat 2p Consequently g is exceptional. An examplefor this
behaviour is providedby K = Q(° 229. If theprime2 splitsin Ok andthe primesof Ok
lying above 2 areprincipal,then x (Frob,) is theidentityandhence « is exceptional.This
happengor examplefor K = Q(° 2089.

Let us point out that someof the weight one forms that we obtain cannotbe lifted to
characteristizeroforms of weight one and the samelevel, so that the theory of modular
forms by Katz becomesecessary Namely if p = 2 andthe dihedralrepresentatiorin

1A smallmistale concerningn = 2 hasbeencorrectedpointedoutby K. Buzzard).
2By the prime-top partwe meantherestrictionto (Z=N Z) .
SMoreprecisely: 1(N)withN 5.
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questiorhasoddconductoN andisinducedfrom arealquadraticeld K of discriminantN ,
whosefundamentalnitshave norm 1, thentheredoesnot exist an odd characteristizero
representatiowith ccbnductordividing N thatreducego . Therepresentatiosomingfrom
thequadraticeld Q(' 229 usedabove, canalsoheresene asanexample?

Thefactthatdihedralrepresentationsomefrom somemodularform is well-known (ap-
parentlyalreadydue to Hecke®). So the subtleissueis to adjustthe level, characterand
weight. It shouldbenotedthatRohrlichandTunnellsolvedmary casegor p = 2 with Serres
weightk by ratherelementaryneansn [R-T], however, with themorerestrictive de nition
of a dihedralrepresentatioto be suchthatits imagein GL,(F,), andnotin PGL,(F>), is
isomorphicto adihedralgroup.

Let usalsomentionthatit is possibleto do computation®f weightoneformsin positive
characteristionacomputer(see[W-App]) andthusto collectevidencefor Serresconjecture
in somecases.

This noteis organisedasfollows. The humbertheoreticingredientson dihedralrepre-
sentationareprovidedin Section2. In Section3 someresultson oldforms,alsoin positive
characteristicarecollected.Section4 is devotedto the proof of Theorem(1.1.1) Finally, in
Section5 weincludearesulton theirreducibility of certainmod p representations.

I wish to thank PeterStevenhagerfor helpful discussion@ndcommentsandespecially
BasEdixhovenfor invaluableexplanationsandhis constansupport.

1.2.Dihedral representations

We shall rst recall somefactson GaloisrepresentationsLet : Go ! GL(V) bea
continuougrepresentatiomwith V a 2-dimensionalvectorspaceover analgebraicallyclosed
discreteeld k.

LetL bethenumbereld suchthatKer( ) = G, (bythenotationG, we alwaysmean
the absoluteGaloisgroupof L). Givenaprime of L dividing the rational prime |, we
denoteby G ; thei-th rami cation groupin lower numberingof thelocal extensionL jQ;.
Furthermorepnesets
X dim(v=Ve i)

n()= (G;O:G;i).

i 0
This numberis aninteger, whichis independeno(f?the choiceof theprime abovel. With
this onede nesthe conductorof tobef( ) = -, I™(); wherethe productrunsover all
primesl differentfrom the characteristiof k. If k is the eld of complex numbersf( )
coincideswith the Artin conductor

41t was pointedout by Frank Calegari that the form in questiondoescomefrom a holomorphiceigenformof
weightoneandlevel 229. The projectve imageof its comple representatioiis S4 andthusnot dihedral. This
phenomenoannothapperwhenthe classnumberof therealquadraticeld is atleast5.

SHecle probablyknew this for oddp. Thecasep = 2 canbedealtwith by Serres trick (seeLemma(1.2.1)
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Let beadihedralrepresentationThen is inducedfrom acharacter : Gk ! kK
for aquadratinumbereld K suchthat 6 ,with (g) = ( 1!g )forallg2 Gk,
where is alift to Gq of the non-trivial elementof Gy jo. For a suitablechoiceof basis
we thenhave the following explicit descriptionof : If anunrami ed primel splitsin K as

() ,then (Frob) = ©°) b ) Moreover, () isrepresentetly thematrix

U2 ¢ . As iscontinuousitsimageis a nite group,say of orderm.

(1.2.1)Lemma. Let :Gg! GLZ(F_,)) be an odddihedial representatiorthat is unrami-
ed atp. DeneK, , andm asabove LetN betheconductorof . Let . a primitive
m-th root of unityandP a primeof Q( ) abovep.

Thenoneof thefollowing two statementsolds.

(a) Thee existsan odd dihedral representationb : Gg !  GL2(Z[ m]), which hasArtin
conductorN andreduceso moduloP .

(b) Onehasthatp = 2andK isrealquadratic. Moreover, thereis anin nite setS of primes
sut thatfor each | 2 S thetraceof (Frob) is zeo, andthere existsan odd dihedral
representatiorb : Go ! GL2(Z[ m]), which hasArtin conductorN | andreducego
moduloP .

Proof. Supposehatthe quadraticeld K equaIsQ(p D) with D square-freeThechar
acter : Gk ! k canbeuniquelylifted to acharactere : Gk ! Z[ ] of thesame
order whichreduceso moduloP. Denoteby e the continuousrepresentatiorlndgg e.
For the choiceof basisdiscussedbove the matricesrepresenting canbelifted to matrices
representinge, whosenon-zeroentriesarein the m-th rootsof unity. Thenfor a subgroup
H of theimage (Gg), one hasthat(F_pZ)H is isomorphicto (Z[ m]?)"  Fp. Hencethe
conductorof equalsthe Artin conductorof e, as e is unrami ed at p. Alternatiely, one
can rst remarkthattheconductorof equalsthe conductorf e andthenusetheformulae
f( ) = Normg jo(f( ))D andf(e) = Norm jo(f(e))D.

Thuscondition(a) is satis edif e is odd. Let usnow considerthe casewhene is even.
Thisimmediatelyimpliesp = 2 andthatthequadraticeld K is real,asis thenumbereld
L whoseabsoluteGaloisgroupG . equalghekernelof , andhencealsothekernelof e. We
shallnow adapt‘Serre'strick” from [R-T], p. 307,to our situation.

Let f bethe conductorof e. As L is totally real,f isa nite idealof Ok . Viaclasseld
theory e canbeidenti ed with a complex characteiof clt,, theray classgroupmodulof.
Letl ;;1 , bethein nite placesof K . Considertheclass

c=[f()2cCiP™ 2 j Norm( )< 0;  1mod 4Dfg]

in theray classgroupof K modulo4Df1 11 ,. By Cebotarg's densitytheorenthe primes
of Ok _areuniformly distributedoverthe conjugay classesf Clg>* ** 2. Hence thereare
in nitely mary primes of degreel in theclassc. Take S to bethe setof rationalprimes



1.3.0noldforms 5

lying underthem. Let a prime  from the classc be given. It is principal,say = ( ),
and coprimeto 4Df. By constructionowe have c® = [ 2] = 1. As CI[( is a quotientof
ClP™ 11 2 theclassof in CIf hasorderlor 2. Sincep = 2, thecharacter hasodd
orderandwe concludethat () = 1.

We hav, 1 mod 4Df andNorm( ) = | for someodd primel. Hence,the ex-
tensionK () hastwo realandtwo comple« embeddingsndis unrami ed at 2 andat the
primesdividing Df. We represenK (' ) by the quadraticcharacter : Gx ! f 1g.
For the complex conjugation,the “in nite  Frobeniuselement”, Frob; ,, we have that

(Frob; ,) (Froby ;) = 1. We now considerthe representatiorb obtainedby induc-
tion from the charactetb = e . Usingthe samebasisasin the discussiomat the beginning

of this section,an elementg of G is representetby the matrix e(g)o (9) . (g)o @ -

particular we obtain that the determinantof Frob; over Q equals 1, whenceb is odd.
Moreover, asl splitsin K, onehasthat (Frob,) is the identity matrix, sothatthe traceof
(Froby) is zero.
Thereductionof b equals , as is trivial in characteristi@. Moreover, outside the
conductorof b equalsthe conductorof e. At theprime thelocal conductorof bis , as
therami cation is tame.Consequentlythe Artin conductorof b equalsN |. 2

Also withoutthe conditionthatit is unrami ed at p, onecanlift adihedralrepresentation
to characteristiczero,however, losing controlof the Artin conductor

(1.2.2)Lemma. Let : Gq! GL2(Fp) beanodddihedrl representationDe ne K,
m, n, andP asin the previouslemma.

Thee existsan odd dihedral representationb : Go !  GL2(Z[ m]), whosereduction
moduloP isisomorphicto .

Proof. We proceedasin the precedinglemmafor the de nitions of e ande. If eis
even,thenp = 2 andK isreal. In Watcasewe choosesome 2 Ok  Z, which sat-
ises Norm( ) < 0. The eld K( ) thenhassignature(2;1) and gives a character

Gk ! Z[ m] . Asin the proof of the precedinglemmaone obtainsthat the repre-
sentatiornb = Indg: e isoddandreduceso moduloP. 2

1.3.0n oldforms

In this sectionwe collectsomeresultson oldforms.We try to stayasmuchaspossiblein the
characteristizerosetting.However, we alsoneeda resulton Katz modularforms.

(1.3.1)Proposition. LetN; k;r be positiveintegers, p a primeand a Dirichlet character
of modulusN . Thehomomorphism

. X i
NoS( 1(N); ) TSNP Oy (Foifyinif) T fi(d)
i=0
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is compatiblewith all Hede operators T, with (n; p) = 1.
Letf 2 Sc( 1(N); ; C) bea normalisedeigenformfor all Hede opemators. Thenthe

spantheactionof theopefator T in levelN p" is givenby the matrix

1
ap(f) 1 0O
k@ 0 10 0
0 0O 0 1 0
0 > 00 0 1
0 > 00 0 O

whee = lifp-N and = 0otherwise

Proof. The embeddingmap andits compatibility with the Hecke action away from p
is explainedin [DiamondInj, Section6.1. The linearindependenceanbe checled on g-
expansionsFinally, the matrix canbe elementarilycomputed. 2

(1.3.2)Corollary. Letp bea prime r 0 someinteger andf 2 Si( 1(Np"); ; C) an
eigenformfor all Hedke operators. Thenthere existsan eigenformfor all Hede operators
72 Sc( 1(Np"*?); ; C), which satis esa,(f) = a(f) for all primesl 6 panday(f) = 0.

Proof. One computesthe characteristiqpolynomial of the operatorT, of Proposition
(1.3.1)andseeghatit has0 asarootif thedimensionof the matrix is at least3. Henceone
canchoosethedesiredeigenformf€in theimageof E‘zp . 2

As explainedin theintroduction,Katz' theoryof modularforms oughtto be usedin the
study of Serres conjecture.Following [EdixBostor}, we brie y recall this concept,which
wasintroducedby Katz in [KatZ]. However, we shallusea “hon-compacti ed”version.

LetN 1beanintegerandR aring, in whichN is invertible.Onede nesthe cateyory
[ 1(N)]r, whoseobjectsare pairs(E=S=R, ), whereS is an R-schemeE =S anelliptic
curve (i.e. apropersmoothmorphismof R-schemeswhosegeometric bres areconnected
smoothcurvesof genusone, togetherwith a section,the “zero section”’,0 : S! E) and

: (Z=NZ)s ! E[N], the level structue, is an embeddingof S-group schemes.The
morphismsn the catgyory arecartesiardiagrams

Eo—JE
]
which arecompatiblewith the zerosectionsandthe level structures.For every suchelliptic

cure E=S=Rwelet! .. = 0 _g_g. Foreverymorphism :E%S-R! E=S=Rthe
inducedmap! go_go ! ! -5 isanisomorphism.
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A Katz cuspform f 2 Si( 1(N);R)kaz assignsto every object (E=S=R, ) of
[ 1(N)]r anelement (E=S=R ) 2 ! _X.(S), compatiblyfor the morphismsin the cate-
gory, subjectto the conditionthatall g-expansiongwhich oneobtainsby adjoiningall N -th
rootsof unity andpluggingin a suitableTatecurve) only have positive terms.

For thefollowing de nition let usremarkthatif m 1 is coprimeto N andis invertible
in R, thenany morphismof groupschemesftheform ym : (Z=NmZ)s ! E[Nm]canbe
uniquelywrittenas y s m With § : (Z=NZ)s! E[N]and n :(Z=mZ)s! E[m].

(1.3.3)De nition. A Katz modular form f 2 Si( 1(Nm); R)ka; is called indepen-
dent of m if for all elliptic curvesE=S=R, all y : (Z=N)s |} E[N] and all
m: O :(Z=m)s ! E[m]onehastheequality

f(E=S=R N s m)=f(E=S=R n s ) 2L 5(S):

(1.3.4)Proposition. Let N, m be coprimepositiveintegers and R a ring, which contains
the N m-th rootsof unity and i1-. A Katzmodularformf 2 Sc( 1(Nm);R)kag is inde-
pendentof m if and only if there existsa Katz modularformg 2 Sk( 1(N); R)katz Sudh
that

f(E=S=R nm)=0(E=S=R Nm )

for all elliptic curvesE=S=Randall nNm : (Z2NmZ)s ! E[Nm]. Here denoteghe
canonicalembeddindZ=NZ)s ! (Z=Nm2Z)s of S-groupscthemes.n thatcasef andg
havethesameg-expansionat 1 .

Proof. If m = 1, thereis nothingto do. If necessaryeplacingm by m?, we canhence
assumehatm is atleast3.

Let us now consider the catgory [ 1(N;m)]r, whose objects are triples
(E=S=R n; m),WhereSisanR schemeE=Sanellipticcurve, \ : (Z=NZ)s! E[N]
an embeddingof groupschemesand , : (Z=mZ)4 = E[m] anisomorphismof group
schemesThe morphismsare cartesiardiagramscompatiblewith the zerosectionsthe
andthe , asbefore.

We canpull backtheformf 2 Sy( 1(Nm); R)ka; toaKatzformhon[ 1(N;m)]r as
follows. Firstlet :(Z=mZ)s | (Z=mZ)% betheembeddingf S-groupschemesle ned
by mappingontothe rst factor Usingthis,f givesriseto h by setting

h((E=S=R n; m)) = f((EZS=R n; m ) 2 L5 (S):

Asf isindependenof m, it is clearthath isindependenof , andthusinvariantunderthe
naturalGL,(Z=mZ)-action.

As m 3, one knows that the catggory [ 1(N;m)]g has a nal object
(EU" =Y (N;m)r=R; U“"V). In otherwords,h is an GL»(Z=mZ)-invariantglobal sec-

tion of !_E'u‘mv =V1(N:m)R * Since this R-moduleis equalto Sk( 1(N);R)kaz (seee.g.
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Equation1.2 of [EdixBostor, p. 210), we nd someg 2 Sk( 1(N);R)kaz suchthat
f(E=S=R nm)=9(E=S=R nm ) forall (E=S=R, nm).

Pluggingin the Tatecurve, oneseeghatthe standardy-expansionf f andg coincide.

2

(1.3.5)Corollary. Let N; m be coprimepositiveintegers, p a prime not dividing N m and
:(Z=NZ) ! Fpacharacter Letf 2 Sc( 1(Nm); ; Fp)kaz bea Katzcuspidaleigen-
formfor all Hedke operators.
If f is independentof m, then there exists an eigenform for all Hede opemators
g 2 Sk( 1(N); ; Fp)katz sud that the associatedGalois representations 1 and 4 are
isomorphic.

Proof. Fromtheprecedingropositionrwe getamodularformg 2 Sg( 1(N); ; F_,))KatZ ,
noting thatthe characteiis automaticallygood. Becausef the compatibility of the embed-
ding mapwith the operatorsT; for primesl - m, we nd thatg is an eigenformfor these
operators.As the operatorsTI, for primesl - m commutewith the others,we canchoosea
form of thedesiredype. 2

1.4.Proof of the principal result

We rst covertheweightonecase.

(1.4.1)Theorem. Letp beaprimeand :Gqg! GL»(Fp) anodddihedml representation
of conductomN , which is unrami ed at p. Let denotethe characterdet

Thenthere existsa Katz eigenformf in S;( 1(N); ; Fp)katz » Whoseassociatedsalois
representatioris isomorphicto .

Proof. Assumerst thatpart(a)of Lemma(1.2.1)appliesto , andlet bbealift provided
by thatlemma.A theoremby Weil-LanglandgTheoreml of [ Serre?) impliesthe existence
of anenvformgin S;( 1(N);det b C), whoseassociatedaloisrepresentatiofs iSomor
phicto b. Now reductionmoduloa suitableprime above p yieldsthe desiredmodularform.
In particular onedoesnot needKatz' theoryin this case.

If part(a) of Lemma(1.2.1)doesnotapply, thenpart(b) doesandwelet S bethein nite
setof primesprovided. For eachl 2 S thetheoremof Weil-Langlandsyieldsanewform f (1)
in S;( 1(N1); C), whoseassociate@aloisrepresentationeducedo moduloP , whereP
is the ideal from the lemma. Moreover, the congruenceg(f (") 0 mod P holdsfor all
primesq 2 S differentfrom|.

From Corollary (1.3.2) we obtain Hecke eigenformsf®) 2 S;( 1(N18);C) suchthat
a () = 0anday(f) = aq(f") 0 mod P for all primesq 2 S, q 6 |. Reducing
modulothe primeideal P, we geteigenformsg” 2 S;( 1(N1%); ; Fp), whoseassociated
Galoisrepresentationareisomorphicto . Onealsohasaq(g(’) = Oforallq2 S.
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Thecoefcients aq(f (V) for all primesqj N appeain theL-seriesof thecomple repre-
sentation ; 1) associatetb f (). Astheimageof ;) isisomorphidoa x ed nite groupG,
notdependingnl, thereareonly nitely mary possibilitiesfor thevalueof aq(f (V). Hence
the sameholdsfor theg("). Consequentlytherearetwo formsg; = g{') andg, = g('2)
for I, 6 |, that have the samecoefcients at all primesq j N. For primesq - Nl4l»
one hasthatthe traceof ;«,) (Frobg) is congruentto the traceof ;) (Frobg), whence
aq(91) = agq(g2). Let us point out that this includesthe caseq = p = 2, asthe comple
representatiors unrami ed atp.

In thenext stepwe embedg; andg, into Sy( 1(NI313); ; Fp)kaz Viathemethodin the
statemenbf Proposition(1.3.4) As the g-expansiongoincide,g; andg, aremappedo the
sameform h. But ash comesfrom g, it is independentf |; andanalogouslyalso of |,.
Since , = , Theorem(1.4.1)followsimmediatelyfrom Corollary (1.3.5) 2

We will deducehe casef weightatleasttwo from generaresults. The currentstateof
theartin “level andweightlowering” seemso bethefollowing theorem.

(1.4.2)Theorem. (Ribet, Edixhoven, Diamond, Buzzard,:::) Let p be a prime and
: Go ! GLy(Fp) a continuousirreduciblerepresentationwhich is assumedo come
fromsomemodularform. De ne k andN asin [Serel]. If p = 2, additionallyassume
either (i) that the restrictionof to a decompositiorgroup at 2 is not containedwithin the
scalarmatricesor (ii) that isramiedat2.
Thenthere existsa normalisedeigenformf 2 Sy ( 1(N );F_,,) givingriseto .

Proof. Thecasey 6 2is Theoreml.1of [Diamond, andthecasep = 2 with condition(i)
follows from Propositionsl.3 and 2.4 and Theorem3.2 of [Buzzard, multiplying by the
Hassdnvariantif necessary

Wenow shavthatif p= 2and restrictedo adecompositiomroupGq, at2 is contained
within thescalamatricesthen isunramiedat2. Let : Gg! F, bethecharactesuch
that 2= det .As hasoddordes it is unrami ed at 2 becausef the KroneclkerWeber
theorem.If restrictedto Gq, is containedwithin the scalarmatrices,thenwe have that

. . je 0 . .
ico. is % ,whence isunramiedat?2. 2
Q2 0 JGQ2

Proof of theorem (1.1.1) Let bethedihedralrepresentatiofrom theassertionlf is
unrami ed atp, onehask( ) = 1, andTheorem(1.1.1)follows from Theorem(1.4.1)

If isramied atp, thenlet b be a characteristizerorepresentatiofifting , aspro-
vided by Lemma(1.2.2) Thetheoremby Weil-Langlandsalreadyusedabove (Theoreml
of [Serre) impliesthe existenceof a nenform in weightoneandcharacteristizerogiving
riseto b. Sofrom Theorem(1.4.2)we obtainthat comesfrom a modularform of Serres
weightk andlevel N . Let usnotethatusingKatz modularformsthecharacters automat-
ically the conjecturecbne

Theweightsk andk( ) only differ in two caseqsee[EdixWeigh{, Remark4.4). The

rst caseis whenk( ) = 1. The othercaseis whenp = 2 and is not nite at2. Then
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onehask( ) = 3andk = 4. In thatcaseoneappliesTheorem3.4 of [EdixWeigh{ to
obtainan eigenformof the samelevel andcharactein weight3, or oneappliesTheorem3.2
of [Buzzard directly. 2

1.5.An irr educibility result

We rst studytherelationbetweerthe level of aneigenformin characteristigp andthe con-
ductorof theassociate@aloisrepresentation.

(1.5.1)Lemma. Let : Go ! GL2(Fp) bea continuousrepresentatiorof conductorN ,
andletk bea positiveinteger. If f 2 Sx( 1(M); ; F_p)KatZ is a Hedke eigenformgiving rise
to ,thenN dividesM .

Proof. By multiplying with the Hasseinvariant, if necessarywe can assumethat
the weight is at least2. Hencethe form f can be lifted to characteristiczero (seee.qg.
[DiamondInj, Theorem12.3.2)in the samelevel. Thusthereexists a nevform g, say of
level L, whoseGaloisrepresentationg reducedo . Now Proposition0.1of [Livng yields
thatN dividesL. As L dividesM , thelemmafollows. 2

We canderive thefollowing propositionwhichis of independeninterest.

(1.5.2)Proposition. Letf 2 Sc( o(N);Fp)katz be a normalisedHedke eigenformfor a
squae-freelevelN withp - N in someweightk 1.

(a) If p= 2, theassociatedsaloisrepresentatioris eitherirreducibleor trivial.

(b) For anyprimep theassociatedsaloisrepresentations eitherirr educibleor corresponds
to a directsum K1 ! whee ,isthemodp cyclotomiccharacterand isa
characterfactoringthroughG(Q( p)jQ) for a primitive p-th root of unity .

Proof. Let usassumehatthe representation associatedo f is reducible. Since is
semi-simpleijt is isomorphicto thedirectsumof two characters . Asthedeterminants
the(k 1)-th powerof themodp cyclotomiccharacter ,, wehavethat = ',; 1 Since
the conductorof ‘5 Lis 1, it followsthattheconductorof equalghatof . Consequently
the conductorof is the squareof the conductorof . Lemma(1.5.1)implies that the
conductorof dividesN . As we have assumedhis numberto be square-freewe have that

canonly ramify atp.

Thenumbereld L with G, = Ker( ) is abelian.As only p canberami ed, it follows
thatL is containedn Q( p ) for somep"” -th rootof unity. Sincetheorderof is primeto p,
we concludethat  factorsthroughG(Q( )jQ). In characteristip = 2 thisimpliesthat is

thetrivial representatioras  is thetrivial character 2



Chapter Il

Modular SymbolsOver Rings

The EichlerShimura-TheorenfTheorem(3.3.1) establishegn isomorphismbetweenthe
directsumof two copiesof the spaceof holomorphiccuspformsfor a congruenceubgroup

SL,(Z) of nite index andthe parabolicsubspacef the analyticconomologyof the
associatednodularcurve X  for acertainsheafof C-vectorspacesin this settingthe Hecke
algebrade ned onthecohomologygroupcoincideswith theusualoneon cuspforms,sothat
the knowledgeof the Hecke operatorson the cohomologygroup determineghe cuspforms
completely Oneof the principal themesof this thesisis to obtainsimilar resultsover nite
elds in certaincases.

This chapteris concernedwith the analytic cohomologygroupsusedin the Eichler
Shimuratheorem but over generalrings. Whereasrom a geometricpoint of view the co-
homologyof modularcurvesis the mostnaturalobjectto study it only becomesexplicitly
accessiblevia the naturalcomparisorwith groupcohomology Anotherexplicit approactis
provided by the modularsymbolsformalism. It is of practicalinterest,asit hasbeenimple-
mentedby William Steininto Magma.We computethedifferencedetweertheseobjectsfor
generakongruencesubgroup®f SL,(Z) andgive a criterionwhenthey agree.

A link with thetheoryof modularformswill beestablishedh Chaptenll.

We startthis chaptetby introducingmodularcurvesasRiemannsurfaces analyticmod-
ular stacksandthe sheaesandsomeof their propertieso be usedin the sequel.We begin
our studywith the cohomologyof modularstacksandrelateit to groupcohomology Next,
we derive anexplicit descriptionof the cohomologyof modularcurvesfor the push-forvard
of ary locally constansheafon themodularstackby comparingt via the Leray spectrake-
quenceto stackcohomologyandusingthe MayerVietoris sequencéor groupcohomology
Moreover, torsionpropertiesarediscussedThe following sectionis devotedto introducing
themodularsymbolsformalismandto prove anexplicit descriptionin termsof the so-called
Manin symbols. Next, we will be ableto give a precisedescriptionof whenthe spacesn
questionagree resp.whattheir differencesare. The nal sectiontreatsmodularsymbolsfor

11



12 II. Modular SymbolgOverRings

1(N) asa(Z=N Z) -moduleandaslightgeneralisatiorio someothersubgroups.

(2.0.3)Notation. Recallthatfor a subgoupH of SL,(Z) wedenoteH = H=(h 1i\ H),
which we considerasa subgoupof PSL,(Z).
Throughoutthis chapterwelet andG becongruencesubgoupsof SL,(Z) sudc that

G SLy(2):
Foraring R andanintegerk 2 welet
Vi 2(R) := Sym* *(R?)
which carriesthenatural left SL,(Z)-action. Moreover, wewill usea characterof theform

:¢" nG1 R
and denoteby R the R[G]-modulewhich is de ned to be a copy of R with G-action
through *. Alsode ne
Vk Z(R) = Vk z(R) R R

for the diagonal G-action. In casethat G containsthematrix 1, wewill alwaysassume
that ( 1) = ( 1)k, sothatV, ,(R)isanR[G]-module

2.1.Modular curvesand modular stacks

We assumeNotation(2.0.3) aswe doin all this chapter Thegroup actsfrom theleft on
the extendedupperhalf planeH = H[ P(Q) by fractionallineartransformationsWe can
associateo it the compactRiemannsurfaceX := nH[ nP(Q). It containsthe open
RiemanrsurfaceY := nH.BothX andY arecalledthemodularcurveof .Wedenote
theinclusionbyj :Y | X .Weremarkthat 1 actstrivially, sothatwe couldhaveused
~ inthede nitions.

Analogously we alsode ne the analytic Deligne-Mumfordstacks[X —] and[Y-] asthe
stacksobtainedby taking the quotient for the =( N )-actionon X ( y resp.Y( n), when

(N) with N 3. Thesestackswill bereferredto asthe modularstacksof . Again
we havetheopenembedding; : [Y-]}! [X-].
Moreover, thereare naturalprojections  : [X—] X and :[Y-] Y . These

commutewith theembeddingg andj;; . If thegroup actsfreelyonH andif thestabiliser
subgroumf for any cusponly containsunipotentelementsthenboth  areisomorphisms.

(2.1.1)Remark. AnalyticDeligne-Mumfod stakshavee.g. beende nedin [ Toen], De ni-

tion 5.2, building onthede nition of theanalyticsite (loc. cit. p. 171). Moreover, it is stated
that quotientstads of analyticspacedy nite groupsare analytic Deligne-Mumfod stads,
which impliesthatthe[Y-] and[X—] aboveare.
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In the category of sheaveson the analytic site there are enoughinjectives (seee.g.
[Milne], Propositionlll.1.1), sothat a derivedfunctor cohomola@y exists. This cohomol-
ogy coincideswith the derivedfunctor cohnomol@y on analytic spacesijf the analytic stak
is an analyticspace(for a discussiorsee[ Milne], p. 118). Aswewill usethe Leray spectal
sequencewe point out that it is a formal consequenceas the directimage of an injective
sheafis injective and both the directimage functor and the global sectionsfunctor are left
exact(seee.g. [Milne], TheoemB.1).

There is a catggory equivalencebetweenthe locally constantsheavesof R-modules
on[Y-] andR[ ]-modulesgivenby thefunctor

F7VHO(H;f F);

wheef :H " [Y-] is the quotientmorphism.AsH is simplyconnectedthe sheaff F is
constantandconsequenthyd °(H;f F) = (f F), = Ft (y) for anypointy 2 H. It follows
that _

HO(H;f F) = HO(Y-L.F):
Asstadk cohomolgyis thederivedfunctorcohomolgyof H °([Y-]; ) andgroupcohomolagy
for R[] -moduless thederivedfunctorcohomol@y of taking -invariants,we obtain

HI(Y-T;F) = H'(GHOH;f F)) = H'(T5Fy)

foranyi 0, F alocally constantsheafof R-moduleson [Y-] andx 2 [Y-]. We saythat
HO(H;f F) = F, istheR[] -moduleassociatedo the locally constantsheafF andvice
versa.

2.2.The moduleV, ,(R) andthe sheafV, ,(R)

In Notation(2.0.3)we havede ned Vi 2(R) andV, ,(R). Viathecorrespondenceutlined
in Remark(2.1.1)the -moduleVi »(R) correspondso a locally constantsheafon [Y-]
which we denoteby V, ,—(R). Similarly, we write vV, 26(R) for the locally constant

sheafon[Yg] correspondingo the G-moduleV, ,(R). Wewill usuallydrop andG from
thenotation.

(2.2.1)Remark. Letusassumeghat 1 62 . Thenwe de ne the universalelliptic curve
univ - [EUV ] [Y-], asthe stad obtainedby taking the -quotientof E in the exact
sequence

((mm); )7 (n +m; )

0! Z? H C H I E! O

whete all spacesare equippedwith the natural projectionto H andC  H carriesthe -

action 28 :(z; )= (Z4:2 :g). Alternatively [EY"V ] canalsobe obtainedasthe quo-

tient stad for the group =( N) of the universal elliptic curve E‘E”K) over Y ny, when
(N) andN 3.
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Whenk  2is aninteger, the sheafV, ,—(R) onthe modularstak [Y—] agreeswith
Sym* 2(R! "V Riguw 1), wher Riguw | denoteghe constanssheafR on [E4" .

ReplacingZz? byZ? ;Z andChbyC ;Z onecanalsomalea universalelliptic curve
over Yz, when is a quadratic characterof G with kernel .

In thesequelwe will oftenusethefollowing differentdescriptionof Vi 2(R).
(2.2.2)Lemma. Let R[X;Y]n denotethe R-moduleof homaeneouspolynomialsof de-
green in thevariablesX andY overR. Themap

Sym"(R®) ! R[X;Yln; T (X + bY) (@ X + byY)
de nesanisomorphisnof left Mat »(Z)so -moduleswhenwe equipthe polynomialswith the
action(M:P)(X;Y)=P (X;Y)M .

Proof. Themapis well de ned andevery monomialis obviously hit. As Sym"” (R?) is
freely generatedy the classe®f (3}) (3 M (9), themapis in factan
isomorphism. 2

(2.2.3)Remark. Thepolynomialsf degreen are oftenequippedvith a slightly differentleft
Mat,(Z)gp -action,namelyby

28 PEIN =P BN=PC LA
Thisactionis consideede.g. in [ MerelUniversall andtheMagmaimplementatiorf modular
symbols Thesawo actionsareisomorphicdueto theidentity(x; y)(M )~ = (x;y) M

(2.2.4)Proposition. Supposehat n! is invertible in R. Thenthere is a perfectpairing
Wh(R) Wh(R) ! R of R-moduleswhich inducesan isomorphismV,(R) ! V,(R)-
of R[Mat2(Z)so ]-modulesjf we equipV, (R)- with theleftaction(M: )(w) = (M w).
WhenM is invertible, wehave(M: )(w) = det(M)" (M 1w).

Proof. Onede nestheperfectpairingonV,, (R) by rst constructingaperfectpairingon
R2, whichwe considerascolumnvectors.We set

R? R2! R; hv;wi := det(vjw) = vawy,  Vows:

If M is amatrixin Mat,(Z)eo , OnecheckseasilythathM v;wi = hv; M wi. This pairing
extendsto a pairingonthe n-th tensorpower of R? by letting

hvy Vn W1 Wqi = hvy;wii WV whi:

Due to our assumptioron the invertibility of n!, we may view Sym" (R?) asa submodule
in the n-th tensorpower, and henceobtainthe desiredpairing. Consequentlyone hasthe
isomorphisnof R-modules

Va(R)! Vh(R)-; v 7! (w7 hv;wi);

whichis Mat»(Z)ep -equivariantfor the actionsconsidered. 2
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(2.2.5)Lemma. Letn 1 beaninteger. We supposdhatn!N is nota zewo divisorin R.
The left t-invariantsare ™'V, (R) = mX"i fort = (3 ) and the left t%invariants are
My, (R) = hy i fort®= (19

Proof. The actloBoft givest:(X" 'Y") = X" /(NX + Y)' and consequently

(t  D(X™ iyl = i OF{" XMyl withriy = NP J ]' , Which is not a zerodivi-
sorby assumptionForx = = [_; a X" "Y' wehave
X 1 Lo X
(t Dx= X" Iyi( arij ):
j=0 i=j+1

If (t 1):x = 0,weconcludeforj = n 1lthata, = 0. Next,forj = n 2it follows
thata, 1 = 0, andsoon,until a; = 0. This provesthe rst part. The secondollows from
symmetry 2

(2.2.6)Proposition. Letn 1 beaninteger.

(@) If nIN is nota zeo divisorin R, thenthe R-moduleof left ( N )-invariants ( V)V, (R)
is zeo.

(b) If nlisinvertiblein R andN is nota zelwo divisorin R, thenthe R-moduleof left ( N)-
coinvariants ( yyVq (R) is zeo.

(c) Supposg¢hat isasubgoupofSL,(Z) sudthatreductionrmodulop de nesa surjection
SL>(Fp). Supposenoreoverthatl n  pifp> 2,andn = 1if p= 2. Then
onehas V,(Fp) = 0= Vi(Fp):

Proof. As ( N) containsthe matricest andt® Lemma(2.2.5)already nishes Part (a).
Undertheassumptionsf Part(b) Proposition(2.2.4)impliesaself-duality sothat(b) follows
from (a). Theonly partof (c) thatis notyet coveredis whenthedegreeisn = p > 2. In that
casewe have anexactsequencef ( N)-modules

0! Vi(Fp)! Vo(Fp)! VW, 2(Fp)! O

In fact, V,(Fp) is naturallyisomorphicwith the spaceU; considerecbn p. 46, soonecan
proceedasthere.lt sufces to take (co-)invariantsto obtainthe desiredresult. 2

We alsohave a charactewnersionof this.

(2.2.7)Proposition. In Notation(2.0.3)we assumehat R is an integral domainand welet
N  1beaninteger whichis non-zeoin R.

(@) If n = 0and is non-trivial, orif n > 0Oandn! 6 0in R, thenthe R-moduleof left
G-invariants®V, (R) is zewo.
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(b) If n = 0, isnon-trivialandR isa eld, orif n > Oandn! isinvertiblein R, thenthe
R-moduleof left G-coinvariantsg V,, (R) is zeo.

Proof. If n > 0, this follows directly from Proposition(2.2.6) by taking -invariants.
If n = 0, we only have to remarkthat the G-invariantsof R arezero, if the characteiis
non-trivial. Thesameholdsfor the coinvariantsin the caseof a eld. 2

2.3.Cohomologyof modular stacksand group cohomology

Parabolic and boundary spaces

LetF beasheafon[Y-]. We applytheLerayspectralsequencéoj = ji; : [Y-] ) [X-].
The rst four termsof its associated ve termexactsequenceare

0! HY(X-T:j F)! HYY-LF)! HOIX-LRY F)! H2([X-Lj F):
In analogywith theresultof Proposition(2.4.1)we call
Hoar (Y1, F) = HY (X T:j F)

the parabolic stadk cohomolgy group (for [Y-] andF ). FurthermoreH °([X-];RYj F)is
calledthe boundarystadk cohomolay group.

IfF =V, ,=(R)(respF =V, 2;€(R) on[Yg]), thenwe spealof the(parabolicresp.
boundary)stad cohomolay group of weightk overR for (resp.for G with character ).

Comparisonwith group cohomology

Let now V be alocally constansheafof R-moduleson [Y—] which correspondso anR[ |-
moduleV. Thenwe have by Remark(2.1.1)

H'([Y-];V) = H'(;V):

We de ne theparabolic groupcohomol@y groupastheleft handtermandthe boundary
groupcohomolagygroup astheright handtermin the exactsequence

_ _ M B _
0! Hy(5V)! HY(GV) P HX("\ gUg *:Res-

\gug V)i

g2 nPSL,(Z)=U

whereU = HTi. Wenoticethat \ gUg !isthestabiliserin of gl .

Again,if V = V¢ 2(R), thenwe speakaboutthe (parabolic/boundarygroup cohomol-
ogy groupof weightk overR for andsimilarly in thecasewhere is replacecby G with a
character.
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(2.3.1)Proposition. For V a locally constantsheafof R-moduleson [Y—] corresponding
to an R[] -moduleV, the stadk cohomolgy group for V and [Y-] agreeswith the group
cohomolay groupfor V and . Thisresultalso holdsfor the parabolic and the boundary
spaces.

Proof. As we have alreadyseenthatthe“full” spacesagreejt sufces to prove thatthe
boundaryspaceoincide,i.e. that
M _
HO(X-J;RY V) = HY(\ gug V)
g2 nPSL,(Z)=U

The sheafR?Yj V is aLskyscrapersheaf,whosesupportlies on the cusps,whenceone has
HO([X-J;RY V) = ~ (RYj V)¢, wherethe sumrunsover the cuspsof [X—]. However,
thesecuspsarein bijective correspondenceith the doublecosets nPSL,(Z)=U underthe
mappingg 7! g1 . Moreover, we havethat(RYj V). equalsH!( \ gUg ?!;V),if thecusp
cis obtainedfrom g underthemappingjustdescribed. 2

Computing group cohomology

In orderto computethe group cohomologyfor , it sufces to computethe cohomology
of PSL(Z)-modulesbecaus@f Shapiros Lemma,which for ary R[] -moduleV givesan
isomorphism

HL(PSL,(2); Coind™>2D vy = HY(;V):

An elementaryproof of the factthat Shapiros Lemmarespectghe parabolicsubspacevas
communicatedo me by AdriaanHerremans.Here,however, | shall usethe representation
theoreticmachinerymorepreciselyMackey'sformula.

(2.3.2)Proposition. LetV bea left R[] -modulefor a subgoup ~ PSL»(Z) of nite
index. ThegroupH g, (V) is isomorphicunderthe isomorphisnof Shapin's Lemmato

Hgar (PSL2(2); Coind™S-2(@v),

PLroof. It sufces to show thatH *(U; ReéjSLZ(Z)CoindESLZ(Z)V) is equalto the direct
SUM s ,z)=u H'( '\ gUg ';Res qug 1V)- Applying Mackey'sformula(seee.g.
[Brown], Propositionlll.5.6(b))

M —
Re$S 2@ CoindPS-= @y = Coindy, j— :'Res

g2UnPSL2(2)=

g 1Ugv'

theisomorphism
H'(U\ g g 9)=HY(g *Ug\ ;V)

andsendinggto g * thepropositionfollows from Shapiros Lemma. 2
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(2.3.3)Corollary. TheboundaryspaceH °([X—];R%j V) hasthegroupcohomolgical de-
scriptionH 1(HTi; Coind®-2(®) (v)). 2

We now explicitly computethe rst groupcohomologyof R[PSL,(Z)]-modules A rst,
however, not completedescriptionis provided by the MayerVietoris sequenceusing that
PSL,(2) is the free productof the cyclic groupof order2 generatedy the classof and
the cyclic groupof order3 generatedy the classof . Theresultwill beimportantfor the
sequelindwe recordit in thefollowing proposition.

(2.3.4)Proposition. LetM bealeft R[PSL,(Z)]-module ThentheMayerVietorissequence
givestheexactsequence

0! MPSL2@ 1 mhi MM M m7[fT
HY(PSLy(Z);M) ! HY(hi;M) HY(hi;M)! 0;

wheie the 1-cocyclef , uniquelygivenbyf( ) = (1 )m andf,( ) = 0, andfor all
i 2isomorphisms

H'(PSLo(Z);M)=H'(hi:M) H'(hi;M):

Proof. Letuswrite G := PSL,(Z), G1 := h i andG; := hi. By [Brown], 11.8.8, we
have the split exactsequencef R[G]-modules

0! R[G]! R[G=G;] R[G=G;]! R! o0
Applicationof thefunctorHomg ( ; M) givesriseto the exactsequencef R[G]-modules
0! M ! Homgi,(RIG;M) Homg,(R[G;M) ! Homg(R[G];M) ! O:

Thecentralterms,aswell asthetermontheright, canbeidenti ed with coinducednodules.
Hence the statementfollow by takingthelong exactsequencef cohomologyandinvoking
ShapirosLemma. 2

We now derive anexplicit descriptionof thegroupcohomologyof PSL,(Z).

(2.3.5)Proposition. LetM bealeft R[PSL,(Z)]-module Thenwehavetheexactsequence
0! MPSL2@ 1 M1 keny(1+ ) ke 1+ + 2! HYPSLy(Z):M)! O
Proof. We determinethe 1-cocyclesof M . Apartfrom f (1) = 0, they mustsatisfy
0=f(?= f()+f()=(@+ )()and

0=f(%= =@+ + Hf()
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Sincethesearetheonly relationsin PSL»(Z), acocgycleis uniquelygivenby thechoices
f()2ken(l+ )andf()2keny(1+ + 2):

The 1-coboundariesre preciselythosecogyclesf which satisfyf ( ) = (1 )m and
f()=(@ )mforsomem 2 M, whichproves

HI(PSLy(Z);M) = kery (1+ ) kery(1+ + ?)=(@ )m;(1 )m)jm2M :

Rewriting yieldsthe proposition. 2

(2.3.6)Remark. AsU = hl'i < PSL,(Z) isanin nite cyclicgroup,onehas
H(U;RegM) = M=(1 T)M:
An explicit presentatiomf the parabolicgroupcohomologyis the following.

(2.3.7)Proposition. Theparabolic groupcohomolgygroupsitsin the exactsequence
0! MMi=mMPSL2@ 1 keny (1+ )\ kery (1+ + )1 HY (PSL(Z);M)! O
whele mapsan elemenin to the 1-cocyclef uniquelydeterminedyf ( )= f( ) = m.

Proof. Using Proposition(2.3.5) we have the exactcommutatve diagram
1
M T Pste@ 2 fierN \okerN ——IHL, (PSLy(2):M)
1
M=MPSL@ 2= L lerN  kerN ——LUHI(PSLy(2); M)

@a T (a;b)7'b a

Asthebottomleft verticalarrow is surjective, theclaimfollowsfrom thesnalelemma. 2

2.4.Cohomologyof modular curves

Parabolic and boundary spaces

LetF beasheafonY . We proceedexactly asfor stacksnow with j = j insteadof j;
andgetthe exactsequence

0! HYX ;j F)! HYY ;F)! HO%X ;RY F)
I HA(X ;) F)Y HA(YSF) L0
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sinceR?j F = 0andH*(X ;RYj F)= 0.
We considertheexactsequencef sheaeson X

0! jF! jF! C! O

in whichthelasttermis de nedasthecokernel. Theparaboliccohomolgygroup(for Y and
F)isimageof themapH{(Y ;F)! H'(Y ;F). Itisdenotecoy H ,, (Y ;F). Moreover,
wecallH°(X ;RYj F)theboundarycohomolgygroup(forY andF).

(2.4.1)Proposition. WehaveH %, (Y ;F) = HY(X ;j F):

Proof. ThesheafC is a skyscrapersheaf,asit is only supportedon the cusps.Hence,
H(X ;C) = 0 andthe long exact sequenceassociatedo the short exact sequenceof
sheaesabove yieldsthatthe uppermapis surjective in the commutatve diagram

H(Y :F%f’%(x i F)
-

HA(Y SF);

in which the vertical map comesfrom the Leray sequenceabore. As it is injective, the
propositionfollows. 2

Explicit description of the cohomology

Let V besomeR[] -module. Via Remark(2.1.1) associatedo it we have a locally con-
stantsheafV on the stack[Y—], which we canpushforward underthe projection =
[Y-1 Y.

Thespaced (Y ;  V, ,—~(R)),H}\u (Y ;5 V. ,-),HOX ;RY ( V, ,-)) are
calledthe (parabolic/boundary)ohomolagy group of weightk overR for Y . We make a
similar de nition with thesheaf\/k 2;6(R) on[Yg].

(2.4.2)Proposition. Theboundarycohomol@y groupfor Y and V equalstheboundary
stadk cohomola@y groupfor [Y-] andV.

Proof. We only needto shawv that
1; - 1;
RjV. = Rj(V) )
for x in [X-] [Y-]. Thatis cleat sinceX and[X—-] do notdiffer in a (suitably small)
neighbourhooaf thecuspx, whenx is takenout. 2

ConsideringheLerayspectrakequencé orderto comparghe cohomologyof modular
curveswith groupcohomologywassuggestetlty BasEdixhoven.Indeed,t evenallows usto
give asimpledescriptionof the cohomologyof modularcurves.We shall rst provearesult
on somesecondcohomologygroup.
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(2.4.3)Lemma. LetV bea locally constantsheafon [Y-]. Denoteby Y © the analytic sub-
spaceof Y obtainedas the quotientby of the upperhalf plane minusall non-trivially
stabilisedpoints(for ). Denoteby | ° theembeddingr® | Y .

Thenthesheaf(j®) (j°) V isalocally constansheafony .

Proof. Write j = j© for short.Letx 2 Y , whichwe mayassumeo lie in the comple-
mentof Y % andtakey 2 [Y-]Jwith (y) = x. AsV islocally constantye canchooseanopen
setV  [Y-] containingy suchthatVjy is constantThequotientmap is open(universally
submesive seee.g.[Toer, p. 31, for algebraicstacks). SoW = (V) is anopenneigh-
bourhoodn Y containingx. ForW; W openwith x 2 W; andV; = 1(Wy), we have
7 VW)= ( V(W1 fxg) = VW L(fxg)), since is alocalisomorphism
outsidethepointsx resp.  1(fxg). OurassumptioonV hencempliesthatj j  Vjw is
constant. 2

(2.4.4)Proposition. LetV bea locally constantsheafon [Y—].
(a) WehaveH?(Y ; V)=0.
(b) WehaveH?2(Y ; V)= HO([Y-];V-)-.

(c) Foralli 2wehaveH! (Y ; V)= H!(X ;j V), wheej denotesheembedding
Y | X .

Proof. We usethe notationsof Lemma(2.4.3) In theexactsequencef sheaesonY
ol K! VI (9¢% wvricro

both the kernelandthe cokernelare skyscrapersheaes. As their highercohomologyvan-
ishes,we obtain

Hi(Y; V)=H(Y;(% (% V) foralli 2

and similarly for compactly supportedcohomology We may apply Poincaréduality to
H2(Y 5G9 (%9 V) andHZ(Y ;(G°% (° V). It yieldsthatthe rst spaceis iso-
morphictoH2(Y ;((j% (% V)-)-,whichiszero,asY isnon-compacandconnected
andthesheaf((j°) (j° V)- islocally constantproving (a). Poincaréduality furthermore
gives

HEY G (%) W)= HoY (%) (% W)-)- = HUY% (O V)-lye)-:

The latter spaceis isomorphicto H O([Yf]O;V—j[Y,]o)—, which in turn itself is equalto
HO([Y-1; V-)-, proving (b).
Part (c) follows immediatelyfrom the exactsequencef sheaeson X

0! j, vI j wviI c% o
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asthecokernelis againa skyscrapeisheaf. 2

We now comparethe cohomologygroupsof the modularstackto that of the modular
curveviatheLerayspectrakequencelt givesriseto theshortexactsequence

0! HYY: W)! HY(Y-:V)! HYYRY V)! O

asH?(Y ; V) = 0by Proposition(2.4.4) ThesheafR' V is a skyscrapersheaf,sup-
portedonly on non-trivially stabilisedpoints. More precisely if , denoteghe stabiliser
groupof atthepointx 2 H, then

(RY V) = HY( V)
(2.4.5)Proposition. We havethe exactsequencef R-modules
ol HYY; V)! H(Y], V)
I H(hi;Coind™2DV) HYhi;Coind™2Pv)1 o
Proof. We rst notethatany non-trivially stabilisedpointx of H is conjugateby some

g 2 PSL,(Z) toeitheri or 3, whencehestabilisergroupthenisgh ig *\ orghig \ .
As in the proof of Proposition(2.3.2)we canapply Mackey's formulato obtain
M

H(h i:Coind™2®v) = Hl(ghig X\ ~;V)
g2 nPSL,(Z)=h i
andasimilarresultfor . Sowe get
HO(Y ;RY V)= HYh i;Coind™"2Dv)  H(hi:Coind™-2Pv);
which nishes the proof. 2
We have already earlier encounteredhe very sameobstructionterm, namelyin the

MayerVietorissequencéseeProposition(2.3.4)). This establisheshefollowing theorem.

(2.4.6)Theorem. For anyring R, any congruencesubgoup SL,(Z) andanyR[ ]-
moduleV with associategheafV on[Y-], wehave

HYY; V)=M=M"T+M"
withM = Coind™3-2(? (V)and :[Y-] Y thenatural projection.

We let _ _
Hi( ;R)=M=M"T+ MM
asin thetheoremwith M = Coind”>-2(? (Mk 2(R)) andde ne CHi( ;R) asthekernelof
theboundarymap

m7! (1

M=MhMi+Mhi T M=1 T)M:
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We call CH( ; R) theparabolic subspacandthe spaceon theright theboundaryspace
Moreover, weletHy(G; ; R) := M= MM 1+ M1 forM = Coind2>"** (v ,(R))
andsimilarly asabore we de ne aparabolicanda boundaryspace.

Merel's study of homology

A study of the homology of modular curves (as Riemannsurfaces)has beencarried out
by [MerelHecle] alsoin orderto computemodularforms. We shall seethatMerel's explicit
descriptionis a specialcaseof ours.

The rst homologygrouprelative to the cuspsfeaturesn thelong exactsequence

0! Hi(X ;R)! Hi(X ;cuspsR)! Rlcuspg! R! O:

Fromthis sequencét followsthatH1(X ;cuspsR) is afreeR-module(asH(X ;R) is
free,whichis well known for compactRiemannsurfaces).

(2.4.7)Proposition. We haveisomorphisms
Hi(X ;cuspsR) = HY(Y ;R) = Hy(Y ;R)-:

Proof. The rst isomorphismis a simple applicationof the generalduality theorem
[Dold], PropositionVIIl.7.2, noting thatin this caseCechcohomologycoincideswith sin-
gular cohomology(seee.g. [Dold], PropositionVI111.6.12). The secondisomorphismis a
consequencef theuniversalcoefcient theorem. 2

In view of Proposition(2.4.7) the descriptionof the relatve homology group of
[MerelHecle], Propositiord,

H1(X ;cuspsR) = Ha( ;R)

is now immediate.

Torsion-freenessand basechangeproperties

Merel's original computatiorof H1(X ;cuspsZ) asH( ;Z) wasto computethetorsion-
freenesof the latter moduleandto show thatits rankis right. More generally Herremans
hascomputedhetorsionin the 1(N)-ManinsymbolsoverZ ([Herremank Propositior9).
We will, however, give a geometricand more generalproof of torsion-freenessyhich Bas
Edixhovenhasexplainedto the author

(2.4.8)Proposition. Assumethat R is an integral domain of characteristic 0 suc that

R=pR = Fp. LetN 1 be an integer sudh thatp - N. We assumehat ;(N)

andthatthestabilises for theactionof G onH haveorderinvertiblein R, or thatk = 2 and
is trivial.
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We denoteby ~ the reductionmodulop of . Recallthat ¢ denotesthe projection
[Ys] Ye. WriteF(R) = & V (R) and similarly for F (Fy). Thenthe follow-
ing statementsold:

(@ WehaveH}(Yg;F(R)) r Fp= H(Ys:;F(Fp)).

k 2;G

(b) We havean isomorphismH1(Yg;F (R)) r Fp = H1(Ys;F(Fp). If k = 2 and
is trivial, H(Ys; F (R))[p] = O holds. Otherwise the p-torsionH (Ys; F (R))[p] is
isomorphicwith St2(Fe) v, (Fp).

(c) WehaveH 3, (Yo: F(R)) r Fp = Hpy (Yo F(Fp)).
Proof. Letus rst noticethatthesequence
D _
0! V, ,5(R) "V, ,5(R)! V, ,5(F)! 0

of sheaeson [Yg] is exact. Applying the left exactfunctor g, we obtainthe shortexact
sequencef sheaeson Yg

0! F(R) P F(R)! F(Fp)! ©;

becausave have seenbeforethatR? . vV, 2_G(R) is a skyscrapersheafsupportedonly

on non-trivially stabilisedpoints and therethe stalk is H 1(Gx;V, ,(R)), which is 0 by
assumptionas eitherthe orderof Gy is invertibleor V, ,(R) = R. Theassociatedong
exactsequencgivesriseto the shortexactsequence

0! H'(Ys:F(R) Fp! H'(YeiF(Fp)! H™ (Ys:F(R)IPI! 0

foreveryi 0. A similar exactsequencealsofollows by takingcompactlysupporteccoho-
mology.

We have H2(Yg; F(R)) = 0andHZ(Ys;F (R))[p] = 0. Theformerwas provedin
Proposition(2.4.4) Thelatter canalsobe deducedrom thatpropositionasH 2(Ys; F (R))
is a free R-module sinceit is isomorphicto H °([Yz]; V,, 2.5(R)-)-. This proves(a) and
thebasechangepartof (b).

We nish Part (b) by theisomorphismH O(YG;F(F,,)) = gka ,(Fp) andthe factthat
HO(Ys;F(R)) = évk »(R) is zero,unlessk = 2 and is trivial by Propositions2.2.6)
and(2.2.7)

Part (c) is adirectconsequencef (a) and(b), sinceparaboliccohomologyis theimage
of compactlysupporteccohomologyin the usualone. 2

(2.4.9)Remark. We canusetheshortexactsequenc®! j,F! jF! C! Otocom-
pare compactlysupportedcohomol@y with parabolic cohomolgy. Namely the associated
long exactsequencegivesrise to theexactsequence

M

0! Vg 2(R)! RI HIY Ve o (R) ! Ha (Y V, o (R)! O
cusps

We omitthedetails,asthis will notbe usedin thesequel.
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2.5.Modular symbols

De nition

Modularsymbolscanbethoughtof asgeodesigathsbetweerntwo cuspsresp.asthe associ-
atedhomologyclassrelative to the cusps.We shall,however, give acombinatoriade nition,
asis implementedn Magmaandlike the onein Stein's thesis[SteinThesik exceptthatwe
do not factorout torsion, but intenda commontreatmentfor all rings. We keepthe Nota-
tion (2.0.3)

(2.5.1)De nition. Wede netheR-modules
M2(R):= R[f; di; 2PHQJ=hf; gf; g+f ; g+f; g; ; 2PYQ)i
and
B2(R) := RIP*(Q)I;
which we equipwith the natural left PSL,(Z)-action. Furthermoe, welet

M (R) = M2(R) r W 2(R)

and
Bk(R) = B2(R) r VW 2(R)

for theleft diagonalG-action. If isthetrivial character weusuallydropit fromthenotation.

(&) We call the (left-)coirvariants
M k(G; ; R) = gM ((R) = M «(R)=h(x gx)jg2 G;x 2 M (R)i

the spaceof G-modularsymbolsof weightk overR (for the character).

(b) We call the (left-)coirvariants
Bk(G; ; R) := 5By (R) = Bk(R)=h(x  gx)jg 2 G;x 2 By (R)i

the spaceof G-boundarysymbolsof weightk overR (for the character).

(c) We de netheboundarymapasthemap
M k(G R) ! Bk(G;;R)
whichis inducedfromthemapM »(R) ! B2(R) sendingf ; gtof g f g.

(d) Thekernelof the boundarymapis denotecby CM (G; ; R) andis calledthe spaceof
cuspidalG-modularsymbolsof weightk overR (for thecharacter).
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(e) Theimage of the boundarymap inside B¢ (G; ; R) is denotedby E(G; ; R) andis
calledthe spaceof G-Eisensteirsymbolsof weightk overR (for thecharacter).

Thede nitions canbe summarisedh the exactsequence

0! M k(G;;R)! Mk(G;;R)! E&(G;;R)! O

In thestandardsituationthat = 31(N) andG = o(N), wecanmaketheidenti cation
L(N)N o(N) ! (ZNZ) : a bog
' Nc d

In the de nitions above it seemsnaturalto write e.g.M (G; ; R) andnotM ¢( ; ; R),
which would be closerto the usualnotationfor modularforms,namelySg( ; ; R).

(2.5.2)Remark. Themap
M(2)! Div°(P'(Q); f; g7

is anisomorphisnof left PSL,(Z)-modules.

Indeed,surjectivityis clear Theelements ; gandf; g+ f ; g+f ; garein
thekernel. Thesegenemteall relationsof theformf 1; .g+ f ,; 30+ +f 5 10
forn 1. Butthekernelis geneatedbythese

Ashand Stevens(in [Ash-Steeng) call Hom (Div °(P1(Q)); R) the spaceof modular
symbolsThisis thuspreciselythe R-dual of themoduleconsideedhere.

We endthis sectionby aremarkon changingthe coefcient ring.

(2.5.3)Remark. LetR ! S bea ring homomorphism.As tensoring as well as taking
coinvariants,is right exact,we have

Mk(G;R) rS=Mk(G;S) and Bk(G;R) rS= Bk(G;S):

IfR! Sis at, alsoCM ¢(G;R) r S = CM «(G;S) holds. Similar statementsire true
with a character . 2

Manin symbols

Manin symbolsprovide an explicit descriptionof modularsymbols.We stayin the general
settingoveraring R. Most proofsthatmodularandManin symbolscoincide(e.g.Merelin
[MerelUniversa]) useManin's original homologicalapproacHManin| or its generalisation
by [Sokura/]. In this sectionwe shaw, usinga combinatorialpropositiondueto Martin, that
theidenti cation is purelyalgebraic.

Martin hasthefollowing purelyalgebraigropositiontheproofof whichis combinatorial
in nature.lt is Proposition4.3in histhesis[Martin].
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(2.5.4)Proposition. (Martin) We considerthehomomorphism
:Z[SLa(2)] ! ZIPHQ);M 7' M1 M:0:
Its kernelis givenby Z[SLo(Z2)](1 + )+ Z[SL(2)]A T T9.

Translatingthis propositioninto thetheoryof Manin symbols,oneobtainsthefollowing
proposition.

(2.5.5)Proposition. Thehomomorphisnof R-modules
R[PSL:(2)] ! M 2(R);g7! fg:0;9:19
is surjectiveandits kernelis givenby R[PSL2(Z)](1 + ) + R[PSL2(2)](1 + + ?2).

Proof. For the surjectvity we follow [Cremond p. 14. It sufces to prove that the

elemenfl ; gwith arationalnumberis hit. Let = a; + _——2+— bethecontinued
o1
ag g

fractionsexpansionof ~andletP, = 311 & al foralll 2 f1;:::;kg. We

1

0
maywrite P = § g i withpo = 1andg = 0. By constructionwe hare = £ and
1= z—g Consequentlywe obtain

( 1)kpk Pk 1 f01g =f1 - g:

01 Qo

+

We noticethatdueto the extra minussignsthe determinant®f all matricesequall.

Let us now notice that tensoringby R we may work with R-modulesinsteadof Z-
modulesMoreover,as(1  )(1+ )=1 ( 1), wemayreplaceSL,(Z) by PSL,(Z) in
Proposition(2.5.4)

Next we show thatker( ) = ker( ), usingthehomomorphism

:M2(R)! R[PYQI; f; g7

s = , theinclusionker( )  ker( ) follows. For the otheronewe assumethat
v Um [M]2 ker( ),i.e.
X X X
0= uy(M:0 M:1)=( uyM:O) ( uwM:11):
M M M

Butthenp v UM M0 1g = (P v UvfM:0;19) (P v UvfM:1 ;1g) = O, estab-
lishing the corverseinclusion.
Now it only remainsto establishthe claimedform of the kernel. We have theidentities
=T ,T°= 2 landconsequentyh T TO%°=(1+ ) @+ + 2) 1 The
latteroneimpliesfor all R[PSL,(Z)]-modulesM theidentity

@ T TOM+@Q+ M=(@Q+ + DM+ @1+ )M;
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which nishes the proof. 2

If V is ary left R[PSL,(Z)]-module theinducedmodulelndZ5-2(®) (V) is by de nition
theleft PSL;(Z)-moduleR[PSL>(Z)] gV, whereR[PSL>(Z)] is equippedvith thenat-
uralright R[ ]-actionandtheleft R[PSL,(Z)]-action.Sendinggy vtog ! v establishes
anisomorphisnof Ind”5-2® (v) with «(R[PSL,(Z)] & V), wherenow ~ actsdiagonally
from theleft. Theleft R[PSL,(Z)]-actionis the oneobtainedby inversionfrom the natural
right action.We will in thesequekonsidethemodule—(R[PSL;(Z)] r V) with thisright
action.

(2.5.6)Theorem. LetM := Ind2>"2? (v, ,(R)) be the inducedmodulewith the right
R[PSL;(Z)]-action describeddirectly before the theolem. Thenthe following statements
hold:

(&) Thehomomorphism fromProposition(2.5.5)inducesheexactsequencef R-modules
0! M1+ )+M@+ + 21 M! MG;:R)! O
(b) The homomorphisnR[PSL,(Z)] ! R[P*(Q)] sending[g] to g:1 inducesthe exact
sequencef R-modules

0! M(1 T)! M! Bg(G;:R)! O

(c) Undertheidenti cationsof (a) and (b) theboundarymapis themap
M=M(@L+ )+M@+ + 2! M=M@ T)
inducedfromm 7! m(1 ) onM.
Proof. (a) We derive this from Proposition(2.5.5) which givesthe exactsequence
0! R[PSL(Z)J1+ )+ R[PSL(2)](1+ + 3! R[PSLy(Z)]! M(R)! O

Let N := R[PSLx(Z)] r Wk »(R), which we equip with the right PSL,(Z)-action
(gl vI1=19]1 v. AsV, ,(R) is afree R-modulewe obtainthe exact sequence
of left R[G]-modules

0! N1+ )+N@+ + )1 N! M (R)! O

Passingto left G-coinvariantsyields(a).
(b) It is easyto computethatthe describednap ts into theexactsequence

0! RIPSL(Z)[(1 T)! R[PSLx(Z)]! R[PYQ)]! O

Now we canproceedreciselyasin (a) andobtain(b).
(c) It is clearthatthis mapcorrespondso the boundarymap. It is well de ned because
of(L+ + )1 H)=(@+ + 3@ T). 2

In theliteratureon Manin symbolsoneusually nds a moreexplicit versionof the mod-
ule M . Thisis the contentsof thefollowing proposition.
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(2.5.7)Proposition. (a) ConsidertheR-moduleX = R[ nSLy(Z)] r Wk 2(R) rR
equippedwith theright SL,(Z)-action( h V r)g=( hg g v r)andwiththe
left nG-actiong( h v r)=(gh v (gr).

Then X is isomorphicas a right R[SL,(Z)]-module and a left R[ nG]-moduleto
Ind®> (v, (R)), and,moreaver, X is isomorphicto Ind3-*“) (v, (R)).

If 12 Gand 162 ,thenthelatter moduleis isomorphicto InngLZ(Z) (W (R)).

(b) ConsiderthemoduleX := R[GnPSL»(Z)] r Vk 2(R) r R equippedwiththeright
PSLy(Z)-action( h V r)g=( hg g v r).

If ( 1% = 1, thenX is isomorphicto Ind=>"2*) (v, (R)) as a right R[PSLo(Z)]-
module

Proof. (@)Mappingg v rtog g v r de nesanisomorphisnofright R[SL,(Z)]-
modulesandof left R[ nG]-modules

(R[SL2(2)] rW 2(R) rR)! X:

As we have seenabove, the left handside moduleis naturallyisomorphicto the induced
modulelnd 5-2(?) (Vi (R)) (equippedvith its right R[SL»(Z)]-actiondescribedefore). This
establisheghe rst statement.The secondonefollowsfrom ., M = gM for ary G-
moduleM . The third statemenis dueto the factthat, ;; (R[SL2(Z)] r Vi »(R)) is
naturally isomorphicto R[PSL>(Z)] r V, ,(R), since 1 actstrivially on the second
factor

(b) This works analogousliyto the discussionn (a) with SL,(Z) replacedby PSL,(Z)
becausave cannow view Vi 2(R) asaPSL,(Z)-module. 2

Transportable Modular Symbols

In this sectionl presentStein'sandVerrill' sde nition of transportablenodularsymbols.and
reprove their principal theorem(see[Stein\érrill], Theorem2.4). The differenceis that|
provetheresultoverary ring R, whereagheoriginal proof wasfor modularsymbolsover Z
modulotorsion This sectionis not usedin the sequel,but cansene asanillustration that
working with thetorsioncanmake thingsmucheasier

Transportablenodularsymbolsare usedto computeperiodsof modularsymbolsresp.
modularforms. Theaim is to transporta pathfrom the cuspf gtoflg to apathfrom z
to z for awell chosenz in the upperhalf plane(for some 2 ) representinghe same
homologyclass.

We shall not restatethe original de nition of transportablenodular symbols,but the
equivalentvariantof [Stein\érrill], Lemmaz2.3 (The equivalenceworks over ary ring, not

only Q).
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(2.5.8)De nition. AF;noduIarsymbon 2 M ( ;R) is called transportabléf it can be
\gritten in tfﬂ,e form i";l fl ; ilg Pi with ; 2 and P; 2 VWV 2(R) sud that
m m

— 1
i1 Pi= 21 i Pi

To malke the last formula a little more understandabléand seta decisve steptowards
proving theprincipalweorerrin thiscontext), let usnotethatby astraightforwardcalculation
asymbolof ti]gform ,";Fjl ; ilg Pjiscuspidali.e.in thekernelof theboundarymap)
if andonlyif ", P = T, 'Pj holds.

(2.5.9)Theorem. (Stein, Verrill) A modularsymbolis transportablef andonly if it is cus-
pidal.

Proof. Choosea systemof representatiesR of nP*(Q), representing 1 by 1 . Let
ussupposdhatx 2 CM «( ;R). Writingf ; g P=f1L; g P fl ; g P and
usingthe -invariancewe write

X X
X = fi;, g P.:
2R 2

By assumptiorx is in thekernelof theboundarymap,i.e.

X X X X
fg P. = flg P. 2 Bk(R):
2R 2 2R 2
Forl 6 2 R itfollows X
p. =0

whichin turnyields

X X
fi, g P. = (fl ; 1g+f 1; g P
2 2
X X
= f1;1g P.+ f1;9g p
2 2
X
= f1;1g P.;
2
nishing the proof. 2

2.6.Comparison betweenthe spaces

In groupcohomologyone conceptuallyhasto work with coinducedmodules. However, if

theindex is nite, whichis the casein all our considerationspne canidentify inducedand
coinducedmodules. In the sectionaboutManin symbolswe have consideredhe induced
modulesasright modulesby invertingthe naturalleft action. This wasdonein orderto stay
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closeto othertreatmentse.g.[SteinThesig Here,however, we will go backto the natural
left action. An analogof Theorem(2.5.6)for left actionsis obtainedby formally rewriting
all right actionsinto left ones.

We still assumeNotation(2.0.3)

(2.6.1)Theorem. Theboundaryspacesof modularsymbolsgroup cohomolgy and of the
cohomolgy of modularcurvesagreg i.e.

Bk(G; ; R) = H(HTi; Coind™> 2P (v, (R))) = HO(Xc:RYs; ( 6 Vk(R):

Assumindurther that the orders of all stabilises of G actingon H are invertiblein R,
thenalsothe full spacesof modularsymbolsgroup cohomolay and of the cohomolay of
modularcurvesareisomorphic,.e.

Mk(G; ;R) = HY(G; W (R)) = H'(YG; & Vi(R));
asaretheir parabolicresp.cuspidalsubspaces
CM k(G; 5 R) = Hpar (Gi Vi (R)) = Hpor (Yo; 6 Vi(R)):

Proof. Becauseof Proposition(2.3.1) Theorem(2.5.6)(b), Corollary (2.3.3) Proposi-
tion (2.4.2)andRemark(2.3.6) theboundaryspacesgree.
UsingMackey'sformulaasin Proposition(2.4.5)we get

M
H(h i;Coind™*-2@y, ,(R)) = Hi(ghig "\ ";V 2(R)
g2 nPSL,(Z)=h i

and a similar resultfor . The right handsideis zero dueto the assumptioron the sta-
biliser order A similar resultholdsfor the correspondingrst homologygroup,which using
cyclicity givesAO(h i; Coind™>-*¥v, ,(R)) = 0.

The vanishingof the rst cohomologygroupimplies via Theorem(2.4.6) and Proposi-
tion (2.3.4)thatthefull space®f groupcohomologyandthe cohomologyof modularcurves
agree.The formeralwayscoincideswith the conomologyof the modularstackby Proposi-
tion (2.3.1) Thevanishingof the 1 °-termmeanswritten out that

1+ )Coind™ 2@y, (R)= cCoind™ 2@y, LR) "'

andsimilarly for , which via Theoremgq2.5.6)and (2.4.6)establisheshe comparisorbe-
tweenmodularsymbolsandthe cohomologyof modularcurves.

As we have seenthatthe boundaryspaceandthefull spacesoincide,the samefollows
for the parabolicresp.cuspidalspacesastheboundarymapsarecompatible. 2

If k = 2and istrivial, it actuallysufces for the comparisorbetweengroupcohomol-
ogy andthe cohomologyof modularcurvesto assumehatthe stabiliserordersareno zero
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divisors,asthenV, ,(R) = R andthe H !-termsin the proof above vanish(but not the
1 0-termsin general).

The stabilisersof the actionof PSL,(Z) onH all have orderdividing 6. The following
propositioninvestigateswhenpreciselystabilisersof order2 or 3 occur

(2.6.2)Proposition. (a) Thefollowing statementare equivalent:

(i) o(N) containsno conjugateof .
(i) Theactionof ¢(N) onH doesnothaveanystabiliserof evenorder.
(iii) N isdivisiblebya primeqgwhich is 3 modulo4 or by 4.

(b) Thefollowing statementare equivalent:

() o(N) containsno conjugateof .
(i) Theactionof o(N) onH doesnothaveanystabiliserof orderdivisibleby 3.
(iif) N isdivisiblebya primeqwhich is 2 modulo3 or by 9.

(c) If N > 3,then 1(N) actsfreelyonH.

Proof. Writing out (i) in thetwo casesas 2 2 d b (resp.with ) givestheequa-
tionsc?+ d®> = (c+id)(c id) O mod N resp.c®?+ d®+ cd= (¢ 3d)(c 3d) O
mod N, with (c;d) = 1. Let| beaprimedividing N. It is clearthatl cannotbeinertin
the extensionQ(i) resp.Q( 3). If 4 dividesN, thenit followsthat?2 dividesc + id, which
contradictsthe factthat (c;d) = 1. Concludingsimilarly for 9 in case(b) establisheshe
implication (i) ) (i) for (a) and(b). Corversely we supposahatN is divisible only by
splitprimes,i.e.l; = (g +idj)(g idj) respl; = (¢ 3d;)(g  3d;), andpossiblyby
2=(1+1i)1 i)resp.3= (1 3)(1 3). Multiplying out,it followsthatN takesthe
form ¢ + d? resp.c® + d? + cdwith (c;d) = 1. Choosinga;b2 Zs.t. 28 isin SLy(Z) it
followsthat 28 d P (respwith )isanelementof o(N), establishingi)) (iii).

Theequialenceof (i) and(ii) follows from thewell known factthatthe only non-trivial
stabilisergroupsof pointsin the usualfundamentablomainarethe groupsgeneratedy
resp. .

(c) If aconjugateof (resp. )isin 1(N), onehastheequationsac+ bd 1 mod N
and (ac+ bd) 1 mod N (resp.ad+ ac+bd 1 mod N and (bc+ ac+ bd 1
mod N) with = 1 (sincewe canreplace (resp. ) by (resp. )). Thisyields

2 0 mod N (resp.2 1 mod N). 2

2.7.Charactersand the -action

In this sectionwe studythe actionof thegroup := nG on variousspacesn the Nota-
tion (2.0.3) Thatactionis givenby the diamondoperators We will be especiallyinterested
in how far this actionis semi-simple,.e., if modularsymbolsdecomposénto eigenspaces
for characters.
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Somecomputationsin group (co-)homology
We rst provide someresultsof group(co-)homologythatwill beusedlater.
(2.7.1)Proposition. LetR bearing, a nite group, S a nite left -setandV a left

R[] -module Supposehatfor all s 2 S thestabilisergroup ¢ hasorderinvertiblein R.
Thenwehaveforalli 1

Hi( ;R[S] rV)=0=H'( ;R[S] rV)
for thediagonalleft -actiononR[S] r V.

Proof. We prove this for homology The prooffor cohomologyis obtainedby dualising
thearguments.

Choosinga systemof representatiess;;:::;s, of the -orbitsof S, we obtaina direct
sumdecompositiomespectinghe -action

M
RIS| RV=" R[ =] rV:
i=1
Fromtheprojectionformulawe get

R[ = 5] rV=Ind _Res V.
J

]

Shapiroslemmanow givesforalli 0
M
Hi( ;R[S] rV)= Hi( s ;Res SjV):
i=1
Fori 1, theright handside,however, is zero,asmultiplicationby the grouporderof

isinvertiblein R. 2

(2.7.2)Proposition. LetA bea nite abeliangroupandK a eld with trivial A-action.
(a) If thecharacteristicofK is zeio,thenH;(A; K) = Oforalli 1.

(b) If the characteristic of K is a prime p, then we havedimx H;(A;K) = n and
dimk H2(A; K) = 220 wheen is the numberof cyclic factors of the p-Sylowsub-
groupof A.

Proof. (a)is clear asthe grouporderis invertiblein K. For (b) onecane.g.usethat
the dimensionof H1(Ap; K) resp.H2(Ap; K) arethe minimal numberof generatorsesp.
relationsof Ap,. 2

For a charactemwe have the following more generalstatemenbon the rst homology
groups.
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(2.7.3)Proposition. LetK bea eld, a nite abeliangroupand : ! K acharacter
If K hascharacteristicp > 0, wealsoassumehat is notthetrivial character
Thenwehavefor all @ Othatdimk Hq( ;K )= dimx H( ;K )= 0:

Proof. We only prove this for conomology The statemenbn homologycanbe obtained
by dualisingthe agument. The statemenin characteristi@ is clear asthe orderof is
nite, sowe assumehatK hascharacteristi@.

For 2 theendomorphisnenH 9( ;K ) whichisinducedfromtheactionof onK
is theidentity (it is well-de ned, since is abelian).Hencefor 2 suchthat () 6 1
thenon-zercelement () 1kills H3( ;K ), fromwhichtheclaimfollows. 2

The -action onthe boundary space

(2.7.4)Proposition. LetN 1 beaninteger whichis invertiblein R andassume contains
1(N). Let := nG. Thenwehave

Hi ;Bk( ;R) rRR =0

Proof. Let uswrite for shortM := IndESLZ(Z)(Vk ,)andsetU := hr; 1i  SLx(Z).
By Theorem(2.5.6)(b) we have

Mg=M=M(@ T)=Bc( ;R):

We rst assumd 1)k = 1, whichisthecaseif 12 ,asthenl= ( 1) = ( 1)k.
Thenby Proposition(2.5.7)(b) we have

M = R[ nPSL(Z)] Vk » R

with the actionsdescribedn that proposition. In particulay R is a trivial right U-module
(by therestrictionof theright PSL,(Z)-action).As TN actstrivially onR[ nPSL,(Z2)], we
obtain
Mprwi = R[ nPSL2(Z)]  (Vk 2)mrni R

The stabilisersof the -action on the set nPSL(Z) are trivial, whenceby Proposi-
tion (2.7.1) we have H1( ;Myn;) = 0. As the group U=hTNi hasorderN, which
is invertible by assumptionM - is a direct summandof M~ i, yielding the claim of the
propositionin the caseunderconsideration.

We assumenow that 1 62 . ThenM = , ;N with N := Ind5-*@ (v, ,). We
proceedasabove. By Proposition(2.5.7)(a) we have

N = R[ nSL(Z)] Vk » R

with theactionsdescribedn thatproposition.In particular R is atrivial right U-module(by
therestrictionof theright SL,(Z)-action).As TN actstrivially onR[ nSL,(Z)], we obtain

Nmrwvi = R[ nSL2(Z)]  (Vk 2)wrvi R
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Thestabiliserofthe -actionontheset nSL,(Z) aretrivial, whenceby Proposition(2.7.1)
wehaveH1( ;Nyrn;) = 0. By theHochschild-Serrspectrakequenceve geta surjection
Hi( ;Nprnvi)  Hi( n 12iNprw i), whencetheright spaces alsozero. Hence we have
Hi( ;Mgrvi) = 0, andwe can nish asabove. 2

Modular symbolswith and without character

In this sectionwe will specialiseto the caseof elds insteadof generalrings. However, an
extensionof theresultsto ringsundernaturalrestrictionss easilypossible.
We startby comparingooundaryandEisensteirmodularsymbols.

(2.7.5)Proposition. (a) We havetheexactsequence

0! BE( ;R)! By ;R)! R! O

(b) LetN  1beanintegersucithat ;(N) andletK bea eld. If thecharacteristic
of K isp> 0,thenweassume -N andk p+ 2. If k = 2, thenwesupposéghat is
notthetrivial character

Thenwehave
&(G: 5 K) = Bk(G; 5 K):

Proof. For ary ring R we havetheexactsequence

g7if gf f g7l

M,(R) ' ° ByR) "M R O

Weonlyneedosho/vth(:ltpf ol f gisintheimageoftheboundarymap,if gf =0
Butthen ol fg= ol (f g flg ),whichclearlyliesin theimage.Taking -
coinvariantswe obtainpart(a),asR is atrivial -module.

Let us now assumehe situationdescribedn (b). From the exact sequencebove for
R = K, weimmediatelyobtainthe following exactsequencéy tensoringwith V, ,(K)

grif gf f g7l

Ma(K) k Vi o(K) " P Ba(K) k Vi oK) 2TV o(K) ! O

Propositiong2.2.6)and(2.2.7)now nish the proof. 2

We now computethe differenceof the Eisensteirspaces.

(2.7.6)Lemma. UndertheassumptionsfProposition(2.7.5)b) wehavetheexactsequence

00 Hi(5 Vi o(K)! —(&( iK) « K)! E(G;;K)! O

with ™ :=  nG.
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Proof. We startwith theexactsequence
0! B(;:;K) kK I (Bc( ;K)) k K I (=W 2(K)) « K ! 0
which givesriseto thelong exactsequence
Hi( Bk( SK) k K )T Hi( 5=Vie o(K)) !
—(&( ;K) k K)! Bk(G;K) ! —(-V o(K) ! O

In Proposition(2.7.4)we provedthatthe rst termis zero.Thekernelof equal€(G; ; K)
by exactnesswhich provesthelemma. 2

(2.7.7)Proposition. (a) We havetheexactsequence
0! Hi( ;K)! —BE( ;K)! E(GK)! o
(b) Undertheassumptionsf Proposition(2.7.5)Yb) we have
— B(;K) kK =E&(@G;;K):

Proof. The Propositionfollows directly from Lemma(2.7.6) and Propositions(2.2.6)
(2.2.7)and(2.7.3) 2

Next we comparethe space®f cuspidalmodularsymbols.
(2.7.8)Theorem. (a) We havetheexactsequence
Hi( S E( sK) ! —COMo( ;K)! OM 2(G;K) ! Hai( 5K)! 0
andH1(";K) ! Ho( ;E( 1;K))andHz( ;K)  Hi( 1E( 1;K)).

(b) LetN  1beanintegersudithat ;(N) andletK bea eld. If thecharacteristic
of K isp> 0,thenweassume -N andk p+ 2. If k = 2, thenwesupposehat is
notthetrivial character Thenwehave

—(M k( ;K) «k K )= CM(G; ; K):

Proof. We comparethe long exact sequencessociatedo the shortexact sequencef
~ -modules

0! M k( ;K) kK ! My(;K) kK I E(;K) «kK ' 0
with the shortexactsequence

0! OMk(G;;K)! Mk(G;;K)! E(G;;K)! O
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Usingthe snale lemmaandLemma(2.7.6)we obtainthe exactsequence
Hi( SE( :K) k K)! —(CM( ;K) kK )!
CM k(G; s K) ! Hi( -V oK) ! O

from which all statementdollow, exceptthe secondone of (a), via Propositions(2.7.4)
and(2.7.5) In orderto nish part(a), we shav

H2( ;K)  Hi( ;BE( ;K)) and Hi( ;K) ! Ho( ;E( 1;K)):

Bothfollow from thelong exactsequencassociatedb theshortexactsequencérom Propo-
sition (2.7.5)(a) andthefactthatH,( ;B2( ;K)) = 0, asprovidedby Proposition(2.7.4)
2

The obstructionterms occurringin Theorem(2.7.8) have beencalculatedin Proposi-
tions(2.7.2)

The -action on modular symbols

We rst needatechnicalcomputatioron inducedandcoinducedmodules.

(2.7.9)Lemma. Let R be a ring, G be subgoupsof nite index in a group S, let
;= G= andletV bearight R[G]-module Thenthe diagramof right R[S]-modules

IndgV —/Coindg v —/Coind®v

IndSV N IndSv

commuteswhele thenormis takenfor thenatural left -action.

Proof. For corveniencave have exchangedight andleft actionsin the proof, which can
easilybeundoneby inverting. We considednd SV = R[S] r[1 V with theleft R[S]-action
ontheleft factorandtheright R[] -action( V) = lv. Thisactionis compatible
with theright R[] -actionon R[S] andthe givenleft R[] -actiononV for whichthetensor
producthasbeentaken. We regardCoind®V = Hom (R[S]; V) with the left R[S]-action
(g:f)( ) = f(g ! ) andtheright R[] -action(f: )( ) = f(g 1). Thislastactionis
therestrictionof the G-actionde ning Homg (R[S]; V) = Homg(R[S]; V) ¢

Now we cancheckcommutatvity. We rst goup, thenright andthendown, andverify in
theendthatwe obtainN  in thisway. We choosea systemof representatiesgs; :::; gn for
theresidueclassesS=G. Thentheg; areasystemof ngrprBsentaWiesfor theresidueclasses
of S= wheni = 1;:::;n aBd F’2 . So,letx “p iGip v i beanelementof
Indév. It is rst mappedo i eVi= ;G o V). It:i:jmagein the
centreof thetop row is themapf whichis uniquelyde ned by sendingg; to vi. We
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have thatf (g7) = ~ f (g). Hence,theima]geofx in the right uppercorneris the map
which is uniquelygivenby sendingg; ~to ~ * Vv . Mappingthis elementdown to the
right bottomcornergives X X X

This elementhowever, agreeswith
X X X
x:N = g

n i
for = " asclaimed. 2
(2.7.10)Proposition. LetN 1 beaninteger sudithat ;1(N) andletK bea eld. If
k = 2, thenwesupposehat is notthetrivial character If the characteristicof K isp > 0,
thenweassumaalsop - N, k p+ 2 andthatall stabilisersubgoupsof G for its action

onH haveorderinvertiblein K (cf. Theoem(2.6.2).
ThenthenormmapN— inducessomorphisms

Mi(G; i K)=—(M( ;K) kK)= (Mk(:K) g K);

B«(G; i K)= —(Bk( :K) kK )= (Bx( ;K) k K)

and _
M (G, K)=—(M «( ;K) kK )= (CM( ;K) k K):

Proof. WithV =V, ,(K) andS = PSL»(Z) Lemma(2.7.9)givesthe commutatve
diagramof K [PSL,(Z)]-modules

(|nngL2g>V):a —(CoindZ> 2P v)=a— (CoindZ**PV)=a

N— —
— (Ind®*2®v)=a I (ind®2v)=a

witha= (1+ ;1+ + 2) K[PSLy(2)]. Duetotheassumptionsve maycombinethe
comparisorresult Theorem(2.6.1) with the descriptionin termsof Manin symbols(Theo-
rem(2.5.6). Thisallows usto reinterpretthe diagramas

M k(Gpi K) ——THYG Vi 2(K) = HI(TTV, 5(K)
+ ‘*’

N— _
—Mi( ;K) kK I Mi( ;K) kK

In thediagramthe left verticalarrow is the de nition, the upperleft horizontalandtheright
verticalarrov comefrom the comparisorandres s the restrictionfrom groupcohomology
which featuredn the exactsequence

0! HY(;V)! HYG V)T HY;V)! HZ(;V)
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comingfrom theHochschild-SerrepectrakequenceThe rst partof thepropositionfollows
from Propositiong2.2.6)and(2.2.7)for k > 2 andfrom the assumption$or k = 2, which
imply thatthe mapresaboveis anisomorphism.

The resulton the cuspidalsubspacevill follow from the resulton the boundaryspace.
For thatwe proceedhsaborewitha= (1 T) K [PSL;]. Thisreducessto show thatthe
map

H(U; Coind2>2PV) 1 H(U; Coind™2 V)

comingfrom the restrictionvia Shapiros lemmais anisomorphism.We claim thatthe re-

strictionmap o
HY(G\ gUg % V) ® HY(\ gUg %;v)& ave’

is anisomorphismfor all g 2 PSL,(Z). An easycalculationshovs thatghTNig ! is an

elementf ;(N) andis hencen . Consequentlyve havetheinclusions

ghitNig?* "\ gug ! G\gug?! gug %

As thetotal index is N, theindex of \ gUg 'in G\ gUg ! dividesN andis thusco-

primewith p. Usingagainthe vetermsequencassociatedb theHochschild-Serrepectral

sequencémmediatelyimpliesthattherestrictionmapabove is anisomorphismasclaimed.
Givena x edg 2 GnPSL,(Z)=U we arereducedo considerthe diagonalrestriction

o Mo .
HYG\ gug % Vv) "® HY(T\ hUh 1;v)CG'eve ~
h
whereh runsthrougha systemof representatiesof hU suchthatGhU = GgU. Thegroup
~ permuteghis setandonly thediagonalis invariant. 2

Letuspointoutthatthe -actionontheset nPSL,(Z)=U is notfreeif N is notsquare-
free.

(2.7.11)Corollary. Under the assumptionsof Proposition (2.7.10) all of the following
Tate cohomolay groupsare zeo BO(" ;M ( :K) «k K ), Bo( M «( :K) « K ),
RO OM k(5K) kK ), Bo(T5eMk( 5K) kK ), RO(TBy( ;K) « K )and
Bo(5B( ;K) k K ).

Proof. Thisis immediatefrom the de nition of the Tatecohomologygroups,which can
be summarisedn the exactsequenc® ! Ho ! Ho "°" HO1 %1 0, andPropo-
sition (2.7.10) 2

Separatingthe p-Sylow action

Welet := nG andassumehatit is anabeliangroup. Herewe areinterestedn modular
symbolsasa -module. We will treatthe caseof p-primary andp-groupactionseparately
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whenp is thecharacteristiof thecoefcient eld R = K. Thisis whatwe needthefreedom
in choosinghegroups andG differentfromonly 1(N) and o(N) for.
By Sylow theorythereis agroup , suchthat

p G

with n , ap-groupand ,nG of orderprimeto p. Therestrictionof to n isnecessarily
trivial. We de ne thecharacter

~G! ,nG nG! K
using nG= ,nG n ,. Weclearlyhave~ 1)= ( 1)=( 1)k

(2.7.12)Remark. Letus pointout that the conditionon the characters only stemsromthe
fact that we wantto work with PSL,(Z) insteadof SL,(Z). This choiceunfortunatelypre-

ventsus from repeatingthe above argumentswith a subgoup ~ sud that ~  Gwith
n~ of order primeto p and ~nG a p-group. In that casethe necessarilytrivial character
G " ~nG! K wouldnotbeallowedif ( 1) & 1.

Theactionof thegroup ,nG is semi-simpleandary modulesplitsinto a directsumof
characteeigenspaced, theground eld containghecharacteralues.Thebehaiouris thus
asin characteristizero.

Thereis quitea strongcriterionto shav thata modulefor a p-groupis coinduced.

(2.7.13)Proposition. LetK bea nite eld of characteristicp, let |, bea nite p-group
andletA beaK[ p]-module If An( p;A) = Ofor onen, thenA is a coinducedK [ p]-
module

Proof. Thisis [NSW], Propositionl.7.3(ii). 2

(2.7.14)Corollary. Letk 3,N 1beintegersandK a nite eld of characteristicp. We

assume - N andk p+ 2. Furthermoe, let 1(N) p  SlL2(Z) besubgoups
sudthat n , is a p-group. We furthermoe supposehat G hasno stabilises of order p
for its actiononH. Let , := n . ThenM «( ;K), CM ( ;K) andBg( ;K) are

coinducedK [ p]-modules.

Proof. Thisfollows directly from Corollary (2.7.11)andProposition(2.7.13) 2



Chapter Il

Hecke Algebras of mod p Modular
Forms and Modular Symbols

In this chaptemwve prove thatundercertainconditionsthe Hecke algebraof cuspidalmodular
forms over F_p canbe obtainedby consideringonly groupcohomology generalisingesults
from [EdixJussieli Whentheseconditionsapply, oneobtainsmuchmoreinformationthan
e.g.[Ash-Sterengd, who have studiedgroup cohomologyin orderto prove thatall systems
of eigervaluesof modularformsmodp in level N for p - N andweightk 3 occurin the
groupcohomologyof level N p andweight 2.

We startthis chapterby introducingHecke operatorson the group cohomologygroups
consideredn Chapterll. Moreover, the compatibility of the Hecke operatoravith Shapiros
lemmais studied.

Theprincipalideain this chapteiis to relatemodularformsandmodularsymbolsof level
N with p- N andweight2 k p+ 1tolevel N pandweight2. In thesecondsectionwe
will developthis level raisingfor the conomologygroups.

Thethird sectionis concernedvith Hecke algebra®f modularsymbolsandacomparison
to Heclke algebraof modularforms. The EichlerShimura-Theorerfor holomorphicmodu-
lar formswill berecalled rst. Next resultsof p-adic Hodgetheorywill be usedto exhibit a
faithful modulefor the Hecke algebraof cuspforms overF_,,, whenthe weightis betweer2
andp 1. As modularformsof weight1 canbe embeddednto weightp, it is desirableto
extendtheweightrange.This, however, doesnot seemo bepossiblewith p-adicHodgethe-
ory. In orderto coverweightsupto p+ 1, werelatethemto weight2 andhigherlevel, sothat
the Jacobiarof the modularcurve canbe used. This methodallows usto prove thatlocally
at ordinaryprimesof the Hecke algebraa faithful moduleis providedby groupcohomology
with coefcients in F, (seeCorollary (3.3.14). We endthe chapterby a discussiorof the
actionof o(N)= 1(N) on cuspforms, which allows us to extend our resultsto modular
formswith characters.

41
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In Chapterll we have discussednodularsymbolsandrelatedspacesver quite general
rings. In this chapterwe will mostlytake a nite eld of characteristigp asbase eld and
principally work with the groupcohomologicabescription.

3.1.Hecke action

Thede nitions in this sectionarebasedn [ DiamondInj.

We directly de ne Hecke operatorson group cohomology Although we do not expose
thetheoryhere,we shouldnotfail to mentionthat Heclke operatorsonceptuallycomefrom
correspondencem the underlyingmodularcurvesthatalsohave a very explicit description
in themoduliinterpretation.

By the comparisorresult Theorem(2.6.1) the de nition canbe transferredo modular
symbolsin the caseof thegroup 1(N) for N 5. Taking coinvariantsonecanextendthe
de nition of Hecke operatorsalsoto spacedor (N ) with acharacter

Hecke operators on group cohomology

Let 2 Maty(Z)sp and a congruencesubgroupof SL,(Z). We use the notations
=\ ! and = \ 1 whereweconsider ! asanelemenbfGL(Q).
Both groupsarecommensurableith
SupposdhatV is an R-modulewith a Mat »(Z)ep -(Semi-group)-actionWe de ne the
Hede opertor T actingon groupcohomologyasthe composite

conjI

HY( V) T HI(C V) HY( ov) % HCV):

The rst mapis the usualrestriction andthethird is the so-calledcorestriction which one
also nds in the literatureunderthe nametransfer(cf. [Weibel, [Brown]). We explicitly
describehesecondnapon cochaingcf. [DiamondInj, p. 116):

conj :HY( :V)! HY ;V); c7t g 7! (g H:

Thefollowing formulacanalsobefoundin [Diamondinj, p. 116,and[Shimurg, Section8.3.

S
(3.1.1)Proposition. Supposehat = ?:1 i is a disjoint union. Thenthe Hede
opefator T actsonH *( ;V) bysendinghenon-homgeneousocylecto T c¢de nedby

X 1
(T C)(g) = iC( ig j(i))

i=1

forg2 .Herej(i)istheindexsudthat ig j(il) 2
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ProofSWe only have to describethe corestrictionexplicitly. For thatwe noticethatone
has = i”:l g with g = . Furthermorethe corestrictionof a non-homogeneous
cogycleu 2 HY( ;V) isthecogycle coregu) uniquelygivenby

X
corefu)(g) = ¢ ‘u(g 99 (il))
i=1

forg2 . Combiningwith theexplicit descriptionof themapcon] yieldstheresult. 2
For apositive integern, onede nestheHede opertor T, tobeT for = (3 Q).

If 1(N) andtheintegerd is coprimeto N, onede nesthe diamondoperator hdi

tobeT forany matrix 2 SL,(Z), whosereductionmoduloN is dolg . Thediamond

operatorgives a group actionby (Z=NZ) . If thelevelis NM with (N;M) = 1, then
we canseparatehe diamondoperatorinto two partshdi = hdiyy,  hdiy ; correspondingo
ZNMZ=2Z=MZ Z=NZ.

Hecke operators and Shapiro'slemma

(3.1.2)Lemma. LetN; M becoprimepositiveintegers,andletV beanR[ ;(N)]-module
De ne theR-module

W(M;V) = ff 2 Homg(R[(Z=M Z)?];V) j f ((u;V)) = 08(u;V) s.t.hu;vi 6 Z=M Zg:

We equipit with theleft Mat »(Z)go -(semi-goup)-action(g:f )((u; v)) = gf ((u;v)Q).
Thenthehomomorphism

W(M;V) ! Homgp  (vmy (RE 2(N)LV); £ 70 g7t (g:f)((051))

is anisomorphisnofleft 1(N)-modulegby restrictingtheactiononW (M ; V)). In partic-
ular, W(M; V) is isomorphicto Coind *{\},,(V) asaleft 1(N)-module

Proof. AsN andM arecoprime,reductionmoduloM de nesasurjectionfrom 1(N)
ontoSL,(Z=M Z). Thisimpliesthatthemap

LNV 1 (N) AT!(0;1)A modr\f (ZM Z)2
is injective, andits imageis the setof the (u; v) with Z=M Z = hu; vi. Fromthistheclaimed

isomorphisnfollows directly. 2

(3.1.3)Lemma. LetN bea positiveinteger andl a prime We havethe cosetdecomposition

[ [
1(N)(§9) 1(N) = 1(N) 2 3§
a b
whena runsthroughtheintegerssucthata > 0, (a;N) = 1,ad = | andbthrougha system

of representativesf Z=dZ. Here , 2 SL,(Z) is a matrix reducingto aol 9 moduloN .
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Proof. Thisis [Shimurg, Proposition3.36. 2

We can now prove the compatibility of the Heclke operatorswith the isomorphism
from Shapiros lemmawhenwe take the Mat »(Z)go -actionon the coinducedmodulefrom
Lemma(3.1.2) A proofof thisfactin themoregeneralbut ratherheary languagef weakly
compatibleHecke pairscanbefoundin [Ash-Steveng (Lemma2.2(b)).

The Shapiromapis theisomorphisrmon cohomologygroups

ShiH( 1(N);W(M;V)) ! HY( 1(NM);V)
inducedby thehomomorphism

WM;V)! Vv, f 71f(0;1)):

(3.1.4)Proposition. LetN ; M becoprimepositiveintegers,andletV beanR[Mat 2(Z)eo |-
module For all primesl andall integersd 1 with (d;N) = 1wehave

T Sh=Sh T, and Hhdiy Sh= Sh Hhdiy:

Proof. Firstwe prove the statemenfor T,. We chooseamatrix , for (a;N) = 1 such
thatit reducego aol 9 moduloN. If (a;M) = 1, thenwe alsoimposethat , reduces
to a," 2 moduloM. If not,thenwewant , (%) moduloM . Lemma(3.1.3)implies
thatcosetrepresentatiesof 1(NM)n 1(NM)(39) 1(NM) canbechosenasa subset
of representatiesof 1(N)n 1(N)(39) 1(N). With the abore choiceof , thatis the
subsesuchthathu;vi = Z=M Z with (¥ )= 4 gg . For thosewe have by de nition for
f 2W(M;V)that((¥ ) f)(0;1)) = 0.

Letnowc 2 HY( 1(N);W(M;V)) beacogycle. Thenby Proposition(3.1.1)andthe
de nition of theMat,(Z)go -actiononW (M ;V) wehaveforg2 (NM)

X
(Sh(Tnc))(9) = (c( g& 1)((0;1) ));

wherethe sumrunsover the above cosetrepresentatiesfor 1(N) and€ is chosemamong
theserepresentatiessuchthat g€ * 2 1(NM). Moreover, we have

X
(Ta (Sh(c))(9) = (c( g& H)((0;1)));

wherenow thesumonly runsthroughthesubsetiescribedbove. By whatwe haveremarled
right above (0;1) is (0;1) if andonlyif (a;M) = 1. In all othercaseq0;1) = (u;Vv)
with hu; vi 6 Z=M Z. This provesthe compatibilityfor T;.
Thesameargumentsasabovealsoshav thecompatibilityof thediamondoperatorexcept
thatwe only have onecosetrepresentatie. 2
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(3.1.5)Proposition. LetN ; M becoprimepositiveintegers,andletV beanR[Mat 2(Z)eo |-
module For (n; M) = 1wede netheR[Mat,(Z)eo ]-isomorphism

mult, : W(M;V)! W(M;V); f 7! ((u;v) 78 f (nu;nv) ):

Thenwe have
iy Sh= Sh mult,:
Proof. Let 2 SL,(Z) beamatrix reducingto nol 9 moduloM andto (§9) mod-
ulo N. Thismeansn particularthat 2 (N). Hence for acogyclec 2 HY( 1(N);V)
we have

(g H=cg+ (g e )

sothattheequalityc( g 1) = ¢(g) holdsin H( 1(N);V).
We cannow checktheclaim. Firstwe have

(mip Sh)(e)(g) = ( :¢(9)((0;1))) = c(9)((0;1) ):

Thisagreesvith (Sh  mult,)(c)(g) = c(g)((0;n)). 2

3.2.Level raising for parabolic group cohomology

Thecontentf this sectionis alreadypartly presentn [ Ash-Sterend. However, in thatpaper
the parabolicsubspacés nottreated.

Decompositionof W (p; F,) asFp[Matz(Z)eo ]-module

We will now relatethe Fp[Mat(Z)eo ]-modulesW (p; Fp) andVy(Fp) for0 d p 1,
which arein factpreciselythe simpleF,[SL>(F,)]-modules(seee.qg.[Alperin], p. 15).

(3.2.1)Lemma. Evaluationof polynomialson F,ZJ inducesthe natural isomorphisnof left
Fp[Mat2(Z)eo ]-modules

2
FoDX;YIR(XP X;YP Y) = R

Proof. Themapis well-de ned becaus®f Fermats little theoremandthe compatibility
for the naturalactionis clear As the dimensionson both sidesagree,it sufces to prove
injectivity. Letf 2 Fp[X; Y] beapolynomialhavingdegree p 1in bothvariablessuch
thatf (a;b) = Oforalla;b2 Fp. Thenfor x edathepolynomialf (a;Y') isidenticallyzero,
asit is zerofor all the p specialisation®f Y. Hence,consideringf asa polynomialin Y
with coefcients in Fp[X], it follows thatall thosecoefcients areidentically zerofor the
sameargument.Consequentlythe polynomialf is zeroasanelementof Fy[X; Y] proving
theclaim. 2
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We canthusidentify W (p; Fp) withff 2 Fp[X;Y]=(XP  X;YP Y)jf((0;0)) = Og.
Let Uq(Fp) bethesubspaceonsistingof polynomialclasse®f degreed 2 £0;:::;p  2g,
i.e. thosethatsatisfyf (Ix; ly) = 19 (x; y) for all | 2 F,. Notethatthe degreeis naturally
de nedmodulop 1. It is clearthatthe naturalMat »(Z)eo -actionrespectshe degree.By
collectingthe monomialswe obtain

M 2
W(p:Fp) = Ua(Fp):
d=0
Furthermorewe disposeof the perfectbilinear pairing

X
W(p;Fp) W(p;Fp) ! Fp; Higi = f (a;b)g(a; b):
(ab)2F3

(3.2.2)Lemma. Letd;e Obeintegers. With(p 1)-dor(p 1)-ewehave

a't® = o

(a;b)2F3

Proof. As the statemenis sgmmetrlcm d ands we ma¥supposahat(p 1) -e
andin particulare 6 0. Then (e altf = = D, a'( [ B°). The latter sum,
Bcwever is .Baro ,asonecanfor mstanceseeby choosinga generator of F, andrewriting

b= 11 b = F’l ( &), As € clearlyis azeroof thepolynomialX P ! 1 it is a zeroof
the polynomial }’211X',smce €6 lusing(p 1)-e 2

If (p 1)-(d+ e), Lemma(3.2.2)impliesthatUy(F,) pairsto zerowith Ue(Fp). Hence,
therestrictedpairing Ug(Fp) Uy 1 a(Fp) ! Fpisperfectfor0 d p 1, asthe
dimension®f U, 1 ¢(Fp) andUq(Fp) areequal.Furthermoref,[X; Y ]q pairsto zerowith
Fo[X;Y]p 1 4. This follows from Lemma(3.2.2) andan easycalculation. Consequently
theinducedpairingUq(Fp)=Vu(Fp) Vo 1 a(Fp)! Fp isperfect.

Weightk 2 f2;:::;p+ 1gin weight 2

LetM 2 Mat,(Z)gp suchthatits reductionmodulop is invertible. Thenit is clearthatthe
above pairingrespectghe actionof M, i.,e. IMf; M gi = K ;gi. Consequentlywe receve
anisomorphisnof Fy-vectorspaces

Ua(Fp)=Va(Fp) ! Vo 1 a(Fp)-

respectingheleft actionde ned before. Composingwith the mapfrom Proposition(2.2.4)
we obtainanisomorphism

Ua(Fp)=Va(Fp) ! Vo 1 a(Fp):

We now studyhow the Mat ;(Z)g0 -actionbehareswith respecto thisisomorphism.
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(3.2.3)Lemma. LetO< d p landletM 2 Mat,(Z)go sudthatits reductionmodulop
isin GL2(Fp). Thenthefollowing diagramcommutes:

0 ——Va(Fp) ———U4(Fp) ———— IV, 1 a(Fp) ———0

M : M: det(M )M :
0 ———Vu(Fp) ———JUa(Fp) ———V, 1 a(Fp) ——— o

Proof. This follows from the compatibilitiesof the two pairingswith the groupactions
describedabore. 2

(3.2.4)Lemma. LetM = %g andO< d p 1 Thenthefollowingdiagramcommutes:

0 ——Va(Fp) ———U4(Fp) ————Vp 1 a(Fp) ———0

0——Va(Fp) ———JU4(Fp) ——— IV, 1 4(Fp) ——— o

Proof. WehaveM = § 2 . A basisof Uq(Fp) is givenby the monomialsof degreed,
which correspondo the embeddingf Vq(F,), togethemwith the monomialsX 'YP 1+d i
ford i p 1. Asthelattermonomialsall containatleastonefactorof X , they arekilled
by applyingthe matrix. 2

We hencend formulaesimilarto thosethathold in acomparablesituationfor the action
onmodularformsof level N p (seeProposition(3.3.8) resp.[Gros$, p. 475). Thefollowing
Proposition gxceptfor the parabolicpart,is also[ Ash-Stereng, Theorem3.4.

We introducethe following notation.Let M beary Fy-vectorspaceon which the Hecke
operatorsT| andthe p-partof thediamondoperators i, act. By M [d] we meanM with the
actionof the Hecke operatorT, “twisted” to belT; (in particularT, actsaszero). Further
more,by M (d) bedenotethe subspacenwhichHi, actsasl? = (1)? with , themodp
cyclotomiccharacter

(3.2.5)Proposition. Letpbeaprime N 5and0O<d p 1lintegerssudithatp-N.
We haveisomorphismsespectinghe Hedke operators

H( 1(Np);Fp)(d) = H( 1(N);Ua(Fp)) and

Hé-ar( l(N p). Fp)(d) = Hl:)Lar( l(N ): Ud(Fp)):
Moreover, there are theexactsequences

HA 1(N);Va(Fp)) # HE( 1(N);Ua(Fp))  H( 1(N); Vo 1 a(Fp))ld]
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and

Hpar ( 1(N);Va(Fp)) | Hpar C 1(N);Ua(Fp))  Hpar ( 2(N); Vo 1 a(Fp))Ld];
which respecthe Hedce operators.

Proof. The rst statemenfollows from Propositiong3.1.4)and(3.1.5)togethemwith the
de nition of Uq(Fp). Thetwisting of the Hecke actionin the exactsequencess clearfrom
thede nition of theHecke operator®n groupcohomologyusingLemmag(3.2.3)and(3.2.4)

Ford = p 1wehaeUy(Fp) = Vo(Fp) Vp 1(Fp), from which the statements
follow. Sowe now assumeal < p 1, in particularp 6 2. For thetop sequencave only
needto checkthatit is exacton the left andon the right. By Proposition(2.2.6)we have
HO( 1(N);Vy 1 a(Fp)) = 0. TheH ?-termsaretrivial asthe cohomologicadimensionof

1(N) is one,sincethe groupactsfreely on theupperhalf planeandis hencea freegroup.

The exactnes®f the secondsequencdollows from the snale lemma,oncewe have es-

tablishedthe exactnes®of

M M M
0! H*(De¢; Va(Fp)) ! H(D¢; Ua(Fp)) ! H'(Dc:Vp 1 a(Fp)) ! O;

C cusps C cusps C cusps
where D is the stabiliser group of the cuspc = gl with g 2 SL,(Z). Hence,
D¢ = gh Tig '\ 1(N). Thisgroupisin nite cyclic generatedy g(3};)g * for some
r 2 Z. Hencewe have H 2(D¢; Va(Fp)) = 0. If r is 0 modulop, thesequence

M

M M
0! HO(Dc; Va(Fp)) ! HO(D; Ua(Fp)) ! HO(Dc;Vp 1 a(Fp)) ! O

C cusps C cusps c cusps

is clearly right exact, asthe actionof D on the modulesis trivial. If r is invertiblein F,
it follows asin Lemma(2.2.5)thatboth H °(D; V4(Fp)) andHO(DC;Vp 1 d(Fp)) arel-
dimensional.To nish the proof, it thussufces to prove thatH °(D; Uq(Fp)) is (at least)
2-dimensional. The elementsX ¢ 2 Ug(Fp) andY9(1 XP 1) 2 Uy(Fp) areinvariant
underT. Indeed,

T:v9a XP H=(X+Y)@ XP 1Y
xd o
=Y XPH+ (DY IX@ xPhH=via xP b
i=1
asin Ug(Fp) wehaveX'(1  XP )= X' (X XP)= 0fori> 0. 2

3.3.Hecke algebras

In this sectionwe will comparethe Hecke algebraof modularforms with that of modular
symbolsandestablishisomorphismsn certaincases.When&er we have an R-moduleM ,
onwhich Hecke operatorsT, actfor all n, welet

Tr(M) = R[Th,jn2 N] Endg(M);
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i.e.theR-subalgebraf the endomorphisnalgebrageneratedy the Hecke operators.

The Hecke algebra of modular forms and Eichler-Shimura

We recallatheoremby EichlerandShimura.

(3.3.1)Theorem. (Eichler-Shimura) Fork 2 and SL,(Z) a congruencesubgioup,
thereis anisomorphisnof Tz(Sk( ; C))-modulesthe EichlerShimuraisomorphism

Hpar ( sVk 2(C)) = Sk( ;C)  Sk( ;O):
Proof. [DiamondInj, Theoreml12:2:2. 2

(3.3.2)Corollary. In thesituationof Theoem(3.3.1)wehavenatural ring isomorphisms
Tz Sc( ;C) =Tz Hpp (i Vi 2(2))=torsion :

Proof. It is clearthat the C-vector spaceH éar( i Vk 2(C)) containsthe natural Z-
structureH éar( i Vk 2(2))=torsion. Thisfollowsfor instancdrom Remark(2.5.3)together
with the comparisorresultTheorem(2.6.1) Any Z-structure however, givesanisomorphic
Hecle algebraFinally, Theorem(3.3.1)impliesthatthe Hecke algebraof H ,}ar ( ;Vk 2(C)
is isomorphicto theHecke algebraof Sy ( ; C). 2

The formulain this corollary is the reasonwhy mary peoplepreferto factor out the
torsionof modularsymbols.

(3.3.3)Proposition. LetN 5,k  2integersandp - N aprime Thenwehave
Tz Sk( 1(N);C)  zFp=Tg Sc( 1(N);Fp) :
Proof. By [DiamondInj, Theoreml12.3.2,we have
Sk( 1(N);Z[IN])  zp=ny Fp = Sk( 1(N);Fp):

We notethatin this casethereis no differencebetweerkatz modularformsandthosethatare
reductionsof classicaimodularformswhoseg-expansionis in Z[1=N]. By the g-expansion
principlewe hencehave thetwo perfectpairings

Tz Sc( 1(N);C)  zZ[IN]  Sc( 2(N);Z[IN] P Z[IN]; (T:f) 7! ay(TT)

and
Te, Sk 1(N);Fp)  Sk( 1(N);Fp) ! Fps (T3 f) 70 ag(TF):

Tensoringthe rst onewith F, allows usto compareit to the secondone, from which the
propositionfollows. 2
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(3.3.4)Corollary. LetpbeaprimeandN 5,2 k p+ 2integerss.t.p-N. Thenthe
Fp-algebra homomorphism

Tr, Sk( 1(N);Fp) Te, Hpar ( 1(N); Vi 2(Fp))
sendingheoperator T, to T, for all primesl is a surjection.

Proof. From Corollary (3.3.2) we obtain becauseof p-torsion-freenesgProposi-
tion (2.4.8) togetherwith the comparisonresult Theorem(2.6.1) an isomorphismof Fp-
algebras

Tz S( 1(N)iC)  Fp= Tz, Hpa( 1(N); VK 2(Zp)) 2, Fp:

By Proposition(3.3.3)thetermon theleft handsideis equalto Tr, Sk( 1(N);Fp) sothat
it sufces to have asurjection

Tz, Hpw (C 1(N) Vi 2(Zp))  Fp T, Hpa( 2(N); Vi 2(Fp))
which follows from Proposition(2.4.8) Indeed theisomorphism
Hoar ( 1(N)i Vi 2(Zp))  Fp= Hpar ( 1(N); Vi 2(Fp))

is compatiblewith Hecke operatorsandallows to de ne a homomorphisnfrom the Heclke
algebraon theleft handtermto the oneon theright handterm, which is automaticallysur
jective by thede nition of theHecke algebra. 2

(3.3.5)Proposition. LetN 1,k 2beintegersandK a eld. If thecharacteristicof K

isp > 0, thenweassume - N. Furthermoe, let ;(N) G SLy(Z) besubgobups

and : G Pre) nG! R acharactersutthat ( 1) = ( 1)Xif 12 G. DenotebyT the

K -Hedealgebraof Sy( ;K) andbyT theK -Hedkealgebraof S¢(G; ; K). Furthermoe,

let
| = (hi ()i 2 nG) T:

ThenT=l andT areisomorphicK -algebras.
Proof. As we work with Katz modularforms (for that we needthe conditionp - N),

we disposeof the g-expansionprinciple. Hencewe have isomorphismsespectinghe Hecke
action(T )- = Sk(G; ; K) = T-[I] = (T=l)-; whencethe propositionfollows. 2

Applying p-adic Hodge Theory

In this sectionwe presenainanalogof the Eichler-Shimuraisomorphismformulatedin terms
of p-adic Hodgetheory This was alreadyusedin [EdixJussiell Theorem5.2, to derive
an algorithmfor computingmodularforms. However, p-adic Hodgetheoryalwayshasthe
restrictionthattheweightbe smallerthanp.
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(3.3.6)Theorem. (Fontaine, Messing,Faltings) Letp beaprimeandN 5,2 k< p
beintegers s.t.p - N. Thenthe Galois representatiométypar(Yl(N)ap;Sym" 2(V))- is
crystalling wheeV = R! Fywith : E ! Yy(N) theunivesal elliptic curve The
corresponding -moduleD sitsin theexactsequence

06 Sc( 2(N);Fp) ! D! S 1(N);Fp)-1 O
which is equivariantfor the actionof the Hede opemators.

This canbe comparedo Theoreml.1 andTheoreml.2 of [FaltingsJordah Part (a) of
thefollowing corollaryis partof [EdixJussiely Theoremb.2.

(3.3.7)Corollary. LetN 5, p-N and2 k< p.

(a) TheparabolicgroupcohomolcgygroupH,}ar( 1(N); Vi 2(Fp)) is afaithful modulefor
Tr, Sk 2(N);Fp) -

(b) Let :(Z=N2Z) ! F_p bea character De ne theideal
L=(Hi  j(N)=1) Te S 1(N);Fp)

Then Ha ( 1(N); Vi 2(Fp)) F, Fp =1 is a faithful modulefor the Hedce algebra
Te Sc( a(N); 5 Fp) -

Proof. (a) From Theorem(3.3.6)we know thatD is a faithful Hecke module. Hence,
Sois Hélt’par(Y LNYS Sym* 2(V)). This modulecanbeidenti ed with its analogin analytic
cohomologywhich isisomorphictoH,}ar( 1(N); Vi 2(Fp)) (seeChapterl).

(b) If theHecke operatofT actsaszeroon Hélt'par(Y 1(N);Symk 2(v)) FpF_p =l, then
it actsaszeroon(D  Fp)=I, hencealsoonSe( 1(N); Fp)-=I = Tg Sk( 1(N);Fp) =I;
fromwhichT 2 | follows. The statemenhow follows from Proposition(3.3.5) 2

Modular forms of weight 2 and level N p

We recallsomework of Serreasexplainedin [Gros$, cf. also[EdixWeigh{, Section6.

Let us now introducenotationthat is usedthroughoutthe sequelof this chapter We
considerthe modularcurve X 1(N p) overQp( ,) for aprimep > 2 notdividingN 5. It
hasa regularstablemodelX overthering Z,[ ,], seee.g.[Katz-Mazut. LetJ denotethe
NéronmodeloverZ,[ ] of J1(N p), theJacobiarof X 1(N p) overQ,( p). Welet, following
[Grosg, Section8,

L=H%X; x=z,(,1)

where x=z, 1 isthedualisingsheafof X of [Deligne-Rapopo}t Sectionl.2. By [Gros,
Equation8.2,we have for thespecialbre X, that

_-_ 0 . — N
L:=H (XFpa pr:Fp) =L Zp[ pl Fp'
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OnL andL we have the actionof the p-parth i, of the diamondaction. The principal
resultonL thatwe will needis thefollowing, whichis Propositior8.13andPropositior8.18
in [Grosj.

(3.3.8)Proposition. (Serre) Assume3  k p, N 5andp - N. Thenthere is an
isomorphisnof Tg, (L)-modules

Lk 2)=Sc( 1(N);Fp)  Spis k( 1(N);Fp)lk  2J:
Moreover, the sequencef Hede modules
0! Sp( 1(N);Fp)lp 11! L(p 1)! Spua( 1(N);Fp)! O
is exact.

In our attemptto compareHecke algebrasof modular forms with thoseof modular
symbolsin characteristiqp, we generalisethe stratgy of the secondpart of the proof of
[EdixJussieyy Theoremb.2. Hence we wish to bring the Jacobiarinto the play, sinceit will
enableusto passrom characteristizerogeometryto characteristig.

(3.3.9)Lemma. Undertheassumptionand notationsabovewe haveisomorphisms
L = Coto(J¢,) = Coto(JI¢, [P)):

Proof. The rst isomorphismis e.g. [EdixWeighf, Equation6:7:2. The secondone
follows from the fact that multiplication by p on JEp inducesmultiplication by p on the
tangentspaceat 0, whichis thezeromap. Hence thetangentspaceat O of J Ep [p] is equalto
theoneof J2 . 2

Parabolic conomologyand the p-torsion of the Jacobian

To establishanexplicit link betweerparaboliccohomologyandmodularforms,we identify
the parabolicconomologygroupfor 1(N) with Fp-coefcients asthe p-torsionof the Ja-
cobianof the correspondingnodularcurve. Herewe may view the Jacobiarasa complex
abelianvariety.

(3.3.10)Proposition. LetN 3 beaninteger, andp a prime Thenwehaveanisomorphism
of Tz(S2( 1(Np); C)) Fp-modules

Hpar ( 1(NP);Fp) = J(C)lPl = J(Qp)Ipl:

Proof. The secondequalityfollows from the factthattorsion pointsare algebraic. We
startwith the exactKkummersequencef analyticsheaesover X 1(N p)

0! ,! Gn ' Gu! O
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Its long exactsequencén analyticcohomologyyields
0! HY(X1(Np); p)! HYX1(NP):Gm) ¥ HY(X1(NpP);Gm):

UsingthatH 1(X 1(N p); Gm) = J(C), we alreadyobtainthatH (X 1(N p); ) = J(C)[p].
As C containsthe p-th rootsof unity, we mayreplacethesheaf , by the constansheaffF.
Moreover, the group H (X 1(Np);Fp) coincideswith H,}ar (Y1(N p); Fp) (see Proposi-
tion (2.4.1), whichin turnis equalto H*( 1(N p); Fp), usingthatH  Y1(N p) is a Galois
coveringundertheassumptiol 3. 2

Comparing Hecke algebrasover F,

(3.3.11)Proposition. LetN  5beaninteger,p-N aprimeand0 d p Zlaninteger
Thee existsa surjectionTg, H2, ( 1(Np); Fp)(d) Tr, (L(d)) suc that the diagram
of Fp-algebras

Tr, (L(d
et (g

Tz S2( 1(Np); C)(d) M

Tr, Hpar ( 1(NP); Fp)(d)
commutesAll mapsare uniquelydeterminedy sendingghe Hedke operator T, to T;.

Proof. Letus rst remarkhow the diagonalarrovs aremade.Thelower onecomesfrom
theisomorphism(seeProposition(2.4.8)and Theorem(2.6.1)

Hpar ( 1(NP);Z)  Fp= H2 ( 1(Np);Fp):

The upperoneis dueto thefactthatL is alatticein Sy( 1(N p; C)), usingargumentsasin
Corollary (3.3.2) We usethattheorderof F, is invertiblein F,, sothatwe caneverywhere
usethe eigencomponenisf theactionof the p-partof thediamondoperatoth ip,.

We obtainthe vertical arrov by shaving that the kernel of the lower diagonalmapis
containedin the kernel of the upperdiagonalmap. In otherwords, we will showv that if
T 2Tz So( 1(Np);C)(d)  FpactsaszeroonH g, ( 1(Np); Fp)(d), thenit actsaszero
onlL (d).

SoassumeéhatT actsaszeroonH r:JLar 1(N p); Fp)(d). By Proposition(3.3.10) it actsas
zeroonJGp (Qp)lpl(d), henceon\lap [pI(d). Butthenit alsoactsaszeroonJz,; ,;[pl(d), asit
actsaszeroonthegeneric bre usingthatJ [p]is at overZ,[ p] ([BLR], Lemma7.3.2,asJ
is semi-abelianpndthatJq, [p] is reduced But consequentlyit alsoactsaszeroonthe spe-
cial bre J[p](d), whencealsoon the cotangenspaceCotq(J °[p])(d). Now Lemma(3.3.9)

nishes the proof. 2
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(3.3.12)Theorem. Let 2 < k p+ 1, N 5 sudch thatp - N. We write for short
TparNnk = TFp H,}ar( 1(N); Wk 2(Fp)) y TmodiN ik = TFp Sk ( 1(N);Fp) and simi-
larly for thetwistedones.Thenthere is thecommutativeliagramof Fy-algebras

T|:p E(6 2) —/Tmod;N 'k Tmod;N p+3 kilk 2]

Tpar:N p;2 4/Tpar;N K TpariNip+3 kik 20

Thevertical arrowsare obtainedfrom Proposition(3.3.11)resp.Corollary (3.3.4) andthe
horizontal onesfrom Proposition (3.3.8) and Proposition(3.2.5) Thevertical arrows are
surjective If 2< k  p, thentheupperhorizontalarrow is injective

Proof. Thecommutatvity is clear asT, is sentto T, T, alongthe horizontalarrows,
andT, is sentto T, alongtheverticalarrons. Thesurjectvity of theverticalarrovs hasbeen
provedatthe placescitedabove.

Theinjectivity of theupperhomomorphisnis thefactthatL (k  2) is thedirectsumof
Sk( 1(N);Fp) andSp+z «( 1(N);Fp)lk 2]if2< k p. 2

(3.3.13)Corollary. Let2 < k p+ 1, N 5sucthatp - N. LetP bea maximal
idealof Tk, L(k 2) whichisnotin thesupportof Sp+3 «( 1(N); Fp). Thenwehavean
isomorphism

Te, Sk( 1(N);Fp)p =Tk, Héar( 1(N); Wk 2(Fp))e -

Proof. The assumptiormeansthat (Sp+3 «( 1(N);Fp)lk 2])p = 0. Becauseof
Corollary (3.3.4)we know thatP is notin thesupportofH‘}ar 1(N); Vo k(Fp))lk 2]
either,whence(H,}ar( 1(N);Vorr k(Fp))[k  2])p = 0. Hence thesequencef Proposi-
tion (3.2.5)localisedat P is split, andall mapsin the localisationof the diagramof Theo-
rem(3.3.12)areisomorphisms. 2

(3.3.14)Corollary. Let2< k p+ 1,N 5Ssudhthatp-N.LetP beamaximalidealof
Tr, Sk( 1(N);Fp) correspondingo a normalisedeigenformf 2 Sy( 1(N);Fp) which
is ordinary, i.e. ay(f ) & 0. Thenwehaveanisomorphism

Te, Sk( 1(N)iFp)e = Tr, Hpar ( 2(N): Vi 2(Fp))p -

Proof. As theoperatoiT, alwaysactsaszeroonSy:s «( 1(N);Fp)[k 2]themaximal
idealP cannotbein thesupportof Sp.s «( 1(N); Fp)[k 2], whencewearein thesituation
of Corollary(3.3.13) 2

(3.3.15)Remark. In contrastto Proposition(3.3.8)theexactsequencef Proposition(3.2.5)
isin geneml non-splitford = k 2with2< k p. However it is splitfor k = 2.
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Action through characters

(3.3.16)Lemma. In thesituationof Proposition(3.3.18)wehave
HY( ;Sk( ;K)) =0

Thisalsoholdsfor k = 2 awayfromEisensteindeals.

Proof. Without lossof generalitywe may assumehat is a p-group and hencethat
G actsfreelyon H andthat : X X is a Galoiscover with group  of properK -
schemes.The groupactionof  on cohomologyis throughthe Diamondoperators. The
Hochschild-Serrspectrakequencgivesaninjection

0! HY ;HOX ; ! ¥( cusps)! HY(Xg:! X( cuspy):
Using Serreduality andthe Kodaira-Spencasomorphismwe obtain
S-D K-S
H1(Xg;! *( cusps))= H(Xg; 1 (! X( cusps)y)- = HO(Xg;! 2 X)-

whichis zero,sincethedegreeof | 2 ¥ is negative (ask  3). Themap is étaleandwe

hare HO(X ; ! X( cusp9) = Sk( ;K), from which theclaimfollows. Fork = 2 we
haveHY(Xg;! 2( cusps))= H%Xg;0)-,whichis 1-dimensional As a Hecke module
it cannotbein the supportof a non-Eisensteiprime. 2

(3.3.17)Corollary. In thesituationof Proposition(3.3.18)supposehat K hascharacteris-
tic pandthat isap-group.ThenSy( ;K) isaninducedK [] -module

Proof. Thisfollowsfrom Lemma(3.3.16)andProposition(2.7.13) 2

(3.3.18)Proposition. Let k 3, N 1 beintegers and K a eld. Furthermoe, let

1(N) G  SLy(Z) besubgoupsand :GproJ nG ! K acharactersuct

that ( 1) = ( 1kif 12 G.Let := nG.Weassumahat is abelianandthat
actswithoutstabilises on H. If the characteristicof K isp > 0, thenweassume - N and
thatG hasno stabilises of order p for its actionon H.

ThenthenormN inducesanisomorphism

N

Sk( ;K) K PooS(5K) K = 5(G; s K):

Whenk = 2, thenthe statementslso hold if onelocalisesawayfrom Eisensteirmaximal
ideals(i.e. thosenot correspondingo irr educibleGaloisrepresentations).

Proof. If thecharacteristiof K is zero,the nite abeliangroup actssemi-simplyand
hencethe claim follows. If the characteristids p, it sufces to prove the statementor the
p-Sylow subgroup , of ,asagain = , actssemi-simply Corollary(3.3.17)impliesthat
Sk( ;K) isacohomologicallytrivial (for Tatecohomology)X [ p]-module.Consequently
thenorminducesanisomorphism. 2
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(3.3.19)Remark. If the characteristic of K is p, thenthe result of Proposition (3.3.18)
also holdsfor k = 1. For the -action commuteswith the derivation usedin Propo-
sition (4.5.2) Asthe -invariantsagreewith the -coinvariantsin weightsp andp + 2, it
followsthatthesameholdsin weightonebytheexactsequencéen Part (a) of thatproposition.

(3.3.20)Proposition. We keepthe assumptionsf Proposition(3.3.18) If the characteristic
of K isp> 0, wealsoassum& p+ 2.

If CM «( ;K) is a faithful Tk (Sk( ;K))-module thenCM ¢ (G; ; K) is a faithful
Tk (Sk( ; ; K))-module For k = 2 similar statementfold awayfrom Eisensteirprimes.

Proof. Dualisingtheresultof Proposition(3.3.18)givesanisomorphism

N

T(S( :K)) K PooT(S( sK) Ko

whichin particularyieldsthattheimplication

T(X () *hiy=0 ) T21I;
2
wherel is theidealde nedin Proposition(3.3.5) In view of thatproposition,we only need
to shaw thatif T actsaszeroonCM (G; ; K), thenT isin .

Thatcanbe seenasfollows. We now assuméhat =, i.e.thatG = G. For thatwe
may haveto replaceG by asubgroupof index 2. This maybedonesinceneitherthe spaceof
modularsymbolsnor the spaceof modularformschanges.

FromProposition(2.7.10)we know

M (G i K)= (M ( iK) «K)= (OMi( iK) & K):
If T actsaszeroon

X
CM (G; ;K)=N (CM( ;K) « K)=( () *hi)cM«( ;K);
2
then X
(T () *hi)lM «( ;K)=0
2

P
andby the assumedaithfulnessof CM ( ;K), it followsthatT( , () *hi) = 0O,
whenceT 2 |, asrequired. 2



Chapter IV

Computations of mod p Modular
Forms

In this chaptemnwe explain how theresultsof Chapterdl andlll canbeusedalgorithmically
to computemodularformsover nite elds with methodsrom linearalgebramostnotably
modularsymbols,undercertainrestrictions.

As modularformsin the situationwhenwe considerthem are uniquely determinedoy
their g-expansionswe only needto computethe correspondingHecke algebra,sincethe
spaceof modularformsis its dual. If oneis only interestedn eigenforms,not the whole
Hecle algebrastructurds neededandwe candowith fewerconditions.However, theknowl-
edgeof the Hecke algebrastructureis necessaryor the computationof weight oneforms,
andit is interestingto studye.g.the Gorensteirpropertyin view of a possibleidenti cation
betweenthe Z,-Hecke algebrawith a deformationring. We also explain how weight one
Hecle algebrascan be computedusing weight p, following [EdixJussieli Moreover, the
principalalgorithmsof my MagmapackagaVeightl.mg , whichbuilds onWilliam Stein's
packageModularSymbols , arepresented Fortunately Stein's packagehasalreadypro-
vided modularsymbolsover nite elds for alongtime, andonecould saythatthis chapter
is abouttheir interpretation.

We startthis chapterby recallingthe relation betweenmodularforms and Heclke alge-
bras. Next we presentan algorithmwhich splits a moduleover a commutatve algebraover
a nite eld into local piecesupto Galoisconjugag. Thethird sectioncomparesystemsf
eigervaluesof modularformswith thoseof modularsymbols.In the fourth sectionanalgo-
rithm for the computatiorof Heclke algebraf weightk 2 over nite elds usingmodular
symbolsis treated.Thenwe explain how weightoneandweightp arerelatedfor nite elds
of characteristiq, from which we derive an algorithmfor the computationof weight one
forms,following [EdixJussieli The nal sectionsketchesa certaingeneralisatiof Merel's
universalFourierexpansions.

57
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4.1.Modular forms and Hecke algebras

LetK beaperfecteld andK analgebraiaclosure.Let furthermoreS(K) besomespaceof
modularformsde ned over K andTk theassociatedHecke algebraover K , suchthatthe
pairing
Tk S(K)! K; (T;f) 7! ay(Tf)

is non-de@eneratewherea, (f ) denoteshen-th coefcient of thestandardy-expansiorof f .
Thisis thecasefor instancdor holomorphicmodularforms(K = C) for 1(N), o(N) and
allN 1, orfor KatzmodularformsoverK = Fy for 1(N), o(N)andallN 1such
thatp - N . Thepairinggivesriseto thefollowing Hecke equivariantisomorphisms

S(K) = Homk (Tk ;K) = Homg(Tk  « K;K);

wherethe rst arrow is givenby f 7! (T 7! ay(Tf)). Let usrecalltheimportantformula
a1(Tnaf) = an(f), which follows from the actionof the Hecke operatorson g-expansions.
NormalisedHecke eigenformsn S(K') correspondinderthe rst isomorphisnto K -algebra
homomorphism3y ! K. EigenformsthatareGaloisconjugate(i.e. thecoefcients of the
standardy-expansionareconjugatedy G(K jK )) correspondo GaloisconjugateK -algebra
homomorphism3yk ! K. TwoK -algebrehomomorphism3x ! K areGaloisconjugate
if andonly if they havethesamekernel.lt iscommonto referto aK -algebrahomomorphism
f : Tk ! K asthesystenof eigervalues( n)n of Tk with , = f(Ty).
We have establishedbijections

Spec(Tk ) *!* Homk alg (Tk 1K) Y11 § normaliseceigenformsn S(K) g=G(KjK )

and

SpedTk  K) 1yt !

f normaliseceigenformsn S(K) g

Homg o, (Tk  K5K)

1yt f systemf eigervaluesof Tk g.

The Hecke algebraTk is nite dimensionalan Artin algebra) andcommutatve. Soall its
prime idealsare maximal, and usingthe ChineseRemaindeiTheoremthe algebradecom-
posesasa productof its localisations:
Y Y Y
Tk = (Tk )m = Tk =m' = Te=(1 em)Tk:
m2 Spec(Tk ) m2 Spec(Tk ) m2 Spec(Tk )

If r is anintegerr suchthatm’ = m*! thenwe write m* for m". Thee,, in theformula
areidempotentsorrespondingo thedecomposition.

4.2.Computing local factors of Hecke algebras

Let K bea perfect eld, K an algebraicclosureandA a nite dimensionalcommutatve
K -algebra.We will write A| for A ¢ L, whereLjK is anextensioninsideK . Theimage
ofa2 Ain Ag-is denotecasa.
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In the context of Hecke algebrasve would like to

(1) computealocal decompositiorof A, resp.

(2) computealocal decompositiorof A keepingtrackof the G(K jK )-conjugag.

In this sectionwe presentan algorithmsolving both points. This algorithmis implemented
in my Magmapackaga/Neightl.mg . It is basednthefollowing lemma.

(4.2.1)Lemma. (a) A is local if and only if the minimal polynomialof a (in K [X]) is a
primepowerfor all a2 A.

(b) LetV bean A-modulesud that for all a 2 A the minimal polynomialof a onV is a
primepowerin K [X ], i.e. V is a primary spacefor all a 2 A. Thentheimage of A in
End(V) is alocal algebra.

for some ; 2 K. Thentheimage of Ai-in End(V) is alocal algebra.

Proof. (a) Supposerst thatA is localandtakea 2 A. Let , : K[X]! A bethe
homomorphisnof K -algebrasde ned by sendingX to a. Let (f) be the kernelwith f
monic, so that by de nition f is the minimal polynomialof a. Hence K [X]=(f) ! A,
whenceK [X ]=(f ) is local,implying thatf cannothave two differentprimefactors.

Corverselyif A werenotlocal, we would have anidempotene 62f 0; 1g. The minimal
polynomialof eis X (X 1), whichis nota primepower.

(b) follows directly. For (c) one canusethe following. Supposéhat (a )V =0
and (b )V = 0. Then((a+ b ( + ))'*SV = 0, asone seesby rewriting
((a+ b ( + ) =(a )+ (b ) andexpandingout. From this it alsofollows
that(ab Y2(r+s)\/ = 0 by rewriting ab =@ )b )+ (b )+ (a ).

2

Let us call a pair (V; L) consistingof a nite extensionLjK with L K andanA -
moduleV ana-pair for a 2 A if the coefcients of the minimal polynomialof a actingon
V | K generatd overK .

Let usfurthermorecall a setf (V1;L1);:::(Va;Ln)g consistingof a-pairsana-decom-
positionof ana-pair (V; L) if

— L L —
MV LK= ?:1 ¥ with ¥ = 2GL =Gy, (M L, K)and

(i) theminimal polynomialof a restrictedto V; is a power of (X i) forsome ; 2 L;
for alli and

(i) theminimal polynomialof a restrictedto ¥ is coprimeto the minimal polynomialof a
restrictecto ¥ wheneveri 6 j.
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The ¥ correspondo the local factorsof the L -algebrahai andthe (Vi |, K) to the
local factorsof the K -algebratai. Sothe(V;;L;) areachoiceout of aG(L;jL)-conjugay
class. Thethird conditionabove assureghatfori 6 j no( V;; L;)for 2 G(L;jL) is
conjugataoa( V;; Lj)forary 2 G(L;jL).

An a-decompositiorof ana-pair canbe computedy thefollowing algorithm.

(4.2.2)Algorithm. Wede ne thefunctionDecomposePair asfollows.
input (V;L);a, whee (V;L) isana-pair.
output Alistoutput [(V1;L1);:::;(Va;Ln)] containingana-decompositionf(V;L).

. Createan emptylist output , which aftertherunningwill containan a-decomposition.
. Compute 2 L[X], theminimalpolynomialof a restrictedto V.

. Factorf = i”:l p’ with p; 2 L[X] pairwisecoprime

5w N P

. Compute® asthekernelof p; (gjy ) .

. Computd_i,theaplitting eld overL of p;.

. Factorp;(X) = 26, =6, (X i), forsome ; 2 L;.
. ComputeV; asthekernelof I(aj\% ).

. Join (V;; L;) to thelist output

ga b~ WO N PP

5. Returnoutput andstop.

The decompositiorof an Ax -moduleV correspondindo the local factorsof Ag- and

in theinputgenerateA.

(4.2.3)Algorithm. We de ne thefunctionDecompose asfollows.

output Alist output = [(V1;K1);:::;(Va; Kn)] consistingof pairs with K a nite
extensionof K andV; anAg, -module SeeProposition(4.2.4)for an interpretation.

. Computedec asDecomposePair( (V;K), aj).

. If n = 1, thenreturndec.

. Createtheemptylist output

. Forall din dec do
1. Computedecl asDecompose( d, [az;:::;an]).
2. Joindecl to thelist output

A W N P

5. Returnthelist output andstop.
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FromLemma(4.2.1)thefollowing is clear

(4.2.4)Proposition. Let A bea commutativenite dimensionaK -algebra with geneators

givestheoutputf (V; |§1 v (Vms K m)%
ThenV « K = i";l ¢ with & = se.=cx Vi The¥ correspondo thelocal
factorsof A andthe V; correspondo thelocal factors of A 2

(4.2.5)Corollary. We keepthenotationfromProposition(4.2.4) If V isafaithful A-module
thenthelocal factors of A areisomorphicto theimagesof A in End(\% ). Moreoverthelocal
factors of A correspondo theimagesof Ag-in End( V).

4.3.Computing eigenbrms of weightk 2 over nite elds

[Ash-Stereng have alreadynoticedthatall system®f eigervaluesof modularformsmodulo
asuitableprimeidealabove p alsooccurin groupcohomology We shallreprovethatresultin

aslightly morepreciseform usingthe propertiesof groupcohomologyandmodularsymbols
establishedefore. We will alsoexplain how this givesrise to an algorithmfor computing
eigenformsover nite elds with methodgrom linearalgebraover nite elds.

(4.3.1)Proposition. (a) Let p be a prime k 2, N 5 with p - N integers and
f 2 Sk( 1(N);Fp) a normalisedeigenformfor 2 k. Thenits systemof eigen-
valuesoccuss in any of the spacesH %, ( 1(N); Vk 2(Fp)); CM ( 1(N);Fp) and
CHi( 1(N);Fp).

(b) Letk 2beanintegerand :(Z=NZ) ! F beacharacterwith ( 1) = ( 1)¥
for FjF, a nite extension.Thenthe systenof eigervaluesof any normalisedeigenform
f 2 Sc( 1(N); ; Fp) occursin anyof thespaces
Hpar ( o(N); Vi 2(F)); z=nz) Hpar ( 2(N); Vi 2(F)) ¢F ;
CM k( o(N); ; F); N2 M ( 1(N);F) eF ;
(N2 CHe( 1(N);F) eF 5 (zenz) CHk( 1(N);F) gF
(c) Assumethe situation of (a) and that 2 k p+ 2. Thenall system=f eigen-
valuesoccurring on any of the spacescited in (a) comefrom a normalisedeigenform
f 2 S 1(N); Fp).

(d) Assumehesituationof(b),2 k p+ 2andthat o(N) doesnothaveanystabiliserof
order p for its actionon H (compae Proposition(2.6.2). If k = 2, thenwealsoassume
to benon-trivial. Thenall system®f eigervaluesoccurringon any of the space<ited
in (b) comefroma normalisedeigenformf 2 Sy( 1(N); ;F_p).

(e) Assumehesituationof (a). Supposehetre is a systenof eigenvaluescomingfromany of
thespacegitedin (a) but notfroma modularform. Thenfor anyprimel - N p theHede
operator (T})? actsonit with eigervalue(l + 1)21% 2.
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Proof. Part(a) followsfrom Corollary(3.3.2)andthecomparisonmesultTheorem(2.6.1)
It is clearthata systemof eigervaluesof a modularform with character alsooccursin ary
of thespacegivenin (b).

(c) Thestatemenis animmediateconsequencef Corollary (3.3.4)andTheorem(2.6.1)

(d) follows from (c) usingProposition(2.7.10)

(e) Wecanassume > p+ 2 by (c). By Corollary(3.3.2)a systenof eigervaluesliving
on thetorsionfree quotientcomesfrom a modularform. So, a systemof eigervaluesasin
theassumptiommustlive on

HH (Y iy Ve 2(Z))IPl = HO(Y—qys Vi 2(Fp)) = Vi 2(Fp)>H2(Fo);

wherethe rst isomorphismcomesfrom Proposition(2.4.8) Applying the de nition of
the Heclke operatorT, for a prime| - Np, we seethatit actson the right handside by
sendinga polynomial f of degreek 2to (I + 1) (}9):f (x;y). So(T))? actsas
(I+ 12 159 :f (xy). But 79 = [0 1 % andthelattermatrix actstrivially,
whichimpliesthe statement. 2

(4.3.2)Remark. Proposition(4.3.1)a) and (c) also hold more geneally for k 3 and

SL,(Z) a subgoup of nite index whosestabilisess haveorder invertible modulop.
With theseassumption®roposition(3.3.3)and Corollary (3.3.4)are alsotrue. However, for
k = 2 there could be lifting problemsto characteristicO (i.e. Carayol's Lemmadoesnot
hold).

For computationapurposest is essentiato have a nite setof generatorgor the Heclke
algebra.Thisis providedby thefollowing proposition.

(4.3.3)Proposition. Let N 1 andk 2 beintegers sud that p - N, FjF, a nite
extensionandlet :(Z=NZ) ! F beacharacterwith ( 1) = ( 1)X. Set

N Y 1
B=_— (1+ I—)
IjN ;I prime

LetT() betheHedke algebrafor S( 1(N); ; Fp). ThentheHedke opertors

geneate T(K) asan F-vectorspace
ThenumberkB is calledthe Hecke boundof Sc( 1(N); ; Fp).

Proof. Thisfollows from the proof of [EdixJussiel) Propositiord.2. 2

As we have seenthat systemsof eigervaluesof modularsymbolsare closelyrelatedto
thoseof modularforms,we quickly sketchhow to computethemup to Galoisconjugag.
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(4.3.4)Algorithm. We de nethefunctionEigenforms asfollows.

input N;k;p; , whee N 1, k 2areintegers, pis a primeand is a Dirichlet
characterof modulusN with valuesin some nite extensiorF of F,.

output Alist output [(Va;L1);:::;(VaiLn)l.

1. Geneatethe spaceMof cuspidalmodularsymbolsor ;(N), weightk and character
overF.

2. ComputeheHede boundkB asin Proposition(4.3.3)
3. ComputehelistL = [Ty, ..., Tks] consistingof the listedHede operatorson M

4. output := Decompose((M, F),L)
The function Decompose wasde ned in Algorithm (4.2.3) We mayreplaceall g in
Step4 of Algorithm (4.2.2)by 1, asweare only interestedn system®f eigervalues.

5. Returnoutput andstop.
The (V;; L;) in thelist output correspondreciselyto the differentGaloisconjugagy

classeof systemsf eigervalues( ), onthecuspidalmodularsymbols. That meanshat
therestrictionof theHecke operatorT,, to V; is ascalamatrix with eigervalue .

4.4.Computing Hecke algebrasof weight k 2 over nite
elds

We now addresghe questionof computingthe Hecle algebraof modularforms over nite
elds.
Thefollowing theoremis avery satishctoryresult,if theweightis smallerthanp or equal
top+ 1. Intheformercaseit is mainly dueto Edixhoven([EdixJussiely Theorenb.2).

(4.4.1)Theorem. Letp beaprimeandN 5k  2integerssudthatp - N. Suppose
k<pork=p+ 1.

(a) TheHedke algebra over Fp, of S ( 1(N);F_,,) canbe computedy the Hedke actionon
anyoneof H .. ( 1(N); Vk 2(Fp)), CM ( 1(N); Fp) or CHi( 1(N); Fp).

(b) Let :(Z=NZ) ! F acharacterwith ( 1) = ( 1) fora nite extensionF of Fp.
If K = 2, thenweassumehat is non-trivial. We assumdurtherthat o(N) doesnot
haveany stabiliserof order p for its actiononH (compae Proposition(2.6.2).

Thenthe F-Hedke algebra of Sc( 1(N); ; Fp) canbe computedy the Hede actionon

anyoneofthespaces
Hoar ( o(N): Vi o(F)); @znz) Hpar( 2(N):Vk 2(F) ¢F
CM «( o(N); s F); (@=NZ2) M ( 1(N);F) ¢F

(N2} CHy( 1(N)F) eF 5 (zenz) CHk( 1(N);F) gF
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Proof. In the casewherek < p both partsareimmediatefrom Corollary (3.3.7) the
comparisorresultTheorem(2.6.1)andProposition(2.7.10)

If k = p+ 1, theresultfollows from Corollary (3.3.14) Proposition(3.3.20)becausall
modularformsin weightp + 1 areordinary(seee.g.[EdixWeighi], Proposition3.3). 2

Next we covertheweightp case.

(4.4.2)Theorem. The statement®f Theoem (4.4.1)also hold for weightk = p > 2 lo-
calisedat ordinary (ap(f ) 6 0) system®f eigervalues.

Proof. Thisfollows asabove from Corollary (3.3.14) Proposition(3.3.20) the compatri-
sonresultTheorem(2.6.1)andProposition(2.7.10) 2

(4.4.3)Lemma. Let := (Z=N2Z) =h 1i. TheHede opemtor T, for anyprimel - Np
actson E( 1(N);Fp), Ho( ;E( 1(N);Fp)) andH1( ;E( 1(N);Fp)) by multiplica-
tionby (I + 1).

Proof. Fortheboundar)spaceL 62 TINJPsL(z)=u H 1 1(N)\ gUg *;Fp) thecorre-
spondingstatements immediatelyveri ed from thede nition of the Hecke operatorT, and
thefactthattheindex of 1(N)\ ©°(1)\ gUg tin 1(N)\ gUg lisl + 1. Asit holds
on the boundaryspacejt holdson the Eisensteirsubspacewhich is Heclke stable. As the
~ -actionis throughthe diamondoperatorsywhich commutewith T, the resultalsofollows
for thetwo homologygroupslisted. 2

(4.4.4)Proposition. LetN  5anintegerandp - N aprime Weassumdurtherthat o(N)
doesnot haveany stabiliser of order p for its actionon H (compae Proposition (2.6.2).
Letf be a normalisedeigenformin Sy( o(N );F_p) correspondingto a maximalideal P
of the Hedke algebra T. If the associatedGalois representatiorof f is not Eisenstein(i.e.
is not reducible),thenthe localisationat P of T can be computedby the Hedke action on
CM 2( o(N);Fp)e .

Proof. If p 6 2 we invoke Theorem(4.4.1)andif p = 2 [EdixJussiely Theorem5.2,
in orderto obtainthe resultfor ;(N) without a character By Theorem(2.7.8)it sufces
to provethattheHecke actiononHo( ;Ex( 1(N);Fp)) andH1( ;E( 1(N);Fp)) cannot
giveriseto anirreduciblerepresentationThat, however, is clearby Lemma(4.4.3) 2

(4.4.5)Proposition. Let p be a prime N 5,k  2integers sud thatp - N, and let
:(Z=NZ) ! F beacharacterwith ( 1) = ( 1)* for a nite extensionF of Fp. W
assumdurtherthat o(N) doesnot haveany stabiliserof order p for its actionon H (com-
pare Proposition(2.6.2). Letf 2 Sc( 1(N); ; Fp) a normalisedeigenformfor k 2 with
an irreducibleGalois representation.Let M be any of thesp::xcesl—|,%ar o(N); Vi o»(F);
CM «( o(N); s F)or &ND CHy( 1(N);F) F
If thelocal factoratf of T(Sk( 1(N); ; Fp)) hasthesamedimensiorasthecorrespond-
ing local factor of T(M ), thenthesewo local algebrasare isomorphic.
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Proof. As we know that differencesoccurringin the passageo charactersonly cor-
respondto reducible Galois representationsit sufces to prove similar statementgor
:= 1(N) withoutacharacter
We shaw that thereis a surjectionof algebrasrom the local factorof T(Sk( ;Fp)) to
thatof T(M ). We have

T2(Sk( ;C) zFp= Tz, (Hpar ( 5V 2(Zp))=p torsion) z, Fp:
Locally ataprimeideal P correspondingo anirreduciblerepresentatiowe have
Hpar (3 Vi 2(Zp))=p torsion)p = Hpp (VK 2(Zp))e s

sincethep-torsionpartcannotcorrespondo anirreduciblerepresentatiodueto the calcula-
tionin theproofof part(e) of Proposition(4.3.1) Moreover, it is easyto checkthatirreducible
representationsannotiive on the possibledifferencesH (h i; Coind™"?‘“)vj 2(Fp)) and
similarly for . 2

We next sketch an algorithm for computingthe local factorsof the Hecke algebraof
modularsymbolsup to Galoisconjugag.

(4.4.6)Algorithm. We de nethefunctionHeckeAlgebras asfollows.

input N;k;p; , whee N 1,k 2areintegers, pis a primeand is a Dirichlet
characterof modulusN with valuesin some nite extensionF of Fp.

output Alistoutput [(Vi;L1);:::5(VaiLn)l

1. Geneatethe spaceMof cuspidalmodularsymbolsor ;(N), weightk and character
overF.

2. ComputeheHede boundkB asin Proposition(4.3.3)
3. ComputehelistL = [Ty, ..., Tks] consistingof the listedHede operatorson M

4. output := Decompose((M, F),L)
ThefunctionDecompose hasbeende nedin Algorithm (4.2.3)

5. Returnoutput andstop.

The (V;; L;) in thelist output correspondreciselyto the differentGaloisconjugagy
classes.Thatmeanghatthe correspondindocal Hecke algebrais generatedy the restric-
tionsof theHecke operatorgo the V.

In orderto obtainprovedresultsif the conditionsof Theoremg4.4.1)and(4.4.2)do not
apply, we mustcomputewith cuspidalmodularsymbolsover Q andchoosea lattice. We
may thenwork with the reductionmodulop of the Hecke operatorswritten with respecto
a lattice basis. Note that this methodin the primitive form given only appliesto situations
whenthe charactetakesvaluesin f 1g. This approachworks asary lattice givesriseto
anisomorphicHecke algebra.However, working over Q, choosinga lattice andcomputing
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Hecle operatorswith integral coefcients is very slow. Moreover, if we work with non-free
groupssuchas ¢(N) thenweonly getthoseformsthatarereductionsmodp of holomorphic
modularforms and possiblynot all Katz forms. One of the advantage®f working with all
the torsionis thatwe getKatz modularforms, whenerer Theoremgq4.4.1)or (4.4.2)apply.
E.g.with k = 2 andp = 3, mod 3 modularsymbolsalsocomputethosemod 3 eigenforms
thatcannotbelifted to characteristi® with a characteof the sameorder

4.5.Embedding weight oneinto weight p

In this sectionwe describehow weightoneandweight p modularformsarerelated. Recall
thatwe areworking throughoutwith Katz modularforms,which becomeseally essentiain
this section.All ideasaretakenfrom [EdixJussieli(Sectiond) andhave alsobeendescribed
in [W-App]. For moredetailsthereadeiis referredthere.

LetF bea nite eld of primecharacteristip of F, and x alevelN  1withp-N and
acharacter : (Z=Nz) ! F with ( 1) = ( 1)X. We have two injectionsof F-vector
spaces

FiASI(1(N); R L Sp( a(N); 5 F);

given on g-expansionsby a, (Ag) = an(g) anda,(Fg) = an-,(9) (with an(Fg) = 0
if p - n), thatare compatiblewith all Hecle operatorsT, for primes|l 6 p. The former
comesfrom the Frobeniusandthe latter is multiplication by the Hasseinvariant ~ One
hasT{PF = A andATY = T{PA + (p)F, wherewe have indicatedthe weightasa
superscriptseee.g.[EdixJussieyy Equatior4.1.2).

The key to an effective descriptionof theimageof F is the following theoremby Katz,
whichis themaintheoremof [KatzDerwvation.

(4.5.1)Theorem. (Katz) Letk beaninteger.

(1) There existsa homomorphism

A Sc( 1(N); ;P! Sk+prr ( 1(N); 5 F);

whoseeffect on g-expansionds q% (i.e. an(A f) = nay(f)), whenceit is calleda
derivation

(2) Suppose - k. If f 2 Sc( 1(N); ; F) doesnot comefrom a lower weight,thenA  f
hasweightk + p+ 1, anddoesnotcomefroma lowerweight.In particular, A f 6 0.

(3) Iff 2 Sp( 1(N); ; F)andA f = 0, thenf = hP for auniqueh 2 S( 1(N); ; F).

Let T betheHecke algebraover F of weightk for a x edlevel N anda x edcharac-
ter . Wewill alsoindicatetheweightof Hecke operatorsy superscriptsWe denoteby A (P
the F,-subalgebraf T(P) generatedby all Hecke operatorsT{” for p - n.
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(4.5.2)Proposition. (a) Thereis a homomorphism , also called a derivation, givenon g-
expansiondya,( f) = na,(f) sud thatthesequence

0! Si(a(N); 3 F) T S a(N) i F) ! Spea ( 1(N); 5 F)
IS exact.

(b) Supposé 2 S;( 1(N); ; F) suchthata,(f) = Ofor all n withp - n. Thenf = 0. In
particular AS1( 1(N); ; F)\ FS1( 1(N); ; F) = 0.

(c) TheHedealgebra T® in weightonecanbegeneatedbyall Tl(l) , wheer! runsthrough
the primesdifferentfromp.

(d) TheweightoneHedke algebra T® is the algebra genetedby the A(P)-action on the
moduleT (P =A(P)

Proof. (a) Theorem(4.5.1)(3) givestheexactsequence
01 Si( (N s F) T Sp(a(N) 5P ™1 Sppua (a(N); 3 F)

by taking Galoisinvariants. However, asexplainedin [EdixJussiely Section4, the image
A Sp( 1(N); ; F) in weight 2p + 1 can be divided by the Hasseinvariant, whencethe
weightis asclaimed.

(b) The conditionimplies by looking at g-expansionghatA f = 0, whenceby Theo-
rem(4.5.1)(3) f comesfrom alower weightthan1, but below thereis just the 0-form (see
also[EdixJussie}y Propositior4.4).

(c) It is enoughto show thatTél) is linearly dependentn the spanof all T® for p-n.If
it werenot, thentherewould be a modularform of weight 1 satisfyinga, (f ) = Ofor p - n,
butay(f ) 6 O, contradicting(b).

(d) Dualisingthe exactsequencén (a) yieldsthat T(P) =A(P) andT® areisomorphicas
A(P)-moduleswhichimpliestheclaim. 2

(4.5.3)Proposition. TheF-algebra AP de ned above can alreadybe genemtedas an F-
vectorspaceby the set
fT® jp-nn (p+2Bg

wheie B is thenumberfrom Proposition(4.3.3)

Proof. AssumethatsomeT\ for m > (p+ 2)B andp - m is linearly indepen-
dentof the operatorsin the setof the assertion. This meansthat thereis a modularform
f 2 Sp( 1(N); ; F) satisfyinga, (f) = Oforalln  (p+ 2)B, butan (f) 6 0. Onegets
ap( f)=0foralln (p+ 2)B,butan( f) 6 0. ThiscontradictsProposition(4.3.3)

2

Thesetwo propositionsprovide us with an effective methodfor computingthe Hecke
algebran weightone,oncewe disposeof afaithful modulefor theHecke algebran weightp.
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If we areonly interestedn forms of weightone,we would like to be ableto throw away
partsthatcannotcomefrom weightone. Thefollowing considerationsvill alsoenableusin
certaincasego computeweightoneeigenformswvithout computingall the Hecke algebra.

(4.5.4)Proposition. LetV  Sp( 1(N); ; F) betheeigenspacef a systenof eigervalues
fortheopelatorsT,(p) for all primesl 6 p

If the systemof eigervaluesdoesnot comefrom a weightoneform, thenV is at most
1-dimensional Corversely if thereis a normalisedweightoneeigenformg with that system
of eigervaluesfor T,(l) for all primesl 6 p, thenV = bAg;Fgi and that spaceis 2-
dimensionalOnit Tép) actswith eigervaluesu and (p)u ! satisfyingu+ (p)u ! = a,(g).
In particular, the eigenformsin weightp which fromweightoneare ordinary.

Proof. If V is atleast2-dimensionalthenwe canchoosea normaliseceigenformf for
all operatorandwethenhaveVV = Ff  fhja,(h) = 08p - ng. Asaform h in theright
summands annihilatedby , it is equalto F g for someform g of weightoneby Proposi-
tion (4.5.2)(a). By Part (b) of thatpropositionwe know thathAg; F gi is 2-dimensionallf V
weremorethan2-dimensionalthentherewould betwo differentmodularformsin weight1,
which areeigenformdor all T,(l) with | & p. This, however, contradictsPart (c).

Any normalisedeigenformf 2 V for all Hecke operatordn weightp hasto be of the
formAg + F gforsome 2 F. Theeigervalueof Tép) onf isthep-th coefcient, hence
u=ay(g)+ ,asap(Fg)= ai(g) = 1. Now wehave

(ap(9) + )Ag+ F g) = TP (Ag+ F g) = TP Ag+ Ag
= ATMg  (PFg+ Ag = (a(9)+ )Ag (PFg;
whichimplies (p) = (ap(g)+ ) = u? uay(g) bylookingatthep-th coefcient. From

this oneobtainstheclaimonu. 2

(4.5.5)Corollary. LetN 5 aninteger not disible by the prime p. TheHede algebra of
S1( 1(N); Fp) canbecomputedusingmodularsymbolsover Fp.

Proof. Dueto theordinarity (Proposition(4.5.4), this follows from Theorem(4.4.2)and
Proposition(4.5.2)d). 2

4.6.Computing Hecke algebras of weight one over nite
elds
If oneis only interestedn eigenformspnecanuseAlgorithm (4.3.4)for weightp with modp

modularsymbolsand look for pairs of eigenformsdiffering only at p. Thesecorrespond
to weight one eigenformsby Proposition(4.5.4) However, a weight p eigenformf with
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ap(f)? = (p) might or might not correspondo weight one. Herean extra checkwill be
needed.

We next describethe function SystemsOfEigenvalues implementedn the Magma
packagéNeightl.mg .

(4.6.1)Algorithm. We de ne thefunctionSystemsOfEigenvalues asfollows.

input N;p; with N apositiveinteger, pa primeand a Dirichletcharacterovera eld
extensionF of Fp.

optiort WtlAPriori 2 f true, false g.

output A decompositiorof the cuspidalmodularsymbolsfor 1(N) of weightp and
character correspondingo the conjugacyclassef local factors of the algebra A(P) . If
theoptionWt1APriori s set,local factors that cannotcorrespondo weightoneformsby
Proposition(4.5.4)are discaided.

1. Geneatethe spaceMof cuspidalmodularsymbolsor ;(N), weightp and character
overF.

2. Computeb:= (p+ 2)B asin Proposition(4.5.3)

3. Computethe list L consistingof the Hedke opeiators T, acting on Mfor p - n and
1 n b

4. If not WeightlAPriori  , call output := Decompose with the list L and the
pair (M ;F). Returnoutput andstop. ThefunctionDecompose wasde nedin Algo-
rithm (4.2.3)

5. If WeightlAPriori  , thenproceedasfollows.
1. Computetheoperator T, actingonM

2. Computethe minimal polynomialF, 2 F[X] of T, andfactor it Qinzl pi (X)& over
F[X ] into coprimeprime powess.

3. Createa setS of primefactors asfollows.
If pi(X) = X + awitha? = (p), thenjoin p; (X )® to thesetS.
If pi(X) satis espi(a) = 0) pi( (p)a 1) = 0, thenjoin p;(X )& tothesetS.
If for apairi 6 j onehaspi(a) = 0) p;( (p)a ) = O, thenjoin p; (X )™ (ee) to
thesetS anddiscad p; (X).
Discad all otherp; (X).

4. Createan emptylist output

5. Foreah p(X )€ in S do:
1. ComputehekernelW of p(Tp)® actingonM
2. Createa list L °byrestrictingtheentriesof L toW.
3. Join Decomposition ((W; F); L9 to thelist output

6. Returnoutput andstop.
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Onenow obtainsthelocal weightoneHecke algebrador thegivenlevel andcharacteas
follows. Let V; beoneof thespacesdn theoutputof SystemsOfEigenvalues . Thenthe
quotient

AThjv, j1 n  pBi=hThjy, j1 n  (p+ 2)B;p-ni

is an A(P)-module. Whenever the spaceof cuspidalmodularsymbolsusedin the function
SystemsOfEigenvalues s a faithful T("-module, the algebrageneratecby T,” on
thatquotientfor| 6 pandl | B isthelocalfactorof the Hecke algebraof weightone
thatwe werelooking for.

4.7.Universal g-expansions

In [MerelUniversa] Merel hasamongotherthings established “universalFourier expan-
sion” of holomorphianodularformsin termsof Hecke operatoractingon modularsymbols.
We sketchhow a generalisatiorof Merel's resultcanbe deducedrom thetheorydeveloped
here.

The plus-spacedenotedby the superscript , is the subspacex ed by the actionof the

matrix = 0“1’ (supposinghatthereis suchanaction).
(4.7.1)Proposition. Let SL,(Z) bea subgpupof nite index. Suppose = and

thatfor somex 2 CM ( ; R)* thehomomorphism
T! CM( ;R)*; TT7! Tx

is an isomorphismj.e. that CM ¢( ;R)* is a free T-moduleof rank 1. Thenwe havea
universalg-expansioni.e. anisomorphism

X
Hom(CM «( ;R)";R)! Sc( ;R); 7! (Tax)q":

Proof. We have theisomorphism

X
Hom(T;R)! S¢( ;R); 7! (To)d";
n 1

whichwe only needto combinewith theisomorphisnbetweeril andCM ¢ ( ;R)* toobtain
theproposition. 2

Fromaversionof the EichlerShimuraTheoreminvolving the plus-spacet follows that
the conditionin Proposition(4.7.1)is satis ed, whenR = C. In [EPW], p. 30, aniso-
morphismbetweenTp anda spacesomorphicto CM ( 1(N);Zp)p locally at p-ordinary
and p-distinguishedprimesP of the Hecle algebrais derived from a fundamentatheorem
by Wiles ([Wiles], Theorem2.1). Hence,alsoin that situationthereis a universalFourier
expansion.



Chapter V

SomeComputational Results

This chaptergivesanoverview over somecomputationghatwerecarriedout usingthe algo-
rithmspresentedh ChaptedV. Moreover, we give somemotivationwhy thesecomputations
areuseful.

5.1.Weight onemodular forms over F, for o(N)

Mestre's computations

The rst computeicalculationof weightonemodularformsknownto theauthorwerecarried
out by Jean-FrangoiMestreandwritten down in a letterto Serrefrom October1987. The
letter hasappearedsAppendixA of [EdixJussieli We have veri ed the computationand
reportedonthemin AppendixB [W-App] of loc. cit.

Further computations

All modularformsof weightl and2 for ¢(N) for oddN in therangefrom 11to 3445have
beencomputedwith the MagmapackageNeightl.mg . Up to Galoisconjugay we found
2998 cuspidalKatz eigenformsof weight 1 and 14009systemsof eigervaluesof weight 2.
Amongthelattertheremight be somethatdo not correspondo cuspforms(seeChapterV).
For eachof themwe computedthe eld F generatedy the coefcients, the local factorof
the correspondindHecke algebraanda lower boundfor the imageof the associatedsalois
representatiofan upperboundis providedby SL,(F)).

We foundthefollowing distribution of the degreeof the coefcient eld. In thetableswe
countall eigenformgqresp.systemof eigervalues) hot only up to Galoisconjugag.
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Weight1:
Degree 1 2 3 4 5 8 10
#forms 1417 | 1102 | 1200 | 972 | 535 | 96 | 320
Percentage| 21.1 | 16.4 | 179 | 145| 79 | 14| 4.7

Thebiggestdegreeoccurringis 29.
Weight2:
Degree 1 2 3 4 5 8 10
#forms 3765 | 5036 | 5115 | 6036 | 3160 | 2976 | 3430
Percentagg| 9.8 | 13.1 | 13.3 | 15.7| 8.2 7.7 8.9

Thebiggestdegreeoccurringis 127.

Non-liftable Katz forms of weight one

Eigenformsof weight onewhoseassociatedaloisrepresentatiomasimageequalto some
SLy(F2r ) withr 3 cannotbe lifted to holomorphicweight oneforms, becausd’GL »(C)
doesnot have a nite subgrouphaving SL,(F2r ) with r 3 asa quotient. The rst such
form wasfoundby Mestre.More calculationshave beencarriedout by Lloyd Kilford, Edray
Goinsandthe authorfor formsoverF.

Level | Group | History || Level Group History
1429 SLz(Fg) Mestre 2879 SLz(Fg) W.

1567 SLz(Fg) Mestre 3271 SL2(F512) W.

1613 | SLy(Fg) | Mestre || 3517 | SLo(Fs) | Kilford
1693 | SLy(Fg) | Mestre | 3709 | SLo(Fs) | Kilford
1997 | SLy(Fg) | W. 4817 | SlLp(Fs) | Kilford
2017 SLz(Fg) W. 4889 SLz(Fg) Kilford
2089 SLz(Fg) W. 6133 SLz(F1024) Kilford
2633 | SLy(Fsp) | Kilford || 6709 | SLy(Fis) | Kilford
2647 | SLo(F1e) | W. 7237 | SLa(Fs) | Kilford
2767 | SLo(Fes) | W.

Non-GorensteinHecke algebras

The rst non-Gorensteitdecke algebrasverefound by Lloyd Kilford ([Kilford]) for o(p)
in weight2 over F, with p 2 f431;503 2089. All correspondingnodularformsaredihe-
dral, the associated>aloisrepresentatioiis only rami ed in p andalsooccursfor a weight
oneform. However, the local Hecke algebrain weight oneis Gorensteinin all the cases.
Thesenon-Gorensteifiorms of weight2 shouldbe consideredsold formsdueto the pres-
enceof the weight oneforms, which canbe embeddednto weight 2 in two differentways
asexplainedin ChapterlV. We did not nd arny weight one Hecke algebrawhich is non-
Gorensteirandwhosesystemof eigervaluesdoesnot alreadylive in a strictly lower level.
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Realisationof SL,(F, ) asGaloisgroupsover Q

Weight2 eigenformgor o(N) overF, giveriseto a Galoisrepresentationyhoseimageis
a nite subgroupin SL,(F). This leadsto a realisationof the occurringimagesas Galois
groupsoverQ. It seem®nly to have beenknown previouslythatSL, (F2r ) occursforr 16,
againdueto computationdy Mestre(see] SerreGaloig p. 53). Theabstractealisationghat
we obtainin thatway only ramify in N andusuallyalso2.

Up to conjugationall subgroupof SL,(F2r ) are

SLy(Fgs) withsjr,

dihedralD, withnj2' lornj2 + 1,
cyclicCn withnj2" lornj2' + 1,
subgroup®f the uppertriangularmatrices.

In square-fredevelsonly D, or SL,(F2s) arepossibleby Proposition(1.5.2) unlessthe
representatiofs trivial. It is easyto determinea lower boundfor theimage,asconjugay
classesanbedistinguisheddy their traces.Thetracesof all Frobeniuslementdor primes
p - 2N andp lessthanthe Hecke boundareusedin the program.Althoughit is unlikely, it is
not excludedthatnot enoughconjugay classesrehit to obtainthewholeimage.Hence we
canonly talk aboutlower bounds.

We have 2506groupsof thetype SL,(F2s ) with s > 1in atable.For instancethereis a
GaloisextensionK jQ with groupSL;,(F;:27 ), whichrami es only in 3313and(probably)2.

Therearerelatively few formswith afull SL,(F»r ) asimagein weight1:

Degree all 2 3 4 5 6
#forms 1581 | 551 | 400 | 243 | 107 | 99
Percentag&L, 28 | 59 20| 04| 10|10

Thecentralrow indicategshenumberof eigenformdor thatdegreeandthelowerrow contains
the percentagef SL,-forms. We pointoutthatwe countD 3 = SL,(F;) asdihedralandnot
amongthe SL,.

In weight2 therearemary moreformswith afull SL,(F»r) asimage:

Degree all 2-4 5-7 | 8-10 | 11-13 | 14-16
#forms 10244 | 5732 | 1746 | 907 | 511 262
Percentag&L, 47 33 60 57 61 74

If we restrictonly to primelevels,in weight2 the percentagés roughly 60%
The computationhave yieldedthefollowing result.

(5.1.1)Theorem. All groupsSL,(F2r ) occurasGaloisgroupsoverQ for r from1upto 77.
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5.2.Icosahedral Galois representationsand Serre's conjec-
ture

Shepherd-BarroandTaylor ([ShBT]) have provedthatary irreducibleGaloisrepresentation
. GQ ! GLz(F4)

which is unrami ed at 3 and 5 is modular In view of Serres conjectureonly the level
and the weight questionfor suchrepresentationare hencenot fully answeredwhen the
representatiois exceptional(seeSectionl.l).

From the point of view of Maalforms theserepresentationare interesting,whenthe
number eld K cutoutby theprojectvisation : Gg! GL2(Fs) PGL2(F4) is totally
real. For thenthereexistsanevenrepresentation : Go ! GL»(C) whoseprojectiisation
cutsout the same eld K. Suchrepresentationare generallyconjecturedto come from
certainMaal¥forms. If indeedthisis true,thenthe correspondindaaliform hascoefcients
in the algebraidntegersandshouldreducemoduloa prime above 2 to a Katz modularform
overF, of weightone. It would beinterestingo carryoutsomecomputation®f MaaRforms
in thatdirection.

In [Doud-Mooré Doud and Moore usea targetedHunter searchto obtaina complete
list of all evenicosahedratomplex Galoisrepresentationsf prime conductorp < 10000
Moreover, they supplypolynomialsgeneratinghe correspondingh s-extensionof Q. None
of therepresentationis thatrangeis exceptionalwhencehecitedresultby Shepherd-Barron
andTaylor togethemwith level andweightlowering givesthe existenceof the corresponding
modularforms for o(p) andweight 1 over F;. We have veri ed someof the casesalso
computationally

Anotherlist of polynomialsgeneratingotally real As-extensionsof Q wassuppliedby
JugenKluners.It containsatotally real As-extensionramifying only in theprimep = 8311
suchthatthe associatedepresentatiog ! SL>(F4) hasconductorp, but theredoesnot
exist a complec icosahedratepresentatiomf prime conductor That representatiois not
exceptionaland the associatedveight one form over F, wasfound. The rst exceptional
caseof a totally real As-representatioisg ! PGL2(C) comingfrom Kliiners' table has
prime conductormp = 10267 As predictedby Serres conjecturethereis a weightoneform
in level 1026 7whosecoefcients matchwith thetracesof the Frobeniuselements=rob, for
primes3 p 3413 Thisis the rst testknown to the authorof Serres conjecturefor a
totally real As-extensionin acasenot coveredby level loweringandweightlowering.
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Samervatting

In dezesamenattingzal ik eersteenzo begrijpelijk mogelijke, elementairénleiding geven
tot hetgebiedvande wiskundewaaroser mijn proefschriftgaat. Daarnavolgt eenoverzicht
vandeinhoudvandezedissertatie.

Modulairevormenspelenal sindshunintroductiein de 19deeeuweenbelangrijle rol in
degetaltheorieln hetbegin werdenzij metbehulpvande complexe analysebestudeerdom-
dat de bijbehorendd~ouriercoéfciénten vaakgetaltheoretischinterpretatiedbezitten. Bij-
voorbeeldbestaatr eenmodulairevorm waanan de n-de Fouriercoéfciént gelijk is aan
hetaantalmogelijkhederetgetaln als somvanachtkwadratente schrijven. Sindsde ja-
renzestigis detaalvande algebraischeneetkundein hetbijzonderdie vande aritmetisdie
algebraishhemeetkundgn veelgebiedervandegetaltheoricheelnuttig geblelen. Op grond
van inzichtenvan Shimura,Weil, Serreen Deligne werd dezenieuwetaal metveel succes
ook op de theorievan modulairevormentoegepasten er werdenenigediepesamenhangen
ontdekt. Als hoogtepuntot nu toeis hetbewijs van hetvermoedervan Fermatte noemen,
datin 1994door Andrew Wiles gevondenwerd. Dit vermoederzegt datde vergelijking

a'+h=c"

metgehelemachtem 3 geenoplossingheeftvoor positieve natuurlijke getallena; b;c.
De samenhangussengetaltheorieen meetkundewil ik met behulpvan eeneervoudig
voorbeeldaanduidenLatenwe deverelijking

a?+ b =¢c?

beschouwenAndersdanin hetvermoedemwvanFermatheeftdezevergelijking wel oplossin-
gen,namelijkde bekendePythagoreischdrietallen,zoals3? + 4% = 52 of 52 + 122 = 132,
Alswex = Zeny = g schrijven,danverkrijgenwe middelseeneervoudigemanipulatiede
vergelijking

x*+y? 1=0

Beschouwenve nueerstallereéleoplossingerfd.w.z. we staangetallentoe die oneindigveel
cijfersachterdekommamogenhebberenniet periodiekhoerente zijn).
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Met behulpvandeparametrisati& = coq' ) eny = sin(' ) zien y 4
we datdereéleoplossingerpreciesde eenheidscirkl vormen(d.w.z.
decirkel om de oorsprongvan hetcodrdinatemlak metstraall). Nu

N
zijn we heelduidelijk in de wereldvan de meetkunde!Onzevraag <>

xX

naarde Pythagoreischdrietallenkannuwordenvertaaldin devraag
naarpuntenop het eenheidscirkl waanan de codrdinaterbreulen
(d.w.z. rationalegetallen zijn.

We zullen zien dat de vergelijking a® + b? = ¢ maklelijker te
bestudereris, als menniet alleenmet breuken werkt maarook met hetgetali datals een
wortelvan 1 gede niéerdis, d.w.z. alseenoplossingvandevergelijking

X2+ 1=0:

Volgensde hoofdstellingvan de algebraheeft namelijk iederezulke verelijking over de
complee getallenevenveeloplossingerfmetmultipliciteiten) alshaargraadaangeeftin dit
geval dustwee,namelijki en i.

We zullenin de getallenvan Gaul3rekenen,dit zijn alle getallendie mendoor optellen
envermenigvuldigervangehelegetallenenhetgetali verkrijgt. Hetis maklkelijk in te zien
datmeniederegetalvanGaulRalsa + ib metgehelegetallena enb kanschrijven. Latenwe
onsherinnererdateenpositiefnatuurlijk getalongelijk 1 eenpriemgetal heet,als zijn enige
positieve delersl en het getal zelf zijn. ledergeheelgetal ongelijk 0 kan op de volgorde
naop eenduidigamaniergeschrgenwordenals plus of min eenproductvan priemgetallen,
bijv.is12= 2 2 3. Zoietsis ookvoor degetallenvanGaul3geldig. De enigegetallenvan
Gaulidie iederwillekeuriggetalvanGauf3delenzijn 1; 1;i; i; dezewordende GaulReen-
hedengenoemd.Een Gaul3priemgetak eengetalvan Gaul3ongelijk 1 die in de kwadrant
rechtsboven met de positieve x-asen zonderde y-asligt enalleendoor de Gau3eenheden
endoor zichzelfkeereenGaulReenheidedeeldvord. ledergetalvan Gauf3kan op de volg-
ordenaop eenduidigamaniergeschrgenwordenals productvan Gaul3priemgetalleaneen
Gaul3eenheid.

Bovendienis het volgendegeldig: Als eenpriemgetalp bij deling door 4 rest3 heeft
(bijv.p= 3,p= 7of p= 11),danisp= p+ i 0ookeenGaul3priemgetaMe zeggenin
datgeval datp inertis. Als p gedeelddoor4 rest1 heeft,dankan mengehelegetallenu; v
vinden,zodatp = u? + v? geldigis, enduskanmenp in degetallenvanGauffactoriseren:

p= (u+iv)(u iv)=u? (iv)2=u? ()?v?=u® ( 1v?= u?+ v

Daaromis in datgeval p geenGaul3priemgetalnaaru + iv enu iv zijn datwel (op een
eenheicha). We zeggendatp in degetallenvan Gaul3gespleteris. Eenbijzondererol speelt
hetpriemgetal. Hetis

2= i1+ i)%
duseenGauReenheiteerhet kwadraatvan eenGaul3priemgetalHet gehelepriemgetal2
heetdaaromin degetallenvan Gaul3vertakt
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Latenwe teruggaamaarde vergelijking a® + ¥ = 2. In de getallenvan GaufRkunnen
we nu schrijven:
a2+ I = (a+ib)(a ib)= ¢

Als we aannemenlat a; b;c geengemeenschappeligdelershebbenwe zoelendusalleen
primitieve Pythagoreischdrietallen;doordelendoorde gemeenschappeli@actorkanmen
iederPythagoreischlrietalin eenprimitieve veranderen)danzijn a+ ib ena ib getallen
van GaulRwaanan de gemeenschappeligdelersalleende Gaul3eenhedezijn. Wegensde
unieke priemfactorisatién degetallenvanGauffmoetdana + ib zelf eenkwadraatzijn. Dus
ermoetgelden

(a+ib) = (u+iv)®2=u? v+ i2uv;

met een Gaul3eenheid en gehelegetallenu;v. Is = 1, dan verkrijgen we dus
a= (u?2 v?enb= 2uv.Is = i,danishetpreciesandersomnamelijka= 2uv
enb= (u? v?). Hetis ookmakkelijk te veri éren datdoor

a=u?® v% b=2uv, c=u’+V?

Pythagoreischdrietallengegenereeravorden,namelijk:
a?+ P = (U v3)Z+ (2uv)? = ut+ 202vP + v = (U2 + vP)? = ¢

Dushebbenve alle primitieve Pythagoreischérietallenbepaalddoorhetgetalbereikvaarin
we rekenenslim uit te breiden.Dit is eenvandebelangrijkstenethodervande algebraische
getaltheorieln hetalgemeemestudeennenondervermenigvuldigingenoptellenafgesloten
uitbreidingenvandegehelegyetallenresp.debreulen,die doorbijvoegenvanoplossingeivan
vergelijkingenvandevorm

X"+a, X" '+ +aX+a=0

metgehelegetallena; ontstaanZulke oplossingemoemtmengehelealgebraisdegetallen
In plaatsvan unieke priemfactorisaticheeftmen echterin het algemeeralleennog unieke
priemideaaléctorisatie. Begrippenals inertie, splijten en vertakkingbestaamok in deze
algemeneontet. Dit wordt aritmetiekvangetallenlichamengenoemd.

Voordatwe hetover symmetrigroepernvangetallenlicha-
men (de Galoisgoepen hebben,behandelerwe eenvoor- A
beeldvan symmetrigiroepenuit de platte euclidischemeet-
kunde. We beschouwende regelmatige vijfhoek (penta- T B
goon).Welke afstandsbehoudendenkeerbardransformaties
bestaarer, die de pentagoorop zichzelfafbeelden™et zijn Sl
derotatiesovern 72 gradenmetn 2 f0;1;:::;4g ende
spigygelingendoor de assendie door eenhoekpuntlopenen
loodrechtop detegenoverliggendezijde staan.Bij elkaarbe-
staaner dus10 zulke transformatiesHet samenstellemantweezulke levert altijd eenderde
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op. Bovendienkan mende transformatiesveeromkeren(derotatieovern 72 gradendoor
derotatieover(5 n) 72gradengendespiggelingdoorhemnogeenkeerte doen).Zoiets
noemtmeneengroep. We hebbendus net de symmetrigroepvan de regelmatigevijfhoek
beschrgen. In hetalgemeemoemtmende symmetrigroepvan de regelmatigen-hoekde
n-dediédegroep Zij heeft2n elementen.

In degetaltheoridbekijkt mendesymmetrigroepernvangetallenlichameennoemtdeze
Galoisgioepen Latenwe methetvoorbeeldvanbovendoomaan.De rationalegetallenvan
Gaulizijn alle getallena + ib waarbijnua enb breulkenzijn. Eensymmetrievanderationale
getallenvan Gaul3is eenomkeerbareafbeeldingvan de rationalegetallenvan GaulZnaar
zichzelf die vermenigvuldigingen optellenbehoudt. Zij is danautomatisctde identiteitop
debreulen. Naastde identieke symmetriebestaatr éénandere.Dezewordt gegevendoor
hetgetala + ib op hetgetala ib af te beeldendusdoor complexe conjugatie.Pastmen
dezeafbeeldingtweekeertoe danverkrijgt menweerde identiteit. De Galoisgroeprande
rationalegetallenvan Gaufbevat preciesdezetweeelementen.

Maar er zijn ook getallenlichamemwaanan de symmetrigroepdezelfdevermenigvul-
diging heeftals de symmetrigroepvan de vijtfhoek (in het algemeergeldt dit voor iedere
regelmatigen-hoek).Bijvoorbeelds dit hetgeval voor hetgetallenlichaandatmenverkrijgt
dooraandebreulennogalle oplossingervandevergelijking

X5 2X*+2X® X?%+1

toe te voegenen ook nog alle getallendie door vermenigvuldigingen optellenhieruit ont-
staan.

De symmetrigiroepvan de verzamelingvan alle algebraischeetallensamenheetde
absoluteGaloisgoepvanderationalegetallenenwordtdoorhetsymboolG g aangeduidUit
dezegroepkanmenin principealle informatieover alle getallenlichamemn hunaritmetiek
a ezen! Dusis Gg hetcentraleobjectvandealgebraischgetaltheorieHelaads destructuur
vanGg heelmysterieugzij heeftbijv. overaftelbaaveelelementend.w.z. veelmeerdaner
gehelegetallenbestaangnzij is zeerslechtbegrepen.

Op dezeplaatsspeeltde diepesamenwerking/an algebraischeneetkundesn algebra-
ische getaltheoriein de theorie van de modulairevormeneenheel belangrijle rol. Er is
namelijk eentheoremavan Shimura,Delignhe en Serredat bij eenmodulailigvorm (die een
eigervorm is, dat betelent bijv. als de vorm als oneindigereekse? '+ ,11=2 ape?
geschregenis datdana, an = a.m geldtvoorn enm zondergemeenschappeligdactor)
voor eengegevenpriemgetap eenGaloisrepresentatigdatis eencontinuéafbeeldingd.w.z.
zij respecteertle meetkundeenhetsamenstellen)

Gq! GLa(Fp)

maakt(dezeis oneven en semi-simpel). De rechterkantvan de formule moetnog worden
uitgelegd. Hier is F, deverzamelingzanalle oplossingervanvergelijkingen

X"+a, (X" 1+ +aX+a=0;
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waarwe nu van de coéfciénten alleende restbekijken die zij bij het delendoor p geven.
Daarenbwenis GL(F,) de groepvan omkeerbardineaire afbeeldingervan hetvlak met
codrdinaterin F,. Eenvoudiggezed betelentdit datwe plattestukkenvan Ggq in karakte-
ristiek p beschouwenHiervoorbestaageengoedejntuitieveaanschouwinggndetaalwordt
alleenin analogiemetde gewone,reélemeetkundeebruikt. De topologie,d.w.z. de manier
waaropwe de meetkundep F,, de niéren, namelijkdiskreetheeftals gevolg datde “platte
stukken” vanGq eindigzijn, dusalleenmaaruit eindigveelelementerbestaanDit betelent
dandatde modulairevorm, waarmeeve begonnenwaren,eengetallenlichaanoplevert. Het
belangrijle is nu dat de aritmetiekvan het getallenlichaar{ten minstegedeeltelijk)aande
coéfciénten van de modulairevorm kan wordenafgelezen(die kunnenwe berelenen;we
kunnenze zelf directin F, nemen)!Op dezemanierverlenenonsde modulairevormeneen
klein inzichtin demysterieuzebsoluteGaloisgroefGg!

Latenwe eenvoorbeeldbekijken. Er is eenmodulairevorm vanniveau229engewicht 1
waanande coéfciénten in deverzameling 0; 1g liggen (metde optellingenvermenigvul-
digingl+ 0= 1;1+ 1= 0;1 1= 1;1 0= 0dusin heteindigelichaamF,). Zij K
hetgetallenlichaandatuit de breukendoor bijvoegenvaneenwortel vanhetpriemgetal229
gemaakivordt. Zij | eenpriemgetalongelijkaan2 en229. Danis del-decoéfciént vande
modulairevorm gelijk aan0 danenslechtsdanals! in K inertis (d.w.z. datgeenkwadraat
bij delendoorl dezelfderestheeftals 229 of datl in tweehoofdidealersplijt. Andersis de
coéfciént gelijk aanl.

We hebbendus gezien,dat eenmodulairevorm “platte stukken” van Gq in karakteris-
tiek p oplevert. De beroemdewiskundigeJean-Pierr&erre(in 2003 de eerstewinnaarvan
de nieuwe Abelprijs die de Nobelprijsvoor de wiskundezal worden)heefthet vermoeden
uitgesprolen datandersorralle “platte stukken” van Gq in karakteristiekp door modulaire
vormenkunnenwordenbeschrgen. Hij heeftzelfs eenformule aanggevenwaarmeemen
naarde modulairevormenmoetzoelen (d.w.z. hetniveau,hetkarakteren hetgewicht). Als
dit vermoederwaaris, dankunnenwe alle zulke platte stukken van Gg met de computer
berelenen,omdatwe modulairevormenkunnenberelenen! Serresvermoedens duszowel
vangrootstructureehls vancomputationeebelang.Echteris hetniet bekendof Serresver-
moedernwaaris. Maarenkele maandemeledenverdeenbelangrijkgeval opgelostzodathet
onderzoekegenwoordigsterkin beweging is.

Nu zullenwe kort modulairekrommenbesprekn. Dezekunnenals hetmeetkundigeas-
pectvan modulairevormenwordenbeschouwd.Bovendiengeven zij de verbindingtussen
modulairevormen, modulairesymbolen(zie benedenken GaloisrepresentatiedModulaire
krommenzijn voorlopig complexe krommen,dus vlakken in de aanschouwing.De een-
voudigstemodulairekrommeis gegeven als de puntenin het codrdinatewmlak, waanan de
x-codrdinaatussen % en % ligt endie op of bovendeeenheidscirkl liggen. Nu moetmen
delinkerrandop derechterrangblakken (letterlijk: we knippendit gebiedmeteenschaauit;
danplakkenwe detweelangelijnen aanelkaar;tenslotteplakkenwe nog de linkerhelftvan
deboogaanderechterhelftzo verkrijgt meneencilinder meteenietwat vieemdebodem).
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Het op dezemanierverkregenvlak is boven open. Men
kanhemdoorbijvoegenvaneenpunt,vaneenspits compac-
ti ceren (ook dit is aanschouwelijke maken: we duwende
cilinder aande bovenkanttot eenpunt samen;dan zien we
de spitsheelduidelijk). Het zo ontstanevlak is eencompact
Riemannoppervlakd.w.z. dat kleine stukken meetkundiger
hetzelfdeuitzien als het complece getallervlak. Modulaire
vormenvindt men op de modulairekrommenterug als dif- ‘ ‘
ferentiaalwrmen(dezeheeftmenbijv. nodigom op Rieman- 105 05 1
noppervlaklente integreren). Het belangrijle voor de getal-
theorieis datdemodulairekrommenook eenvrij diepealgebraischstructuuthebbend.w.z.
dat hun puntenoplossingervan vergelijkingen met gehelecoéfciénten zijn, maardanin
meerderevariabelen.Ook de differentiaalormenhebbeneenalgebraischanalogondie de
Katz modulaire vormenoplevert, die in dit proefschriftgebruiktworden. Ook de Galoisre-
presentatiesvordenmetbehulpvande algebraischéeschrijvingvan de modulairekromme
gemaakt.

x

Voor de studievan oppervlaklen (en ook hogerdimensionalgariéteiten)gebruikt men
de (co-)homologietheorie We zullen kort de homologietheorievan Riemannoppervlakén
met triviale coéfciénten beschrijen. Maar in het proefschriftworden ook (co-)homolo-
gietheorieérvan schemas (datzijn algebraischgeneralisatiesan Riemannopperviakén),
stacks(dat zijn nogverderegeneralisatiesgn vangroepengebruiktendanin hetalgemeen
metniet-triviale coéfciénten.

Men kaniederRiemannopperviakiangulerend.w.z. hemin eindigveeldriehoelenop-
delen(de zijden mogenkrom zijn maargeenknikken bevatten). Voor het opdelenin drie-
hoelenwordenzijdengetelend.lederedriehoekheeftdrie zildenentweeelkaaraanralende
driehoelenhebbertenminsteeengemeenschappeligzijde. Bovendienbekijkenwe dever-
zamelingvansnijpuntervanzijden.

We beschrijyennu eentriangulatievande etsband(detorus). Dit doen
we constructief We beginnenmetderechthoeluit hetplaatjediewein twee A B
driehoelen opgedeelchebben. Door plakken zal het aantalzijden dalen.
Eerstplakkenwe de zijde AD aandezijde BC. Op dezemanierverkrijgen
we eencilinder. Nu plakkenwe hetdekselop de bodem(we stellenonsde
cilinder uit rubbervoor).

De Eulerkarakteristiekaneenoppervlakis = d z+ p, waard het
aantaldriehoelen, z hetaantalzijden en p hetaantalhoekpunteraanduidt.
De Eulerkarakteristieks onafhanlelijk van de triangulatie. Bovendiengeldt de beroemde
formule

=2 2g

waarg hetgeslachvanhetoppervlakis, d.w.z. hetaantalgaten.
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In hetvoorbeeldvan de etsbandvindenwe inderdaady = 1.
We hebbemamelijknogaltijd detweedriehoelen,waarmeewve be-
gonnenzijn. Omdatwe de zijde AD metBC enook AB metDC
geidenti ceerdhebbenjs hetaantalzijdenvanonzetriangulatievan
detorus3. Bovendienvallenalle vier hoekpunteronderhetplakken
samertot éénpunt. Dusverkrijgenweinderdaad = 2 3+ 1= 0.

De modulairekrommedie we bovenbeschrgen hebberheeftgeengat. Dus geldtvoor
haarg = 0. We kunnenook de modulairekrommemaklielijk triangulerenWe vouwenhaar
weer uiteenen gebruiken maarééndriehoek. Dit bestaauit de twee hoekpunterbeneden
links enbenedemrechtssamermmeteendenkbeeldigpunthelemaaboven (dit is hetpuntdat
door hetsamenduwewan de cilinder ontstaaris). Dan hebbenwve nahetplakkennogdrie
hoekpuntentweezijden(deverticaleenhetstukvandeboog)endedriehoek.Dusverkrijgen
we =1 2+ 3= 2 Watalgemenerenodulairekrommen,bijv. dein hetproefschrift
gebruiktemodulairekrommeX 1 (N ), hebbermeestaleelgaten.

De homologigroeperstaanin nauwerelatietot de Eulerkarakteristiekde Eulerkarakte-
ristiek wordt metbehulpvande homologigroeperafgeleid). De nuldeen de tweedehomo-
logiegroepzijn vrije groepernvanranggelijk aanhetaantalsamenhangscomponentdémons
geval is derangvanallebeidus 1. De eerstehomologigroepis ook eenvrije groep. Haar
rangis 2g metg hetgeslacht.

Nadatwe nu geprobeerdhebbereeneersteheelerg vereewoudigdideete gevenvande
objecterdie in hetproefschriftbehandeldvorden,zullenwe nudeinhoudervanbeschrijen.

Het eerstehoofdstukis inmiddelsals artikel verschenenEr wordt eenaangepasteersie
van Serresvermoederbehandeld.Diepe resultatervan verschillendewiskundigenzeggen
datvoor onevenkarakteristiekp Serredormulesvoor hetniveau,hetkarakterenhetgewicht
van de gepostuleerdenodulairevorm inderdaaduist zijn. Dit wil zeggendat als er een
modulairevorm bestaatie eengegeven “plat stuk” van Gq geeft,danbestaaker ook een
modulairevorm die aanSerresformule voldoet. Het geval p = 2 is echternog gedeeltelijk
open.

In het artikel beperkik me tot “platte stukken” in karakteristiekp van Gg (dustwee-
dimensionaleGaloisrepresentatiesyaanan de symmetrigroepeenDiédegroep,dus een
symmetrigroepvan eenregelmatigen-hoekis. Voor dezetoonik hetaangepast8errerer-
moedenaanzonderuitzondering,dusinclusiefhetgeval p = 2. Dat zulk eenGaloisrepre-
sentatievan eenmodulairevorm komt wasin principeal Erich Hecke bekend, ten minste
alsp 6 2is. In hetbewijs maakik oneindigveel zulke modulairevormen,zodatik dan
metbehulpvanhetladenprincipgverdeell0 lettersover 5 laden,danis er eenladewaarin
er ten minstetwee liggen) er twee kan kiezen,die zich met methodervan de algebraische
meetkundedot de gevenstemodulairevorm latencombineren.

In hetHoofdstukll berelenenvergelijk ik verschillendesoortercohomologigroeperdie
alle metde modulairekrommeX 1 (N) (dit is eenietsalgemeneRiemannopperviaklande
hiervoorbeschrgenmodulairekromme)samenhangemethetformalismevandemodulaire
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symbolendat van de homologieafgeleidis. In dezebereleningenis de coéfciéntenring
willekeurig. Er wordenexpliciete beschrijvingerin termenvanlineairealgebragegeven.

We bekijken modulairesymbolenom praktischeredenen:zij zijn in hetver verspreide
computeralgebrasysteeiagmageimplementeerdlk hebcomputerprogramma’geschre-
vendie hieropwerken.

In het derdehoofdstukwordennieuwe gevallen bewezen,wanneerde Katz modulaire
vormenover F, met behulpvan de expliciete beschrijvingenvan de cohomologigroepen
uit Hoofdstukll directover heteindigelichaamF, kunnenwordenberelend. Dit betelent
eensnelheidswinsin vergelijking tot methoderdie gehelegetallengebruilen. Met behulp
van eenidee van Edixhoven verkrijgen we zo ook eenalgoritmevoor de bereleningvan
Katz modulairevormenvan gewicht één(dezezijn niet directberelenbaarmetbehulpvan
modulairesymbolerover Fp,.

Hetbewijs gebruikthetopmerlelijke parallelgedragusserdemodulairevormenvange-
wicht 2 enniveauN p over F, ende eerstecohomologigroepervande Riemannoppervlak-
kenX 1(N p) metF,-coé&fciénten. In allebeivindt mennamelijkde modulairevormenresp.

horen.

De overgangvande complexe meetkundeaarde algebraischever F, vindt metbehulp
vande Jalobiaanvande modulairekrommeplaats.De eerstekohomologigroepkan name-
lijk metde p-torsievande complece Jalobiaangeidenti ceerdworden. Gaatmendannaar
hetNéronmodel/ande Jalobiaan,dankanmeneigenschappevandegeneriele vezel(zelfs
vanhetRiemannoppervlakjaarde specialevezel(dusnaarF,) overdragen.

Het vierde hoofdstukbevat eenbeschrijvingvan de algoritmendie voortkomenuit de
theorievan de tweevoorgaandenoofdstuklen. Tenslottewordtin hetvijfde hoofdstukover
computerbereéningergerapporteerdie metbehulpvandevoorgesteldelgoritmenzijn uit-
gevoerd.Erwordtbijvoorbeeldyeconstateerdatde plattestuklkenvanGg in karakteristiek2
opmerlelijk sterkgroeien. Bovendienwordenook obsenatiesgemaaktdie enkeleinteres-
santetheoretischesamenhangesuggererenHun studiezou hetonderwerpsantoekomstige
projecterkunnenzijn.



Zusammenfassung

In dieserkurzenZusammerdssungnochteich einemdglichstallgemeinverstandlicheEin-
fuhrungin dasGebietdervorliegendenArbeit undeinenUberblick iberdiesegeben.

Modulformenspielenseitihrer Einfuhrungim 19. JahrhunderéinezentraleRolle in der
ZahlentheorieZu Anfangwurdensie mit Hilfe der Funktionentheorientersuchtdadie zu-
gehorigenFourierkoef zienten hau g interessanteahlentheoretischBedeutungerhaben.
Sogibt esz. B. eineModulform, derenn-ter Fourierkoef zient angibt,wie oft die naturliche
Zahl n als Summevon 8 Quadraterdamgestelltwerdenkann. Seitden60er Jahrenhat sich
die Sprachaleralgebraischeeometrie pesondersler arithmetistienalgebraischenGeo-
metrig in vielenBereicherderZahlentheorialssehrniitzlicherwiesenAuf Grundvon Ein-
sichtenvon ShimuraWeil, Serreund DelignewurdedieseneueSprachenit viel Erfolg auch
auf die Theorieder Modulformenangavandtund hat einigetief liegendeZusammenhénge
zu TagegebrachtAls spektakularebisherigerHohepunktist der Beweis der Fermatschen
Vermutungzu nennengdenAndrew Wiles 1994gefunderhat. DieseVermutungoesagtdass
die Gleichung

a'+ b =c"

fur ganzeExponentem 3 keineLdsungin positivennaturlichenZahlena; b;c hat.

DenZusammenhangwischernZahlentheoriaind Geometriemdchteich aneinemeinfa-
chenBeispielandeutenNehmernwir die Gleichung

&+ P =
Im Gegensatzum FermatproblenhatdieseGleichungLésungennamlichdie wohlbekann-
ten Pythagoraischeffiripel, z. B. 32 + 42 = 5% oder5% + 122 = 13*. Schreiberwir x = 2
undy = g dannerhalterwir durcheinfacheUmformungerdie Gleichung

x2+y? 1=0

Wir kénnenzunéchstlle reellenLdsungerbetrachter(d. h. wir erlaubenZahlenmit belie-
biger, alsoauchunendlicherundnicht periodischeDezimalschreibweise).

91
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Mittels der Parametrisierung = cos( ) undy = sin(* ) sehen y 4
wir, dassdie reellenLdésungergeradedenEinheitskreisbilden (d. h.
den Kreis von Radius1 um den Ursprungder Koordinatenebene).

N
Damit sind wir nun ganzoffensichtlichin der Welt der Geometrie! <>

xX

UnsereFragenachdenPythagoraischeifiripeln Ubersetzsich dann
in die FragenachPunktenauf demEinheitskreisderenKoordinaten
Bruchzahler(diesenennerwir rationaleZahler) sind.
Esstelltsichherausdasssichdie Gleichunga?+ b? = ¢ leichter
untersuchefasst,wennmannicht nur Bruchzahlerzuldsstsonderrauchdie Zahli, welche
alseineWurzelvon 1 de niert ist, alsoalseineLésungderGleichung

X2+ 1=0:

Nach demHauptsatzder Algebrahat nédmlich jede solcheGleichunguber denkomplexen
Zahlensoviele Losungen(mit Multiplizitdten gezahlt)wie der Gradist; hier alsozwei, und
die Lésungersindi und .

Wir werdenin denGaulRsche@ahlenrechnenDassindalle Zahlen,die mandurchAd-
dition undMultiplikation von ganzerZahlenundderZahli erhalt.Esist einfacheinzusehen,
dasssichjede Gaul3cheZahl schreiberasstalsa + ib mit ganzerZahlena undb. Erinnern
wir uns,dasseinepositive naturlicheZahl ungleichl Primzahlhei3t,wenndie einzigenpo-
sitivenTeiler 1 unddie Zahl selbstsind. JedeganzeZahlungleichO lasstsichauf bis auf die
ReihenfolgeeindeutigeMeiseals plus oderminuseinemProduktvon Primzahlerschreiben,
z.B.ist12 = 2 2 3. EtwasganzAhnlichesgilt in denGauRscherZahlen.Die einzigen
Gaul3schezahlen,die jede beliebigeGau3sch&ahl teilen,sind1; 1;i; i; dieseheil3en
Gaul3sch&inheiten EineGauRsch®rimzahlist eineGauRsch&ahlungleichl, dieim Qua-
dratenrechtsobeneinschlielicrdempositivenTeil derx-Achseohnedie y-Achseliegt und
nur von denGauf3scheltinheitenund von sich selbstmal einer Gau3schetkinheit geteilt
wird. JedeGaul3sch&ahllasstsichaufbis auf die Reihenfolgesindeutigé/NVeiseals Produkt
einer Gaul3schercinheit mit einemProduktvon Gaul3scherPrimzahlenschreibenEs gilt
fernerFolgendesWenndie ganzePrimzahlp beim Teilen durch4 denRest3 emibt (z. B.
p= 3,p= 7oderp= 11),dannistp = p+ i 0aucheineGau3sch&rimzahl.Wir sagen
dann,dassp trage ist. Lasstp aberbeim Teilen durch4 denRest1, dannkannmanganze
Zahlenu;v nden, derartdassp = u? + v? gilt, und daherkannmanp in denGauRschen
Zahlenfaktorisieren:

p= (u+iv)(u iv)=u? (iv)2=u? ()?v?=u? ( 1v?= u?+ v

Daheristin diesenfall p keineGaul3sch®rimzahl,stattdesseaberu + iv undu iv (evtl.
bis auf eineEinheit). Wir sagendassp in denGaufRsche@ahlenzerlegt ist. Einebesondere
Rolle spieltdie Primzahl2, sieist

2= i(1+i0)%



Zusammenfassung 93

d. h. eineGaul3sch&inheitmal einemQuadrateinerGauf3schePrimzahl.Die ganzePrim-
zahl2 heildtdeswgenin denGauf3scheZahlenverzweigt

Kommenwir zuriickzur Gleichunga? + ¥ = ¢?. In denGauRscheZahlenkénnenwir
diesenunsoschreiben:

a2+ = (a+ib)a ib)= c&

Wennwir annehmendgassa; b;c keinegemeinsameiieiler haben(wir suchendannnur pri-

mitive Pythagoraischdripel; durchdasHerausteilerdesgemeinsameffraktorskannjedes
Pythagoraischéripel auf ein primitiveszuriickgefiuhriverden)dannsinda + ib unda ib

teilerfremdeGauf3sch&ahlen,d. h. dasshre gemeinsamefieiler nurdie Gaul3schekinhei-
ten sind. Wegender eindeutigerPrimfaktorzerlgungin den Gau3scheZahlenmussdann
abera + ib schonselbstein Quadratsein,alsomussgelten

(a+ ib) = (u+iv)2=u? Vv2+i2uv;

mit einerGaul3scherkinheit undganzenZahlenu;v. Ist = 1, dannerhaltenwir also
a= (u® v¥undb= 2uv.Ist = i, dannistesgeradeumgelehrta = 2uv und
b= (u? v?). Andersherunist esganzeinfachnachzupriifendassdie Zuordnung

a=u? Vv% b=2uv; c= u?+Vv?
Pythagoraischéripel erzeugtnamlich:
a?+ P = (U> v¥)Z+ (Quv)? = ut+ 0B+ v = (U2 + VA2 = ¢

Damithabenwir alle primitiven Pythagoraischeifiripel bestimmtindemwir denZahlenbe-
reich,in demwir rechnengeschickterweiterthaben Dies ist eine Hauptmethodeler alge-
braischerzahlentheorieAllgemeinerstudiertmanunterMultiplikation und Addition abge-
schlossen&rweiterungerder ganzenZahlenbzw. der Bruchzahlendie durchHinzuflgen
von Lésungernvon GleichungerderForm

X"+ a, (X" '+  +ayX+a=0

mit ganzerZahlena; entstehenSolcheLdsungemenntmanganzealgebraischeZahlen An
die Stelleder eindeutigenPrimfaktorzerlgungtritt dannjedochim Allgemeinennur noch
die eindeutigePrimidealzerlgung.Begriffe wie Tragheit,Zerlegungund Verzweigunghat
manjedochauchim erweitertenSinn. Sie werdenzusammengeifsstim Begriff Arithmetik
der Zahlkorpet

Bevor wir zu Symmetrigruppenvon Zahlkérpern(den sogenannterGaloisgruppe
kommen,behandelrwir ein Beispiel von Symmetrigruppenausder ebenereuklidischen
GeometrieWir betrachterdasregelmafigg-uinfeck(Pentagon).
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WelcheabstandserhaltendemkehrbarenTransformatio- A
nengibt es, die dasPentagorin sich selbstiberfihren?Es
sinddiesdie Drehungerumn 72Gradmitn 2 f0;1;:::;49  ~~- B
und die Spiggelungenan den Achsen,die durch einenEck-
punktgehenund senkrechiauf der gegeniiberdem Eckpunkt S~
liegenderSeitestehenlnsgesamgjibt esalsol0solcheTrans-
formationen.DasHintereinanderausfuhreron zwei solchen
liefert einedritte. AuRerdemkannmandie Transformationen
wiederrickgangignacher(die Rotationumn 72 GraddurchRotationum(5 n) 72Grad,
und die SpiggelungdurchnochmaligesAusfihren).So etwas nenntman eine Gruppe.Wir
habenalsogeradedie SymmetrigruppedesregelmaRigeriunfecksbeschriebenim Allge-
meinennenntman die Symmetrigiruppedesregelmaligem-Ecks die n-te Diedegruppe
Diesehat2n Elemente.

In der Zahlentheoridetrachtetnan Symmetrigruppernvon Zahlkérpernund nenntdie-
se GaloisgruppenSchlieBenwir an dasBeispielvon obenan. Die gebrocheneGaulischen
Zahlensindalle Zahlena + ib, wobeia; b nunBruchzahlersind.Eine Symmetriedergebro-
chenenGauRRscheZahlenist eineumkehrbareSelbstabbildungdie die Multiplikation und
die Addition respektiert Sie ist dannautomatisctdie Identitadtauf denBruchzahlenNeben
der identischenSymmetriegibt es eine weitere.Dieseist dadurchgegeben,dassdie Zahl
a+ ib aufdieZahla ib abgebildetvird. FlihrtmandieseAbbildungzweimalnacheinander
aus,soerhaltmanwiederdie Identitat.Die Galoisgruppa&ergebrocheneaullsche#Zahlen
enthaltgenaudiesezwei Elemente.

Esgibt aberauchZahlkdrper derenSymmetrigruppedenselberGesetzerfolgt wie die
SymmetrigiruppedesFinfecks(allgemeinemilt diesfir jedesregelmassigan-Eck). Z. B.
ist diesder Fall beim Zahlkdrper denmanerhalt,indemmanzu denBruchzahlemochalle
LésungerderGleichung

X5 2X4+2X3® X?%+1

hinzufugtundalle Zahlen,die manausdiesendurchMultiplikation und Addition erhalt.

Die Symmetrigruppeder Mengealler algebraischeizahleniberhaupnenntman die
absoluteGaloisgruppeder rationalenZahlenund bezeichnesie mit demSymbolGq. Aus
ihr kannmanim Prinzip alle Informationenzu allen Zahlkdrpernund derenArithmetik ab-
lesen!Daherist Go daszentraleObjektder algebraischeZahlentheorieAllerdingsist die
Strukturvon Gg sehrmysterids(sie hatz. B. Gberabzéhlbaviele Elemented. h. viel mehr
alsesganzeZahlengibt) undsieist nur sehrschlechtverstanden.

An dieserStellekommtnundastie ie gendeZusammenspialonalgebraischeGeometrie
und algebraischeZahlentheorién der Theorieder Modulformenvoll zum Tragen.Es gibt
namlicheinenSatzvon Shimura,Deligneund Serre,dereinerModulformlgdie eineEigen-
formist, d. h. u. a.wennsiegeschriebewird alsunendlicheReihee? ' + ! a,e? M |
dassdanna, amn = anm gilt fir n undm ohnegemeinsamefaktor) fiir einevorgegebe-
ne Primzahlp eine Galoisdastellung(dasist einestetigeAbbildungvon Gruppend. h. sie
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respektiertlie Geometriaund dasHintereinanderausfuhren)
Gg! GL2(Fp)

zuordnet(genauerdieseist ungeradeund halbeinfich).Die rechteSeiteder Formelist noch
zuerklaren.Hier istF_p die Mengealler Losungenvon Gleichungen

X"+a, (X" 1+ +ayX+a=0

wobeiwir nunvon denKoefzienten nur denRestbetrachtendensie beim Teilen durchp
lassenFernerist GL»(F,) die GruppederumkehrbarerinearenAbbildungender Ebenemit
Koordinaterin Fy. Vereinfachtausgedriickbedeutetlies,dassunseinesolcheGaloisdarstel-
lung “ebeneStiicke” von Gq in Charakteristikp liefert. Davon existiertkeinegute,anschau-
liche Vorstellungunddie Sprachewird nurin Analogiezur gevthnlichenreellenGeometrie
gebrauchtDie Topologie,d. h. die Art, wie wir unsdie GeometrieaufF, de nieren,namlich
diskret,hatzur Folge,dasgdie “ebenerStiicke” von Gg endlichsind,d. h. nurauseinerend-
lichenAnzahlElementerbesteherDaswiederumbedeutetdassunsdie Modulform,vonder
wir ausggangersind, einenZahlkorperliefert. DasWichtige dabeiist, dassdie Arithmetik
dieseZahlkdrperqzumindestzum Teil) an denKoefzienten der Modulform abzuleserist
(diesekonnenwir ausrechnenyir kénnensie sogargleichin F, nehmen)Damit gevahren
unsModulformeneinenkleinenEinblick in die mysteridseabsoluteGaloisgruppésg!

Diesveranschaulichewir unsaneinemBeispiel.Esgibt eineModulform von Stufe229
und Gewicht 1, derenKoefzienten a, in der Mengef 0; 1g liegen (mit der Addition und
Multiplikation1+ 0= 1;1+ 1= 0;1 1= 1;1 0= 0, mit anderenNortendemendlichen
KorperF,). SeiK derzahlkorperderausdenBruchzahlerdurchHinzunehmereinerQua-
dratwurzelderPrimzahl229gebildetwird. Seil einePrimzahl,die nicht2 undnicht229ist.
Dannist derl-te Koefzient unsereModulform gleichO genaudann,wennl tragein K ist
(mit anderenWorten,wennkeineQuadratzahbeim Teilendurchl denselberRestlasstwie
229) oderl in zweiHauptidealezerfallt. Sonstist derKoefzient gleich1.

Wir habenalso gesehendasseine Modulform uns ebeneSticle von Gq in Charakte-
ristik p gibt. Der berihmteMathematiler Jean-PierreSerre(2003 der ersteGewinner des
neuenAbel-Preisesder der “Nobelpreis” fir Mathematikwerdensoll) hat die Vermutung
ausgesprochemassumgelehrtalle ebenenStiicle von Gg in Charakteristikp durchMo-
dulformenbeschriebemwerdenkdnnen.Er hat sogarnoch eine Formel angeyebenwo die
Modulformenzu suchersind (die Stufe,denCharakterund dasGewicht). Ist dieseVermu-
tungwar, dannkénnenwir alle solcheebenerstiicke von Gg mit demComputetberechnen,
dennwir kénnenModulformenberechnenSerresVermutungist dahersowvohl von unge-
heuererstrukturellerals auchvon rechnerischeBedeutungAllerdingsist nicht bekannt,ob
SerresVermutungwabhr ist. Aber vor wenigenMonatenwurde ein wichtiger Fall gel6st,so
dasgdie Forschunggeradestarkin Bewegungist.

Als néchstesvollen wir kurz Modulkurven betrachtenDiese kénnenals der geome-
trische Aspekt von Modulformen angesehemwerden. AuRerdembilden sie das Verbin-
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dungsgliedzwischenModulformen, Modulsymbolen(siehe unten) und Galoisdarstellun-
gen. Modulkurven sind zunachstkomplexe Kurven, d. h. Flachenin der Anschauung.
Die allereinfachsteist gegebenals die Punktein der Koordi-
natenebenejerenx-Koordinatezwischen % und3 liegtund y &
die auf bzw. UberdemEinheitskreidiegen.Dabeimussman
nundenlinkenRandmit demrechtenRandverkleben(dasist
ganzwdrtlich vorstellbar:wir schneiderdiesenBereichmit
der Schereaus;dannklebenwir die beidenlangenGeraden
zusammenschlieBlichklebenwir nochdie linke Halfte des
Bogenstlicksnit derrechtenzusammengannhatmaneinen
Zylindermit einemetwaskomischerBoden).Die soerhaltene . | S
(Ober)Flacheist obenoffen. Man kanndiesedurchHinzufi- 1 05 05 1 X
geneinesPunktesgeinersogenannteBpitze kompakti zieren

(auchdasist ganzbildlich: wir drickendenzZylinder obenzu einemPunktzusammengann
sehernwir die Spitzeganzdeutlich).Die so entstanden&lacheist einekompakteRiemann-
scheFlache,d. h. kleine Stiicle habendieselbeGeometriewie die komplexe Zahlenebene.
Modulformen ndet manaufdenModulkurvenwiederalssog.Differentialformen(diesege-
brauchtmanz. B. zum Integrierenauf der Riemannscheflache).Der entscheidendBunkt
fur die Zahlentheorigst, dassdie Modulkurven einerechttie ie gendealgebraischestruk-
tur habend. h. dassihre PunkteauchLdsungenvon Gleichungemit ganzerKoefzienten
sind, allerdingsin vielen Variablen.Auch die Differentialformenhabenein algebraisches
Analogon,dasunsdie sogenannteKatz-Modulformetiefert, die in dervorliegenderArbeit
benutztwerden Auch die Galoisdarstellungewerdenmit Hilfe deralgebraischeBeschrei-
bungderModulkurvenkonstruiert.

Dem Studiumvon Flachen(und héherdimensionaleWarietaten)dient die (Ko-)Homo-
logietheorie.Die Homologietheorievon Riemannscheifrlachenmit trivialen Koefzienten
wollen wir kurz vorstellen.In dervorliegendenArbeit werdenaberauchKohomologietheo
rien von Schemagdassind weitreichendelgebraisch&/erallgemeinerungewon Riemann-
schenFlachen),Stacks(dassind nochandereVerallgemeinerungen)nd von Gruppenund
dannim allgemeinemnit nicht-trivialenKoef zienten benutzt.

EineRiemannsché&lachekannmantriangulierend. h. siein endlichviele Dreiecle auf-
teilen (dabeidlrfendie Seiten“krumm” sein,aberkeine Knicke enthalten) Zur Aufteilung
in Dreiecle werdenSeitengezogend. h. jedesDreieckhatdrei Seitenund
zwei aneinandegrenzenddreiecle haben(mindestensginegemeinsame A B
Seite.AuRerdenbetrachterwir die Mengeder Schnittpunkteder Seiten.

Wir beschreibemuneineTriangulationdesFahrradreifengdessog.To-
rus). Dabeigehenwir konstruktiy vor. Wir beginnenmit demnebenstehen-
den Rechteck,daswir in zwei Dreiecle aufgeteilthaben.Durch Zusam-
menkleberwird sichdie AnzahlderSeitenverkleinernZunachsklebenwir
die SeiteAD andie SeiteB C. Auf dieseWeiseerhaltenwir einenzylinder.
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Nunklebenwir denDeckel andenBoden(dazustellenwir unsGummialsBaumaterial/or).

Die EulercharakteristilkeinerFlacheistde niertals = d s+ p, wobeid die Anzahl
der Dreiecle, s die Anzahlder Seitenund p die Anzahlder PunktebezeichnenDie Euler
charakteristilkist unabhangigyon der Triangulation AuRerdenyilt die berihmteBeziehung

=2 2g

wobeig dasGeschlechterFlacheist, d. h. die AnzahlderLécher

Im BeispieldesFahrradreifensnden wir in derTatg = 1. Wir
habemamlichnochimmerdie beidenDreieclke, von denenwir aus-
gegangerwaren.Dawir die SeiteAD mit BC undfernerauchAB
mit D C identi ziert haben,ist die Anzahl der SeitenunsererTri-
angulationdesTorus 3. Aul3erdemfallen durchobige Verklelungen
alle vier Punktezusammerzu einem.Somit ergibt sich tatsachlich

=2 3+1=0.

Die obenbeschriebendlodulkurve hat kein Loch. Dahergilt fir sieg = 0. Wir kén-
nenauchdie Modulkurve einfachtriangulieren Dazufaltenwir sie wiederauseinandekVir
benutzennur ein Dreieck. Diesesbestehtaus den beidenPunktenuntenlinks und unten
rechtsund einemgedachterPunktganzoben(der Punktder durchdasZusammendrian
desZzylindersentstanderist). Dannhabenwir nachdemZusammenklebenochdrei Punk-
te, zwei Seiten(die senkrechteund das Bogenstiick)und das Dreieck. Damit ergibt sich

=1 2+ 3= 2 AllgemeinereModulkurven,wie z. B. die in der Arbeit behandelte
Modulkurve X 1 (N ), habenin derRegelviele Lécher

Die Homologiggruppersteherzur Eulercharakteristiin engeBeziehunddie Eulercha-
rakteristikwird ausdiesemabgeleitet) Die nullte und die zweiteHomologieggruppesindfreie
Gruppenvom Ranggleichder AnzahlderZusammenhangsknponenterin unserentall ist
derRangbeideralsol. Die ersteHomologieggruppest wiederumeinefreie Gruppe lhr Rang
ist 2g, wobeig wie obendie AnzahlderLécherist.

Nachdemwir versuchthabengineerste sehrstarkvereinfaichteldeevon denin dervor-
liegendenArbeit untersuchtei®bjektenzu gebenwendenwir unsnundeminhalt zu.

DasersteKapitelist bereitsalseigenstandigeirtik el erschienenEsgehtin ihm umeine
leicht modi zierte Versionvon SerresVermutung In tief liegendenArbeiteneinerVielzahl
Mathematilerwurdegezeigtdasgur ungerade€harakteristihp Serred~ormelnfiir die Stufe,
denCharakterund dasGewicht dervorheigesagtemModulform richtig sind. Genauerwenn
irgendeineModulform existiert, die ein vorgegebenegbenesStiickvon Gq gibt, danngibt
esaucheineda, wo SerresFormelndiesevoraussagerDer Fall p = 2 ist jedochzum Teil
nochoffen.

In demArtikel beschran&ich mich auf“ebeneSticle” in Charakteristikp von Gq (al-
sozweidimensionalé&aloisdarstellungenjierenSymmetrigiruppeeine Diedegruppe also
eineSymmetrigiruppeeinesregelmassigem-Ecksist. Von dieserzeigeich die modi zierte
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Serre-\érmutungohneAusnahmed. h. einschlie3lichp = 2. DasssolcheGaloisdarstellun-
genvonirgendeineModulformkommenwarim PrinzipschonErich Hecke bekanntzumin-
destwennp 6 2 ist. Im Beweismacheich unendlichviele solcheModulformen,sodassich
dannmittels desSchubbchprinzipqverteile 10 Briefe auf 5 Schubfacherdannliegenin ei-
nemmindestengweiBreife) zweiwahlenkann,die sichmit Hilfe algebraisclyeometrischer
Methodenzu dergewtiinschterForm kombinierenassen.

Im Kapitel Il berechneund vergleicheich verschiedenéirten von (Ko-)Homologie-
gruppendie alle mit der Modulkurve X 1(N) (eineretwasallgemeinererals der obenvor-
gestellterRiemannscheRlache)zusammenhangemit demModulsymbolformalismusjer
andie Homologieangelehnist. Dabeiist der Koefzientenring beliebig.Es werdenjeweils
explizite Beschreilnngenin Termenvon linearerAlgebraabgeleitet.

Modulsymbolebetrachterwir auspraktischerGesichtspunktersiesindim weit verbrei-
tetenComputeralgebrasystelagmaimplementiertich habeComputerprogrammerstellt,
die hieraufberuhen.

Im dritten Kapitel werdenneueFélle bewiesen,in denendie Katz-Modulformentber
Fp mit Hilfe der expliziten Beschreibbngender KohomologigruppenausKapitel Il direkt
tberdemendlichenKorperFp, berechnewverdenkdnnen Diesesbringt einenGeschwindig-
keitszuvachsim Vemgleich zu Methoden die mit ganzenZahlenrechnenUnter Benutzung
einerldee von Edixhoven erhaltenwir aucheinenAlgorithmus zur Berechnungron Katz-
Modulformenvon Gewicht eins(diesesindnichtdirekt zuganglich!)mittelsModulsymbolen
tberFy.

Ausgenutzivird im BeweiseineerstaunlichéParallelitatim Verhaltender Modulformen
von Gewicht 2 undStufeN p GberF, undderersterkKohomologigrupperderRiemannschen
FlacheX 1(N p) mit Fp-Koefzienten. In beidenspiegelnsichnamlichdie Modulformenbzw.

gehoren.

Der Ubemgangvon komplexer Geometriezu algebraischeGGeometrietiber F, wird da-
bei mit Hilfe derJalobischerder Modulkurve bewerkstelligt.Die ersteKohomologigruppe
kannnamlichmit der p-Torsionder komplexen Jalobischeridenti ziert werden.Gehtman
dannzum Néronmodellder Jalobischeniiber, so gelingt es, Eigenschaftervon der generi-
scherFaser(sogarder Riemannscheflache)zur speziellerFaser(alsonachFy) zu lbertra-
gen.

Dasvierte Kapitel enthalteine Beschreibing der Algorithmen, die sich ausder Theorie
derbeidenvorangehendeKaptiel ergeben Schliellichwird im flnften Kapitel von Compu-
terberechnungeherichtet,die mit Hilfe dervorgestelltenAlgorithmenausgefuhrivurden.
Dabeiwurde zum Beispielfestgestelltdassdie ebenerStiicle von Gq in Charakteristik2
erstaunlichschnellsehrgrolwerden.DesweitererwurdennochandereBeobachtungege-
macht,die einigeinteressantéheoretisch&usammenhangeuggerierenDasStudiumdieser
kannGegenstandukinftigerArbeitensein.
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