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Intr oduction

TheabsoluteGaloisgroupGQ of the�eld of rationalnumbersis arguablythecentralobject
of algebraicnumbertheory, asit governsall number�elds andtheir arithmetic.However, its
structureremainsvery mysterious.A naturalapproachis to studyits linear representations,
i.e. continuoushomomorphismsGQ ! GLn (K ) for someinteger n � 1, whereK is
a topological �eld. Among other things, the Langlandsprogramdescribesthe caseof
complex representations,i.e. thosewith K = C, via automorphicrepresentations.Only for
n = 1 all complex Galoisrepresentationsareknown explicitly, asthey aredescribedby the
Kronecker-Webertheoremresp.by class�eld theory, whenQ is replacedby an arbitrary
number�eld.

Oneof theaimsof this thesisis to studyanddevelopmethodsfor computingexplicitly
with oddsemi-simplecontinuousrepresentationsof dimensionn = 2 overFp for a primep,
i.e.

� : GQ ! GL2(Fp)

whereFp is equippedwith thediscretetopology. Oddmeansthattheimageof any complex
conjugationhasdeterminant� 1. For bothcomplex representationsandrepresentationsover
Fp continuityimpliesthattheimageis a�nite group.However, in GL2(C) therearerelatively
few �nite subgroupsup to conjugation,whereasthetheoryis muchricheroverFp.

Odd semi-simple2-dimensionalcontinuousGalois representationsover Fp arisefrom
certainmodularformsby a theoremof Deligne,Deligne-SerreandShimura.Thearithmetic
of sucha modularrepresentationis closelyconnectedwith the coef�cients of the modular
form it comesfrom. A conjectureby Serre(henceforthsimply theSerreconjecture) claimsa
converse,namely, thattheirreducibleamongthoserepresentationscanbeobtainedfrom pre-
ciselydescribedmodularforms.Thus,theirreducibleodd2-dimensionalGaloisrepresenta-
tions with coef�cients in Fp are believedto be completelygovernedby modularforms. As
modularformsareveryaccessiblefor explicit computations,theSerreconjectureprovidesus
alsowith a tentativecomputationalapproachto all such2-dimensionalrepresentationsof GQ

overFp.
The modularforms usedin the original versionof the Serreconjecturewere classical

Hecke eigenforms,that is, they areholomorphicfunctionsfrom the upperhalf planeto the
complex numbers,satisfyingcertaintransformationandgrowthpropertiesandthey areeigen-

iii



iv Modular Formsof WeightOneOverFinite Fields

formsfor theso-calledHeckeoperators.Theseconditionsimply thatafterasuitablenormal-
isationtheseformshave a Fourierseriesat i1 of theform q +

P
n � 2 an qn with q = e2� i� ,

wherethean arealgebraicintegers. The associatedGaloisrepresentationover Fp only de-
pendson the reductionof the an moduloa chosenprime above p. So, it is naturalin the
context of theSerreconjectureto try to de�ne modularformsdirectlyover �nite �elds.

A goodtheoryof modularforms over any ring in which the level is invertible wasset
up by Katz in termsof the algebraicgeometryof modularcurves. It is this theorythat we
will be usingin this thesis. For weight at least2 whenworking with the group� 1(N ) for
N � 5 the Katz forms over Fp coincidewith the reductionsof the forms describedin the
previousparagraph.Thecaseof formsof weightone,however, playsa specialrôle, asthen
theKatz theoryis muchricherthantheclassicalone.OnecanextendtheSerreconjectureto
includeweightoneKatz formsoverFp, whichoughtto correspondto Galoisrepresentations
unrami�ed atp. Thisaspectwasdiscussedby Edixhovenin [EdixWeight].

In view of their numbertheoreticsigni�canceit is essentialto beableto compute(Katz)
modularforms over �nite �elds explicitly. Oneaim of this thesisis to establishmethods
for computingtheassociatedHecke algebrawith fastmethods,preferablyin termsof linear
algebraover �nite �elds. Using work by Eichler andShimura,onecancomputeclassical
modularforms of weight at least2 with linear algebramethodsover the integersby using
integral modularsymbolsor integral groupcohomology. Hence,reductionmoduloa prime
abovep yieldsamethodfor computing(Katz)modularformsoverFp. However, thetheoryof
modularsymbolsandgroupcohomologyalsomakessenseoverFp. So,anaturalquestionto
askis whetheronecancomputemodularformsoverFp directlywith linearalgebramethods
over Fp. More precisely, the questionarisesin which casesthe Hecke algebraover Fp of
(Katz)modularformsoverFp coincideswith theoneof modularsymbolsoverFp.

Katz modular forms

Hecke algebras

Modular symbols

Modular curves

representations

???

odd 2-dim. s.s. Galois

The relationshipsbetweenthe ob-
jects describedis illustratedin the �g-
ure. Themodularcurvescanbeseenas
theunifying elementof theobjectscon-
cerned.Consideringthemodularcurves
asRiemannsurfaces,analyticcohomol-
ogy for a certainsheafgivesrise to the
modularsymbols. The étalecohomol-
ogy of the modularcurve over Q for a
similarly de�ned étalesheafleadsto the
Galois representation. Finally, global
sectionsof a certaininvertible sheafon
themodularcurvebasechangedto Fp yield theKatzmodularformsoverFp.

We now giveanoverview of thethesisandmentionimportantresults.
ChapterI is areprintingof thearticle“DihedralGaloisRepresentationsandKatzModular

Forms” ([W-Dih]). In that article we prove the extendedform of the Serreconjecturefor



Introduction v

dihedralGaloisrepresentations.Moreprecisely, theprincipalresultis thefollowing theorem
(cf. Theorem(1.1.1)).

Theorem. Let p be a prime and � : GQ ! GL2(Fp) an irreducibleodd Galois represen-

tation such that the image of GQ
�
�! GL2(Fp)

pro j
� PGL2(Fp) is a dihedral group D n for

somen. As in [Serre1] de�ne N � to betheconductorof � and � � to betheprime-to-p part
of det � � (that is the restrictionto (Z=N � Z) � whendet � � is considered as a character of
(Z=(N � p)Z) � ). De�ne theminimalweightk(� ) asin [EdixWeight].

Then there exists a normalisedKatz eigenformf 2 Sk( � ) (� 1(N � ); �; Fp) (i.e. it has
level N � , weight k(� ) and character � � ) such that its associatedGalois representation
� f : GQ ! GL2(Fp) is isomorphicto � .

The modularityof dihedralrepresentationswasapparentlyalreadyknown to Hecke, at
leastfor p > 2. Sothequestionis whethertheweightandthelevel of themodularform can
bechosenaspredicted.For modular, irreducible,but notnecessarilydihedralrepresentations
this is known if p � 3 by thework of many mathematicians,but for p = 2 thereareopen
exceptionalcases.Our resulthenceshows that this is alsotrue for p = 2, at leastwhenthe
representationis dihedral. Theproof relieson theuseof Katz modularformsanddoesnot
work whenoneonly usesreductionsof holomorphicmodularforms.

ChaptersII , III andIV concernthe computationof the Hecke algebraof Katz modular
forms over �nite �elds. In otherwords,we needa faithful modulefor that Hecke algebra
whichcanbeeasilydescribedandcalculated.Theoneusedin theMagmaimplementationsis
themoduleof modularsymbols,but alsoacertaingroupcohomologygroupcanbeemployed.

In ChapterII westudythisgroupcohomologygroupandmodularsymbols(for theirdef-
inition see(2.5.1)) by relatingthemto certaincohomologygroupsof modularcurves.From
ageometricpointof view thecohomologygroupsof modularcurvesarethenaturalobjectto
consider. However, they area priori not veryaccessible.But for modularcurvesthatareob-
tainedasquotientsof theupperhalf planeby groupslike� = � 1(N ) with N � 5, they agree
with certaingroupcohomologygroupsfor � , which have an elementarydescription. For
moregeneralgroups� � SL2(Z) therearedifferences.Theusefulnessof modularsymbols
(or ratherthemodularsymbolsformalism)stemsfrom thefactthatagoodimplementation(in
Magmaby William Stein)exists.Besidesthemodularcurves,whichweconsiderasRiemann
surfaces,we alsouse- in slight generalisation- analyticstacks,calledmodularstacks.The
latter notion only differs from the former, whenthe modularcurve in questionis obtained
as the quotientof the upperhalf planeby a non-freelyactingsubgroup� � PSL2(Z) of
�nite index. In thestacksettingthecohomologygroupsunderconsiderationalsonaturally
arisein the theoryof groupcohomology, whereasfor modularcurvesgeometricmethods
suchasPoincaréduality areavailable. Using both pointsof view allows us to establishan
explicit descriptionof the�rst cohomologygroupof any modularcurveandthepush-forward
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of any locally constantsheafof R-moduleson themodularstackfor anarbitraryring R (cf.
Theorem(2.4.6)).

Theorem. For anyring R, anycongruencesubgroup� � PSL2(Z) andanyR[�] -moduleV
with associatedlocally constantsheafV on theanalyticstack [� nH], wehave

H 1(� nH; � � V) �= M =
�
M h� i + M h� i �

with M = CoindPSL 2 (Z)
� (V ), � =

�
0 � 1
1 0

�
, � =

�
1 � 1
1 0

�
and � thenatural projectionmap

fromthestack [� nH] to themodularcurve� nH, seenasa Riemannsurface.

We canpreciselydescribethe differencebetweenthe objectsin question,which yields
thefollowing criterionfor themto beequal(cf. Theorem(2.6.1)). For theprecisede�nitions
seeChapterII .

Theorem. Let R bea ring, � � SL2(Z) bea congruencesubgroupandk � 2 an integer.
Supposethat the orders of all stabilisors for the action of � =� \ h� 1i on the upperhalf
planeH are invertiblein R.

Thenthe moduleof modularsymbolsover R for � of weightk is isomorphicwith the
group cohomology group over R for � of weightk and the cohomology group over R of
weightk of the modularcurve� nH. Similar resultsalso hold for the respectiveparabolic
andtheboundarysubspaces.

We arealsoableto describethetorsionof themodulesin questionover theintegers(see
Proposition(2.4.8)). Finally, a studyof theseobjectsfor � 1(N ) asa (Z=N Z) � -moduleis
carriedout,whichwill benecessaryin orderto passto charactersin ChapterIII .

The principal aim of ChapterIII is to comparethe Hecke algebraof modular forms
overFp for � 1(N ) with p - N to theHeckealgebrade�ned on theparabolicgroupcohomol-
ogy groupH 1

par (� 1(N ); Vk � 2(Fp)) , whereVk � 2(Fp) is theFp[� 1(N )]-moduleof homoge-
neouspolynomialsof degreek � 2 in two variables.Themain ideais to work in weight 2
with level N p which forcesusto restrictto weights2 � k � p + 1.

We introducethefollowing notation.Let M beany Fp-vectorspaceon which theHecke
operatorsTl andthep-partof thediamondoperatorsh�ip act.By M [k � 2] wemeanM with
the actionof the Hecke operatorTl “twisted” to be l k � 2Tl (in particularTp actsaszero).
Furthermore,by M (k � 2) bedenotethesubspaceonwhichhl i p actsasl k � 2.

For 3 � k � p thereis thefollowing propositionby Serre(cf. Proposition(3.3.8)).

Proposition.(Serre) Letp bea prime, N � 5 and3 � k � p integerssuch thatp - N . More-
over, let L denotetheZp[� p]-moduleconsistingof themodularformsin S2(� 1(N p); Qp(� p))
all of whoseq-expansionsare integral. Let L = L 
 Fp.

Thenthere is an isomorphism

L(k � 2) �= Sk (� 1(N ); Fp) � Sp+3 � k (� 1(N ); Fp)[k � 2];

which respectstheHecke action.



Introduction vii

We establisha parallelresulton groupcohomology(cf. Proposition(3.2.5)), which for
thenon-parabolicspacesis alreadypresentin [Ash-Stevens].

Proposition. Letp bea prime, N � 5 and3 � k � p integerssuch thatp - N .
We havetheexactsequence

0 ! H 1
par (� 1(N ); Vk � 2(Fp)) ! H 1

par (� 1(N p); Fp)(k � 2)

! H 1
par (� 1(N ); Vp+3 � k � 2(Fp))[k � 2] ! 0;

in which theHeckeactionis respected.

Via the Jacobianone can obtain a connectionbetweenKatz modular forms over Fp

and the correspondinggroup cohomologygroup, following the strategy of the proof of
[EdixJussieu], Theorem5.2. In thatwaywe areableto provethefollowing result(cf. Corol-
lary (3.3.14)).

Theorem. Let p be a prime, N � 5 and k 2 f 2; : : : ; p + 1g integers such that p - N .
Let P be a maximalideal of the Fp-Hecke algebra T of Sk (� 1(N ); Fp) correspondingto
a normalisedcuspidaleigenformf which is ordinary, i.e. the p-th coef�cient ap(f ) of the
standard q-expansionof f is non-zero.

ThenH 1
par (� 1(N ); Vk � 2(Fp))P is a faithful modulefor TP .

StudyingSk (� 1(N ); Fp) asa (Z=N Z) � -modulethis resultcanbeextendedto characters
(cf. Proposition(3.3.20)). It shouldbementionedthatmethodsfrom p-adicHodgetheory(cf.
Corollary (3.3.7)and[EdixJussieu], Theorem5.2) show that theordinarinessassumptionis
notnecessarywhenk < p.

In ChapterIV weexplainhow themethodsfrom ChaptersII andIII canbeusedalgorith-
mically. Using a methodfrom [EdixJussieu] we obtainthe following corollary of the case
k = p of theprecedingtheorem(cf. Corollary(4.5.5)).

Corollary. TheHecke algebra of weightoneKatz modular formsfor � 1(N ) over Fp with
p - N canbecomputedusingcuspidalmodularsymbolsoverFp.

ChapterV reportson computercalculationsperformedwith the algorithmsfrom Chap-
ter IV. Oneresultis thefollowing (cf. Theorem(5.1.1)).

Theorem. All groupsSL2(F2r ) occurasGaloisgroupsoverQ for r from1 up to 77.

Thisextendscomputationsby Mestre,whocoveredr � 16.

ChaptersI andV areindependentof any otherchapter. ChaptersII , III andIV build on
eachother.
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Notationsand Conventions

Let R bearing which is commutativeandhasaunit element.All baseringsin this thesisare
assumedto satisfytheseproperties.

If M is a left R[G]-modulefor a groupG, we denotethe(left) coinvariantsby

G M = M =IG M ;

with theaugmentationideal I G de�ned by theexactsequence

0 ! I G ! R[G]
g7! 1
� � � ! R ! 0:

Theaugmentationidealis theidealof R[G] generatedby all elementsof theform (1 � g) for
g 2 G. If M is a right R[G]-module,we denotethe(right) coinvariantsby

M G = M =M I G :

For theright resp.left invariantswe usethenotationM G resp.G M .
If g is an elementof �nite order n in G, we de�ne the norm of g as the element

Ng = 1 + g + � � � + gn � 1 in R[G]. Similarly, if G is a �nite groupwe meanby NG the
formalsumover thegroupelementsof G insideR[G].

If � is anendomorphismof M , respectingthesubmoduleN � M , thenotationkerN (� )
meansthekernelof � consideredasanendomorphismof N .

We let Mat 2(Z)6=0 denotethemonoidof 2 � 2-matriceswith entriesin Z andnon-zero
determinant.We havethefollowing importantmatricesin Mat 2(Z)6=0 :

T = ( 1 1
0 1 ) ; � =

�
0 � 1
1 0

�
; � := T � =

�
1 � 1
1 0

�
;

� 2 =
� 0 � 1

1 � 1

�
; T 0 = ( 1 0

1 1 ) ; � =
�

� 1 0
0 1

�
:

For a2 � 2-matrixM =
�

a b
c d

�
overa ring R onede�nesShimura'smaininvolution

M � = Tr(M ) � M =
�

d � b
� c a

�
:

If M hasinvertibledeterminant,wehaveM � = M � 1 det(M ). ThematrixM � is alsocalled
theadjointmatrix. Moreover, wehave theidentity M � = (� � 1M � )> .

We considerthestandardsubgroups�( N ), � 1(N ) and� 0(N ) of SL2(Z) consistingof
thosematricesin SL2(Z) which reduceto ( 1 0

0 1 ) resp.to ( 1 �
0 1 ) resp.to ( � �

0 � ) moduloN .
If G is a subgroupof SL2(Z), we denoteby G = G=(h� 1i \ G) the corresponding

subgroupof PSL2(Z).

If � � SL2(Z) is a congruencesubgroup,i.e. containssome�( N ), thenthroughoutthis
thesisthenotationSk (� ; R) meansKatzmodularformsof weightk for thegroup� over the
Z[1=N ]-algebraR (seee.g.[EdixBoston]). A similar notationis usedwith a character.



Chapter I

Dihedral GaloisRepresentations
and Katz Modular Forms

This chapterhasappearedas[W-Dih]. All changesto thepublishedversionareindicatedby
footnotes.Thenotationslightly differsfrom theoneusedin theotherchaptersof this thesis.

We show that any two-dimensionalodd dihedralrepresentation� over a �nite
�eld of characteristicp > 0 of theabsoluteGaloisgroupof therationalnumbers
canbeobtainedfrom a Katzmodularform of level N , character� andweightk,
whereN is theconductor, � is theprime-to-p partof thedeterminantandk is the
so-calledminimalweightof � . In particular, k = 1 if andonly if � is unrami�ed
at p. Direct argumentsareusedin theexceptionalcases,wheregeneralresults
onweightandlevel loweringarenotavailable.

1.1.Intr oduction

In [Serre1] Serreconjecturedthat any odd irreducible continuousGalois representation
� : GQ ! GL2(Fp) for aprimep comesfrom amodularform in characteristicp of acertain
level N � , weight k� � 2 andcharacter� � . Later Edixhoven discussedin [EdixWeight] a
slightly modi�ed de�nition of weight,theso-calledminimalweight, denotedk(� ), by invok-
ing Katz' theoryof modularforms. In particular, onehasthat k(� ) = 1 if andonly if � is
unrami�ed atp.

The presentnotecontainsa proof of this conjecturefor dihedral representations. We
de�ne thoseto be the continuousirreducibleGalois representationsthat are inducedfrom
a characterof the absoluteGaloisgroupof a quadraticnumber�eld. Let us mentionthat
this is equivalentto imposingthattherepresentationis irreducibleandits projective imageis

1



2 I. Dihedral GaloisRepresentationsandKatzModularForms

isomorphicto a dihedralgroupD n for somen.1

(1.1.1)Theorem. Letp bea primeand� : GQ ! GL2(Fp) anodddihedral representation.
Asin [Serre1] de�ne N � to betheconductorof � and� � to betheprime-to-p part of det � �
(consideredasa characterof (Z=(N � p)Z) � )2. De�ne k(� ) asin [EdixWeight].

Thenthere existsa normalisedKatz eigenformf 2 Sk( � ) (� 1(N � ); � � ; Fp)Katz , whose
associatedGaloisrepresentation� f is isomorphicto � .

Wewill ontheonehandshow directlythat� comesfromaKatzmodularform of levelN � ,
character� � andminimal weightk(� ) = 1, if � is unrami�ed at p. If on theotherhand� is
rami�ed atp, wewill �nish theproofby applyingthefundamentalworkby Ribet,Edixhoven,
Diamond,Buzzardandotherson “weight andlevel lowering” (seeTheorem(1.4.2)).

Let us recall that in weightat least2 every Katz modularform on � 1
3 is classical,i.e. a

reductionfrom a characteristiczeroform of thesamelevel andweight. Hencemultiplying
by theHasseinvariant,if necessary, it follows from Theorem(1.1.1)thateveryodddihedral
representationasabove alsocomesfrom a classicalmodularform of level N � andSerre's
weight k� . However, if onealsowantsthe characterto be � � , onehasto excludein case
p = 2 that � is inducedfrom Q(i ) andin casep = 3 that � is inducedfrom Q(

p
� 3) (see

[Buzzard], Corollary2.7,and[Diamond], Corollary1.2).
Edixhoven's theoremon weight lowering([EdixWeight], Theorem4.5) statesthatmod-

ularity in level N � and the modi�ed weight k(� ) follows from modularity in level N �

and Serre's weight k� , unlessone is in a so-calledexceptionalcase. A representation
� : GQ ! GL2(Fp) is calledexceptionalif the semi-simpli�cation of its restrictionto a
decompositiongroupat p is the sumof two copiesof an unrami�ed character. Becauseof
work by ColemanandVolochtheonly opencaseleft is thatof characteristic2 (seetheintro-
ductionof [EdixWeight]).

Exceptionalityat 2 is a commonphenomenonfor mod 2 dihedralrepresentations.One
wayto constructexamplesis to considertheHilbert class�eld H of aquadratic�eld K thatis
unrami�ed at 2 andhasa non-trivial classgroup.Onelets � K bethedihedralrepresentation
obtainedby inductionto GQ of amod2 characterof theGaloisgroupof H jK . If theprime2
staysinert in OK , then2OK splitscompletelyin H andtheorderof � K (Frob2) is 2, where
Frob2 is a Frobeniuselementat 2. Consequently, � K is exceptional. An examplefor this
behaviour is providedby K = Q(

p
229). If theprime2 splits in OK andtheprimesof OK

lying above2 areprincipal,then� K (Frob2) is theidentityandhence� K is exceptional.This
happensfor examplefor K = Q(

p
2089).

Let us point out that someof the weight one forms that we obtaincannotbe lifted to
characteristiczero forms of weight oneandthe samelevel, so that the theoryof modular
forms by Katz becomesnecessary. Namely, if p = 2 and the dihedralrepresentationin

1A smallmistake concerningn = 2 hasbeencorrected(pointedoutby K. Buzzard).
2By theprime-to-p partwemeantherestrictionto (Z=N � Z) � .
3Moreprecisely:� 1 (N ) with N � 5.



1.2.Dihedral representations 3

questionhasoddconductorN andis inducedfrom arealquadratic�eld K of discriminantN ,
whosefundamentalunitshave norm� 1, thentheredoesnot exist anoddcharacteristiczero
representationwith conductordividing N thatreducesto � . Therepresentationcomingfrom
thequadratic�eld Q(

p
229) usedabove,canalsohereserveasanexample.4

Thefactthatdihedralrepresentationscomefrom somemodularform is well-known (ap-
parentlyalreadydue to Hecke5). So the subtleissueis to adjust the level, characterand
weight.It shouldbenotedthatRohrlichandTunnellsolvedmany casesfor p = 2 with Serre's
weightk� by ratherelementarymeansin [R-T], however, with themorerestrictivede�nition
of a dihedralrepresentationto be suchthat its imagein GL2(F2), andnot in PGL2(F2), is
isomorphicto a dihedralgroup.

Let usalsomentionthatit is possibleto docomputationsof weightoneformsin positive
characteristiconacomputer(see[W-App]) andthusto collectevidencefor Serre'sconjecture
in somecases.

This noteis organisedasfollows. The numbertheoreticingredientson dihedralrepre-
sentationsareprovidedin Section2. In Section3 someresultson oldforms,alsoin positive
characteristic,arecollected.Section4 is devotedto theproofof Theorem(1.1.1). Finally, in
Section5 we includea resulton theirreducibility of certainmodp representations.

I wish to thankPeterStevenhagenfor helpful discussionsandcommentsandespecially
BasEdixhovenfor invaluableexplanationsandhis constantsupport.

1.2.Dihedral representations

We shall �rst recall somefactson Galois representations.Let � : GQ ! GL(V ) be a
continuousrepresentationwith V a 2-dimensionalvectorspaceover analgebraicallyclosed
discrete�eld k.

Let L bethenumber�eld suchthatKer(� ) = GL (by thenotationGL we alwaysmean
the absoluteGaloisgroupof L ). Given a prime � of L dividing the rationalprime l , we
denoteby G� ;i thei -th rami�cation groupin lowernumberingof thelocalextensionL � jQl .
Furthermore,onesets

nl (� ) =
X

i � 0

dim(V=VG � ;i )
(G� ;0 : G� ;i )

:

This numberis an integer, which is independentof thechoiceof theprime� above l . With
this onede�nes theconductorof � to be f(� ) =

Q
l ln l ( � ) ; wheretheproductrunsover all

primesl different from the characteristicof k. If k is the �eld of complex numbers,f(� )
coincideswith theArtin conductor.

4It waspointedout by FrankCalegari that the form in questiondoescomefrom a holomorphiceigenformof
weight oneandlevel 229. The projective imageof its complex representationis S4 andthusnot dihedral. This
phenomenoncannothappenwhentheclassnumberof therealquadratic�eld is at least5.

5Hecke probablyknew this for oddp. Thecasep = 2 canbedealtwith by Serre's trick (seeLemma(1.2.1))
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Let � be a dihedralrepresentation.Then� is inducedfrom a character� : GK ! k �

for a quadraticnumber�eld K suchthat � 6= � � , with � � (g) = � (� � 1g� ) for all g 2 GK ,
where� is a lift to GQ of the non-trivial elementof GK jQ. For a suitablechoiceof basis
we thenhave thefollowing explicit descriptionof � : If anunrami�ed primel splits in K as

� � (�) , then� (Frobl ) =
�

� (F rob � ) 0
0 � � (F rob � )

�
: Moreover, � (� ) is representedby thematrix

�
0 1

� ( � 2 ) 0

�
. As � is continuous,its imageis a �nite group,say, of orderm.

(1.2.1)Lemma. Let � : GQ ! GL2(Fp) bean odddihedral representationthat is unrami-
�ed at p. De�ne K , � , � andm asabove. Let N betheconductorof � . Let � m a primitive
m-th root of unityandP a primeof Q(� m ) abovep.

Thenoneof thefollowing two statementsholds.

(a) There existsan odd dihedral representationb� : GQ ! GL2(Z[� m ]), which hasArtin
conductorN andreducesto � moduloP .

(b) Onehasthatp = 2 andK is realquadratic. Moreover, thereis anin�nite setS of primes
such that for each l 2 S the traceof � (Frobl ) is zero, and there existsan odddihedral
representationb� : GQ ! GL2(Z[� m ]), which hasArtin conductorN l andreducesto �
moduloP .

Proof. Supposethatthequadratic�eld K equalsQ(
p

D) with D square-free.Thechar-
acter� : GK ! k � canbe uniquely lifted to a charactere� : GK ! Z[� m ]� of the same
order, which reducesto � moduloP . Denoteby e� thecontinuousrepresentationInd GQ

GK
e� .

For thechoiceof basisdiscussedabove thematricesrepresenting� canbelifted to matrices
representinge� , whosenon-zeroentriesarein them-th rootsof unity. Thenfor a subgroup
H of the image� (GQ), onehasthat (Fp

2
)H is isomorphicto (Z[� m ]2)H 
 Fp. Hencethe

conductorof � equalsthe Artin conductorof e� , as e� is unrami�ed at p. Alternatively, one
can�rst remarkthat theconductorof � equalstheconductorof e� andthenusetheformulae
f(� ) = NormK jQ(f(� ))D andf(e� ) = NormK jQ(f( e� ))D .

Thuscondition(a) is satis�ed if e� is odd. Let usnow considerthecasewhene� is even.
This immediatelyimpliesp = 2 andthatthequadratic�eld K is real,asis thenumber�eld
L whoseabsoluteGaloisgroupGL equalsthekernelof � , andhencealsothekernelof e� . We
shallnow adapt“Serre's trick” from [R-T], p. 307,to our situation.

Let f betheconductorof e� . As L is totally real,f is a �nite idealof OK . Via class�eld
theory, e� canbe identi�ed with a complex characterof Cl fK , the ray classgroupmodulof.
Let 1 1; 1 2 bethein�nite placesof K . Considertheclass

c = [f (� ) 2 Cl4D f1 1 1 2
K j Norm(� ) < 0; � � 1 mod 4Dfg]

in theray classgroupof K modulo4Df1 11 2. By Cebotarev'sdensitytheoremtheprimes
of OK areuniformly distributedover theconjugacy classesof Cl4D f1 1 1 2

K . Hence,thereare
in�nitely many primes� of degree1 in theclassc. Take S to be thesetof rationalprimes
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lying underthem. Let a prime � from the classc be given. It is principal, say � = (� ),
andcoprimeto 4Df. By constructionwe have c2 = [� 2] = 1. As Cl fK is a quotientof
Cl4D f1 1 1 2

K , the classof � in Cl fK hasorder1 or 2. Sincep = 2, thecharacter� hasodd
orderandweconcludethat� (�) = 1.

We have � � 1 mod 4Df andNorm(� ) = � l for someodd prime l . Hence,the ex-
tensionK (

p
� ) hastwo realandtwo complex embeddingsandis unrami�ed at 2 andat the

primesdividing Df. We representK (
p

� ) by the quadraticcharacter� : GK ! f� 1g.
For the complex conjugation, the “in�nite Frobeniuselement”, Frob1 1 , we have that
� (Frob1 1 )� � (Frob1 1 ) = � 1. We now considerthe representationb� obtainedby induc-
tion from thecharacterb� = e�� . Using thesamebasisasin thediscussionat thebeginning

of this section,an elementg of GK is representedby the matrix
�

e� (g) � (g) 0
0 e� � (g) � � (g)

�
. In

particular, we obtain that the determinantof Frob1 over Q equals� 1, whenceb� is odd.
Moreover, asl splits in K , onehasthat � (Frobl ) is the identity matrix, so that the traceof
� (Frobl ) is zero.

The reductionof b� equals� , as� is trivial in characteristic2. Moreover, outside� the
conductorof b� equalstheconductorof e� . At theprime � the local conductorof b� is � , as
therami�cation is tame.Consequently, theArtin conductorof b� equalsN l . 2

Also without theconditionthatit is unrami�ed atp, onecanlift adihedralrepresentation
to characteristiczero,however, losingcontrolof theArtin conductor.

(1.2.2)Lemma. Let � : GQ ! GL2(Fp) be an odddihedral representation.De�ne K , � ,
m, � m andP asin thepreviouslemma.

There existsan odd dihedral representationb� : GQ ! GL2(Z[� m ]), whosereduction
moduloP is isomorphicto � .

Proof. We proceedas in the precedinglemmafor the de�nitions of e� and e� . If e� is
even, thenp = 2 andK is real. In that casewe choosesome� 2 OK � Z, which sat-
is�es Norm(� ) < 0. The �eld K (

p
� ) then hassignature(2; 1) and gives a character

� : GK ! Z[� m ]� . As in the proof of the precedinglemmaone obtainsthat the repre-
sentationb� = IndGQ

GK
e�� is oddandreducesto � moduloP . 2

1.3.On oldforms

In thissectionwecollectsomeresultsonoldforms.We try to stayasmuchaspossiblein the
characteristiczerosetting.However, we alsoneedaresultonKatz modularforms.

(1.3.1)Proposition. Let N ; k; r be positiveintegers, p a primeand � a Dirichlet character
of modulusN . Thehomomorphism

� N
pr :

�
Sk (� 1(N ); �; C)

� r +1
,! Sk (� 1(N pr ); �; C); (f 0; f 1; : : : ; f r ) 7!

rX

i =0

f i (qpi
)
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is compatiblewith all Hecke operatorsTn with (n; p) = 1.
Let f 2 Sk (� 1(N ); �; C) bea normalisedeigenformfor all Hecke operators. Thenthe

formsf (q); f (qp2
); : : : ; f (qpr

) in the image of � N
pr are linearly independent,and on their

spantheactionof theoperator Tp in levelN pr is givenby thematrix
0

B
B
B
B
B
B
B
B
@

ap(f ) 1 0 0 : : : 0
� � pk � 1� (p) 0 1 0 : : : 0

0 0 0 1 : : : 0
...

0 : : : 0 0 0 1
0 : : : 0 0 0 0

1

C
C
C
C
C
C
C
C
A

;

where � = 1 if p - N and� = 0 otherwise.

Proof. The embeddingmapand its compatibility with the Hecke actionaway from p
is explainedin [DiamondIm], Section6.1. The linear independencecanbe checked on q-
expansions.Finally, thematrix canbeelementarilycomputed. 2

(1.3.2)Corollary. Let p be a prime, r � 0 someinteger and f 2 Sk (� 1(N pr ); �; C) an
eigenformfor all Hecke operators. Thenthere existsan eigenformfor all Hecke operators
~f 2 Sk (� 1(N pr +2 ); �; C), which satis�esal ( ~f ) = al (f ) for all primesl 6= p andap( ~f ) = 0.

Proof. One computesthe characteristicpolynomial of the operatorTp of Proposition
(1.3.1)andseesthat it has0 asa root if thedimensionof thematrix is at least3. Henceone
canchoosethedesiredeigenformef in theimageof � N pr

p2 . 2

As explainedin the introduction,Katz' theoryof modularformsoughtto beusedin the
studyof Serre's conjecture.Following [EdixBoston], we brie�y recall this concept,which
wasintroducedby Katz in [Katz]. However, we shallusea “non-compacti�ed”version.

Let N � 1 beanintegerandR aring, in whichN is invertible.Onede�nesthecategory
[� 1(N )]R , whoseobjectsarepairs(E=S=R; � ), whereS is an R-scheme,E=S an elliptic
curve (i.e. a propersmoothmorphismof R-schemes,whosegeometric�bres areconnected
smoothcurvesof genusone,togetherwith a section,the “zero section”,0 : S ! E) and
� : (Z=N Z)S ! E [N ], the level structure, is an embeddingof S-group schemes.The
morphismsin thecategoryarecartesiandiagrams

E 0 //

2

E

S0 //
��

S;
��

which arecompatiblewith thezerosectionsandthe level structures.For every suchelliptic
curve E=S=Rwe let ! E =S = 0� 
 E =S . For every morphism� : E 0=S0=R ! E=S=Rthe
inducedmap! E 0=S0 ! � � ! E =S is anisomorphism.
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A Katz cusp form f 2 Sk (� 1(N ); R)Katz assignsto every object (E=S=R; � ) of
[� 1(N )]R anelementf (E=S=R; � ) 2 ! 
 k

E =S (S), compatiblyfor themorphismsin thecate-
gory, subjectto theconditionthatall q-expansions(which oneobtainsby adjoiningall N -th
rootsof unity andpluggingin a suitableTatecurve)only havepositive terms.

For thefollowing de�nition let usremarkthatif m � 1 is coprimeto N andis invertible
in R, thenany morphismof groupschemesof theform � N m : (Z=N mZ)S ! E [N m] canbe
uniquelywrittenas� N � S � m with � N : (Z=N Z)S ! E [N ] and� m : (Z=mZ)S ! E [m].

(1.3.3)De�nition. A Katz modular form f 2 Sk (� 1(N m); R)Katz is called indepen-
dent of m if for all elliptic curves E=S=R, all � N : (Z=N )S ,! E [N ] and all
� m ; � 0

m : (Z=m)S ,! E [m] onehastheequality

f (E=S=R; � N � S � m ) = f (E=S=R; � N � S � 0
m ) 2 ! 
 k

E =S (S):

(1.3.4)Proposition. Let N , m be coprimepositiveintegers and R a ring, which contains
theN m-th rootsof unity and 1

N m . A Katzmodularform f 2 Sk (� 1(N m); R)Katz is inde-
pendentof m if and only if there existsa Katz modular form g 2 Sk (� 1(N ); R)Katz such
that

f (E=S=R; � N m ) = g(E=S=R; � N m �  )

for all elliptic curvesE=S=Randall � N m : (Z=N mZ)S ,! E [N m]. Here  denotesthe
canonicalembedding(Z=N Z)S ,! (Z=N mZ)S of S-groupschemes.In that case, f andg
havethesameq-expansionat 1 .

Proof. If m = 1, thereis nothingto do. If necessaryreplacingm by m2, we canhence
assumethatm is at least3.

Let us now consider the category [� 1(N ; m)]R , whose objects are triples
(E=S=R; � N ;  m ), whereS is anR scheme,E=Sanelliptic curve,� N : (Z=N Z)S ,! E [N ]
an embeddingof groupschemesand m : (Z=mZ)2

S
�= E [m] an isomorphismof group

schemes.Themorphismsarecartesiandiagramscompatiblewith thezerosections,the � N

andthe m asbefore.
Wecanpull backtheform f 2 Sk (� 1(N m); R)Katz to aKatzform h on[� 1(N ; m)]R as

follows. First let � : (Z=mZ)S ,! (Z=mZ)2
S betheembeddingof S-groupschemesde�ned

by mappingontothe�rst factor. Usingthis, f givesriseto h by setting

h((E=S=R; � N ;  m )) = f ((E=S=R; � N ;  m � � )) 2 ! 
 k
E =S (S):

As f is independentof m, it is clearthath is independentof  m andthusinvariantunderthe
naturalGL2(Z=mZ)-action.

As m � 3, one knows that the category [� 1(N ; m)]R has a �nal object
(E univ =Y1(N ; m)R =R; � univ ). In otherwords,h is an GL2(Z=mZ)-invariantglobal sec-
tion of ! 
 k

E univ =Y1 (N ;m )R
. Since this R-module is equal to Sk (� 1(N ); R)Katz (seee.g.
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Equation1.2 of [EdixBoston], p. 210), we �nd someg 2 Sk (� 1(N ); R)Katz such that
f (E=S=R; � N m ) = g(E=S=R; � N m �  ) for all (E=S=R; � N m ).

Pluggingin theTatecurve,oneseesthat thestandardq-expansionsof f andg coincide.
2

(1.3.5)Corollary. Let N ; m be coprimepositiveintegers, p a prime not dividing N m and
� : (Z=N Z) � ! Fp a character. Let f 2 Sk (� 1(N m); �; Fp)Katz bea Katzcuspidaleigen-
form for all Hecke operators.

If f is independentof m, then there exists an eigenform for all Hecke operators
g 2 Sk (� 1(N ); �; Fp)Katz such that the associatedGalois representations� f and � g are
isomorphic.

Proof. Fromtheprecedingpropositionwegetamodularform g 2 Sk (� 1(N ); �; Fp)Katz ,
noting that thecharacteris automaticallygood. Becauseof thecompatibilityof theembed-
ding mapwith the operatorsTl for primesl - m, we �nd that g is an eigenformfor these
operators.As theoperatorsTl for primesl - m commutewith theothers,we canchoosea
form of thedesiredtype. 2

1.4.Proof of the principal result

We �rst cover theweightonecase.

(1.4.1)Theorem. Let p bea primeand� : GQ ! GL2(Fp) an odddihedral representation
of conductorN , which is unrami�ed at p. Let � denotethecharacterdet � � .

Thenthere existsa Katzeigenformf in S1(� 1(N ); �; Fp)Katz , whoseassociatedGalois
representationis isomorphicto � .

Proof. Assume�rst thatpart(a)of Lemma(1.2.1)appliesto � , andlet b� bealift provided
by thatlemma.A theoremby Weil-Langlands(Theorem1 of [Serre2]) impliestheexistence
of a newform g in S1(� 1(N ); det � b�; C), whoseassociatedGaloisrepresentationis isomor-
phic to b� . Now reductionmoduloa suitableprimeabove p yieldsthedesiredmodularform.
In particular, onedoesnotneedKatz' theoryin thiscase.

If part(a)of Lemma(1.2.1)doesnotapply, thenpart(b) does,andwelet S bethein�nite
setof primesprovided.For eachl 2 S thetheoremof Weil-Langlandsyieldsanewform f ( l )

in S1(� 1(N l); C), whoseassociatedGaloisrepresentationreducesto � moduloP , whereP
is the ideal from the lemma. Moreover, thecongruenceaq(f ( l ) ) � 0 mod P holdsfor all
primesq 2 S differentfrom l.

From Corollary (1.3.2)we obtainHecke eigenformsef ( l ) 2 S1(� 1(N l3); C) suchthat
al ( ef ( l ) ) = 0 andaq( ef ( l ) ) = aq(f ( l ) ) � 0 mod P for all primesq 2 S, q 6= l . Reducing
modulotheprime idealP , we geteigenformsg( l ) 2 S1(� 1(N l3); �; Fp), whoseassociated
Galoisrepresentationsareisomorphicto � . Onealsohasaq(g( l ) ) = 0 for all q 2 S.
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Thecoef�cients aq(f ( l ) ) for all primesq j N appearin theL-seriesof thecomplex repre-
sentation� f ( l ) associatedto f ( l ) . As theimageof � f ( l ) is isomorphicto a�x ed�nite groupG,
notdependingon l , thereareonly �nitely many possibilitiesfor thevalueof aq(f ( l ) ). Hence
the sameholdsfor the g( l ) . Consequently, therearetwo forms g1 = g( l 1 ) andg2 = g( l 2 )

for l1 6= l2 that have the samecoef�cients at all primesq j N . For primesq - N l1l2
onehasthat the traceof � f ( l 1 ) (Frobq) is congruentto the traceof � f ( l 2 ) (Frobq), whence
aq(g1) = aq(g2). Let us point out that this includesthe caseq = p = 2, asthe complex
representationis unrami�ed at p.

In thenext stepwe embedg1 andg2 into S1(� 1(N l3
1 l3

2); �; Fp)Katz via themethodin the
statementof Proposition(1.3.4). As theq-expansionscoincide,g1 andg2 aremappedto the
sameform h. But ash comesfrom g2, it is independentof l1 andanalogouslyalsoof l2.
Since� h = � , Theorem(1.4.1)follows immediatelyfrom Corollary(1.3.5). 2

We will deducethecasesof weightat leasttwo from generalresults.Thecurrentstateof
theart in “level andweightlowering” seemsto bethefollowing theorem.

(1.4.2)Theorem.(Ribet, Edixhoven,Diamond, Buzzard,: : : ) Let p be a prime and
� : GQ ! GL2(Fp) a continuousirreduciblerepresentation,which is assumedto come
from somemodularform. De�ne k� andN � as in [Serre1]. If p = 2, additionallyassume
either (i) that the restrictionof � to a decompositiongroupat 2 is not containedwithin the
scalarmatricesor (ii) that � is rami�ed at 2.

Thenthereexistsa normalisedeigenformf 2 Sk � (� 1(N � ); Fp) giving rise to � .

Proof. Thecasep 6= 2 is Theorem1.1of [Diamond], andthecasep = 2 with condition(i)
follows from Propositions1.3 and2.4 and Theorem3.2 of [Buzzard], multiplying by the
Hasseinvariantif necessary.

Wenow show thatif p = 2 and� restrictedto adecompositiongroupGQ2 at2 iscontained
within thescalarmatrices,then� is unrami�ed at2. Let � : GQ ! F2

�
bethecharactersuch

that � 2 = det � � . As � hasoddorder, it is unrami�ed at 2 becauseof theKronecker-Weber
theorem. If � restrictedto GQ2 is containedwithin the scalarmatrices,thenwe have that

� jGQ2
is

�
� j G Q2

0

0 � j G Q2

�
, whence� is unrami�ed at 2. 2

Proof of theorem(1.1.1). Let � bethedihedralrepresentationfrom theassertion.If � is
unrami�ed atp, onehask(� ) = 1, andTheorem(1.1.1)follows from Theorem(1.4.1).

If � is rami�ed at p, thenlet b� be a characteristiczerorepresentationlifting � , aspro-
vided by Lemma(1.2.2). The theoremby Weil-Langlandsalreadyusedabove (Theorem1
of [Serre2]) impliestheexistenceof a newform in weightoneandcharacteristiczerogiving
rise to b� . So from Theorem(1.4.2)we obtainthat � comesfrom a modularform of Serre's
weightk� andlevel N � . Let usnotethatusingKatz modularformsthecharacteris automat-
ically theconjecturedone� � .

Theweightsk� andk(� ) only differ in two cases(see[EdixWeight], Remark4.4). The
�rst caseis whenk(� ) = 1. The othercaseis whenp = 2 and� is not �nite at 2. Then
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onehask(� ) = 3 andk� = 4. In that caseoneappliesTheorem3.4 of [EdixWeight] to
obtainaneigenformof thesamelevel andcharacterin weight3, or oneappliesTheorem3.2
of [Buzzard] directly. 2

1.5.An irr educibility result

We �rst studytherelationbetweenthelevel of aneigenformin characteristicp andthecon-
ductorof theassociatedGaloisrepresentation.

(1.5.1)Lemma. Let � : GQ ! GL2(Fp) be a continuousrepresentationof conductorN ,
andlet k bea positiveinteger. If f 2 Sk (� 1(M ); �; Fp)Katz is a Heckeeigenformgiving rise
to � , thenN dividesM .

Proof. By multiplying with the Hasseinvariant, if necessary, we can assumethat
the weight is at least2. Hencethe form f can be lifted to characteristiczero (seee.g.
[DiamondIm], Theorem12.3.2)in the samelevel. Thus thereexists a newform g, say of
level L , whoseGaloisrepresentation� g reducesto � . Now Proposition0.1of [Livné] yields
thatN dividesL . As L dividesM , thelemmafollows. 2

We canderive thefollowing proposition,which is of independentinterest.

(1.5.2)Proposition. Let f 2 Sk (� 0(N ); Fp)Katz be a normalisedHecke eigenformfor a
square-freelevelN with p - N in someweightk � 1.

(a) If p = 2, theassociatedGaloisrepresentationis eitherirreducibleor trivial.

(b) For anyprimep theassociatedGaloisrepresentationis eitherirreducibleor corresponds
to a direct sum� � � k � 1

p � � 1, where � p is themodp cyclotomiccharacterand � is a
characterfactoringthroughG(Q(� p)jQ) for a primitivep-th rootof unity � p.

Proof. Let us assumethat the representation� associatedto f is reducible. Since� is
semi-simple,it is isomorphicto thedirectsumof two characters� � � . As thedeterminantis
the(k� 1)-th powerof themodp cyclotomiccharacter� p, wehavethat� = � k � 1

p � � 1. Since
theconductorof � k � 1

p is 1, it followsthattheconductorof � equalsthatof � . Consequently,
the conductorof � is the squareof the conductorof � . Lemma (1.5.1) implies that the
conductorof � dividesN . As we have assumedthis numberto besquare-free,we have that
� canonly ramify at p.

Thenumber�eld L with GL = Ker(� ) is abelian.As only p canberami�ed, it follows
thatL is containedin Q(� pn ) for somepn -th rootof unity. Sincetheorderof � is primeto p,
weconcludethat� factorsthroughG(Q(� p)jQ). In characteristicp = 2 this impliesthat� is
thetrivial representation,as� 2 is thetrivial character. 2



Chapter II

Modular SymbolsOver Rings

The Eichler-Shimura-Theorem(Theorem(3.3.1)) establishesan isomorphismbetweenthe
directsumof two copiesof thespaceof holomorphiccuspformsfor a congruencesubgroup
� � SL2(Z) of �nite index andthe parabolicsubspaceof the analyticcohomologyof the
associatedmodularcurveX � for acertainsheafof C-vectorspaces.In thissettingtheHecke
algebrade�ned onthecohomologygroupcoincideswith theusualoneoncuspforms,sothat
theknowledgeof theHecke operatorson thecohomologygroupdeterminesthecuspforms
completely. Oneof theprincipal themesof this thesisis to obtainsimilar resultsover �nite
�elds in certaincases.

This chapteris concernedwith the analytic cohomologygroupsusedin the Eichler-
Shimuratheorem,but over generalrings. Whereasfrom a geometricpoint of view the co-
homologyof modularcurvesis the mostnaturalobjectto study, it only becomesexplicitly
accessiblevia thenaturalcomparisonwith groupcohomology. Anotherexplicit approachis
providedby themodularsymbolsformalism. It is of practicalinterest,asit hasbeenimple-
mentedby William Steininto Magma.Wecomputethedifferencesbetweentheseobjectsfor
generalcongruencesubgroupsof SL2(Z) andgiveacriterionwhenthey agree.

A link with thetheoryof modularformswill beestablishedin ChapterIII .

We startthis chapterby introducingmodularcurvesasRiemannsurfaces,analyticmod-
ular stacksandthesheavesandsomeof their propertiesto beusedin thesequel.We begin
our studywith thecohomologyof modularstacksandrelateit to groupcohomology. Next,
we deriveanexplicit descriptionof thecohomologyof modularcurvesfor thepush-forward
of any locally constantsheafon themodularstackby comparingit via theLerayspectralse-
quenceto stackcohomologyandusingtheMayer-Vietorissequencefor groupcohomology.
Moreover, torsionpropertiesarediscussed.Thefollowing sectionis devotedto introducing
themodularsymbolsformalismandto proveanexplicit descriptionin termsof theso-called
Manin symbols. Next, we will be ableto give a precisedescriptionof whenthe spacesin
questionagree,resp.whattheir differencesare.The�nal sectiontreatsmodularsymbolsfor

11
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� 1(N ) asa (Z=N Z) � -moduleanda slightgeneralisationto someothersubgroups.

(2.0.3)Notation. Recallthat for a subgroupH of SL2(Z) wedenoteH = H=(h� 1i \ H ),
which weconsiderasa subgroupof PSL2(Z).

Throughoutthis chapterwelet � andG becongruencesubgroupsof SL2(Z) such that

� � G � SL2(Z):

For a ring R andan integer k � 2 welet

Vk � 2(R) := Symk � 2(R2)

which carriesthenatural left SL2(Z)-action.Moreover, wewill usea characterof theform

� : G
pro j
� � nG ! R �

and denoteby R � the R[G]-modulewhich is de�ned to be a copy of R with G-action
through� � 1. Alsode�ne

V �
k � 2(R) := Vk � 2(R) 
 R R�

for thediagonalG-action. In casethat G containsthematrix � 1, we will alwaysassume
that � (� 1) = (� 1)k , sothatV �

k � 2(R) is anR[G]-module.

2.1.Modular curvesand modular stacks

We assumeNotation(2.0.3), aswe do in all this chapter. Thegroup� actsfrom the left on
theextendedupperhalf planeH = H [ P1(Q) by fractionallineartransformations.We can
associateto it thecompactRiemannsurfaceX � := � nH [ � nP1(Q). It containstheopen
RiemannsurfaceY� := � nH. BothX � andY� arecalledthemodularcurveof � . Wedenote
theinclusionby j � : Y� ,! X � . Weremarkthat� 1 actstrivially, sothatwecouldhaveused
� in thede�nitions.

Analogously, we alsode�ne theanalyticDeligne-Mumfordstacks[X � ] and[Y� ] asthe
stacksobtainedby takingthequotient for the � =�( N )-actionon X �( N ) resp.Y�( N ) , when
�( N ) � � with N � 3. Thesestackswill bereferredto asthemodularstacksof � . Again
we havetheopenembeddingj [�] : [Y� ] ,! [X � ].

Moreover, therearenaturalprojections� � : [X � ] � X � and� � : [Y� ] � Y� . These
commutewith theembeddingsj � andj [�] . If thegroup� actsfreelyonH andif thestabiliser
subgroupof � for any cusponly containsunipotentelements,thenboth� � areisomorphisms.

(2.1.1)Remark. AnalyticDeligne-Mumford stackshavee.g. beende�nedin [ Toen], De�ni-
tion 5.2,building on thede�nition of theanalyticsite(loc. cit. p. 171).Moreover, it is stated
thatquotientstacksof analyticspacesby �nite groupsare analyticDeligne-Mumford stacks,
which impliesthat the[Y� ] and[X � ] aboveare.
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In the category of sheaveson the analytic site there are enoughinjectives(seee.g.
[Milne], PropositionIII.1.1), so that a derivedfunctor cohomology exists. This cohomol-
ogy coincideswith thederivedfunctorcohomology on analyticspaces,if theanalyticstack
is an analyticspace(for a discussionsee[Milne], p. 118).Aswewill usetheLeray spectral
sequence, we point out that it is a formal consequence, as the direct image of an injective
sheafis injectiveand both the direct image functor and the global sectionsfunctor are left
exact(seee.g. [Milne], TheoremB.1).

There is a category equivalencebetweenthe locally constantsheavesof R-modules
on [Y� ] andR[� ]-modules,givenby thefunctor

F 7! H 0(H; f � F );

where f : H
pro j
� [Y� ] is thequotientmorphism.AsH is simplyconnected,thesheaff � F is

constantandconsequentlyH 0(H; f � F ) = (f � F )y = F f (y ) for anypoint y 2 H. It follows
that �

H 0(H; f � F )
� �

= H 0([Y� ]; F ):

Asstackcohomologyis thederivedfunctorcohomologyof H 0([Y� ]; �) andgroupcohomology
for R[�] -modulesis thederivedfunctorcohomologyof taking� -invariants,weobtain

H i ([Y� ]; F ) �= H i (� ; H 0(H; f � F )) �= H i (� ; F x )

for any i � 0, F a locally constantsheafof R-moduleson [Y� ] andx 2 [Y� ]. We saythat
H 0(H; f � F ) = F x is theR[�] -moduleassociatedto the locally constantsheafF andvice
versa.

2.2.The moduleV �
k� 2(R) and the sheafV �

k� 2(R)

In Notation(2.0.3)wehavede�ned Vk � 2(R) andV �
k � 2(R). Via thecorrespondenceoutlined

in Remark(2.1.1) the � -moduleVk � 2(R) correspondsto a locally constantsheafon [Y� ]
which we denoteby Vk � 2;� (R). Similarly, we write V �

k � 2;G
(R) for the locally constant

sheafon [YG ] correspondingto theG-moduleV �
k � 2(R). We will usuallydrop� andG from

thenotation.

(2.2.1)Remark. Let us assumethat � 1 62� . Thenwe de�ne the universalelliptic curve
� univ : [Euniv

�
] � [Y� ], as the stack obtainedby taking the � -quotientof E in the exact

sequence

0 ! Z2 � H
(( n;m ) ;� )7! (n� + m;� )
� � � � � � � � � � � � � � ! C � H �� � � � � � � � � � � �! E ! 0;

where all spacesare equippedwith the natural projectionto H and C � H carries the � -
action

�
a b
c d

�
:(z; � ) = ( z

c� + d ; a� + b
c� + d ). Alternatively, [Euniv

�
] canalsobeobtainedasthequo-

tient stack for the group � =�( N ) of the universal elliptic curveEuniv
�( N ) over Y�( N ) , when

�( N ) � � andN � 3.
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Whenk � 2 is an integer, the sheafVk � 2;� (R) on the modularstack [Y� ] agreeswith

Symk � 2(R1� univ
� R[Euniv

�
]), whereR[Euniv

�
] denotestheconstantsheafR on [Euniv

�
].

ReplacingZ2 byZ2 
 Z Z� andC byC
 Z Z� onecanalsomakea universalelliptic curve
overYG , when� is a quadratic characterof G with kernel� .

In thesequelwewill oftenusethefollowing differentdescriptionof Vk � 2(R).

(2.2.2)Lemma. Let R[X ; Y ]n denotethe R-moduleof homogeneouspolynomialsof de-
green in thevariablesX andY overR. Themap

Symn (R2) ! R[X ; Y ]n ;
� a1

b1

�

 � � � 


� an
bn

�
7! (a1X + b1Y ) : : : (an X + bn Y )

de�nesan isomorphismof left Mat 2(Z)6=0 -modules,whenweequipthepolynomialswith the
action(M :P)(X ; Y ) = P

�
(X ; Y )M

�
.

Proof. Themapis well de�ned andevery monomialis obviously hit. As Symn (R2) is
freely generatedby theclassesof ( 1

0 ) 
 � � � 
 ( 1
0 ) 
 ( 0

1 ) 
 � � � 
 ( 0
1 ), themapis in factan

isomorphism. 2

(2.2.3)Remark. Thepolynomialsof degreen areoftenequippedwith a slightlydifferentleft
Mat 2(Z)6=0 -action,namelyby

�
a b
c d

�
:P(( X

Y )) := P(
�

a b
c d

� �
( X

Y )) = P(
�

dX � bY
� cX + aY

�
):

Thisactionis considerede.g. in [MerelUniversal] andtheMagmaimplementationof modular
symbols.Thesetwoactionsareisomorphicdueto theidentity(x; y)(M � )> = (x; y)� � 1M � .

(2.2.4)Proposition. Supposethat n! is invertible in R. Then there is a perfect pairing
Vn (R) � Vn (R) ! R of R-modules,which inducesan isomorphismVn (R) ! Vn (R)_

of R[Mat 2(Z)6=0 ]-modules,if weequipVn (R)_ with the left action(M :� )(w) = � (M � w).
WhenM is invertible, wehave(M :� )(w) = det(M )n � (M � 1w).

Proof. Onede�nestheperfectpairingonVn (R) by �rst constructingaperfectpairingon
R2, whichwe considerascolumnvectors.We set

R2 � R2 ! R; hv; wi := det(vjw) = v1w2 � v2w1:

If M is a matrix in Mat 2(Z)6=0 , onecheckseasilythathM v; wi = hv; M � wi . This pairing
extendsto apairingon then-th tensorpowerof R2 by letting

hv1 
 � � � 
 vn ; w1 
 � � � 
 wn i = hv1; w1 i � � � � � hvn ; wn i :

Due to our assumptionon the invertibility of n!, we may view Symn (R2) asa submodule
in the n-th tensorpower, andhenceobtain the desiredpairing. Consequently, onehasthe
isomorphismof R-modules

Vn (R) ! Vn (R)_ ; v 7! (w 7! hv; wi );

which is Mat 2(Z)6=0 -equivariantfor theactionsconsidered. 2
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(2.2.5)Lemma. Let n � 1 be an integer. We supposethat n!N is not a zero divisor in R.
The left t-invariants are ht i Vn (R) = hX n i for t = ( 1 N

0 1 ) and the left t0-invariants are
ht 0i Vn (R) = hY n i for t0 = ( 1 0

N 1 ).

Proof. The action of t gives t:(X n � i Y i ) = X n � i (N X + Y ) i and consequently
(t � 1):(X n � i Y i ) =

P i � 1
j =0 r i;j X n � j Y j with r i;j = N i � j

�
i
j

�
, which is not a zerodivi-

sorby assumption.For x =
P n

i =0 ai X n � i Y i wehave

(t � 1):x =
n � 1X

j =0

X n � j Y j (
nX

i = j +1

ai r i;j ):

If (t � 1):x = 0, we concludefor j = n � 1 thatan = 0. Next, for j = n � 2 it follows
thatan � 1 = 0, andsoon,until a1 = 0. This provesthe�rst part. Thesecondfollows from
symmetry. 2

(2.2.6)Proposition. Letn � 1 bean integer.

(a) If n!N is not a zero divisor in R, thentheR-moduleof left �( N )-invariants �( N ) Vn (R)
is zero.

(b) If n! is invertiblein R andN is nota zero divisor in R, thentheR-moduleof left �( N )-
coinvariants�( N ) Vn (R) is zero.

(c) Supposethat � is a subgroupof SL2(Z) such thatreductionmodulop de�nesa surjection
� � SL2(Fp). Supposemoreover that 1 � n � p if p > 2, andn = 1 if p = 2. Then
onehas� Vn (Fp) = 0 = � Vn (Fp):

Proof. As �( N ) containsthematricest andt0, Lemma(2.2.5)already�nishes Part (a).
Undertheassumptionsof Part(b)Proposition(2.2.4)impliesaself-duality, sothat(b) follows
from (a). Theonly partof (c) thatis notyet coveredis whenthedegreeis n = p > 2. In that
casewehaveanexactsequenceof �( N )-modules

0 ! V1(Fp) ! Vp(Fp) ! Vp� 2(Fp) ! 0:

In fact, Vp(Fp) is naturally isomorphicwith the spaceU1 consideredon p. 46, so onecan
proceedasthere.It suf�ces to take (co-)invariantsto obtainthedesiredresult. 2

We alsohavea characterversionof this.

(2.2.7)Proposition. In Notation(2.0.3)weassumethat R is an integral domainandwelet
N � 1 bean integer which is non-zero in R.

(a) If n = 0 and � is non-trivial, or if n > 0 and n! 6= 0 in R, thenthe R-moduleof left
G-invariantsGV �

n (R) is zero.
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(b) If n = 0, � is non-trivial andR is a �eld, or if n > 0 andn! is invertiblein R, thenthe
R-moduleof left G-coinvariantsG V �

n (R) is zero.

Proof. If n > 0, this follows directly from Proposition(2.2.6)by taking � -invariants.
If n = 0, we only have to remarkthat the G-invariantsof R � arezero, if the characteris
non-trivial. Thesameholdsfor thecoinvariantsin thecaseof a �eld. 2

2.3.Cohomologyof modular stacksand group cohomology

Parabolic and boundary spaces

Let F bea sheafon [Y� ]. We applytheLerayspectralsequenceto j = j [�] : [Y� ] ,! [X � ].
The�rst four termsof its associated� ve termexactsequenceare

0 ! H 1([X � ]; j � F ) ! H 1([Y� ]; F ) ! H 0([X � ]; R1j � F ) ! H 2([X � ]; j � F ):

In analogywith theresultof Proposition(2.4.1)we call

H 1
par ([Y� ]; F ) := H 1([X � ]; j � F )

theparabolic stack cohomology group(for [Y� ] andF ). Furthermore,H 0([X � ]; R1j � F ) is
calledtheboundarystack cohomologygroup.

If F = Vk � 2;� (R) (resp.F = V �
k � 2;G

(R) on[YG ]), thenwespeakof the(parabolicresp.
boundary)stack cohomologygroupof weightk overR for � (resp.for G with character� ).

Comparisonwith group cohomology

Let now V bea locally constantsheafof R-moduleson [Y� ] which correspondsto anR[� ]-
moduleV . Thenwehaveby Remark(2.1.1)

H i ([Y� ]; V) �= H i (� ; V ):

We de�ne theparabolicgroupcohomologygroupastheleft handtermandtheboundary
groupcohomologygroup astheright handtermin theexactsequence

0 ! H 1
par (� ; V ) ! H 1(� ; V ) res��!

M

g2 � nPSL 2 (Z)=U

H 1(� \ gUg� 1; Res�� \ gU g� 1 V );

whereU = hT i . We noticethat� \ gUg� 1 is thestabiliserin � of g1 .
Again, if V = Vk � 2(R), thenwe speakaboutthe(parabolic/boundary)groupcohomol-

ogygroupof weightk overR for � andsimilarly in thecasewhere� is replacedby G with a
character� .
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(2.3.1)Proposition. For V a locally constantsheafof R-moduleson [Y� ] corresponding
to an R[�] -moduleV , the stack cohomology group for V and [Y� ] agreeswith the group
cohomology group for V and � . This resultalso holdsfor theparabolic and theboundary
spaces.

Proof. As we have alreadyseenthat the“full” spacesagree,it suf�ces to prove that the
boundaryspacescoincide,i.e. that

H 0([X � ]; R1j � V) �=
M

g2 � nPSL 2 (Z)=U

H 1(� \ gUg� 1; V ):

The sheafR1j � V is a skyscrapersheaf,whosesupportlies on the cusps,whenceonehas
H 0([X � ]; R1j � V) �=

L
c(R1j � V)c, wherethesumrunsover thecuspsof [X � ]. However,

thesecuspsarein bijective correspondencewith thedoublecosets� nPSL2(Z)=U underthe
mappingg 7! g1 . Moreover, wehavethat(R1j � V)c equalsH 1(� \ gUg� 1; V ), if thecusp
c is obtainedfrom g underthemappingjustdescribed. 2

Computing group cohomology

In order to computethe groupcohomologyfor � , it suf�ces to computethe cohomology
of PSL2(Z)-modulesbecauseof Shapiro's Lemma,which for any R[�] -moduleV givesan
isomorphism

H 1(PSL2(Z); CoindPSL 2 (Z)
�

V ) �= H 1(� ; V ):

An elementaryproof of the fact thatShapiro's Lemmarespectstheparabolicsubspacewas
communicatedto me by AdriaanHerremans.Here,however, I shall usethe representation
theoreticmachinery, morepreciselyMackey's formula.

(2.3.2)Proposition. Let V be a left R[�] -modulefor a subgroup � � PSL2(Z) of �nite
index. Thegroup H 1

par (� ; V ) is isomorphicunderthe isomorphismof Shapiro's Lemmato

H 1
par (PSL2(Z); CoindPSL 2 (Z)

�
V ).

Proof. It suf�ces to show thatH 1(U;ResPSL 2 (Z)
U CoindPSL 2 (Z)

�
V ) is equalto thedirect

sum
L

g2 � nPSL 2 (Z)=U H 1(� \ gUg� 1; Res�� \ gU g� 1 V ). Applying Mackey'sformula(seee.g.
[Brown], PropositionIII.5.6(b))

ResPSL 2 (Z)
U CoindPSL 2 (Z)

�
V =

M

g2 U nPSL 2 (Z)=�

CoindU
U \ g� g� 1

gRes�� \ g� 1 U gV;

theisomorphism
H 1(U \ g� g� 1; gV ) �= H 1(g� 1Ug \ � ; V )

andsendingg to g� 1 thepropositionfollows from Shapiro'sLemma. 2
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(2.3.3)Corollary. TheboundaryspaceH 0([X � ]; R1j � V) hasthegroupcohomological de-

scriptionH 1(hT i ; CoindPSL 2 (Z)
�

(V )) . 2

We now explicitly computethe�rst groupcohomologyof R[PSL2(Z)]-modules.A �rst,
however, not completedescriptionis provided by the Mayer-Vietoris sequence,using that
PSL2(Z) is the free productof the cyclic groupof order2 generatedby theclassof � and
thecyclic groupof order3 generatedby theclassof � . Theresultwill be importantfor the
sequelandwerecordit in thefollowing proposition.

(2.3.4)Proposition. LetM bea leftR[PSL2(Z)]-module. ThentheMayer-Vietorissequence
givestheexactsequence

0 ! M PSL 2 (Z) ! M h� i � M h� i ! M
m 7! f m� � � � !

H 1(PSL2(Z); M ) ! H 1(h� i ; M ) � H 1(h� i ; M ) ! 0;

where the1-cocyclef m uniquelygivenby f m (� ) = (1 � � )m andf m (� ) = 0, andfor all
i � 2 isomorphisms

H i (PSL2(Z); M ) �= H i (h� i ; M ) � H i (h� i ; M ):

Proof. Let uswrite G := PSL2(Z), G1 := h� i andG2 := h� i . By [Brown], II.8.8, we
have thesplit exactsequenceof R[G]-modules

0 ! R[G] ! R[G=G1] � R[G=G2] ! R ! 0:

Applicationof thefunctorHomR (�; M ) givesriseto theexactsequenceof R[G]-modules

0 ! M ! HomR[G1 ](R[G]; M ) � HomR[G2 ](R[G]; M ) ! HomR (R[G]; M ) ! 0:

Thecentralterms,aswell asthetermontheright, canbeidenti�ed with coinducedmodules.
Hence,thestatementsfollow by takingthelongexactsequenceof cohomologyandinvoking
Shapiro'sLemma. 2

We now deriveanexplicit descriptionof thegroupcohomologyof PSL2(Z).

(2.3.5)Proposition. LetM bea left R[PSL2(Z)]-module. Thenwehavetheexactsequence

0 ! M PSL 2 (Z) ! M ! kerM (1 + � ) � kerM (1 + � + � 2) ! H 1(PSL2(Z); M ) ! 0:

Proof. We determinethe1-cocyclesof M . Apart from f (1) = 0, they mustsatisfy

0 = f (� 2) = � f (� ) + f (� ) = (1 + � )f (� ) and

0 = f (� 3) = � � � = (1 + � + � 2)f (� ):
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Sincethesearetheonly relationsin PSL2(Z), acocycle is uniquelygivenby thechoices

f (� ) 2 kerM (1 + � ) andf (� ) 2 kerM (1 + � + � 2):

The 1-coboundariesare preciselythosecocycles f which satisfy f (� ) = (1 � � )m and
f (� ) = (1 � � )m for somem 2 M , whichproves

H 1(PSL2(Z); M ) �= kerM (1 + � ) � kerM (1 + � + � 2)=
�
((1 � � )m; (1 � � )m) j m 2 M

�
:

Rewriting yieldstheproposition. 2

(2.3.6)Remark. AsU = hT i < PSL2(Z) is an in�nite cyclic group,onehas

H 1(U;ResUG M ) �= M =(1 � T)M :

An explicit presentationof theparabolicgroupcohomologyis thefollowing.

(2.3.7)Proposition. Theparabolicgroupcohomologygroupsitsin theexactsequence

0 ! M hT i =M PSL 2 (Z) ! kerM (1 + � ) \ kerM (1 + � + � 2)
�
�! H 1

par (PSL2(Z); M ) ! 0;

where � mapsanelementm to the1-cocyclef uniquelydeterminedby f (� ) = f (� ) = m.

Proof. UsingProposition(2.3.5), we have theexactcommutativediagram

M hT i =M PSL 2 (Z) _?
( � � 1 � 1) //

?�

� � 1

��

kerN � \ kerN �
//

?�

��

H 1
par (PSL2(Z); M )

?�

��
M =M PSL 2 (Z) _?

(1 � � ;1� � ) //

(1 � T ) �

����

kerN � � kerN �
////

(a;b)7! b� a

��

H 1(PSL2(Z); M )

��
(1 � T )M _? //M ////H 1(U;M ):

As thebottomleft verticalarrow is surjective,theclaimfollowsfrom thesnakelemma. 2

2.4.Cohomologyof modular curves

Parabolic and boundary spaces

Let F bea sheafon Y� . We proceedexactly asfor stacks,now with j = j � insteadof j [�]

andgettheexactsequence

0 ! H 1(X � ; j � F ) ! H 1(Y� ; F ) ! H 0(X � ; R1j � F )

! H 2(X � ; j � F ) ! H 2(Y� ; F ) ! 0;
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sinceR2j � F = 0 andH 1(X � ; R1j � F ) = 0.
We considertheexactsequenceof sheavesonX �

0 ! j !F ! j � F ! C ! 0;

in whichthelasttermis de�nedasthecokernel.Theparaboliccohomologygroup(for Y� and
F ) is imageof themapH i

c(Y� ; F ) ! H i (Y� ; F ). It is denotedby H i
par (Y� ; F ). Moreover,

we call H 0(X � ; R1j � F ) theboundarycohomologygroup(for Y� andF ).

(2.4.1)Proposition. We haveH 1
par (Y� ; F ) �= H 1(X � ; j � F ):

Proof. The sheafC is a skyscrapersheaf,asit is only supportedon thecusps.Hence,
H 1(X � ; C) = 0 and the long exact sequenceassociatedto the short exact sequenceof
sheavesaboveyieldsthattheuppermapis surjective in thecommutativediagram

H 1
c (Y� ; F ) ////

((QQQQ
QQQQ

H 1(X � ; j � F )•_
��

H 1(Y� ; F );

in which the vertical map comesfrom the Leray sequenceabove. As it is injective, the
propositionfollows. 2

Explicit description of the cohomology

Let V be someR[�] -module. Via Remark(2.1.1), associatedto it we have a locally con-
stantsheafV on thestack[Y� ], which we canpushforwardundertheprojection� = � � :
[Y� ] � Y� .

ThespacesH i (Y� ; � � Vk � 2;� (R)) , H i
par (Y� ; � � Vk � 2;� ), H 0(X � ; R1j � (� � Vk � 2;� )) are

calledthe (parabolic/boundary)cohomology group of weightk over R for Y� . We make a
similar de�nition with thesheafV �

k � 2;G
(R) on [YG ].

(2.4.2)Proposition. Theboundarycohomologygroupfor Y� and� � V equalstheboundary
stack cohomologygroupfor [Y� ] andV.

Proof. We only needto show that
�
R1j � V

�
x

�=
�
R1j � (� � V)

�
� (x )

for x in [X � ] � [Y� ]. That is clear, sinceX � and[X � ] do not differ in a (suitablysmall)
neighbourhoodof thecuspx, whenx is takenout. 2

ConsideringtheLerayspectralsequencein orderto comparethecohomologyof modular
curveswith groupcohomologywassuggestedby BasEdixhoven.Indeed,it evenallowsusto
give a simpledescriptionof thecohomologyof modularcurves.We shall �rst provea result
onsomesecondcohomologygroup.
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(2.4.3)Lemma. Let V bea locally constantsheafon [Y� ]. Denoteby Y 0
� theanalyticsub-

spaceof Y� obtainedas the quotientby � of the upperhalf plane minusall non-trivially
stabilisedpoints(for � ). Denoteby j 0 theembeddingY 0

� ,! Y� .
Thenthesheaf(j 0)� (j 0)� � � V is a locally constantsheafonY� .

Proof. Write j = j 0 for short. Let x 2 Y� , which we mayassumeto lie in thecomple-
mentof Y 0

� andtakey 2 [Y� ] with � (y) = x. As V is locallyconstant,wecanchooseanopen
setV � [Y� ] containingy suchthatVjV is constant.Thequotientmap� is open(universally
submersive, seee.g. [Toen], p. 31, for algebraicstacks).So W = � (V ) is an openneigh-
bourhoodin Y� containingx. For W1 � W openwith x 2 W1 andV1 = � � 1(W1), wehave
j � j � � � V(W1) = (� � V)(W1 � f xg) = V(V1 � � � 1(f xg)) , since� is a local isomorphism
outsidethepointsx resp.� � 1(f xg). OurassumptiononV henceimpliesthatj � j � � � VjW is
constant. 2

(2.4.4)Proposition. LetV bea locally constantsheafon [Y� ].

(a) We haveH 2(Y� ; � � V) = 0.

(b) We haveH 2
c (Y� ; � � V) = H 0([Y� ]; V_ )_ .

(c) For all i � 2 wehaveH i
c(Y� ; � � V) �= H i (X � ; j � � � V), where j denotestheembedding

Y� ,! X � .

Proof. We usethenotationsof Lemma(2.4.3). In theexactsequenceof sheavesonY�

0 ! K ! � � V ! (j 0)� (j 0)� � � V ! C ! 0

both the kernelandthe cokernelareskyscrapersheaves. As their highercohomologyvan-
ishes,weobtain

H i (Y� ; � � V) �= H i (Y� ; (j 0)� (j 0)� � � V) for all i � 2

and similarly for compactlysupportedcohomology. We may apply Poincaréduality to
H 2(Y� ; (j 0)� (j 0)� � � V) and H 2

c (Y� ; (j 0)� (j 0)� � � V). It yields that the �rst spaceis iso-
morphicto H 0

c (Y� ; (( j 0)� (j 0)� � � V)_ )_ , which is zero,asY� is non-compactandconnected
andthesheaf(( j 0)� (j 0)� � � V)_ is locallyconstant,proving (a). Poincarédualityfurthermore
gives

H 2
c (Y� ; (j 0)� (j 0)� � � V) �= H 0(Y� ; (( j 0)� (j 0)� � � V)_ )_ �= H 0(Y 0

� ; (� � V)_ jY 0
�

)_ :

The latter spaceis isomorphicto H 0([Y� ]0; V_ j[Y� ]0 )_ , which in turn itself is equal to
H 0([Y� ]; V_ )_ , proving (b).

Part (c) follows immediatelyfrom theexactsequenceof sheavesonX �

0 ! j ! � � V ! j � � � V ! C0 ! 0;
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asthecokernelis againa skyscrapersheaf. 2

We now comparethe cohomologygroupsof the modularstackto that of the modular
curvevia theLerayspectralsequence.It givesriseto theshortexactsequence

0 ! H 1(Y� ; � � V) ! H 1([Y� ]; V) ! H 0(Y� ; R1� � V) ! 0;

asH 2(Y� ; � � V) = 0 by Proposition(2.4.4). The sheafR1� � V is a skyscrapersheaf,sup-
portedonly on non-trivially stabilisedpoints. More precisely, if � x denotesthe stabiliser
groupof � at thepoint x 2 H, then

(R1� � V)x = H 1(� x ; V ):

(2.4.5)Proposition. We havetheexactsequenceof R-modules

0 ! H 1(Y� ; � � V) ! H 1([Y� ]; � � V)

! H 1(h� i ; CoindPSL 2 (Z)
�

V) � H 1(h� i ; CoindPSL 2 (Z)
�

V ) ! 0:

Proof. We �rst notethatany non-trivially stabilisedpoint x of H is conjugateby some
g 2 PSL2(Z) to eitheri or � 3, whencethestabilisergroupthenis gh� i g� 1 \ � or gh� i g� 1 \ � .
As in theproofof Proposition(2.3.2)we canapplyMackey's formulato obtain

H 1(h� i ; CoindPSL 2 (Z)
�

V ) �=
M

g2 � nPSL 2 (Z)=h� i

H 1(gh� i g� 1 \ � ; V )

andasimilar resultfor � . Sowe get

H 0(Y� ; R1� � V) �= H 1(h� i ; CoindPSL 2 (Z)
�

V ) � H 1(h� i ; CoindPSL 2 (Z)
�

V );

which �nishes theproof. 2

We have alreadyearlier encounteredthe very sameobstructionterm, namely in the
Mayer-Vietorissequence(seeProposition(2.3.4)). Thisestablishesthefollowing theorem.

(2.4.6)Theorem. For any ring R, any congruencesubgroup � � SL2(Z) and any R[� ]-
moduleV with associatedsheafV on [Y� ], wehave

H 1(Y� ; � � V) �= M =
�
M h� i + M h� i �

with M = CoindPSL 2 (Z)
�

(V ) and� : [Y� ] � Y� thenatural projection.

We let
H k (� ; R) = M =

�
M h� i + M h� i �

asin thetheoremwith M = CoindPSL 2 (Z)
�

(Vk � 2(R)) andde�ne CH k (� ; R) asthekernelof
theboundarymap

M =
�
M h� i + M h� i � m 7! (1 � � )m

�� � � � � � �! M =(1 � T)M :
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We call CH k (� ; R) theparabolicsubspaceandthespaceon theright theboundaryspace.
Moreover, welet H k (G; �; R) := M =

�
M h� i + M h� i

�
for M = CoindPSL 2 (Z)

G
(V �

k � 2(R))
andsimilarly asabovewe de�ne aparabolicanda boundaryspace.

Merel's study of homology

A study of the homologyof modularcurves (as Riemannsurfaces)hasbeencarriedout
by [MerelHecke] alsoin orderto computemodularforms. We shallseethatMerel'sexplicit
descriptionis a specialcaseof ours.

The�rst homologygrouprelative to thecuspsfeaturesin thelongexactsequence

0 ! H1(X � ; R) ! H1(X � ; cusps; R) ! R[cusps] ! R ! 0:

From this sequenceit follows thatH 1(X � ; cusps; R) is a freeR-module(asH 1(X � ; R) is
free,which is well known for compactRiemannsurfaces).

(2.4.7)Proposition. We haveisomorphisms

H1(X � ; cusps; R) �= H 1(Y� ; R) �= H1(Y� ; R)_ :

Proof. The �rst isomorphismis a simple applicationof the generalduality theorem
[Dold], PropositionVIII.7.2, noting that in this case�Cechcohomologycoincideswith sin-
gular cohomology(seee.g. [Dold], PropositionVIII.6.12). The secondisomorphismis a
consequenceof theuniversalcoef�cient theorem. 2

In view of Proposition (2.4.7), the descriptionof the relative homology group of
[MerelHecke], Proposition4,

H1(X � ; cusps; R) �= H 2(� ; R)

is now immediate.

Torsion-freenessand basechangeproperties

Merel's original computationof H 1(X � ; cusps; Z) asH 2(� ; Z) wasto computethetorsion-
freenessof the lattermoduleandto show that its rank is right. More generally, Herremans
hascomputedthetorsionin the� 1(N )-ManinsymbolsoverZ ([Herremans], Proposition9).
We will, however, give a geometricandmoregeneralproof of torsion-freeness,which Bas
Edixhovenhasexplainedto theauthor.

(2.4.8)Proposition. Assumethat R is an integral domain of characteristic 0 such that
R=pR �= Fp. Let N � 1 be an integer such that p - N . We assumethat � 1(N ) � �
andthat thestabilisers for theactionof G onH haveorder invertiblein R, or thatk = 2 and
� is trivial.
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We denoteby � the reductionmodulop of � . Recall that � G denotesthe projection
[YG ] � YG . Write F (R) = � G; � V �

k � 2;G
(R) and similarly for F (Fp). Thenthe follow-

ing statementshold:

(a) We haveH 1
c (YG ; F (R)) 
 R Fp

�= H 1
c (YG ; F (Fp)) .

(b) We havean isomorphismH 1(YG ; F (R)) 
 R Fp
�= H 1(YG ; F (Fp)) . If k = 2 and �

is trivial, H 1(YG ; F (R))[p] = 0 holds. Otherwise, the p-torsion H 1(YG ; F (R))[p] is
isomorphicwith SL2 (Fp ) V �

k � 2(Fp).

(c) We haveH 1
par (YG ; F (R)) 
 R Fp

�= H 1
par (YG ; F (Fp)) .

Proof. Let us�rst noticethatthesequence

0 ! V �
k � 2;G (R)

�p
�! V �

k � 2;G (R) ! V �
k � 2;G (Fp) ! 0

of sheaveson [YG ] is exact. Applying the left exact functor � G; � we obtaintheshortexact
sequenceof sheavesonYG

0 ! F (R)
�p
�! F (R) ! F (Fp) ! 0;

becausewe have seenbeforethat R1� G; � V �
k � 2;G

(R) is a skyscrapersheafsupportedonly

on non-trivially stabilisedpoints and there the stalk is H 1(Gx ; V �
k � 2(R)) , which is 0 by

assumption,aseitherthe orderof Gx is invertible or V �
k � 2(R) = R. The associatedlong

exactsequencegivesriseto theshortexactsequence

0 ! H i (YG ; F (R)) 
 Fp ! H i (YG ; F (Fp)) ! H i +1 (YG ; F (R))[p] ! 0

for every i � 0. A similar exactsequencealsofollowsby takingcompactlysupportedcoho-
mology.

We have H 2(YG ; F (R)) = 0 andH 2
c (YG ; F (R))[p] = 0. The former wasproved in

Proposition(2.4.4). Thelattercanalsobededucedfrom thatproposition,asH 2
c (YG ; F (R))

is a freeR-module,sinceit is isomorphicto H 0([YG ]; Vk � 2;G (R)_ )_ . This proves(a) and
thebasechangepartof (b).

We �nish Part (b) by the isomorphismH 0(YG ; F (Fp)) �= G V �
k � 2(Fp) andthe fact that

H 0(YG ; F (R)) �= G V �
k � 2(R) is zero,unlessk = 2 and� is trivial by Propositions(2.2.6)

and(2.2.7).
Part (c) is a directconsequenceof (a) and(b), sinceparaboliccohomologyis the image

of compactlysupportedcohomologyin theusualone. 2

(2.4.9)Remark. We canusetheshortexactsequence0 ! j !F ! j � F ! C ! 0 to com-
pare compactlysupportedcohomology with parabolic cohomology. Namely, theassociated
long exactsequencegivesrise to theexactsequence

0 ! � Vk � 2(R) !
M

cusps

R ! H 1
c (Y� ; Vk � 2;� (R)) ! H 1

par (Y� ; Vk � 2;� (R)) ! 0:

We omit thedetails,asthis will notbeusedin thesequel.
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2.5.Modular symbols

De�nition

Modularsymbolscanbethoughtof asgeodesicpathsbetweentwo cuspsresp.astheassoci-
atedhomologyclassrelativeto thecusps.Weshall,however, giveacombinatorialde�nition,
asis implementedin Magmaandlike theonein Stein's thesis[SteinThesis], exceptthatwe
do not factorout torsion,but intenda commontreatmentfor all rings. We keepthe Nota-
tion (2.0.3).

(2.5.1)De�nition. We de�ne theR-modules

M 2(R) := R[f �; � gj�; � 2 P1(Q)]=hf�; � g; f �; � g + f � ; 
 g + f 
 ; � gj�; � ; 
 2 P1(Q)i

and
B2(R) := R[P1(Q)];

which weequipwith thenatural left PSL2(Z)-action.Furthermore, welet

M �
k (R) := M 2(R) 
 R V �

k � 2(R)

and
B�

k (R) := B2(R) 
 R V �
k � 2(R)

for theleft diagonalG-action.If � is thetrivial character, weusuallydropit fromthenotation.

(a) We call the(left-)coinvariants

M k (G; �; R) := G M �
k (R) = M k (R)=h(x � gx)jg 2 G; x 2 M �

k (R)i

thespaceof G-modularsymbolsof weightk overR (for thecharacter� ).

(b) We call the(left-)coinvariants

Bk (G; �; R) := G B�
k (R) = Bk (R)=h(x � gx)jg 2 G; x 2 B�

k (R)i

thespaceof G-boundarysymbolsof weightk overR (for thecharacter� ).

(c) We de�ne theboundarymapasthemap

M k (G; �; R) ! Bk (G; �; R)

which is inducedfromthemapM 2(R) ! B2(R) sendingf �; � g to f � g � f � g.

(d) Thekernelof theboundarymapis denotedby CM k (G; �; R) andis calledthespaceof
cuspidalG-modularsymbolsof weightk overR (for thecharacter� ).
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(e) The image of the boundarymap inside Bk (G; �; R) is denotedby Ek (G; �; R) and is
calledthespaceof G-Eisensteinsymbolsof weightk overR (for thecharacter� ).

Thede�nitions canbesummarisedin theexactsequence

0 ! CM k (G; �; R) ! M k (G; �; R) ! Ek (G; �; R) ! 0:

In thestandardsituationthat� = � 1(N ) andG = � 0(N ), wecanmake theidenti�cation

� 1(N )n� 0(N ) ! (Z=N Z) � ;
�

a b
N c d

�
7! a:

In the de�nitions above it seemsnatural to write e.g. M k (G; �; R) and not M k (� ; �; R),
whichwouldbecloserto theusualnotationfor modularforms,namelySk (� ; �; R).

(2.5.2)Remark. Themap

M 2(Z) ! Div 0(P1(Q)) ; f �; � g 7! � � �

is an isomorphismof left PSL2(Z)-modules.
Indeed,surjectivityis clear. Theelementsf �; � g and f �; � g + f � ; 
 g + f 
 ; � g are in

thekernel. Thesegenerateall relationsof theform f � 1; � 2g + f � 2; � 3g + � � � + f � n ; � 1g
for n � 1. But thekernelis generatedby these.

Ashand Stevens(in [Ash-Stevens]) call Hom� (Div 0(P1(Q)) ; R) the spaceof modular
symbols.Thisis thuspreciselytheR-dualof themoduleconsideredhere.

We endthissectionby a remarkonchangingthecoef�cient ring.

(2.5.3)Remark. Let R ! S be a ring homomorphism.As tensoring, as well as taking
coinvariants,is right exact,wehave

M k (G; R) 
 R S �= M k (G; S) and Bk (G; R) 
 R S �= Bk (G; S):

If R ! S is �at, alsoCM k (G; R) 
 R S �= CM k (G; S) holds. Similar statementsare true
with a character� . 2

Manin symbols

Manin symbolsprovide anexplicit descriptionof modularsymbols.We stayin thegeneral
settingover a ring R. Most proofsthatmodularandManin symbolscoincide(e.g.Merel in
[MerelUniversal]) useManin's original homologicalapproach[Manin] or its generalisation
by [ �Sokurov]. In this sectionwe show, usinga combinatorialpropositiondueto Martin, that
theidenti�cation is purelyalgebraic.

Martin hasthefollowingpurelyalgebraicproposition,theproofof whichis combinatorial
in nature.It is Proposition4.3in his thesis[Martin].
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(2.5.4)Proposition.(Martin) We considerthehomomorphism

 : Z[SL2(Z)] ! Z[P1(Q)]; M 7! M :1 � M :0:

Its kernelis givenbyZ[SL2(Z)](1 + � ) + Z[SL2(Z)](1 � T � T 0).

Translatingthis propositioninto thetheoryof Manin symbols,oneobtainsthefollowing
proposition.

(2.5.5)Proposition. Thehomomorphismof R-modules

R[PSL2(Z)]
�
�! M 2(R); g 7! f g:0; g:1g

is surjectiveandits kernelis givenbyR[PSL2(Z)](1 + � ) + R[PSL2(Z)](1 + � + � 2).

Proof. For the surjectivity we follow [Cremona], p. 14. It suf�ces to prove that the
elementf1 ; � g with � a rationalnumberis hit. Let � = a1 + 1

a2 + 1
a 3 + ::: 1

a k

bethecontinued

fractionsexpansionof � andlet Pl =
�

a1 1
1 0

� �
a2 1
1 0

�
� � �

�
a l 1
1 0

�
for all l 2 f 1; : : : ; kg. We

maywrite Pl =
� pl pl � 1

ql ql � 1

�
with p0 = 1 andq0 = 0. By constructionwe have � = pk

qk
and

1 = p0
q0

. Consequently, weobtain

� � p1 p0
� q1 q0

�
f 0; 1g + ( p2 p1

q2 q1 ) f 0; 1g + � � � +
�

( � 1) k pk pk � 1

( � 1) k qk qk � 1

�
f 0; 1g = f1 ; � g:

We noticethatdueto theextraminussignsthedeterminantsof all matricesequal1.
Let us now notice that tensoringby R we may work with R-modulesinsteadof Z-

modules.Moreover, as(1 � � )(1 + � ) = 1 � (� 1), wemayreplaceSL2(Z) by PSL2(Z) in
Proposition(2.5.4).

Next weshow thatker(� ) = ker( ), usingthehomomorphism

� : M 2(R) ! R[P1(Q)]; f �; � g 7! � � �:

As  = � � � , the inclusionker(� ) � ker( ) follows. For the otheronewe assumethatP
M uM [M ] 2 ker( ), i.e.

0 =
X

M

uM (M :0 � M :1 ) = (
X

M

uM M :0) � (
X

M

uM M :1 ):

But then
P

M uM M f 0; 1g = (
P

M uM f M :0; 1g ) � (
P

M uM f M :1 ; 1g ) = 0, estab-
lishing theconverseinclusion.

Now it only remainsto establishtheclaimedform of thekernel. We have the identities
� = T � , T 0 = � 2� � 1 andconsequently1 � T � T 0 = ((1 + � ) � (1 + � + � 2)) � � 1. The
latteroneimpliesfor all R[PSL2(Z)]-modulesM theidentity

(1 � T � T 0)M + (1 + � )M = (1 + � + � 2)M + (1 + � )M ;
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which �nishes theproof. 2

If V is any left R[PSL2(Z)]-module,theinducedmoduleIndPSL 2 (Z)
�

(V ) is by de�nition
theleft PSL2(Z)-moduleR[PSL2(Z)] 
 R[� ] V , whereR[PSL2(Z)] is equippedwith thenat-

ural right R[� ]-actionandtheleft R[PSL2(Z)]-action.Sendingg
 � v to g� 1 
 v establishes
anisomorphismof IndPSL 2 (Z)

�
(V ) with � (R[PSL2(Z)] 
 R V ), wherenow � actsdiagonally

from the left. The left R[PSL2(Z)]-actionis theoneobtainedby inversionfrom thenatural
right action.Wewill in thesequelconsiderthemodule� (R[PSL2(Z)] 
 R V ) with this right
action.

(2.5.6)Theorem. Let M := IndPSL 2 (Z)
G

(V �
k � 2(R)) be the inducedmodulewith the right

R[PSL2(Z)]-action describeddirectly before the theorem. Thenthe following statements
hold:

(a) Thehomomorphism� fromProposition(2.5.5)inducestheexactsequenceof R-modules

0 ! M (1 + � ) + M (1 + � + � 2) ! M ! M k (G; �; R) ! 0:

(b) The homomorphismR[PSL2(Z)] ! R[P1(Q)] sending[g] to g:1 inducesthe exact
sequenceof R-modules

0 ! M (1 � T) ! M ! Bk (G; �; R) ! 0:

(c) Undertheidenti�cationsof (a) and(b) theboundarymapis themap

M =
�
M (1 + � ) + M (1 + � + � 2)

�
! M =

�
M (1 � T)

�

inducedfromm 7! m(1 � � ) onM .

Proof. (a)We derive this from Proposition(2.5.5), whichgivestheexactsequence

0 ! R[PSL2(Z)](1 + � ) + R[PSL2(Z)](1 + � + � 2) ! R[PSL2(Z)] ! M 2(R) ! 0:

Let N := R[PSL2(Z)] 
 R V �
k � 2(R), which we equip with the right PSL2(Z)-action

([g] 
 v):[� ] = [g� ] 
 v. As V �
k � 2(R) is a free R-modulewe obtain the exact sequence

of left R[G]-modules

0 ! N (1 + � ) + N (1 + � + � 2) ! N ! M �
k (R) ! 0:

Passingto left G-coinvariantsyields(a).
(b) It is easyto computethatthedescribedmap�ts into theexactsequence

0 ! R[PSL2(Z)](1 � T ) ! R[PSL2(Z)] ! R[P1(Q)] ! 0:

Now we canproceedpreciselyasin (a)andobtain(b).
(c) It is clearthat this mapcorrespondsto theboundarymap. It is well de�ned because

of (1 + � + � 2)(1 � � ) = (1 + � + � 2)(1 � T ). 2

In theliteratureon Manin symbolsoneusually�nds a moreexplicit versionof themod-
uleM . This is thecontentsof thefollowing proposition.
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(2.5.7)Proposition. (a) ConsidertheR-moduleX := R[� nSL2(Z)] 
 R Vk � 2(R) 
 R R�

equippedwith theright SL2(Z)-action(� h 
 V 
 r )g = (� hg 
 g� 1v 
 r ) andwith the
left � nG-actiong(� h 
 v 
 r ) = (� gh 
 v 
 � (g)r ).

Then X is isomorphicas a right R[SL2(Z)]-module and a left R[� nG]-module to
IndSL 2 (Z)

� (V �
k (R)) , and,moreover, � nG X is isomorphicto IndSL 2 (Z)

G (V �
k (R)) .

If � 1 2 G and� 1 62� , thenthelatter moduleis isomorphicto IndPSL 2 (Z)
G

(V �
k (R)) .

(b) ConsiderthemoduleX := R[GnPSL2(Z)] 
 R Vk � 2(R) 
 R R� equippedwith theright
PSL2(Z)-action(� h 
 V 
 r )g = (� hg 
 g� 1v 
 r ).

If (� 1)k = 1, then X is isomorphicto IndPSL 2 (Z)
G

(V �
k (R)) as a right R[PSL2(Z)]-

module.

Proof. (a)Mappingg
 v 
 r to g
 g� 1v 
 r de�nesanisomorphismof right R[SL2(Z)]-
modulesandof left R[� nG]-modules

� (R[SL2(Z)] 
 R Vk � 2(R) 
 R R� ) ! X :

As we have seenabove, the left handside moduleis naturally isomorphicto the induced
moduleIndSL 2 (Z)

� (V �
k (R)) (equippedwith its right R[SL2(Z)]-actiondescribedbefore).This

establishesthe �rst statement.The secondonefollows from � nG
�

� M
�

= G M for any G-
moduleM . The third statementis due to the fact that h� 1i (R[SL2(Z)] 
 R V �

k � 2(R)) is
naturally isomorphicto R[PSL2(Z)] 
 R V �

k � 2(R), since � 1 acts trivially on the second
factor.

(b) This works analogouslyto the discussionin (a) with SL2(Z) replacedby PSL2(Z)
becausewecannow view Vk � 2(R) asa PSL2(Z)-module. 2

Transportable Modular Symbols

In thissectionI presentStein'sandVerrill' sde�nition of transportablemodularsymbols,and
reprove their principal theorem(see[SteinVerrill], Theorem2.4). The differenceis that I
provetheresultoverany ring R, whereastheoriginalproofwasfor modularsymbolsoverZ
modulotorsion. This sectionis not usedin the sequel,but canserve asan illustration that
working with thetorsioncanmake thingsmucheasier.

Transportablemodularsymbolsareusedto computeperiodsof modularsymbolsresp.
modularforms. Theaim is to transporta pathfrom thecuspf � g to f1g to a pathfrom z
to 
 z for a well chosenz in the upperhalf plane(for some
 2 � ) representingthe same
homologyclass.

We shall not restatethe original de�nition of transportablemodularsymbols,but the
equivalentvariantof [SteinVerrill], Lemma2.3 (The equivalenceworks over any ring, not
only Q).
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(2.5.8)De�nition. A modular symbolx 2 M k (� ; R) is called transportableif it can be
written in the form

P m
i =1 f1 ; 
 i 1g 
 Pi with 
 i 2 � and Pi 2 Vk � 2(R) such that

P m
i =1 Pi =

P m
i =1 
 � 1

i Pi .

To make the last formula a little moreunderstandable(andseta decisive steptowards
proving theprincipaltheoremin thiscontext), let usnotethatbyastraightforwardcalculation
asymbolof theform

P m
i =1 f1 ; 
 i 1g 
 Pi is cuspidal(i.e. in thekernelof theboundarymap)

if andonly if
P m

i =1 Pi =
P m

i =1 
 � 1
i Pi holds.

(2.5.9)Theorem.(Stein,Verrill) A modularsymbolis transportableif andonly if it is cus-
pidal.

Proof. Choosea systemof representativesR of � nP1(Q), representing� 1 by 1 . Let
ussupposethatx 2 CM k (� ; R). Writing f �; � g 
 P = f1 ; � g 
 P � f1 ; � g 
 P and
usingthe� -invariance,wewrite

x =
X

� 2R

X


 2 �

f1 ; 
 � g 
 P
 ;� :

By assumptionx is in thekernelof theboundarymap,i.e.
X

� 2R

X


 2 �


 f � g 
 P
 ;� =
X

� 2R

X


 2 �

f1g 
 P
 ;� 2 � Bk (R):

For 1 6= � 2 R it follows X


 2 �


 � 1P
 ;� = 0;

which in turn yields
X


 2 �

f1 ; 
 � g 
 P
 ;� =
X


 2 �

(f1 ; 
 1g + f 
 1 ; 
 � g) 
 P
 ;�

=
X


 2 �

f1 ; 
 1g 
 P
 ;� +
X


 2 �

f1 ; � g 
 
 � 1P
 ;�

=
X


 2 �

f1 ; 
 1g 
 P
 ;� ;

�nishing theproof. 2

2.6.Comparisonbetweenthe spaces

In groupcohomologyoneconceptuallyhasto work with coinducedmodules.However, if
the index is �nite, which is thecasein all our considerations,onecanidentify inducedand
coinducedmodules. In the sectionaboutManin symbolswe have consideredthe induced
modulesasright modulesby invertingthenaturalleft action.This wasdonein orderto stay
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closeto othertreatments,e.g.[SteinThesis]. Here,however, we will go backto thenatural
left action. An analogof Theorem(2.5.6)for left actionsis obtainedby formally rewriting
all right actionsinto left ones.

We still assumeNotation(2.0.3).

(2.6.1)Theorem. Theboundaryspacesof modularsymbols,groupcohomology and of the
cohomologyof modularcurvesagree, i.e.

Bk (G; �; R) �= H 1(hT i ; CoindPSL 2 (Z)
G

(V �
k (R))) �= H 0(X G ; R1j G; � (� G; � V �

k (R))) :

Assumingfurther that theorders of all stabilisers of G actingon H are invertible in R,
thenalso the full spacesof modularsymbols,groupcohomology andof thecohomology of
modularcurvesare isomorphic,i.e.

M k (G; �; R) �= H 1(G; V �
k (R)) �= H 1(YG ; � G; � V �

k (R)) ;

asare their parabolic resp.cuspidalsubspaces

CM k (G; �; R) �= H 1
par (G; V �

k (R)) �= H 1
par (YG ; � G; � V �

k (R)) :

Proof. Becauseof Proposition(2.3.1), Theorem(2.5.6)(b), Corollary (2.3.3), Proposi-
tion (2.4.2)andRemark(2.3.6), theboundaryspacesagree.

UsingMackey's formulaasin Proposition(2.4.5)weget

H 1(h� i ; CoindPSL 2 (Z)
�

V �
k � 2(R)) �=

M

g2 � nPSL 2 (Z)=h� i

H 1(gh� i g� 1 \ � ; V �
k � 2(R))

and a similar result for � . The right handside is zero due to the assumptionon the sta-
biliser order. A similar resultholdsfor thecorresponding�rst homologygroup,whichusing
cyclicity givesĤ 0(h� i ; CoindPSL 2 (Z)

�
V �

k � 2(R)) = 0.
The vanishingof the �rst cohomologygroupimplies via Theorem(2.4.6)andProposi-

tion (2.3.4)thatthefull spacesof groupcohomologyandthecohomologyof modularcurves
agree.Theformeralwayscoincideswith thecohomologyof themodularstackby Proposi-
tion (2.3.1). Thevanishingof theĤ 0-termmeanswrittenout that

(1 + � )CoindPSL 2 (Z)
�

V �
k � 2(R) =

�
CoindPSL 2 (Z)

�
V �

k � 2(R)
� h� i

andsimilarly for � , which via Theorems(2.5.6)and(2.4.6)establishesthe comparisonbe-
tweenmodularsymbolsandthecohomologyof modularcurves.

As we have seenthattheboundaryspacesandthefull spacescoincide,thesamefollows
for theparabolicresp.cuspidalspaces,astheboundarymapsarecompatible. 2

If k = 2 and� is trivial, it actuallysuf�ces for thecomparisonbetweengroupcohomol-
ogy andthecohomologyof modularcurvesto assumethat thestabiliserordersareno zero
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divisors,as then V �
k � 2(R) = R and the H 1-termsin the proof above vanish(but not the

Ĥ 0-termsin general).
Thestabilisersof theactionof PSL2(Z) on H all have orderdividing 6. The following

propositioninvestigates,whenpreciselystabilisersof order2 or 3 occur.

(2.6.2)Proposition. (a) Thefollowing statementsareequivalent:

(i) � 0(N ) containsnoconjugateof � .

(ii) Theactionof � 0(N ) onH doesnothaveanystabiliserof evenorder.

(iii) N is divisiblebya primeq which is 3 modulo4 or by4.

(b) Thefollowingstatementsareequivalent:

(i) � 0(N ) containsnoconjugateof � .

(ii) Theactionof � 0(N ) onH doesnothaveanystabiliserof orderdivisibleby3.

(iii) N is divisiblebya primeq which is 2 modulo3 or by9.

(c) If N > 3, then� 1(N ) actsfreelyonH.

Proof. Writing out (i) in thetwo casesas
�

a b
c d

�
�

�
d � b

� c a

�
(resp.with � ) givestheequa-

tionsc2 + d2 = (c+ id)(c � id) � 0 mod N resp.c2 + d2 + cd = (c � � 3d)(c � � 3d) � 0
mod N , with (c;d) = 1. Let l be a prime dividing N . It is clearthat l cannotbe inert in
theextensionQ(i ) resp.Q(� 3). If 4 dividesN , thenit follows that2 dividesc + id, which
contradictsthe fact that (c;d) = 1. Concludingsimilarly for 9 in case(b) establishesthe
implication (iii) ) (i) for (a) and(b). Conversely, we supposethat N is divisible only by
split primes,i.e. l j = (cj + id j )(cj � id j ) resp.l j = (cj � � 3dj )(cj � � 3dj ), andpossiblyby
2 = (1 + i )(1 � i ) resp.3 = (1 � � 3)(1 � � 3). Multiplying out, it follows thatN takesthe
form c2 + d2 resp.c2 + d2 + cd with (c;d) = 1. Choosinga; b 2 Z s.t.

�
a b
c d

�
is in SL2(Z) it

follows that
�

a b
c d

�
�

�
d � b

� c a

�
(resp.with � ) is anelementof � 0(N ), establishing(i) ) (iii).

Theequivalenceof (i) and(ii) follows from thewell known factthat theonly non-trivial
stabilisergroupsof points in the usualfundamentaldomainarethe groupsgeneratedby �
resp.� .

(c) If aconjugateof � (resp.� ) is in � 1(N ), onehastheequationsac+ bd� � 1 mod N
and� (ac+ bd) � � 1 mod N (resp.ad+ ac+ bd� � 1 mod N and� (bc+ ac+ bd) � � 1
mod N ) with � = � 1 (sincewe canreplace� (resp. � ) by � � (resp.� � )). This yields
� 2 � 0 mod N (resp.2 � � 1 mod N ). 2

2.7.Charactersand the � -action

In this sectionwe studythe actionof thegroup� := � nG on variousspacesin the Nota-
tion (2.0.3). Thatactionis givenby thediamondoperators.We will beespeciallyinterested
in how far this actionis semi-simple,i.e., if modularsymbolsdecomposeinto eigenspaces
for characters.
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Somecomputationsin group (co-)homology

We �rst providesomeresultsof group(co-)homologythatwill beusedlater.

(2.7.1)Proposition. Let R be a ring, � a �nite group, S a �nite left � -setand V a left
R[�] -module. Supposethat for all s 2 S thestabilisergroup� s hasorder invertiblein R.
Thenwehavefor all i � 1

H i (� ; R[S] 
 R V ) = 0 = H i (� ; R[S] 
 R V )

for thediagonalleft � -actiononR[S] 
 R V .

Proof. We prove this for homology. Theproof for cohomologyis obtainedby dualising
thearguments.

Choosinga systemof representativess1; : : : ; sn of the� -orbitsof S, we obtaina direct
sumdecompositionrespectingthe� -action

R[S] 
 R V �=
nM

j =1

R[� =� sj ] 
 R V:

Fromtheprojectionformulawe get

R[� =� sj ] 
 R V �= Ind �
� s j

Res�� s j
V:

Shapiro's lemmanow givesfor all i � 0

H i (� ; R[S] 
 R V ) �=
nM

j =1

H i (� sj ; Res�� s j
V ):

For i � 1, theright handside,however, is zero,asmultiplicationby thegrouporderof � sj

is invertiblein R. 2

(2.7.2)Proposition. LetA bea �nite abeliangroupandK a �eld with trivial A-action.

(a) If thecharacteristicof K is zero, thenH i (A; K ) = 0 for all i � 1.

(b) If the characteristic of K is a prime p, then we have dimK H1(A; K ) = n and
dimK H2(A; K ) = n (n +1)

2 , where n is thenumberof cyclic factors of thep-Sylowsub-
groupof A.

Proof. (a) is clear, asthe grouporderis invertible in K . For (b) onecane.g.usethat
thedimensionsof H 1(Ap; K ) resp.H2(Ap; K ) aretheminimal numberof generatorsresp.
relationsof Ap. 2

For a characterwe have the following more generalstatementon the �rst homology
groups.
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(2.7.3)Proposition. LetK bea �eld, � a �nite abeliangroupand� : � ! K � a character.
If K hascharacteristicp > 0, wealsoassumethat � is not thetrivial character.

Thenwehavefor all q � 0 thatdimK Hq(� ; K � ) = dimK H q(� ; K � ) = 0:

Proof. We only provethis for cohomology. Thestatementonhomologycanbeobtained
by dualisingthe argument. The statementin characteristic0 is clear, as the orderof � is
�nite, sowe assumethatK hascharacteristicp.

For � 2 � theendomorphismonH q(� ; K � ) whichis inducedfrom theactionof � onK �

is the identity (it is well-de�ned, since� is abelian).Hence,for � 2 � suchthat � (� ) 6= 1
thenon-zeroelement� (� ) � 1 kills H q(� ; K � ), from which theclaim follows. 2

The � -action on the boundary space

(2.7.4)Proposition. LetN � 1 beaninteger which is invertiblein R andassume� contains
� 1(N ). Let � := � nG. Thenwehave

H1
�
� ; Bk (� ; R) 
 R R� � = 0:

Proof. Let uswrite for shortM := IndPSL 2 (Z)
�

(V �
k � 2) andsetU := hT; � 1i � SL2(Z).

By Theorem(2.5.6)(b) we have

M U
�= M =M (1 � T) �= Bk (� ; R):

We �rst assume(� 1)k = 1, which is thecaseif � 1 2 � , asthen1 = � (� 1) = (� 1)k .
Thenby Proposition(2.5.7)(b) wehave

M �= R[� nPSL2(Z)] 
 Vk � 2 
 R�

with the actionsdescribedin that proposition. In particular, R � is a trivial right U-module
(by therestrictionof theright PSL2(Z)-action).As T N actstrivially onR[� nPSL2(Z)], we
obtain

M hT N i
�= R[� nPSL2(Z)] 
 (Vk � 2)hT N i 
 R� :

The stabilisersof the � -action on the set � nPSL2(Z) are trivial, whenceby Proposi-
tion (2.7.1), we have H1(� ; M hT N i ) = 0. As the group U=hT N i hasorder N , which
is invertible by assumption,M U is a direct summandof M hT N i , yielding the claim of the
propositionin thecaseunderconsideration.

We assumenow that � 1 62� . ThenM = h� 1i N with N := IndSL2 (Z)
� (V �

k � 2). We
proceedasabove. By Proposition(2.5.7)(a)we have

N �= R[� nSL2(Z)] 
 Vk � 2 
 R�

with theactionsdescribedin thatproposition.In particular, R � is atrivial right U-module(by
therestrictionof theright SL2(Z)-action).As T N actstrivially onR[� nSL2(Z)], we obtain

NhT N i
�= R[� nSL2(Z)] 
 (Vk � 2)hT N i 
 R� :
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Thestabilisersof the� -actionontheset� nSL2(Z) aretrivial, whencebyProposition(2.7.1),
we haveH1(� ; NhT N i ) = 0. By theHochschild-Serrespectralsequencewe geta surjection
H1(� ; NhT N i ) � H1(� ; h� 1i NhT N i ), whencetheright spaceis alsozero.Hence,we have
H1(� ; M hT N i ) = 0, andwe can�nish asabove. 2

Modular symbolswith and without character

In this sectionwe will specialiseto thecaseof �elds insteadof generalrings. However, an
extensionof theresultsto ringsundernaturalrestrictionsis easilypossible.

We startby comparingboundaryandEisensteinmodularsymbols.

(2.7.5)Proposition. (a) We havetheexactsequence

0 ! E2(� ; R) ! B2(� ; R) ! R ! 0:

(b) LetN � 1 bean integer such that � 1(N ) � � andlet K bea �eld. If thecharacteristic
of K is p > 0, thenweassumep - N andk � p + 2. If k = 2, thenwesupposethat � is
not thetrivial character.

Thenwehave
Ek (G; �; K ) �= Bk (G; �; K ):

Proof. For any ring R we havetheexactsequence

M 2(R)
f �;� g7!f � g�f � g
� � � � � � � � � � � ! B2(R)

f � g7! 1
� � � � ! R ! 0:

Weonlyneedto show that
P

f � g r � f � g is in theimageof theboundarymap,if
P

f � g r � = 0.

But then
P

f � g r � f � g =
P

f � g r � (f � g � f1g ), whichclearly lies in theimage.Taking� -

coinvariants,we obtainpart(a),asR is a trivial � -module.
Let us now assumethe situationdescribedin (b). From the exact sequenceabove for

R = K , we immediatelyobtainthefollowing exactsequenceby tensoringwith V �
k � 2(K )

M 2(K ) 
 K V �
k � 2(K )

f �;� g7!f � g�f � g
� � � � � � � � � � � ! B2(K ) 
 K V �

k � 2(K )
f � g7! 1
� � � � ! V �

k � 2(K ) ! 0:

Propositions(2.2.6)and(2.2.7)now �nish theproof. 2

We now computethedifferenceof theEisensteinspaces.

(2.7.6)Lemma. Undertheassumptionsof Proposition(2.7.5)(b)wehavetheexactsequence

0 ! H1(� ; � V �
k � 2(K )) ! � (Ek (� ; K ) 
 K K � ) ! Ek (G; �; K ) ! 0

with � := � nG.
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Proof. We startwith theexactsequence

0 ! Ek (� ; K ) 
 K K � ! (Bk (� ; K )) 
 K K � ! (� Vk � 2(K )) 
 K K � ! 0;

whichgivesriseto thelongexactsequence

H1(� ; Bk (� ; K ) 
 K K � ) ! H1(� ; � V �
k � 2(K )) !

� (Ek (� ; K ) 
 K K � ) ! Bk (G; �; K )
�
�! � (� V �

k � 2(K )) ! 0:

In Proposition(2.7.4)weprovedthatthe�rst termis zero.Thekernelof � equalsEk (G; �; K )
by exactness,whichprovesthelemma. 2

(2.7.7)Proposition. (a) We havetheexactsequence

0 ! H1(� ; K ) ! � E2(� ; K ) ! E2(G; K ) ! 0:

(b) Undertheassumptionsof Proposition(2.7.5)(b) wehave

�

�
E2(� ; K ) 
 K K � � �= Ek (G; �; K ):

Proof. The Propositionfollows directly from Lemma(2.7.6)andPropositions(2.2.6),
(2.2.7)and(2.7.3). 2

Next wecomparethespacesof cuspidalmodularsymbols.

(2.7.8)Theorem. (a) We havetheexactsequence

H1(� ; E2(� ; K )) ! � CM 2(� ; K ) ! CM 2(G; K ) ! H1(� ; K ) ! 0

andH1(� ; K ) ,! H0(� ; E2(� 1; K )) andH2(� ; K ) � H1(� ; E2(� 1; K )) .

(b) LetN � 1 bean integer such that � 1(N ) � � andlet K bea �eld. If thecharacteristic
of K is p > 0, thenweassumep - N andk � p + 2. If k = 2, thenwesupposethat � is
not thetrivial character. Thenwehave

� (CM k (� ; K ) 
 K K � ) �= CM k (G; �; K ):

Proof. We comparethe long exact sequenceassociatedto the shortexact sequenceof
� -modules

0 ! CM k (� ; K ) 
 K K � ! M k (� ; K ) 
 K K � ! Ek (� ; K ) 
 K K � ! 0

with theshortexactsequence

0 ! CM k (G; �; K ) ! M k (G; �; K ) ! Ek (G; �; K ) ! 0:
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Usingthesnake lemmaandLemma(2.7.6)we obtaintheexactsequence

H1(� ; Ek (� ; K ) 
 K K � ) ! � (CM k (� ; K ) 
 K K � ) !

CM k (G; �; K ) ! H1(� ; � V �
k � 2(K )) ! 0;

from which all statementsfollow, except the secondone of (a), via Propositions(2.7.4)
and(2.7.5). In orderto �nish part(a),weshow

H2(� ; K ) � H1(� ; Ek (� ; K )) and H1(� ; K ) ,! H0(� ; E2(� 1; K )) :

Both follow from thelongexactsequenceassociatedto theshortexactsequencefrom Propo-
sition (2.7.5)(a) andthefactthatH 1(� ; B2(� ; K )) = 0, asprovidedby Proposition(2.7.4).

2

The obstructiontermsoccurring in Theorem(2.7.8) have beencalculatedin Proposi-
tions(2.7.2).

The � -action on modular symbols

We �rst needa technicalcomputationon inducedandcoinducedmodules.

(2.7.9)Lemma. Let R be a ring, � � G be subgroupsof �nite index in a group S, let
� := G=� andlet V bea right R[G]-module. Thenthediagramof right R[S]-modules

IndS
G V

� //CoindS
G V //CoindS

� V

+��
IndS

� V
N � � //

OO

IndS
� V

commutes,where thenormis takenfor thenatural left � -action.

Proof. For conveniencewe haveexchangedright andleft actionsin theproof,whichcan
easilybeundoneby inverting.WeconsiderIndS

� V = R[S] 
 R[�] V with theleft R[S]-action
ontheleft factorandtherightR[�] -action(� 
 � v)� = � � 
 � � � 1v. Thisactioniscompatible
with theright R[�] -actionon R[S] andthegivenleft R[�] -actionon V for which thetensor
producthasbeentaken. We regardCoindS

� V = Hom� (R[S]; V ) with the left R[S]-action
(g:f )( � ) = f (g� 1� ) andtheright R[�] -action(f :� )( � ) = � � 1f (g� � 1). This lastactionis
therestrictionof theG-actionde�ning HomG (R[S]; V ) =

�
HomR (R[S]; V )

� G
.

Now wecancheckcommutativity. We�rst goup,thenright andthendown,andverify in
theendthatwe obtainN � in this way. We choosea systemof representativesg1; : : : ; gn for
theresidueclassesS=G. Thenthegi � area systemof representativesfor theresidueclasses
of S=� wheni = 1; : : : ; n and� 2 � . So, let x =

P
�

P
i gi � 
 � v� ;i be an elementof

IndS
G V . It is �rst mappedto

P
�

P
i gi � 
 G v� ;i =

P
i gi 
 G (

P
� � v� ;i ). Its imagein the

centreof thetop row is themapf which is uniquelyde�ned by sendinggi to
P

� � v� ;i . We
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have that f (gi
~� ) = ~� � 1f (gi ). Hence,the imageof x in the right uppercorneris the map

which is uniquelygivenby sendinggi ~� to ~� � 1 P
� � v� ;i . Mappingthis elementdown to the

right bottomcornergives X

~�

X

�

X

i

gi
~� 
 �

~� � 1� v� ;i :

This element,however, agreeswith

x:N � =
X

�̂

X

�

X

i

gi � �̂ 
 � �̂ � 1v� ;i ;

for ~� = � �̂ , asclaimed. 2

(2.7.10)Proposition. LetN � 1 bean integer such that � 1(N ) � � andlet K bea �eld. If
k = 2, thenwesupposethat � is not thetrivial character. If thecharacteristicof K is p > 0,
thenweassumealsop - N , k � p + 2 andthat all stabilisersubgroupsof G for its action
onH haveorder invertiblein K (cf. Theorem(2.6.2)).

ThenthenormmapN � inducesisomorphisms

M k (G; �; K ) = � (M k (� ; K ) 
 K K � ) �= � (M k (� ; K ) 
 K K � );

Bk (G; �; K ) = � (Bk (� ; K ) 
 K K � ) �= � (Bk (� ; K ) 
 K K � )

and
CM k (G; �; K ) = � (CM k (� ; K ) 
 K K � ) �= � (CM k (� ; K ) 
 K K � ):

Proof. With V = V �
k � 2(K ) andS = PSL2(Z) Lemma(2.7.9)givesthe commutative

diagramof K [PSL2(Z)]-modules

(Ind PSL 2 (Z)
G

V )=a //(CoindPSL 2 (Z)
G

V)=a //� �
(CoindPSL 2 (Z)

�
V )=a

�

��

�

�
(Ind PSL 2 (Z)

�
V )=a

� �N � //

OO

�
�
(Ind PSL 2 (Z)

�
V )=a

�

with a = (1 + � ; 1 + � + � 2) � K [PSL2(Z)]. Dueto theassumptionswe maycombinethe
comparisonresultTheorem(2.6.1)with the descriptionin termsof Manin symbols(Theo-
rem(2.5.6)). Thisallowsusto reinterpretthediagramas

M k (G; �; K ) � //H 1(G; V �
k � 2(K )) res //� �

H 1(� ; V �
k � 2(K ))

�

+��

�

�
M k (� ; K ) 
 K K �

� �N � //

+

OO

�
�
M k (� ; K ) 
 K K �

�
:

In thediagramtheleft verticalarrow is thede�nition, theupperleft horizontalandtheright
verticalarrow comefrom thecomparisonandres is therestrictionfrom groupcohomology,
which featuresin theexactsequence

0 ! H 1(� ; V � ) ! H 1(G; V ) res��! � H 1(� ; V ) ! H 2(� ; V � )



2.7.Charactersandthe� -action 39

comingfrom theHochschild-Serrespectralsequence.The�rst partof thepropositionfollows
from Propositions(2.2.6)and(2.2.7)for k > 2 andfrom theassumptionsfor k = 2, which
imply thatthemapresaboveis anisomorphism.

The resulton the cuspidalsubspacewill follow from the resulton the boundaryspace.
For thatweproceedasabovewith a = (1 � T) � K [PSLZ]. This reducesusto show thatthe
map

H 1(U;CoindPSL 2 (Z)
G

V) ! � H 1(U;CoindPSL 2 (Z)
�

V)

comingfrom the restrictionvia Shapiro's lemmais an isomorphism.We claim that the re-
strictionmap

H 1(G \ gUg� 1; V ) res��! H 1(� \ gUg� 1; V )G\ gU g� 1

is an isomorphismfor all g 2 PSL2(Z). An easycalculationshows that ghT N i g� 1 is an
elementof � 1(N ) andis hencein � . Consequentlywe havetheinclusions

ghT N i g� 1 � � \ gUg� 1 � G \ gUg� 1 � gUg� 1:

As the total index is N , the index of � \ gUg� 1 in G \ gUg� 1 dividesN andis thusco-
primewith p. Usingagainthe� ve termsequenceassociatedto theHochschild-Serrespectral
sequenceimmediatelyimpliesthattherestrictionmapabove is anisomorphismasclaimed.

Givena �x edg 2 GnPSL2(Z)=U wearereducedto considerthediagonalrestriction

H 1(G \ gUg� 1; V ) res��!
M

h

H 1(� \ hUh� 1; V )G\ gU g� 1

;

whereh runsthroughasystemof representativesof � hU suchthatGhU = GgU. Thegroup
� permutesthis setandonly thediagonalis invariant. 2

Let uspointout thatthe� -actionontheset� nPSL2(Z)=U is not freeif N is notsquare-
free.

(2.7.11)Corollary. Under the assumptionsof Proposition (2.7.10) all of the following
Tatecohomology groupsare zero bH 0(� ; M k (� ; K ) 
 K K � ), bH0(� ; M k (� ; K ) 
 K K � ),
bH 0(� ; CM k (� ; K ) 
 K K � ), bH0(� ; CM k (� ; K ) 
 K K � ), bH 0(� ; Bk (� ; K ) 
 K K � ) and
bH0(� ; Bk (� ; K ) 
 K K � ).

Proof. This is immediatefrom thede�nition of theTatecohomologygroups,which can

be summarisedin theexact sequence0 ! bH0 ! H0
Norm� � � ! H 0 ! bH 0 ! 0, andPropo-

sition (2.7.10). 2

Separatingthe p-Sylow action

We let � := � nG andassumethat it is anabeliangroup.Herewe areinterestedin modular
symbolsasa � -module.We will treatthecaseof p-primaryandp-groupactionseparately,
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whenp is thecharacteristicof thecoef�cient �eld R = K . This is whatweneedthefreedom
in choosingthegroups� andG differentfrom only � 1(N ) and� 0(N ) for.

By Sylow theorythereis a group� p suchthat

� � � p � G

with � n� p ap-groupand� pnG of orderprimeto p. Therestrictionof � to � n� p is necessarily
trivial. We de�ne thecharacter

~� : G ! � pnG � � nG ! K �

using� nG �= � pnG � � n� p. We clearlyhave~� (� 1) = � (� 1) = (� 1)k .

(2.7.12)Remark. Let uspoint out that theconditionon thecharacters only stemsfrom the
fact that wewant to work with PSL2(Z) insteadof SL2(Z). Thischoiceunfortunatelypre-
ventsus from repeatingtheaboveargumentswith a subgroup ~� such that � � ~� � G with
� n~� of order prime to p and ~� nG a p-group. In that casethenecessarilytrivial character

G
pro j
� ~� nG ! K � wouldnotbeallowedif (� 1)k 6= 1.

Theactionof thegroup� pnG is semi-simple,andany modulesplits into a directsumof
charactereigenspaces,if theground�eld containsthecharactervalues.Thebehaviour is thus
asin characteristiczero.

Thereis quitea strongcriterionto show thatamodulefor ap-groupis coinduced.

(2.7.13)Proposition. Let K be a �nite �eld of characteristicp, let � p be a �nite p-group
andlet A bea K [� p]-module. If Ĥ n (� p; A) = 0 for onen, thenA is a coinducedK [� p]-
module.

Proof. This is [NSW], Proposition1.7.3(ii). 2

(2.7.14)Corollary. Letk � 3, N � 1 beintegersandK a �nite �eld of characteristicp. We
assumep - N andk � p + 2. Furthermore, let � 1(N ) � � � � p � SL2(Z) besubgroups
such that � n� p is a p-group. We furthermore supposethat G hasno stabilisers of order p
for its action on H. Let � p := � n� p. ThenM k (� ; K ), CM k (� ; K ) and Bk (� ; K ) are
coinducedK [� p]-modules.

Proof. This followsdirectly from Corollary(2.7.11)andProposition(2.7.13). 2



Chapter III

HeckeAlgebrasof mod p Modular
Forms and Modular Symbols

In this chapterweprovethatundercertainconditionstheHeckealgebraof cuspidalmodular
formsover Fp canbeobtainedby consideringonly groupcohomology, generalisingresults
from [EdixJussieu]. Whentheseconditionsapply, oneobtainsmuchmoreinformationthan
e.g. [Ash-Stevens], who have studiedgroupcohomologyin orderto prove that all systems
of eigenvaluesof modularformsmodp in level N for p - N andweightk � 3 occurin the
groupcohomologyof level N p andweight2.

We start this chapterby introducingHecke operatorson the groupcohomologygroups
consideredin ChapterII . Moreover, thecompatibilityof theHecke operatorswith Shapiro's
lemmais studied.

Theprincipalideain thischapteris to relatemodularformsandmodularsymbolsof level
N with p - N andweight2 � k � p + 1 to level N p andweight2. In thesecondsectionwe
will developthis level raisingfor thecohomologygroups.

Thethird sectionis concernedwith Heckealgebrasof modularsymbolsandacomparison
to Heckealgebrasof modularforms.TheEichler-Shimura-Theoremfor holomorphicmodu-
lar formswill berecalled�rst. Next resultsof p-adicHodgetheorywill beusedto exhibit a
faithful modulefor theHecke algebraof cuspformsover Fp, whentheweight is between2
andp � 1. As modularformsof weight1 canbeembeddedinto weightp, it is desirableto
extendtheweightrange.This,however, doesnotseemto bepossiblewith p-adicHodgethe-
ory. In orderto coverweightsupto p+ 1, werelatethemto weight2 andhigherlevel, sothat
theJacobianof themodularcurve canbeused.This methodallows us to prove that locally
at ordinaryprimesof theHecke algebraa faithful moduleis providedby groupcohomology
with coef�cients in Fp (seeCorollary (3.3.14)). We endthe chapterby a discussionof the
actionof � 0(N )=� 1(N ) on cuspforms, which allows us to extendour resultsto modular
formswith characters.

41
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In ChapterII we have discussedmodularsymbolsandrelatedspacesover quitegeneral
rings. In this chapterwe will mostly take a �nite �eld of characteristicp asbase�eld and
principallywork with thegroupcohomologicaldescription.

3.1.Hecke action

Thede�nitions in this sectionarebasedon [DiamondIm].
We directly de�ne Hecke operatorson groupcohomology. Althoughwe do not expose

thetheoryhere,we shouldnot fail to mentionthatHecke operatorsconceptuallycomefrom
correspondenceson theunderlyingmodularcurvesthatalsohave a very explicit description
in themoduli interpretation.

By the comparisonresultTheorem(2.6.1) the de�nition canbe transferredto modular
symbolsin thecaseof thegroup� 1(N ) for N � 5. Takingcoinvariantsonecanextendthe
de�nition of Heckeoperatorsalsoto spacesfor � 0(N ) with a character.

Hecke operatorson group cohomology

Let � 2 Mat 2(Z)6=0 and � a congruencesubgroupof SL2(Z). We use the notations
� � := � \ � � 1 � � and� � := � \ � � � � 1, whereweconsider� � 1 asanelementof GL2(Q).
Bothgroupsarecommensurablewith � .

SupposethatV is an R-modulewith a Mat 2(Z)6=0 -(semi-group)-action.We de�ne the
Hecke operator T� actingongroupcohomologyasthecomposite

H 1(� ; V ) res��! H 1(� � ; V )
conj �� � � ! H 1(� � ; V ) cores� � � ! H 1(� ; V ):

The �rst mapis theusualrestriction, andthe third is theso-calledcorestriction, which one
also �nds in the literatureunderthe nametransfer(cf. [Weibel], [Brown]). We explicitly
describethesecondmaponcochains(cf. [DiamondIm], p. 116):

conj� : H 1(� � ; V ) ! H 1(� � ; V ); c 7!
�
g� 7! � � :c(�g � � � 1)

�
:

Thefollowing formulacanalsobefoundin [DiamondIm], p.116,and[Shimura], Section8.3.

(3.1.1)Proposition. Supposethat � � � =
S n

i =1 � � i is a disjoint union. Thenthe Hecke
operator T� actsonH 1(� ; V ) bysendingthenon-homogeneouscocylec to T� c de�nedby

(T� c)(g) =
nX

i =1

� �
i c(� i g� � 1

j ( i ) )

for g 2 � . Here j (i ) is theindex such that � i g� � 1
j ( i ) 2 � .
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Proof. We only have to describethecorestrictionexplicitly. For thatwe noticethatone
has� =

S n
i =1 � � gi with �g i = � i . Furthermorethe corestrictionof a non-homogeneous

cocycleu 2 H 1(� � ; V ) is thecocyclecores(u) uniquelygivenby

cores(u)(g) =
nX

i =1

g� 1
i u(gi gg� 1

j ( i ) )

for g 2 � . Combiningwith theexplicit descriptionof themapconj� yieldstheresult. 2

For apositive integern, onede�nestheHeckeoperator Tn to beT� for � = ( 1 0
0 n ).

If � 1(N ) � � andthe integerd is coprimeto N , onede�nes thediamondoperator hdi
to beT� for any matrix � 2 SL2(Z), whosereductionmoduloN is

�
d� 1 0

0 d

�
. Thediamond

operatorgivesa group action by (Z=N Z) � . If the level is N M with (N ; M ) = 1, then
we canseparatethediamondoperatorinto two partshdi = hdi M � hdi N ; correspondingto
Z=N M Z �= Z=M Z � Z=N Z.

Hecke operatorsand Shapiro's lemma

(3.1.2)Lemma. LetN ; M becoprimepositiveintegers,andlet V beanR[� 1(N )]-module.
De�ne theR-module

W(M ; V ) := f f 2 HomR (R[(Z=M Z)2]; V ) j f ((u; v)) = 0 8(u; v) s.t. hu; vi 6= Z=M Zg:

We equipit with theleft Mat 2(Z)6=0 -(semi-group)-action(g:f )(( u; v)) = gf ((u; v)g).
Thenthehomomorphism

W(M ; V ) ! HomR[� 1 (N M )] (R[� 1(N )]; V ); f 7!
�
g 7! (g:f )((0; 1))

�

is an isomorphismof left � 1(N )-modules(by restrictingtheactiononW(M ; V )). In partic-
ular, W(M ; V ) is isomorphicto Coind� 1 (N )

� 1 (N M ) (V ) asa left � 1(N )-module.

Proof. As N andM arecoprime,reductionmoduloM de�nesa surjectionfrom � 1(N )
ontoSL2(Z=M Z). This impliesthatthemap

� 1(N M )n� 1(N )
A 7! (0 ;1)A modM
� � � � � � � � � � � ! (Z=M Z)2

is injective,andits imageis thesetof the(u; v) with Z=M Z = hu; vi . Fromthis theclaimed
isomorphismfollowsdirectly. 2

(3.1.3)Lemma. LetN bea positiveinteger andl a prime. We havethecosetdecomposition

� 1(N ) ( 1 0
0 l ) � 1(N ) =

[

a

[

b

� 1(N )� a
�

a b
0 d

�

whena runsthroughtheintegerssuch thata > 0, (a; N ) = 1, ad = l andbthrougha system
of representativesof Z=dZ. Here � a 2 SL2(Z) is a matrix reducingto

�
a � 1 0

0 a

�
moduloN .
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Proof. This is [Shimura], Proposition3.36. 2

We can now prove the compatibility of the Hecke operatorswith the isomorphism
from Shapiro's lemmawhenwe take theMat 2(Z)6=0 -actionon thecoinducedmodulefrom
Lemma(3.1.2). A proofof this factin themoregeneral,but ratherheavy languageof weakly
compatibleHeckepairscanbefoundin [Ash-Stevens] (Lemma2.2(b)).

TheShapiromapis theisomorphismoncohomologygroups

Sh : H 1(� 1(N ); W(M ; V )) ! H 1(� 1(N M ); V )

inducedby thehomomorphism

W(M ; V ) ! V; f 7! f ((0; 1)):

(3.1.4)Proposition. LetN ; M becoprimepositiveintegers,andlet V beanR[Mat 2(Z)6=0 ]-
module. For all primesl andall integersd � 1 with (d;N ) = 1 wehave

Tl � Sh = Sh� Tl and hdi N � Sh = Sh� hdi N :

Proof. First we prove thestatementfor Tl . We choosea matrix � a for (a; N ) = 1 such
that it reducesto

�
a � 1 0

0 a

�
moduloN . If (a; M ) = 1, thenwe alsoimposethat � a reduces

to
�

a � 1 0
0 a

�
moduloM . If not, thenwe want� a � ( 1 0

0 1 ) moduloM . Lemma(3.1.3)implies
that cosetrepresentativesof � 1(N M )n� 1(N M ) ( 1 0

0 l ) � 1(N M ) canbe chosenasa subset
of representativesof � 1(N )n� 1(N ) ( 1 0

0 l ) � 1(N ). With the above choiceof � a that is the
subsetsuchthathu; vi = Z=M Z with ( u �

v � ) = � a
�

a b
0 d

�
. For thosewehaveby de�nition for

f 2 W(M ; V ) that(( u �
v � )� f )((0; 1)) = 0.

Let now c 2 H 1(� 1(N ); W(M ; V )) be a cocycle. Thenby Proposition(3.1.1)andthe
de�nition of theMat 2(Z)6=0 -actiononW(M ; V ) wehave for g 2 � 1(N M )

(Sh(Tn c))( g) =
X

�

� � (c(� ge� � 1)((0; 1)� � )) ;

wherethesumrunsover theabove cosetrepresentativesfor � 1(N ) ande� is chosenamong
theserepresentativessuchthat� ge� � 1 2 � 1(N M ). Moreover, we have

(Tn (Sh(c)))( g) =
X

�

� � (c(� ge� � 1)((0; 1))) ;

wherenow thesumonly runsthroughthesubsetdescribedabove. By whatwehaveremarked
right above (0; 1)� � is (0; 1) if andonly if (a; M ) = 1. In all othercases(0; 1)� � = (u; v)
with hu; vi 6= Z=M Z. This provesthecompatibilityfor Tl .

Thesameargumentsasabovealsoshow thecompatibilityof thediamondoperator, except
thatweonly haveonecosetrepresentative. 2
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(3.1.5)Proposition. LetN ; M becoprimepositiveintegers,andlet V beanR[Mat 2(Z)6=0 ]-
module. For (n; M ) = 1 wede�ne theR[Mat 2(Z)6=0 ]-isomorphism

mult n : W(M ; V ) ! W(M ; V ); f 7! ((u; v) 7! f
�
(nu; nv)

�
):

Thenwehave
hni M � Sh = Sh� mult n :

Proof. Let � 2 SL2(Z) bea matrix reducingto
�

n � 1 0
0 n

�
moduloM andto ( 1 0

0 1 ) mod-
ulo N . This meansin particularthat � 2 � 1(N ). Hence,for a cocycle c 2 H 1(� 1(N ); V )
we have

� � 1c(� g� � 1) = c(g) + (g � 1)c(� � 1);

sothattheequalityc(� g� � 1) = � c(g) holdsin H 1(� 1(N ); V ).
We cannow checktheclaim. Firstwe have

(hni p � Sh)(c)(g) = � � (� :c(g)((0; 1))) = c(g)((0; 1)� ):

This agreeswith (Sh � mult n )(c)(g) = c(g)((0; n)) . 2

3.2.Level raising for parabolic group cohomology

Thecontentsof thissectionis alreadypartlypresentin [Ash-Stevens]. However, in thatpaper
theparabolicsubspaceis not treated.

Decompositionof W(p;Fp) asFp[Mat2(Z)6=0 ]-module

We will now relatetheFp[Mat 2(Z)6=0 ]-modulesW(p;Fp) andVd(Fp) for 0 � d � p � 1,
whicharein factpreciselythesimpleFp[SL2(Fp)]-modules(seee.g.[Alperin], p. 15).

(3.2.1)Lemma. Evaluationof polynomialson F2
p inducesthe natural isomorphismof left

Fp[Mat 2(Z)6=0 ]-modules

Fp[X ; Y ]=(X p � X ; Y p � Y ) �= F
F2

p
p :

Proof. Themapis well-de�ned becauseof Fermat's little theoremandthecompatibility
for the naturalaction is clear. As the dimensionson both sidesagree,it suf�ces to prove
injectivity. Let f 2 Fp[X ; Y ] bea polynomialhaving degree� p � 1 in bothvariablessuch
thatf (a; b) = 0 for all a; b 2 Fp. Thenfor �x eda thepolynomialf (a; Y ) is identicallyzero,
as it is zerofor all the p specialisationsof Y . Hence,consideringf asa polynomial in Y
with coef�cients in Fp[X ], it follows that all thosecoef�cients are identically zerofor the
sameargument.Consequently, thepolynomialf is zeroasanelementof Fp[X ; Y ] proving
theclaim. 2
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Wecanthusidentify W(p;Fp) with f f 2 Fp[X ; Y ]=(X p � X ; Y p � Y ) j f ((0; 0)) = 0g.
Let Ud(Fp) bethesubspaceconsistingof polynomialclassesof degreed 2 f 0; : : : ; p � 2g,
i.e. thosethat satisfyf (lx; ly) = l df (x; y) for all l 2 Fp. Note that thedegreeis naturally
de�ned modulop � 1. It is clearthat thenaturalMat 2(Z)6=0 -actionrespectsthedegree.By
collectingthemonomialswe obtain

W(p;Fp) =
p� 2M

d=0

Ud(Fp):

Furthermore,wedisposeof theperfectbilinearpairing

W(p;Fp) � W(p;Fp) ! Fp; hf ; gi =
X

(a;b)2 F2
p

f (a; b)g(a; b):

(3.2.2)Lemma. Letd;e � 0 beintegers. With (p � 1) - d or (p � 1) - e wehave
X

(a;b)2 F2
p

adbe = 0:

Proof. As the statementis symmetricin d and e, we may supposethat (p � 1) - e
and in particulare 6= 0. Then

P
(a;b)2 F2

p
adbe =

P p
a=0 ad(

P p� 1
b=1 be). The latter sum,

however, is zero,asonecanfor instanceseeby choosinga generator� of F�
p andrewriting

P p� 1
b=1 be =

P p� 1
i =1 (� e) i . As � e clearly is a zeroof thepolynomialX p� 1 � 1, it is a zeroof

thepolynomial
P p� 1

i =1 X i , since� e 6= 1 using(p � 1) - e. 2

If (p� 1) - (d+ e), Lemma(3.2.2)impliesthatUd(Fp) pairsto zerowith Ue(Fp). Hence,
the restrictedpairing Ud(Fp) � Up� 1� d(Fp) ! Fp is perfectfor 0 � d � p � 1, as the
dimensionsof Up� 1� d(Fp) andUd(Fp) areequal.Furthermore,Fp[X ; Y ]d pairsto zerowith
Fp[X ; Y ]p� 1� d. This follows from Lemma(3.2.2)andan easycalculation. Consequently
theinducedpairingUd(Fp)=Vd(Fp) � Vp� 1� d(Fp) ! Fp is perfect.

Weight k 2 f 2; : : : ; p + 1g in weight 2

Let M 2 Mat 2(Z)6=0 suchthat its reductionmodulop is invertible. Thenit is clearthat the
above pairing respectstheactionof M , i.e. hM f ; M gi = hf ; gi . Consequently, we receive
anisomorphismof Fp-vectorspaces

Ud(Fp)=Vd(Fp) ! Vp� 1� d(Fp)_

respectingtheleft actionde�ned before.Composingwith themapfrom Proposition(2.2.4),
we obtainanisomorphism

Ud(Fp)=Vd(Fp) ! Vp� 1� d(Fp):

We now studyhow theMat 2(Z)6=0 -actionbehaveswith respectto this isomorphism.
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(3.2.3)Lemma. Let0 < d � p� 1andlet M 2 Mat 2(Z)6=0 such thatits reductionmodulop
is in GL 2(Fp). Thenthefollowingdiagramcommutes:

0 //Vd(Fp)

M :

��

//Ud(Fp)

M :

��

//Vp� 1� d(Fp)

det (M )d M :

��

//0

0 //Vd(Fp) //Ud(Fp) //Vp� 1� d(Fp) //0:

Proof. This follows from thecompatibilitiesof the two pairingswith thegroupactions
describedabove. 2

(3.2.4)Lemma. LetM =
�

1 0
0 p

�
and0 < d � p� 1. Thenthefollowingdiagramcommutes:

0 //Vd(Fp)

M � :

��

//Ud(Fp)

M � :

��

//Vp� 1� d(Fp)

0

��

//0

0 //Vd(Fp) //Ud(Fp) //Vp� 1� d(Fp) //0:

Proof. We haveM � =
�

p 0
0 1

�
. A basisof Ud(Fp) is givenby themonomialsof degreed,

which correspondto the embeddingof Vd(Fp), togetherwith the monomialsX i Y p� 1+ d� i

for d � i � p� 1. As thelattermonomialsall containat leastonefactorof X , they arekilled
by applyingthematrix. 2

Wehence�nd formulaesimilar to thosethathold in acomparablesituationfor theaction
onmodularformsof level N p (seeProposition(3.3.8), resp.[Gross], p. 475).Thefollowing
Proposition,exceptfor theparabolicpart,is also[Ash-Stevens], Theorem3.4.

We introducethefollowing notation.Let M beany Fp-vectorspaceon which theHecke
operatorsTl andthep-partof thediamondoperatorsh�ip act.By M [d] wemeanM with the
actionof theHecke operatorTl “twisted” to be ldTl (in particularTp actsaszero). Further-
more,by M (d) bedenotethesubspaceonwhichhl i p actsasld = � p(l )d with � p themodp
cyclotomiccharacter.

(3.2.5)Proposition. Let p bea prime, N � 5 and0 < d � p � 1 integers such that p - N .
We haveisomorphismsrespectingtheHeckeoperators

H 1(� 1(N p); Fp)(d) �= H 1(� 1(N ); Ud(Fp)) and

H 1
par (� 1(N p); Fp)(d) �= H 1

par (� 1(N ); Ud(Fp)) :

Moreover, thereare theexactsequences

H 1(� 1(N ); Vd(Fp)) ,! H 1(� 1(N ); Ud(Fp)) � H 1(� 1(N ); Vp� 1� d(Fp))[d]
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and

H 1
par (� 1(N ); Vd(Fp)) ,! H 1

par (� 1(N ); Ud(Fp)) � H 1
par (� 1(N ); Vp� 1� d(Fp))[d];

which respecttheHeckeoperators.

Proof. The�rst statementfollowsfrom Propositions(3.1.4)and(3.1.5)togetherwith the
de�nition of Ud(Fp). Thetwisting of theHecke actionin theexactsequencesis clearfrom
thede�nition of theHeckeoperatorsongroupcohomologyusingLemmas(3.2.3)and(3.2.4).

For d = p � 1 we have U0(Fp) = V0(Fp) � Vp� 1(Fp), from which the statements
follow. So we now assumed < p � 1, in particularp 6= 2. For the top sequencewe only
needto checkthat it is exact on the left andon the right. By Proposition(2.2.6)we have
H 0(� 1(N ); Vp� 1� d(Fp)) = 0. TheH 2-termsaretrivial asthecohomologicaldimensionof
� 1(N ) is one,sincethegroupactsfreelyon theupperhalf planeandis hencea freegroup.

Theexactnessof thesecondsequencefollows from thesnake lemma,oncewe have es-
tablishedtheexactnessof

0 !
M

c cusps

H 1(D c; Vd(Fp)) !
M

c cusps

H 1(D c; Ud(Fp)) !
M

c cusps

H 1(D c; Vp� 1� d(Fp)) ! 0;

where D c is the stabiliser group of the cusp c = g1 with g 2 SL2(Z). Hence,
D c = gh� T i g� 1 \ � 1(N ). This groupis in�nite cyclic generatedby g( 1 r

0 1 ) g� 1 for some
r 2 Z. Hence,wehaveH 2(D c; Vd(Fp)) = 0. If r is 0 modulop, thesequence

0 !
M

c cusps

H 0(D c; Vd(Fp)) !
M

c cusps

H 0(D c; Ud(Fp)) !
M

c cusps

H 0(D c; Vp� 1� d(Fp)) ! 0

is clearly right exact,asthe actionof D c on the modulesis trivial. If r is invertible in Fp,
it follows asin Lemma(2.2.5)that both H 0(D c; Vd(Fp)) andH 0(D c; Vp� 1� d(Fp)) are1-
dimensional.To �nish theproof, it thussuf�ces to prove thatH 0(D c; Ud(Fp)) is (at least)
2-dimensional. The elementsX d 2 Ud(Fp) andY d(1 � X p� 1) 2 Ud(Fp) are invariant
underT . Indeed,

T:Y d(1 � X p� 1) = (X + Y)d(1 � X p� 1)

= Y d(1 � X p� 1) +
dX

i =1

( d
i ) Y d� i X i (1 � X p� 1) = Y d(1 � X p� 1);

asin Ud(Fp) we haveX i (1 � X p� 1) = X i � 1(X � X p) = 0 for i > 0. 2

3.3.Hecke algebras

In this sectionwe will comparethe Hecke algebraof modularforms with that of modular
symbolsandestablishisomorphismsin certaincases.Whenever we have anR-moduleM ,
onwhichHeckeoperatorsTn actfor all n, we let

TR (M ) := R[Tn j n 2 N] � EndR (M );
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i.e. theR-subalgebraof theendomorphismalgebrageneratedby theHeckeoperators.

The Hecke algebraof modular forms and Eichler-Shimura

We recalla theoremby EichlerandShimura.

(3.3.1)Theorem.(Eichler-Shimura) For k � 2 and� � SL2(Z) a congruencesubgroup,
there is an isomorphismof TZ(Sk (� ; C))-modules,theEichler-Shimuraisomorphism,

H 1
par (� ; Vk � 2(C)) �= Sk (� ; C) � Sk (� ; C):

Proof. [DiamondIm], Theorem12:2:2. 2

(3.3.2)Corollary. In thesituationof Theorem(3.3.1)wehavenatural ring isomorphisms

TZ
�
Sk (� ; C)

� �= TZ
�
H 1

par (� ; Vk � 2(Z))=torsion
�
:

Proof. It is clear that the C-vector spaceH 1
par (� ; Vk � 2(C)) containsthe naturalZ-

structureH 1
par (� ; Vk � 2(Z))=torsion. This followsfor instancefrom Remark(2.5.3)together

with thecomparisonresultTheorem(2.6.1). Any Z-structure,however, givesanisomorphic
Heckealgebra.Finally, Theorem(3.3.1)impliesthattheHeckealgebraof H 1

par (� ; Vk � 2(C))
is isomorphicto theHeckealgebraof Sk (� ; C). 2

The formula in this corollary is the reasonwhy many peopleprefer to factor out the
torsionof modularsymbols.

(3.3.3)Proposition. LetN � 5, k � 2 integersandp - N a prime. Thenwehave

TZ
�
Sk (� 1(N ); C)

�

 Z Fp

�= TFp

�
Sk (� 1(N ); Fp)

�
:

Proof. By [DiamondIm], Theorem12.3.2,we have

Sk (� 1(N ); Z[1=N ]) 
 Z[1=N ] Fp
�= Sk (� 1(N ); Fp):

Wenotethatin thiscasethereis nodifferencebetweenKatzmodularformsandthosethatare
reductionsof classicalmodularformswhoseq-expansionis in Z[1=N ]. By theq-expansion
principlewe hencehave thetwo perfectpairings

TZ
�
Sk (� 1(N ); C)

�

 Z Z[1=N ] � Sk (� 1(N ); Z[1=N ]) ! Z[1=N ]; (T; f ) 7! a1(T f )

and
TFp

�
Sk (� 1(N ); Fp)

�
� Sk (� 1(N ); Fp) ! Fp; (T; f ) 7! a1(T f ):

Tensoringthe �rst onewith Fp allows us to compareit to the secondone,from which the
propositionfollows. 2
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(3.3.4)Corollary. Letp bea primeandN � 5, 2 � k � p + 2 integerss.t.p - N . Thenthe
Fp-algebra homomorphism

TFp

�
Sk (� 1(N ); Fp)

�
� TFp

�
H 1

par (� 1(N ); Vk � 2(Fp))
�
;

sendingtheoperator Tl to Tl for all primesl is a surjection.

Proof. From Corollary (3.3.2) we obtain becauseof p-torsion-freeness(Proposi-
tion (2.4.8) togetherwith the comparisonresult Theorem(2.6.1)) an isomorphismof Fp-
algebras

TZ
�
Sk (� 1(N ); C)

�

 Fp

�= TZp

�
H 1

par (� 1(N ); Vk � 2(Zp))
�


 Zp Fp:

By Proposition(3.3.3)thetermon theleft handsideis equalto TFp

�
Sk (� 1(N ); Fp)

�
sothat

it suf�ces to havea surjection

TZp

�
H 1

par (� 1(N ); Vk � 2(Zp))
�


 Fp � TFp

�
H 1

par (� 1(N ); Vk � 2(Fp))
�
;

which follows from Proposition(2.4.8). Indeed,theisomorphism

H 1
par (� 1(N ); Vk � 2(Zp)) 
 Fp

�= H 1
par (� 1(N ); Vk � 2(Fp))

is compatiblewith Hecke operators,andallows to de�ne a homomorphismfrom theHecke
algebraon the left handtermto theoneon theright handterm,which is automaticallysur-
jectiveby thede�nition of theHeckealgebra. 2

(3.3.5)Proposition. Let N � 1, k � 2 beintegersandK a �eld. If thecharacteristicof K
is p > 0, thenweassumep - N . Furthermore, let � 1(N ) � � � G � SL2(Z) besubgroups

and� : G
pro j
� � nG ! R � a charactersuch that � (� 1) = (� 1)k if � 1 2 G. DenotebyT the

K -Heckealgebra of Sk (� ; K ) andbyT � theK -Heckealgebra of Sk (G; �; K ). Furthermore,
let

I = (h� i � � (� ) j � 2 � nG) � T:

ThenT=I andT � are isomorphicK -algebras.

Proof. As we work with Katz modularforms (for that we needthe conditionp - N ),
we disposeof theq-expansionprinciple.Hencewe have isomorphismsrespectingtheHecke
action(T � )_ �= Sk (G; �; K ) = T_ [I ] �= (T=I )_ ; whencethepropositionfollows. 2

Applying p-adic HodgeTheory

In thissectionwepresentananalogof theEichler-Shimuraisomorphism,formulatedin terms
of p-adic Hodgetheory. This was alreadyusedin [EdixJussieu], Theorem5.2, to derive
an algorithmfor computingmodularforms. However, p-adic Hodgetheoryalwayshasthe
restrictionthattheweightbesmallerthanp.
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(3.3.6)Theorem.(Fontaine,Messing,Faltings) Let p bea primeandN � 5, 2 � k < p
be integers s.t. p - N . Thenthe Galois representationH 1

ét,par(Y1(N )Qp
; Symk � 2(V))_ is

crystalline, where V = R1� � Fp with � : E ! Y1(N ) the universal elliptic curve. The
corresponding� -moduleD sitsin theexactsequence

0 ! Sk (� 1(N ); Fp) ! D ! Sk (� 1(N ); Fp)_ ! 0;

which is equivariantfor theactionof theHecke operators.

This canbecomparedto Theorem1.1 andTheorem1.2 of [FaltingsJordan]. Part (a) of
thefollowing corollaryis partof [EdixJussieu], Theorem5.2.

(3.3.7)Corollary. LetN � 5, p - N and2 � k < p.

(a) TheparabolicgroupcohomologygroupH 1
par (� 1(N ); Vk � 2(Fp)) is a faithful modulefor

TFp

�
Sk (� 1(N ); Fp)

�
.

(b) Let � : (Z=N Z) � ! Fp
�

bea character. De�ne theideal

I = (hl i � � (l ) j (l ; N ) = 1) � TFp

�
Sk (� 1(N ); Fp)

�
:

Then
�
H 1

par (� 1(N ); Vk � 2(Fp)) 
 Fp Fp
�
=I is a faithful modulefor the Hecke algebra

TFp

�
Sk (� 1(N ); �; Fp)

�
.

Proof. (a) From Theorem(3.3.6)we know that D is a faithful Hecke module. Hence,
sois H 1

ét,par(Y� 1 (N ) ; Symk � 2(V)) . This modulecanbeidenti�ed with its analogin analytic
cohomologywhich is isomorphicto H 1

par (� 1(N ); Vk � 2(Fp)) (seeChapterII ).
(b) If theHeckeoperatorT actsaszeroon

�
H 1

ét,par(Y� 1 (N ) ; Symk � 2(V)) 
 Fp Fp
�
=I , then

it actsaszeroon(D 
 Fp)=I , hencealsoonSk (� 1(N ); Fp)_ =I = TFp

�
Sk (� 1(N ); Fp)

�
=I ;

from whichT 2 I follows. Thestatementnow follows from Proposition(3.3.5). 2

Modular forms of weight 2 and level N p

We recallsomework of Serreasexplainedin [Gross], cf. also[EdixWeight], Section6.
Let us now introducenotationthat is usedthroughoutthe sequelof this chapter. We

considerthemodularcurve X 1(N p) over Qp(� p) for a primep > 2 not dividing N � 5. It
hasa regularstablemodelX over the ring Zp[� p], seee.g.[Katz-Mazur]. Let J denotethe
NéronmodeloverZp[� p] of J1(N p), theJacobianof X 1(N p) overQp(� p). Welet, following
[Gross], Section8,

L = H 0(X ; 
 X =Zp [� p ]);

where
 X =Zp [� p ] is thedualisingsheafof X of [Deligne-Rapoport], SectionI.2. By [Gross],
Equation8.2,we havefor thespecial�bre X Fp that

L := H 0(X Fp ; 
 X Fp =Fp ) = L 
 Zp [� p ] Fp:
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On L andL we have theactionof thep-part h�ip of thediamondaction. The principal
resultonL thatwewill needis thefollowing,which is Proposition8.13andProposition8.18
in [Gross].

(3.3.8)Proposition.(Serre) Assume3 � k � p, N � 5 and p - N . Thenthere is an
isomorphismof TFp (L )-modules

L(k � 2) �= Sk (� 1(N ); Fp) � Sp+3 � k (� 1(N ); Fp)[k � 2]:

Moreover, thesequenceof Hecke modules

0 ! S2(� 1(N ); Fp)[p � 1] ! L (p � 1) ! Sp+1 (� 1(N ); Fp) ! 0

is exact.

In our attemptto compareHecke algebrasof modular forms with thoseof modular
symbolsin characteristicp, we generalisethe strategy of the secondpart of the proof of
[EdixJussieu], Theorem5.2. Hence,wewish to bring theJacobianinto theplay, sinceit will
enableusto passfrom characteristiczerogeometryto characteristicp.

(3.3.9)Lemma. Undertheassumptionsandnotationsabovewehaveisomorphisms

L �= Cot0(J 0
Fp

) �= Cot0(J 0
Fp

[p]):

Proof. The �rst isomorphismis e.g. [EdixWeight], Equation6:7:2. The secondone
follows from the fact that multiplication by p on J 0

Fp
inducesmultiplication by p on the

tangentspaceat 0, which is thezeromap.Hence,thetangentspaceat 0 of J 0
Fp

[p] is equalto
theoneof J 0

Fp
. 2

Parabolic cohomologyand the p-torsion of the Jacobian

To establishanexplicit link betweenparaboliccohomologyandmodularforms,we identify
the paraboliccohomologygroupfor � 1(N ) with Fp-coef�cients asthe p-torsionof theJa-
cobianof thecorrespondingmodularcurve. Herewe may view the Jacobianasa complex
abelianvariety.

(3.3.10)Proposition. LetN � 3 beaninteger, andp a prime. Thenwehaveanisomorphism
of TZ(S2(� 1(N p); C)) 
 Fp-modules

H 1
par (� 1(N p); Fp) �= J (C)[p] = J (Qp)[p]:

Proof. The secondequalityfollows from the fact that torsionpointsarealgebraic.We
startwith theexactKummersequenceof analyticsheavesoverX 1(N p)

0 ! � p ! Gm
p
�! Gm ! 0:
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Its longexactsequencein analyticcohomologyyields

0 ! H 1(X 1(N p); � p) ! H 1(X 1(N p); Gm )
p
�! H 1(X 1(N p); Gm ):

UsingthatH 1(X 1(N p); Gm ) = J (C), wealreadyobtainthatH 1(X 1(N p); � p) �= J (C)[p].
As C containsthep-th rootsof unity, we mayreplacethesheaf� p by theconstantsheafFp.
Moreover, the group H 1(X 1(N p); Fp) coincideswith H 1

par (Y1(N p); Fp) (see Proposi-
tion (2.4.1)), which in turn is equalto H 1(� 1(N p); Fp), usingthatH � Y1(N p) is a Galois
coveringundertheassumptionN � 3. 2

Comparing Hecke algebrasover Fp

(3.3.11)Proposition. LetN � 5 bean integer, p - N a primeand0 � d � p � 1 an integer.
There existsa surjectionTFp

�
H 1

par (� 1(N p); Fp)(d)
�

� TFp (L (d)) such that the diagram
of Fp-algebras

TFp (L (d))

TZ
�
S2(� 1(N p); C)(d)

�

 Fp

2222fffffffffffff

,,,,YYYYYYYYY

TFp

�
H 1

par (� 1(N p); Fp)(d)
�

OOOO

commutes.All mapsare uniquelydeterminedbysendingtheHecke operator Tl to Tl .

Proof. Let us�rst remarkhow thediagonalarrowsaremade.Theloweronecomesfrom
theisomorphism(seeProposition(2.4.8)andTheorem(2.6.1))

H 1
par (� 1(N p); Z) 
 Fp

�= H 1
par (� 1(N p); Fp):

Theupperoneis dueto the fact thatL is a lattice in S2(� 1(N p;C)) , usingargumentsasin
Corollary(3.3.2). We usethattheorderof F�

p is invertiblein Fp, sothatwe caneverywhere
usetheeigencomponentsof theactionof thep-partof thediamondoperatorh�ip.

We obtain the vertical arrow by showing that the kernelof the lower diagonalmap is
containedin the kernel of the upperdiagonalmap. In other words, we will show that if
T 2 TZ

�
S2(� 1(N p); C)(d)

�

 Fp actsaszeroonH 1

par (� 1(N p); Fp)(d), thenit actsaszero
onL(d).

SoassumethatT actsaszeroonH 1
par (� 1(N p); Fp)(d). By Proposition(3.3.10), it actsas

zeroonJQp
(Qp)[p](d), henceonJQp

[p](d). But thenit alsoactsaszeroonJZp [� p ][p](d), asit
actsaszeroon thegeneric�bre usingthatJ [p] is �at overZp[� p] ([BLR], Lemma7.3.2,asJ
is semi-abelian)andthatJQp [p] is reduced.But consequently, it alsoactsaszeroon thespe-
cial �bre J [p](d), whencealsoon thecotangentspaceCot0(J 0[p])(d). Now Lemma(3.3.9)
�nishes theproof. 2
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(3.3.12)Theorem. Let 2 < k � p + 1, N � 5 such that p - N . We write for short
Tpar ;N ;k := TFp

�
H 1

par (� 1(N ); Vk � 2(Fp))
�
, Tmo d;N ;k := TFp

�
Sk (� 1(N ); Fp)

�
and simi-

larly for thetwistedones.Thenthere is thecommutativediagramof Fp-algebras

TFp

�
L (k � 2)

� //
OO

Tmo d;N ;k

��

� Tmo d;N ;p+3 � k ;[k � 2]

��
Tpar ;N p;2 //Tpar ;N ;k � Tpar ;N ;p+3 � k ;[k � 2] :

Thevertical arrowsare obtainedfrom Proposition(3.3.11)resp.Corollary (3.3.4), and the
horizontalonesfrom Proposition(3.3.8)and Proposition(3.2.5). Thevertical arrowsare
surjective. If 2 < k � p, thentheupperhorizontalarrow is injective.

Proof. Thecommutativity is clear, asTl is sentto Tl � Tl alongthehorizontalarrows,
andTl is sentto Tl alongtheverticalarrows. Thesurjectivity of theverticalarrowshasbeen
provedat theplacescitedabove.

Theinjectivity of theupperhomomorphismis thefactthatL (k � 2) is thedirectsumof
Sk (� 1(N ); Fp) andSp+3 � k (� 1(N ); Fp)[k � 2], if 2 < k � p. 2

(3.3.13)Corollary. Let 2 < k � p + 1, N � 5 such that p - N . Let P be a maximal
idealof TFp

�
L (k � 2)

�
which is not in thesupportof Sp+3 � k (� 1(N ); Fp). Thenwehavean

isomorphism

TFp

�
Sk (� 1(N ); Fp)P

� �= TFp

�
H 1

par (� 1(N ); Vk � 2(Fp))P
�
:

Proof. The assumptionmeansthat (Sp+3 � k (� 1(N ); Fp)[k � 2])P = 0. Becauseof
Corollary(3.3.4)we know thatP is not in thesupportof H 1

par (� 1(N ); Vp+1 � k (Fp))[k � 2]
either, whence(H 1

par (� 1(N ); Vp+1 � k (Fp))[k � 2])P = 0. Hence,thesequenceof Proposi-
tion (3.2.5)localisedat P is split, andall mapsin the localisationof thediagramof Theo-
rem(3.3.12)areisomorphisms. 2

(3.3.14)Corollary. Let2 < k � p + 1, N � 5 such thatp - N . LetP bea maximalidealof
TFp

�
Sk (� 1(N ); Fp)

�
correspondingto a normalisedeigenformf 2 Sk (� 1(N ); Fp) which

is ordinary, i.e. ap(f ) 6= 0. Thenwehavean isomorphism

TFp

�
Sk (� 1(N ); Fp)P

� �= TFp

�
H 1

par (� 1(N ); Vk � 2(Fp))P
�
:

Proof. As theoperatorTp alwaysactsaszeroonSp+3 � k (� 1(N ); Fp)[k � 2] themaximal
idealP cannotbein thesupportof Sp+3 � k (� 1(N ); Fp)[k � 2], whencewearein thesituation
of Corollary(3.3.13). 2

(3.3.15)Remark. In contrastto Proposition(3.3.8)theexactsequenceof Proposition(3.2.5)
is in general non-splitfor d = k � 2 with 2 < k � p. However, it is split for k = 2.
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Action through characters

(3.3.16)Lemma. In thesituationof Proposition(3.3.18)wehave

H 1(� ; Sk (� ; K )) = 0:

Thisalsoholdsfor k = 2 awayfromEisensteinideals.

Proof. Without lossof generalitywe may assumethat � is a p-groupandhencethat
G actsfreely on H andthat � : X � � X G is a Galoiscover with group� of properK -
schemes.The groupactionof � on cohomologyis throughthe Diamondoperators.The
Hochschild-Serrespectralsequencegivesaninjection

0 ! H 1(� ; H 0(X � ; � � ! 
 k (� cusps))) ! H 1(X G ; ! 
 k (� cusps)) :

UsingSerreduality andtheKodaira-Spencerisomorphismwe obtain

H 1(X G ; ! 
 k (� cusps))
S-D�= H 0(X G ; 
 1 
 (! 
 k (� cusps))_ )_

K-S�= H 0(X G ; ! 
 2� k )_

which is zero,sincethedegreeof ! 
 2� k is negative (ask � 3). Themap� is étaleandwe
have H 0(X � ; � � ! 
 k (� cusps)) �= Sk (� ; K ), from which theclaim follows. For k = 2 we
haveH 1(X G ; ! 
 2(� cusps)) �= H 0(X G ; O)_ , which is 1-dimensional.As a Heckemodule
it cannotbein thesupportof anon-Eisensteinprime. 2

(3.3.17)Corollary. In thesituationof Proposition(3.3.18)supposethat K hascharacteris-
tic p andthat � is a p-group.ThenSk (� ; K ) is an inducedK [�] -module.

Proof. This follows from Lemma(3.3.16)andProposition(2.7.13). 2

(3.3.18)Proposition. Let k � 3, N � 1 be integers and K a �eld. Furthermore, let

� 1(N ) � � � G � SL2(Z) be subgroupsand � : G
pro j
� � nG ! K � a character such

that � (� 1) = (� 1)k if � 1 2 G. Let � := � nG. We assumethat � is abelianand that �
actswithoutstabilisers on H. If thecharacteristicof K is p > 0, thenweassumep - N and
thatG hasnostabilisersof orderp for its actiononH.

ThenthenormN � inducesan isomorphism
�
Sk (� ; K ) 
 K � �

�
N �� � !

�
Sk (� ; K ) 
 K � � �

= Sk (G; �; K ):

Whenk = 2, thenthe statementsalso hold if onelocalisesawayfrom Eisensteinmaximal
ideals(i.e. thosenot correspondingto irreducibleGaloisrepresentations).

Proof. If thecharacteristicof K is zero,the�nite abeliangroup� actssemi-simply, and
hencethe claim follows. If the characteristicis p, it suf�ces to prove the statementfor the
p-Sylow subgroup� p of � , asagain� =� p actssemi-simply. Corollary(3.3.17)impliesthat
Sk (� ; K ) is a cohomologicallytrivial (for Tatecohomology)K [� p]-module.Consequently,
thenorminducesanisomorphism. 2
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(3.3.19)Remark. If the characteristic of K is p, then the result of Proposition (3.3.18)
also holds for k = 1. For the � -action commuteswith the derivation � usedin Propo-
sition (4.5.2). As the� -invariantsagreewith the � -coinvariantsin weightsp andp + 2, it
followsthatthesameholdsin weightonebytheexactsequencein Part (a) of thatproposition.

(3.3.20)Proposition. We keeptheassumptionsof Proposition(3.3.18). If thecharacteristic
of K is p > 0, wealsoassumek � p + 2.

If CM k (� ; K ) is a faithful TK (Sk (� ; K ))-module, then CM k (G; �; K ) is a faithful
TK (Sk (� ; �; K ))-module. For k = 2 similar statementshold awayfromEisensteinprimes.

Proof. Dualisingtheresultof Proposition(3.3.18)givesanisomorphism

�
T(Sk (� ; K )) 
 K � �

�
N �� � !

�
T(Sk (� ; K )) 
 K � � �

;

which in particularyieldsthattheimplication

T(
X

� 2 �

� (� ) � 1h� i ) = 0 ) T 2 I ;

whereI is theidealde�ned in Proposition(3.3.5). In view of thatproposition,we only need
to show thatif T actsaszeroonCM k (G; �; K ), thenT is in I .

Thatcanbeseenasfollows. We now assumethat � = � , i.e. thatG = G. For thatwe
mayhaveto replaceG by asubgroupof index 2. Thismaybedonesinceneitherthespaceof
modularsymbolsnor thespaceof modularformschanges.

FromProposition(2.7.10)weknow

CM k (G; �; K ) �= � (CM k (� ; K ) 
 K K � )
N ��= � (CM k (� ; K ) 
 K K � ):

If T actsaszeroon

CM k (G; �; K ) = N � (CM k (� ; K ) 
 K K � ) = (
X

� 2 �

� (� ) � 1h� i )CM k (� ; K );

then
(T

X

� 2 �

� (� ) � 1h� i )CM k (� ; K ) = 0

andby the assumedfaithfulnessof CM k (� ; K ), it follows that T(
P

� 2 � � (� ) � 1h� i ) = 0,
whenceT 2 I , asrequired. 2



Chapter IV

Computationsof mod p Modular
Forms

In this chapterwe explain how theresultsof ChaptersII andIII canbeusedalgorithmically
to computemodularformsover �nite �elds with methodsfrom linearalgebra,mostnotably
modularsymbols,undercertainrestrictions.

As modularforms in the situationwhenwe considerthemareuniquelydeterminedby
their q-expansions,we only needto computethe correspondingHecke algebra,sincethe
spaceof modularforms is its dual. If one is only interestedin eigenforms,not the whole
Heckealgebrastructureis needed,andwecandowith fewerconditions.However, theknowl-
edgeof the Hecke algebrastructureis necessaryfor the computationof weight oneforms,
andit is interestingto studye.g.theGorensteinpropertyin view of a possibleidenti�cation
betweenthe Zp-Hecke algebrawith a deformationring. We alsoexplain how weight one
Hecke algebrascanbe computedusingweight p, following [EdixJussieu]. Moreover, the
principalalgorithmsof my MagmapackageWeight1.mg , whichbuildsonWilliam Stein's
packageModularSymbols , arepresented.Fortunately, Stein's packagehasalreadypro-
videdmodularsymbolsover �nite �elds for a long time,andonecouldsaythatthis chapter
is abouttheir interpretation.

We start this chapterby recallingthe relationbetweenmodularforms andHecke alge-
bras.Next we presentanalgorithmwhich splitsa moduleover a commutative algebraover
a �nite �eld into local piecesup to Galoisconjugacy. Thethird sectioncomparessystemsof
eigenvaluesof modularformswith thoseof modularsymbols.In thefourth sectionanalgo-
rithm for thecomputationof Heckealgebrasof weightk � 2 over �nite �elds usingmodular
symbolsis treated.Thenweexplainhow weightoneandweightp arerelatedfor �nite �elds
of characteristicp, from which we derive an algorithmfor the computationof weight one
forms,following [EdixJussieu]. The�nal sectionsketchesacertaingeneralisationof Merel's
universalFourierexpansions.

57
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4.1.Modular forms and Hecke algebras

Let K beaperfect�eld andK analgebraicclosure.Let furthermoreS(K ) besomespaceof
modularformsde�ned over K andTK theassociatedHecke algebraover K , suchthat the
pairing

TK � S(K ) ! K ; (T; f ) 7! a1(T f )

is non-degenerate,wherean (f ) denotesthen-th coef�cient of thestandardq-expansionof f .
This is thecasefor instancefor holomorphicmodularforms(K = C) for � 1(N ), � 0(N ) and
all N � 1, or for Katz modularformsoverK = Fpr for � 1(N ), � 0(N ) andall N � 1 such
thatp - N . Thepairinggivesriseto thefollowing Heckeequivariantisomorphisms

S(K ) �= HomK (TK ; K ) �= HomK (TK 
 K K ; K );

wherethe �rst arrow is givenby f 7! (T 7! a1(T f )) . Let us recall the importantformula
a1(Tn f ) = an (f ), which follows from theactionof theHecke operatorson q-expansions.
NormalisedHeckeeigenformsin S(K ) correspondunderthe�rst isomorphismto K -algebra
homomorphismsTK ! K . EigenformsthatareGaloisconjugate(i.e. thecoef�cients of the
standardq-expansionareconjugateby G(K jK )) correspondto GaloisconjugateK -algebra
homomorphismsTK ! K . Two K -algebrahomomorphismsTK ! K areGaloisconjugate
if andonly if they havethesamekernel.It is commonto referto aK -algebrahomomorphism
f : TK ! K asthesystemof eigenvalues(� n )n of TK with � n = f (Tn ).

We haveestablishedbijections

Spec(TK ) 1� 1 ! HomK � alg (TK ; K ) 1� 1 ! f normalisedeigenformsin S(K ) g=G(K jK )

and
Spec(TK 
 K ) 1� 1 ! HomK � alg (TK 
 K ; K ) 1� 1 !

f normalisedeigenformsin S(K ) g 1� 1 ! f systemsof eigenvaluesof TK g.

TheHecke algebraTK is �nite dimensional(anArtin algebra) andcommutative. Soall its
prime idealsaremaximal,andusing the ChineseRemainderTheoremthe algebradecom-
posesasa productof its localisations:

TK
�=

Y

m2 Spec(TK )

(TK )m
�=

Y

m2 Spec(TK )

TK =m1 �=
Y

m2 Spec(TK )

TK =(1 � em)TK :

If r is an integerr suchthatmr = mr +1 , thenwe write m1 for mr . Theem in theformula
areidempotentscorrespondingto thedecomposition.

4.2.Computing local factors of Hecke algebras

Let K be a perfect�eld, K an algebraicclosureandA a �nite dimensionalcommutative
K -algebra.We will write AL for A 
 K L , whereL jK is anextensioninsideK . Theimage
of a 2 A in AK is denotedasa.
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In thecontext of Heckealgebraswe would like to

(1) computea localdecompositionof A, resp.

(2) computea localdecompositionof AK keepingtrackof theG(K jK )-conjugacy.

In this sectionwe presentan algorithmsolvingbothpoints. This algorithmis implemented
in my MagmapackageWeight1.mg . It is basedon thefollowing lemma.

(4.2.1)Lemma. (a) A is local if and only if the minimal polynomialof a (in K [X ]) is a
primepowerfor all a 2 A.

(b) Let V be an A-modulesuch that for all a 2 A the minimal polynomialof a on V is a
primepowerin K [X ], i.e. V is a primary spacefor all a 2 A. Thenthe image of A in
End(V ) is a local algebra.

(c) LetV beanAK -moduleandlet a1; : : : ; an begeneratorsof thealgebra A. Supposethat
for i 2 f 1; : : : ; ng theminimalpolynomialof ai on V is a powerof (X � � i ) in K [X ]
for some� i 2 K . Thentheimageof AK in End(V ) is a local algebra.

Proof. (a) Suppose�rst that A is local andtake a 2 A. Let � a : K [X ] ! A be the
homomorphismof K -algebrasde�ned by sendingX to a. Let (f ) be the kernel with f
monic, so that by de�nition f is the minimal polynomialof a. Hence,K [X ]=(f ) ,! A,
whenceK [X ]=(f ) is local, implying thatf cannothave two differentprimefactors.

Conversely, if A werenot local, we would have anidempotente 62f 0; 1g. Theminimal
polynomialof e is X (X � 1), which is nota primepower.

(b) follows directly. For (c) onecanusethe following. Supposethat (a � � ) r V = 0
and (b � � )sV = 0. Then ((a + b) � (� + � )) r + sV = 0, as one seesby rewriting
((a + b) � (� + � )) = (a � � ) + (b � � ) andexpandingout. From this it also follows
that(ab� �� )2( r + s) V = 0 by rewriting ab� �� = (a � � )(b� � ) + � (b� � ) + � (a � � ).

2

Let us call a pair (V; L ) consistingof a �nite extensionL jK with L � K andan AL -
moduleV ana-pair for a 2 A if thecoef�cients of theminimal polynomialof a actingon
V 
 L K generateL overK .

Let us furthermorecall a setf (V1; L 1); : : : (Vn ; L n )g consistingof a-pairsana-decom-
positionof ana-pair (V; L ) if

(i) V 
 L K �=
L n

i =1
eVi with eVi

�=
L

� 2 GL =GL i
� (Vi 
 L i K ) and

(ii) theminimal polynomialof a restrictedto Vi is a power of (X � � i ) for some� i 2 L i

for all i and

(iii) theminimalpolynomialof a restrictedto eVi is coprimeto theminimalpolynomialof a
restrictedto fVj whenever i 6= j .
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The eVi correspondto the local factorsof theL -algebrahai andthe � (Vi 
 L i K ) to the
local factorsof theK -algebrahai . Sothe(Vi ; L i ) area choiceout of a G(L i jL )-conjugacy
class. The third conditionabove assuresthat for i 6= j no (� Vi ; � L i ) for � 2 G(L i jL ) is
conjugateto a (� Vj ; � L j ) for any � 2 G(L j jL ).

An a-decompositionof ana-pair canbecomputedby thefollowing algorithm.

(4.2.2)Algorithm. We de�ne thefunctionDecomposePair asfollows.
input: (V; L ); a, where (V; L ) is ana-pair.
output: A list output [(V1; L 1); : : : ; (Vn ; L n )] containingana-decompositionof (V; L ).

1. Createanemptylist output , which after therunningwill containana-decomposition.

2. Computef 2 L [X ], theminimalpolynomialof a restrictedto V .

3. Factor f =
Q n

i =1 pei
i with pi 2 L [X ] pairwisecoprime.

4. For all i in f 1; : : : ; ng do

1. ComputeeVi asthekernelof pi (ajV )ei .

2. ComputeL i , thesplitting �eld overL of pi .

3. Factorpi (X ) =
Q

� 2 GL =GL i
(X � � � i ), for some� i 2 L i .

4. ComputeVi asthekernelof (aj eVi
� � i )ei .

5. Join (Vi ; L i ) to thelist output .

5. Returnoutput andstop.

The decompositionof an AK -moduleV correspondingto the local factorsof AK and
keepingtrackof conjugacy canbecomputedby thefollowingalgorithm,whenthea1; : : : ; an

in theinputgenerateA.

(4.2.3)Algorithm. We de�ne thefunctionDecompose asfollows.
input: (V; K ); [a1; : : : ; an ] with [a1; : : : ; an ] a list of elementsof A and(V; K ) anai -pair

for all i = 1; : : : ; n.
output: A list output = [(V1; K 1); : : : ; (Vn ; K n )] consistingof pairs with K i a �nite

extensionof K andVi anAK i -module. SeeProposition(4.2.4)for an interpretation.

1. Computedec asDecomposePair( (V; K ), a1) .

2. If n = 1, thenreturndec .

3. Createtheemptylist output .

4. For all d in dec do

1. Computedec1 asDecompose( d, [a2; : : : ; an ]) .

2. Join dec1 to thelist output .

5. Returnthelist output andstop.
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FromLemma(4.2.1)thefollowing is clear.

(4.2.4)Proposition. Let A bea commutative�nite dimensionalK -algebra with generators
a1; : : : ; an . Let V be an A-module. Supposethat Decompose( (V; K ), [a1; : : : ; an ])
givestheoutputf (V1; K 1); : : : ; (Vm ; K m )g.

ThenV 
 K K =
L m

i =1
eVi with eVi =

L
� 2 G k =GK i

� Vi . The eVi correspondto thelocal
factorsof A andthe� Vi correspondto thelocal factorsof AK . 2

(4.2.5)Corollary. WekeepthenotationfromProposition(4.2.4). If V is a faithful A-module,
thenthelocal factorsof A are isomorphicto theimagesof A in End( eVi ). Moreover thelocal
factorsof AK correspondto theimagesof AK in End(� Vi ).

4.3.Computing eigenforms of weight k � 2 over �nite �elds

[Ash-Stevens] havealreadynoticedthatall systemsof eigenvaluesof modularformsmodulo
asuitableprimeidealabovep alsooccurin groupcohomology. Weshallreprovethatresultin
aslightly morepreciseform usingthepropertiesof groupcohomologyandmodularsymbols
establishedbefore. We will alsoexplain how this givesrise to an algorithmfor computing
eigenformsover �nite �elds with methodsfrom linearalgebraover �nite �elds.

(4.3.1)Proposition. (a) Let p be a prime, k � 2, N � 5 with p - N integers and
f 2 Sk (� 1(N ); Fp) a normalisedeigenformfor 2 � k. Then its systemof eigen-
valuesoccurs in any of the spacesH 1

par (� 1(N ); Vk � 2(Fp)) ; CM k (� 1(N ); Fp) and
CH k (� 1(N ); Fp).

(b) Let k � 2 be an integer and � : (Z=N Z) � ! F� be a characterwith � (� 1) = (� 1)k

for FjFp a �nite extension.Thenthesystemof eigenvaluesof anynormalisedeigenform
f 2 Sk (� 1(N ); �; Fp) occurs in anyof thespaces

H 1
par (� 0(N ); V �

k � 2(F)) ; (Z=N Z) �

�
H 1

par (� 1(N ); Vk � 2(F)) 
 F F�
�
;

CM k (� 0(N ); �; F); (Z=N Z) � �
CM k (� 1(N ); F) 
 F F�

�
;

(Z=N Z) � �
CH k (� 1(N ); F) 
 F F�

�
; (Z=N Z) �

�
CH k (� 1(N ); F) 
 F F�

�
.

(c) Assumethe situation of (a) and that 2 � k � p + 2. Then all systemsof eigen-
valuesoccurring on any of the spacescited in (a) comefrom a normalisedeigenform
f 2 Sk (� 1(N ); Fp).

(d) Assumethesituationof (b), 2 � k � p+ 2 andthat � 0(N ) doesnothaveanystabiliserof
orderp for its actiononH (compareProposition(2.6.2)). If k = 2, thenwealsoassume
� to benon-trivial. Thenall systemsof eigenvaluesoccurringon anyof thespacescited
in (b) comefroma normalisedeigenformf 2 Sk (� 1(N ); �; Fp).

(e) Assumethesituationof (a). Supposethere is a systemof eigenvaluescomingfromanyof
thespacescitedin (a) but not froma modularform. Thenfor anyprimel - N p theHecke
operator (Tl )2 actson it with eigenvalue(l + 1)2lk � 2.
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Proof. Part(a) followsfrom Corollary(3.3.2)andthecomparisonresultTheorem(2.6.1).
It is clearthata systemof eigenvaluesof a modularform with character� alsooccursin any
of thespacesgivenin (b).

(c) Thestatementis animmediateconsequenceof Corollary(3.3.4)andTheorem(2.6.1).
(d) follows from (c) usingProposition(2.7.10).
(e)We canassumek > p + 2 by (c). By Corollary(3.3.2)a systemof eigenvaluesliving

on the torsionfree quotientcomesfrom a modularform. So,a systemof eigenvaluesasin
theassumptionmustliveon

H 1(Y� 1 (N ) ; Vk � 2(Zp))[p] �= H 0(Y� 1 (N ) ; Vk � 2(Fp)) �= Vk � 2(Fp)SL 2 (Fp ) ;

where the �rst isomorphismcomesfrom Proposition(2.4.8). Applying the de�nition of
the Hecke operatorTl for a prime l - N p, we seethat it actson the right handside by
sendinga polynomial f of degree k � 2 to (l + 1)

�
( l 0

0 1 ) :f
�
(x; y). So (Tl )2 acts as

(l + 1)2
� �

l 2 0
0 1

�
:f

�
(x; y). But

�
l 2 0
0 1

�
=

�
l 0
0 l

� �
l 0
0 l � 1

�
andthe latter matrix actstrivially,

which impliesthestatement. 2

(4.3.2)Remark. Proposition (4.3.1)(a) and (c) also hold more generally for k � 3 and
� � SL2(Z) a subgroup of �nite index whosestabilisers haveorder invertible modulop.
With theseassumptionsProposition(3.3.3)andCorollary (3.3.4)arealsotrue. However, for
k = 2 there could be lifting problemsto characteristic0 (i.e. Carayol's Lemmadoesnot
hold).

For computationalpurposesit is essentialto have a �nite setof generatorsfor theHecke
algebra.This is providedby thefollowing proposition.

(4.3.3)Proposition. Let N � 1 and k � 2 be integers such that p - N , FjFp a �nite
extensionandlet � : (Z=N Z) � ! F� bea characterwith � (� 1) = (� 1)k . Set

B =
N
12

Y

l jN ;l prime

(1 +
1
l
):

LetT(k ) betheHecke algebra for Sk (� 1(N ); �; Fp). ThentheHecke operators

T (k )
1 ; T (k )

2 ; : : : ; T (k )
kB

generateT(k ) asanF-vectorspace.
ThenumberkB is calledtheHeckeboundof Sk (� 1(N ); �; Fp).

Proof. This follows from theproofof [EdixJussieu], Proposition4.2. 2

As we have seenthat systemsof eigenvaluesof modularsymbolsarecloselyrelatedto
thoseof modularforms,wequickly sketchhow to computethemupto Galoisconjugacy.
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(4.3.4)Algorithm. We de�ne thefunctionEigenforms asfollows.
input: N ; k; p; � , where N � 1, k � 2 are integers, p is a prime and � is a Dirichlet

characterof modulusN with valuesin some�nite extensionF of Fp.
output: A list output [(V1; L 1); : : : ; (Vn ; L n )].

1. GeneratethespaceMof cuspidalmodularsymbolsfor � 1(N ), weightk andcharacter �
overF.

2. ComputetheHeckeboundkB asin Proposition(4.3.3).

3. Computethelist L = [ T1, ..., TkB ] consistingof thelistedHecke operatorsonM.

4. output := Decompose((M, F),L)
The functionDecompose wasde�ned in Algorithm (4.2.3). We mayreplaceall ei in
Step4 of Algorithm(4.2.2)by1, asweareonly interestedin systemsof eigenvalues.

5. Returnoutput andstop.

The (Vi ; L i ) in the list output correspondpreciselyto the differentGaloisconjugacy
classesof systemsof eigenvalues(� n )n on thecuspidalmodularsymbols.Thatmeansthat
therestrictionof theHeckeoperatorTn to Vi is a scalarmatrix with eigenvalue� n .

4.4.Computing Hecke algebrasof weight k � 2 over �nite
�elds

We now addressthequestionof computingtheHecke algebraof modularformsover �nite
�elds.

Thefollowing theoremis averysatisfactoryresult,if theweightis smallerthanp or equal
to p + 1. In theformercaseit is mainly dueto Edixhoven([EdixJussieu], Theorem5.2).

(4.4.1)Theorem. Let p be a prime and N � 5, k � 2 integers such that p - N . Suppose
k < p or k = p + 1.

(a) TheHecke algebra over Fp of Sk (� 1(N ); Fp) canbecomputedby theHecke actionon
anyoneof H 1

par (� 1(N ); Vk � 2(Fp)) , CM k (� 1(N ); Fp) or CH k (� 1(N ); Fp).

(b) Let � : (Z=N Z) � ! F� a characterwith � (� 1) = (� 1)k for a �nite extensionF of Fp.
If k = 2, thenweassumethat � is non-trivial. We assumefurther that � 0(N ) doesnot
haveanystabiliserof orderp for its actiononH (compareProposition(2.6.2)).

ThentheF-Hecke algebra of Sk (� 1(N ); �; Fp) canbecomputedby theHecke actionon
anyoneof thespaces

H 1
par (� 0(N ); V �

k � 2(F)) ; (Z=N Z) �

�
H 1

par (� 1(N ); Vk � 2(F)) 
 F F�
�
;

CM k (� 0(N ); �; F); (Z=N Z) � �
CM k (� 1(N ); F) 
 F F�

�
;

(Z=N Z) � �
CH k (� 1(N ); F) 
 F F�

�
; (Z=N Z) �

�
CH k (� 1(N ); F) 
 F F�

�
.
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Proof. In the casewherek < p both partsare immediatefrom Corollary (3.3.7), the
comparisonresultTheorem(2.6.1)andProposition(2.7.10).

If k = p + 1, theresultfollows from Corollary(3.3.14), Proposition(3.3.20)becauseall
modularformsin weightp + 1 areordinary(seee.g.[EdixWeight], Proposition3.3). 2

Next wecover theweightp case.

(4.4.2)Theorem. Thestatementsof Theorem(4.4.1)also hold for weightk = p > 2 lo-
calisedat ordinary (ap(f ) 6= 0) systemsof eigenvalues.

Proof. This followsasabovefrom Corollary(3.3.14), Proposition(3.3.20), thecompari-
sonresultTheorem(2.6.1)andProposition(2.7.10). 2

(4.4.3)Lemma. Let � := (Z=N Z) � =h� 1i . TheHecke operator Tl for any prime l - N p
acts on E2(� 1(N ); Fp), H0(� ; E2(� 1(N ); Fp)) and H1(� ; E2(� 1(N ); Fp)) by multiplica-
tion by (l + 1).

Proof. For theboundaryspace
L

g2 � 1 (N )nPSL 2 (Z)=U H 1(� 1(N ) \ gUg� 1; Fp) thecorre-
spondingstatementis immediatelyveri�ed from thede�nition of theHecke operatorTl and
the fact that the index of � 1(N ) \ � 0(l ) \ gUg� 1 in � 1(N ) \ gUg� 1 is l + 1. As it holds
on the boundaryspace,it holdson the Eisensteinsubspace,which is Hecke stable. As the
� -actionis throughthediamondoperators,which commutewith Tl , the resultalsofollows
for thetwo homologygroupslisted. 2

(4.4.4)Proposition. LetN � 5 anintegerandp - N a prime. Weassumefurtherthat � 0(N )
doesnot haveany stabiliserof order p for its action on H (compare Proposition(2.6.2)).
Let f be a normalisedeigenformin S2(� 0(N ); Fp) correspondingto a maximalideal P
of the Hecke algebra T. If the associatedGalois representationof f is not Eisenstein(i.e.
is not reducible),thenthe localisationat P of T can be computedby the Hecke action on
CM 2(� 0(N ); Fp)P .

Proof. If p 6= 2 we invoke Theorem(4.4.1)andif p = 2 [EdixJussieu], Theorem5.2,
in orderto obtainthe result for � 1(N ) without a character. By Theorem(2.7.8) it suf�ces
to provethattheHeckeactiononH 0(� ; E2(� 1(N ); Fp)) andH1(� ; E2(� 1(N ); Fp)) cannot
give riseto anirreduciblerepresentation.That,however, is clearby Lemma(4.4.3). 2

(4.4.5)Proposition. Let p be a prime, N � 5, k � 2 integers such that p - N , and let
� : (Z=N Z) � ! F� bea characterwith � (� 1) = (� 1)k for a �nite extensionF of Fp. We
assumefurther that � 0(N ) doesnot haveanystabiliserof order p for its actionon H (com-
pare Proposition(2.6.2)). Let f 2 Sk (� 1(N ); �; Fp) a normalisedeigenformfor k � 2 with
an irreducibleGalois representation.Let M be any of the spacesH 1

par (� 0(N ); V �
k � 2(F)) ;

CM k (� 0(N ); �; F) or (Z=N Z) � �
CH k (� 1(N ); F) 
 F�

�
.

If thelocal factorat f of T(Sk (� 1(N ); �; Fp)) hasthesamedimensionasthecorrespond-
ing local factorof T(M ), thenthesetwo local algebrasare isomorphic.
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Proof. As we know that differencesoccurringin the passageto charactersonly cor-
respondto reducible Galois representations,it suf�ces to prove similar statementsfor
� := � 1(N ) without acharacter.

We show that thereis a surjectionof algebrasfrom the local factorof T(Sk (� ; Fp)) to
thatof T(M ). We have

TZ(Sk (� ; C)) 
 Z Fp
�= TZp (H 1

par (� ; Vk � 2(Zp))=p� torsion) 
 Zp Fp:

Locally ata primeidealP correspondingto anirreduciblerepresentationwehave

H 1
par (� ; Vk � 2(Zp))=p� torsion)P

�= H 1
par (� ; Vk � 2(Zp))) P ;

sincethep-torsionpartcannotcorrespondto anirreduciblerepresentationdueto thecalcula-
tion in theproofof part(e)of Proposition(4.3.1). Moreover, it iseasyto checkthatirreducible
representationscannotlive on thepossibledifferencesH 1(h� i ; CoindSL2 (Z)

� Vk � 2(Fp)) and
similarly for � . 2

We next sketch an algorithm for computingthe local factorsof the Hecke algebraof
modularsymbolsup to Galoisconjugacy.

(4.4.6)Algorithm. We de�ne thefunctionHeckeAlgebras asfollows.
input: N ; k; p; � , where N � 1, k � 2 are integers, p is a prime and � is a Dirichlet

characterof modulusN with valuesin some�nite extensionF of Fp.
output: A list output [(V1; L 1); : : : ; (Vn ; L n )].

1. GeneratethespaceMof cuspidalmodularsymbolsfor � 1(N ), weightk andcharacter �
overF.

2. ComputetheHeckeboundkB asin Proposition(4.3.3).

3. Computethelist L = [ T1, ..., TkB ] consistingof thelistedHecke operatorsonM.

4. output := Decompose((M, F),L)
ThefunctionDecompose hasbeende�nedin Algorithm(4.2.3).

5. Returnoutput andstop.

The (Vi ; L i ) in the list output correspondpreciselyto the differentGaloisconjugacy
classes.That meansthat thecorrespondinglocal Hecke algebrais generatedby the restric-
tionsof theHeckeoperatorsto theVi .

In orderto obtainprovedresultsif theconditionsof Theorems(4.4.1)and(4.4.2)do not
apply, we mustcomputewith cuspidalmodularsymbolsover Q andchoosea lattice. We
may thenwork with the reductionmodulop of the Hecke operatorswritten with respectto
a lattice basis. Note that this methodin the primitive form given only appliesto situations
whenthe charactertakesvaluesin f� 1g. This approachworks asany lattice givesrise to
an isomorphicHecke algebra.However, working over Q, choosinga latticeandcomputing
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Hecke operatorswith integral coef�cients is very slow. Moreover, if we work with non-free
groupssuchas� 0(N ) thenweonly getthoseformsthatarereductionsmodp of holomorphic
modularformsandpossiblynot all Katz forms. Oneof theadvantagesof working with all
the torsionis thatwe getKatz modularforms,whenever Theorems(4.4.1)or (4.4.2)apply.
E.g.with k = 2 andp = 3, mod3 modularsymbolsalsocomputethosemod3 eigenforms
thatcannotbelifted to characteristic0 with a characterof thesameorder.

4.5.Embedding weight oneinto weight p

In this sectionwe describehow weightoneandweightp modularformsarerelated.Recall
thatwe areworking throughoutwith Katz modularforms,which becomesreallyessentialin
this section.All ideasaretakenfrom [EdixJussieu] (Section4) andhavealsobeendescribed
in [W-App]. For moredetailsthereaderis referredthere.

Let F bea�nite �eld of primecharacteristicp of Fp and�x a level N � 1 with p - N and
a character� : (Z=N Z) � ! F� with � (� 1) = (� 1)k . We have two injectionsof F-vector
spaces

F; A : S1(� 1(N ); �; F) ! Sp(� 1(N ); �; F);

given on q-expansionsby an (Ag) = an (g) and an (F g) = an=p (g) (with an (F g) = 0
if p - n), that arecompatiblewith all Hecke operatorsTl for primesl 6= p. The former
comesfrom the Frobeniusand the latter is multiplication by the Hasseinvariant. One
hasT (p)

p F = A andAT (1)
p = T (p)

p A + � (p)F , wherewe have indicatedthe weight asa
superscript(seee.g.[EdixJussieu], Equation4.1.2).

Thekey to aneffective descriptionof the imageof F is the following theoremby Katz,
which is themaintheoremof [KatzDerivation].

(4.5.1)Theorem.(Katz) Letk bean integer.

(1) Thereexistsa homomorphism

A� : Sk (� 1(N ); �; F) ! Sk+ p+1 (� 1(N ); �; F);

whoseeffect on q-expansionsis q d
dq (i.e. an (A� f ) = nan (f )), whenceit is called a

derivation.

(2) Supposep - k. If f 2 Sk (� 1(N ); �; F) doesnot comefrom a lower weight,thenA� f
hasweightk + p + 1, anddoesnotcomefroma lowerweight.In particular, A� f 6= 0.

(3) If f 2 Spk (� 1(N ); �; F) andA� f = 0, thenf = hp for a uniqueh 2 Sk (� 1(N ); �; F).

Let T(k ) betheHecke algebraoverF of weightk for a �x edlevel N anda �x edcharac-
ter � . Wewill alsoindicatetheweightof Heckeoperatorsby superscripts.Wedenoteby A (p)

theFp-subalgebraof T(p) generatedby all HeckeoperatorsT (p)
n for p - n.
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(4.5.2)Proposition. (a) There is a homomorphism� , alsocalleda derivation, givenon q-
expansionsbyan (� f ) = nan (f ) such that thesequence

0 ! S1(� 1(N ); �; F) F�! Sp(� 1(N ); �; F) ��! Sp+2 (� 1(N ); �; F)

is exact.

(b) Supposef 2 S1(� 1(N ); �; F) such that an (f ) = 0 for all n with p - n. Thenf = 0. In
particular AS1(� 1(N ); �; F) \ F S1(� 1(N ); �; F) = 0.

(c) TheHeckealgebra T(1) in weightonecanbegeneratedbyall T (1)
l , where l runsthrough

theprimesdifferentfromp.

(d) TheweightoneHecke algebra T(1) is the algebra generatedby the A (p) -action on the
moduleT(p) =A (p) .

Proof. (a)Theorem(4.5.1)(3) givestheexactsequence

0 ! S1(� 1(N ); �; F) F�! Sp(� 1(N ); �; F) A �� � ! S2p+1 (� 1(N ); �; F)

by taking Galois invariants. However, asexplainedin [EdixJussieu], Section4, the image
A� Sp(� 1(N ); �; F) in weight 2p + 1 can be divided by the Hasseinvariant, whencethe
weightis asclaimed.

(b) Theconditionimpliesby looking at q-expansionsthatA� f = 0, whenceby Theo-
rem(4.5.1)(3) f comesfrom a lower weight than1, but below thereis just the0-form (see
also[EdixJussieu], Proposition4.4).

(c) It is enoughto show thatT (1)
p is linearlydependentonthespanof all T (1)

n for p - n. If
it werenot, thentherewould bea modularform of weight1 satisfyingan (f ) = 0 for p - n,
but ap(f ) 6= 0, contradicting(b).

(d) Dualisingtheexactsequencein (a) yieldsthatT (p) =A (p) andT(1) areisomorphicas
A (p) -modules,which impliestheclaim. 2

(4.5.3)Proposition. TheF-algebra A (p) de�ned abovecan alreadybe generatedas an F-
vectorspaceby theset

f T (p)
n j p - n; n � (p + 2)B g;

where B is thenumberfromProposition(4.3.3).

Proof. Assumethat someT (p)
m for m > (p + 2)B and p - m is linearly indepen-

dentof the operatorsin the setof the assertion.This meansthat thereis a modularform
f 2 Sp(� 1(N ); �; F) satisfyingan (f ) = 0 for all n � (p + 2)B , but am (f ) 6= 0. Onegets
an (� f ) = 0 for all n � (p + 2)B , but am (� f ) 6= 0. This contradictsProposition(4.3.3).

2

Thesetwo propositionsprovide us with an effective methodfor computingthe Hecke
algebrain weightone,oncewedisposeof afaithfulmodulefor theHeckealgebrain weightp.
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If we areonly interestedin formsof weightone,we would like to beableto throw away
partsthatcannotcomefrom weightone.Thefollowing considerationswill alsoenableusin
certaincasesto computeweightoneeigenformswithout computingall theHeckealgebra.

(4.5.4)Proposition. Let V � Sp(� 1(N ); �; F) betheeigenspaceof a systemof eigenvalues
for theoperatorsT (p)

l for all primesl 6= p
If the systemof eigenvaluesdoesnot comefrom a weightoneform, thenV is at most

1-dimensional.Conversely, if there is a normalisedweightoneeigenformg with that system
of eigenvaluesfor T (1)

l for all primes l 6= p, then V = hAg; F gi and that spaceis 2-

dimensional.Onit T (p)
p actswith eigenvaluesu and� (p)u� 1 satisfyingu+ � (p)u� 1 = ap(g).

In particular, theeigenformsin weightp which fromweightoneareordinary.

Proof. If V is at least2-dimensional,thenwe canchoosea normalisedeigenformf for
all operatorsandwe thenhave V = Ff � f h j an (h) = 0 8p - ng. As a form h in theright
summandis annihilatedby � , it is equalto F g for someform g of weightoneby Proposi-
tion (4.5.2)(a). By Part (b) of thatpropositionweknow thathAg; F gi is 2-dimensional.If V
weremorethan2-dimensional,thentherewouldbetwo differentmodularformsin weight1,
whichareeigenformsfor all T (1)

l with l 6= p. This,however, contradictsPart (c).
Any normalisedeigenformf 2 V for all Hecke operatorsin weight p hasto be of the

form Ag + �F g for some� 2 F. Theeigenvalueof T (p)
p on f is thep-th coef�cient, hence

u = ap(g) + � , asap(F g) = a1(g) = 1. Now wehave

(ap(g) + � )(Ag + �F g) = T (p)
p (Ag + �F g) = T (p)

p Ag + �Ag

= AT (1)
p g � � (p)F g + �Ag = (ap(g) + � )Ag � � (p)F g;

which implies� � (p) = (ap(g) + � )� = u2 � uap(g) by lookingat thep-th coef�cient. From
this oneobtainstheclaim onu. 2

(4.5.5)Corollary. Let N � 5 an integer not disibleby theprimep. TheHecke algebra of
S1(� 1(N ); Fp) canbecomputedusingmodularsymbolsoverFp.

Proof. Dueto theordinarity(Proposition(4.5.4)), this followsfrom Theorem(4.4.2)and
Proposition(4.5.2)(d). 2

4.6.Computing Hecke algebras of weight one over �nite
�elds

If oneis only interestedin eigenforms,onecanuseAlgorithm (4.3.4)for weightp with modp
modularsymbolsand look for pairs of eigenformsdiffering only at p. Thesecorrespond
to weight oneeigenformsby Proposition(4.5.4). However, a weight p eigenformf with
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ap(f )2 = � (p) might or might not correspondto weight one. Herean extra checkwill be
needed.

We next describethefunctionSystemsOfEigenvalues implementedin theMagma
packageWeight1.mg .

(4.6.1)Algorithm. We de�ne thefunctionSystemsOfEigenvalues asfollows.
input: N ; p; � with N a positiveinteger, p a primeand� a Dirichletcharacterovera �eld

extensionF of Fp.
option: Wt1APriori 2 f true, false g.
output: A decompositionof the cuspidalmodularsymbolsfor � 1(N ) of weightp and

character � correspondingto the conjugacyclassesof local factors of the algebra A (p) . If
theoptionWt1APriori is set,local factors that cannotcorrespondto weightoneformsby
Proposition(4.5.4)are discarded.

1. Generate thespaceMof cuspidalmodularsymbolsfor � 1(N ), weightp andcharacter �
overF.

2. Computeb := (p + 2)B asin Proposition(4.5.3).

3. Computethe list L consistingof the Hecke operators Tn acting on M for p - n and
1 � n � b.

4. If not Weight1APriori , call output := Decompose with the list L and the
pair (M ; F). Returnoutput andstop. ThefunctionDecompose wasde�ned in Algo-
rithm (4.2.3).

5. If Weight1APriori , thenproceedasfollows.

1. Computetheoperator Tp actingonM.

2. Computetheminimal polynomialFp 2 F[X ] of Tp and factor it
Q n

i =1 pi (X )ei over
F[X ] into coprimeprimepowers.

3. Createa setS of primefactorsasfollows.

If pi (X ) = X + a with a2 = � (p), thenjoin pi (X )ei to thesetS.

If pi (X ) satis�espi (a) = 0 ) pi (� (p)a� 1) = 0, thenjoin pi (X )ei to thesetS.

If for a pair i 6= j onehaspi (a) = 0 ) pj (� (p)a� 1) = 0, thenjoin pi (X ) lcm (ei ;ej ) to
thesetS anddiscard pj (X ).

Discard all otherpi (X ).

4. Createanemptylist output .

5. For each p(X )e in S do:
1. ComputethekernelW of p(Tp)e actingonM.
2. Createa list L 0 by restrictingtheentriesof L to W .
3. Join Decomposition ((W; F); L 0) to thelist output .

6. Returnoutput andstop.
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Onenow obtainsthelocalweightoneHeckealgebrasfor thegivenlevel andcharacteras
follows. Let Vi beoneof thespacesin theoutputof SystemsOfEigenvalues . Thenthe
quotient

hTn jVi j 1 � n � pBi =hTn jVi j 1 � n � (p + 2)B ; p - ni

is an A (p) -module. Whenever the spaceof cuspidalmodularsymbolsusedin the function
SystemsOfEigenvalues is a faithful T(p) -module,the algebrageneratedby T (p)

l on
thatquotientfor l 6= p and1 � l � B is thelocal factorof theHecke algebraof weightone
thatwewerelooking for.

4.7.Universal q-expansions

In [MerelUniversal] Merel hasamongotherthingsestablisheda “universalFourier expan-
sion” of holomorphicmodularformsin termsof Heckeoperatorsactingonmodularsymbols.
We sketchhow a generalisationof Merel's resultcanbededucedfrom thetheorydeveloped
here.

Theplus-space, denotedby thesuperscript+ , is thesubspace�x edby theactionof the
matrix � :=

�
� 1 0
0 1

�
(supposingthatthereis suchanaction).

(4.7.1)Proposition. Let � � SL2(Z) bea subgroupof �nite index. Suppose� � � = � and
that for somex 2 CM k (� ; R)+ thehomomorphism

T ! CM k (� ; R)+ ; T 7! Tx

is an isomorphism,i.e. that CM k (� ; R)+ is a free T-moduleof rank 1. Thenwe havea
universalq-expansion, i.e. an isomorphism

Hom(CM k (� ; R)+ ; R) ! Sk (� ; R); � 7!
X

n � 1

� (Tn x)qn :

Proof. We have theisomorphism

Hom(T; R) ! Sk (� ; R);  7!
X

n � 1

 (Tn )qn ;

whichweonly needto combinewith theisomorphismbetweenT andCM k (� ; R)+ to obtain
theproposition. 2

Froma versionof theEichler-ShimuraTheoreminvolving theplus-spaceit follows that
the condition in Proposition(4.7.1) is satis�ed, when R = C. In [EPW], p. 30, an iso-
morphismbetweenTP anda spaceisomorphicto CM k (� 1(N ); Zp)+

P locally at p-ordinary
andp-distinguishedprimesP of theHecke algebrais derivedfrom a fundamentaltheorem
by Wiles ([Wiles], Theorem2.1). Hence,alsoin that situationthereis a universalFourier
expansion.



Chapter V

SomeComputational Results

Thischaptergivesanoverview oversomecomputationsthatwerecarriedoutusingthealgo-
rithmspresentedin ChapterIV. Moreover, wegivesomemotivationwhy thesecomputations
areuseful.

5.1.Weight onemodular forms over F2 for � 0(N )

Mestre's computations

The�rst computercalculationsof weightonemodularformsknownto theauthorwerecarried
out by Jean-FrançoisMestreandwritten down in a letter to Serrefrom October1987. The
letterhasappearedasAppendixA of [EdixJussieu]. We have veri�ed thecomputationsand
reportedon themin AppendixB [W-App] of loc. cit.

Further computations

All modularformsof weight1 and2 for � 0(N ) for oddN in therangefrom 11to 3445have
beencomputedwith theMagmapackageWeight1.mg . Up to Galoisconjugacy we found
2998cuspidalKatz eigenformsof weight 1 and14009systemsof eigenvaluesof weight 2.
Amongthelattertheremightbesomethatdonotcorrespondto cuspforms(seeChapterIV).
For eachof themwe computedthe �eld F generatedby thecoef�cients, the local factorof
thecorrespondingHecke algebraanda lower boundfor the imageof theassociatedGalois
representation(anupperboundis providedby SL2(F)).

Wefoundthefollowing distributionof thedegreeof thecoef�cient �eld. In thetableswe
countall eigenforms(resp.systemsof eigenvalues),notonly up to Galoisconjugacy.

71
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Weight1:
Degree 1 2 3 4 5 8 10
# forms 1417 1102 1200 972 535 96 320
Percentage 21.1 16.4 17.9 14.5 7.9 1.4 4.7

Thebiggestdegreeoccurringis 29.
Weight2:

Degree 1 2 3 4 5 8 10
# forms 3765 5036 5115 6036 3160 2976 3430
Percentage 9.8 13.1 13.3 15.7 8.2 7.7 8.9

Thebiggestdegreeoccurringis 127.

Non-liftable Katz forms of weight one

Eigenformsof weightonewhoseassociatedGaloisrepresentationhasimageequalto some
SL2(F2r ) with r � 3 cannotbe lifted to holomorphicweightoneforms,becausePGL 2(C)
doesnot have a �nite subgrouphaving SL2(F2r ) with r � 3 asa quotient. The �rst such
form wasfoundby Mestre.Morecalculationshavebeencarriedoutby Lloyd Kilford, Edray
Goinsandtheauthorfor formsoverF2.

Level Group History Level Group History
1429 SL2(F8) Mestre 2879 SL2(F8) W.
1567 SL2(F8) Mestre 3271 SL2(F512) W.
1613 SL2(F8) Mestre 3517 SL2(F8) Kilford
1693 SL2(F8) Mestre 3709 SL2(F8) Kilford
1997 SL2(F8) W. 4817 SL2(F8) Kilford
2017 SL2(F8) W. 4889 SL2(F8) Kilford
2089 SL2(F8) W. 6133 SL2(F1024) Kilford
2633 SL2(F32) Kilford 6709 SL2(F16) Kilford
2647 SL2(F16) W. 7237 SL2(F8) Kilford
2767 SL2(F64) W.

Non-GorensteinHecke algebras

The�rst non-GorensteinHecke algebraswerefoundby Lloyd Kilford ([Kilford]) for � 0(p)
in weight2 over F2 with p 2 f 431; 503; 2089g. All correspondingmodularformsaredihe-
dral, theassociatedGaloisrepresentationis only rami�ed in p andalsooccursfor a weight
one form. However, the local Hecke algebrain weight one is Gorensteinin all the cases.
Thesenon-Gorensteinformsof weight2 shouldbeconsideredasold formsdueto thepres-
enceof theweight oneforms,which canbe embeddedinto weight2 in two differentways
asexplainedin ChapterIV. We did not �nd any weight oneHecke algebrawhich is non-
Gorensteinandwhosesystemof eigenvaluesdoesnotalreadylive in astrictly lower level.
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Realisationof SL2(F2r ) asGaloisgroupsover Q

Weight2 eigenformsfor � 0(N ) overF2 give riseto a Galoisrepresentation,whoseimageis
a �nite subgroupin SL2(F2). This leadsto a realisationof the occurringimagesasGalois
groupsoverQ. It seemsonly tohavebeenknownpreviouslythatSL2(F2r ) occursfor r � 16,
againdueto computationsby Mestre(see[SerreGalois], p. 53). Theabstractrealisationsthat
we obtainin thatwayonly ramify in N andusuallyalso2.

Up to conjugationall subgroupsof SL2(F2r ) are

� SL2(F2s ) with s j r ,

� dihedralDn with n j 2r � 1 or n j 2r + 1,

� cyclic Cn with n j 2r � 1 or n j 2r + 1,

� subgroupsof theuppertriangularmatrices.

In square-freelevelsonly D n or SL2(F2s ) arepossibleby Proposition(1.5.2), unlessthe
representationis trivial. It is easyto determinea lower boundfor the image,asconjugacy
classescanbedistinguishedby their traces.Thetracesof all Frobeniuselementsfor primes
p - 2N andp lessthantheHeckeboundareusedin theprogram.Althoughit is unlikely, it is
notexcludedthatnotenoughconjugacy classesarehit to obtainthewholeimage.Hence,we
canonly talk aboutlowerbounds.

We have2506groupsof thetypeSL2(F2s ) with s > 1 in a table.For instance,thereis a
GaloisextensionK jQ with groupSL2(F2127 ), whichrami�es only in 3313and(probably)2.

Therearerelatively few formswith a full SL2(F2r ) asimagein weight1:

Degree all 2 3 4 5 6
# forms 1581 551 400 243 107 99
PercentageSL2 2.8 5.9 2.0 0.4 1.0 1.0

Thecentralrow indicatesthenumberof eigenformsfor thatdegreeandthelowerrow contains
thepercentageof SL2-forms.We point out thatwe countD 3 = SL2(F2) asdihedralandnot
amongtheSL2.

In weight2 therearemany moreformswith a full SL2(F2r ) asimage:

Degree all 2-4 5-7 8-10 11-13 14-16
# forms 10244 5732 1746 907 511 262
PercentageSL2 47 33 60 57 61 74

If we restrictonly to primelevels,in weight2 thepercentageis roughly60%.
Thecomputationshaveyieldedthefollowing result.

(5.1.1)Theorem. All groupsSL2(F2r ) occurasGaloisgroupsoverQ for r from1 up to 77.
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5.2.Icosahedral Galois representationsand Serre's conjec-
tur e

Shepherd-BarronandTaylor([ShBT]) haveprovedthatany irreducibleGaloisrepresentation

� : GQ ! GL2(F4)

which is unrami�ed at 3 and 5 is modular. In view of Serre's conjectureonly the level
and the weight questionfor suchrepresentationsare hencenot fully answered,when the
representationis exceptional(seeSection1.1).

From the point of view of Maaßforms theserepresentationsare interesting,when the
number�eld K cut out by theprojectivisation� : GQ ! GL 2(F4) � PGL2(F4) is totally
real. For thenthereexistsanevenrepresentation� : GQ ! GL2(C) whoseprojectivisation
cuts out the same�eld K . Suchrepresentationsare generallyconjecturedto comefrom
certainMaaßforms. If indeedthis is true,thenthecorrespondingMaaßform hascoef�cients
in thealgebraicintegersandshouldreducemoduloa primeabove2 to a Katz modularform
overF2 of weightone.It wouldbeinterestingto carryoutsomecomputationsof Maaßforms
in thatdirection.

In [Doud-Moore] Doud andMoore usea targetedHunter searchto obtain a complete
list of all even icosahedralcomplex Galoisrepresentationsof prime conductorp < 10000.
Moreover, they supplypolynomialsgeneratingthecorrespondingA5-extensionsof Q. None
of therepresentationsin thatrangeisexceptional,whencethecitedresultbyShepherd-Barron
andTaylor togetherwith level andweight loweringgivestheexistenceof thecorresponding
modularforms for � 0(p) andweight 1 over F2. We have veri�ed someof the casesalso
computationally.

Anotherlist of polynomialsgeneratingtotally realA5-extensionsof Q wassuppliedby
JürgenKlüners.It containsa totally realA5-extensionramifyingonly in theprimep = 8311
suchthat theassociatedrepresentationGQ ! SL2(F4) hasconductorp, but theredoesnot
exist a complex icosahedralrepresentationof prime conductor. That representationis not
exceptionaland the associatedweight one form over F2 was found. The �rst exceptional
caseof a totally real A5-representationGQ ! PGL2(C) comingfrom Klüners' tablehas
primeconductorp = 10267. As predictedby Serre's conjecturethereis a weightoneform
in level 10267whosecoef�cients matchwith thetracesof theFrobeniuselementsFrobp for
primes3 � p � 3413. This is the �rst testknown to theauthorof Serre's conjecturefor a
totally realA5-extensionin acasenot coveredby level loweringandweightlowering.



Bibliography

[Alperin] J. L. Alperin. Local representationtheory, CambridgeUniv. Press,Cambridge,
1986.

[Ash-Stevens] A. Ash andG. Stevens.Modular formsin characteristicl andspecialvalues
of their L -functions, DukeMath.J.53 (1986),no.3, 849–868.

[BLR] S.Bosch,W. LütkebohmertandM. Raynaud.NéronModels, SpringerVerlag,Berlin,
1990.

[Brown] K. S.Brown. Cohomologyof groups, Springer, New York, 1982.

[Buzzard] K. Buzzard.Onlevel loweringfor mod2 representations.MathematicalResearch
Letters7 (2000),95–110.

[Cremona] J. E. Cremona.Algorithmsfor modular elliptic curves.Secondedition. Cam-
bridgeUniversityPress,Cambridge,1997.

[Deligne-Rapoport]P. DeligneandM. Rapoport.Lesschémasde modulesde courbesel-
liptiques, in Modular functionsof onevariable, II (Proc. Internat.SummerSchool, Univ.
Antwerp,Antwerp,1972), 143–316.LectureNotesin Math.349, Springer, Berlin, 1973.

[Diamond] F. Diamond.There�ned conjecture of Serre. Elliptic curves,modularforms,&
Fermat's lasttheorem(HongKong,1993),Internat.Press,Cambridge,MA, 1995,22–37.

[DiamondIm] F. DiamondandJ.Im. Modularformsandmodularcurves, in SeminaronFer-
mat's Last Theorem(Toronto,ON, 1993–1994), 39–133,Amer. Math. Soc.,Providence,
RI, 1995.

[Dold] A. Dold. Lecturesonalgebraic topology, Springer, New York, 1972.

[Doud-Moore] D. Doud and M. W. Moore. Even Icosahedral Galois Representationsof
PrimeConductor. Preprint,2004.

[EdixBoston] S. J.Edixhoven.Serre's Conjecture, in Modular formsandFermat's last the-
orem(Boston,MA, 1995), 209–242,Springer, New York, 1997.

[EdixWeight] S. J.Edixhoven.Theweightin Serre's conjectureson modularforms, Invent.
Math.109(1992),no.3, 563–594.

75



76 Modular Formsof WeightOneOverFinite Fields

[EdixJussieu]S. J. Edixhoven. Comparisonof integral structures on spacesof modu-
lar forms of weight two, and computationof spacesof forms mod 2 of weight one,
Accepted for publication in the Journal de l'Institut de Mathématiquesde Jussieu.
http://arxiv.org/abs/math.NT/0312019

[EPW] M. Emerton,R. Pollack and T. Weston.Variation of IwasawaInvariants in Hida
Families, Preprint,2004.

[FaltingsJordan]G. Faltings,B. W. Jordan.CrystallineCohomology andGL2(Q), IsraelJ.
Math.90 (1995),no.1–3,1–66.

[Gross] B. H. Gross.A tamenesscriterion for Galoisrepresentationsassociatedto modular
forms(modp), DukeMath.J.61 (1990),no.2, 445–517.

[Hartshorne]R. Hartshorne.Algebraic geometry, Springer, New York, 1977.

[Herremans]A. Herremans.A combinatorialinterpretationof Serre'sconjectureonmodular
Galoisrepresentations, Ann. Inst.Fourier(Grenoble)53(2003),no.5, 1287–1321.

[Katz] N. M. Katz.p-adicpropertiesof modularschemesandmodularforms.Modularfunc-
tionsof onevariable,III (Proc.Internat.SummerSchool,Univ. Antwerp,Antwerp,1972).
LectureNotesin Mathematics,Vol. 350,Springer, Berlin, 1973,69–190.

[KatzDerivation] N. M. Katz. A resulton modularformsin characteristicp. Modular func-
tionsof onevariable,V (Proc.SecondInternat.Conf.,Univ. Bonn,Bonn,1976),53–61.
LectureNotesin Math.,Vol. 601, Springer, Berlin, 1977.

[Katz-Mazur] N. M. KatzandB. Mazur. Arithmeticmoduliof elliptic curves, Ann. of Math.
Stud.108, PrincetonUniv. Press,Princeton,NJ,1985.

[Kilford] L. J. P. Kilford. Somenon-GorensteinHecke algebrasattachedto spacesof mod-
ular forms.J.NumberTheory97 (2002),no.1, 157–164.

[Li vné] R. Livné.On theconductors of modl Galoisrepresentationscomingfrommodular
forms.J.of NumberTheory31 (1989),133–141.

[Manin] Manin, Ju. I. Parabolic points and zetafunctionsof modular curves.Izv. Akad.
NaukSSSRSer. Mat. 36 (1972),19–66.

[Martin] F. Martin. Périodesdeformesmodulairesdepoids1, Thèsededoctorat,Université
Paris7, 2001.

[MerelHecke] L. Merel.OpérateursdeHeckepour � 0(N ) et fractionscontinues, Ann. Inst.
Fourier(Grenoble)41 (1991),no.3, 519–537.

[MerelUniversal] L. Merel. Universal Fourier expansionsof modular forms, in On Artin's
conjecture for odd2-dimensionalrepresentations, 59–94,LectureNotesin Math., 1585,
Springer, Berlin, 1994.

[Milne] J.S.Milne. Étalecohomology. PrincetonMathematicalSeries,33. PrincetonUniver-
sity Press,Princeton,N.J.,1980.



Bibliography 77

[NSW] J. Neukirch,A. SchmidtandK. Wingberg. Cohomology of NumberFields, Grund-
lehrendermathematischenWissenschaften323, Springer, Berlin, 2000.

[R-T] D. E. Rohrlich andJ. B. Tunnell. An elementarycaseof Serre's conjecture. Paci�c
Journalof Mathematics181, No. 3 (1997),299–309.

[Serre1] J.-P. Serre.Sur les représentationsde degré 2 de Gal(Q=Q). Duke Mathematical
Journal54, No. 1 (1987),179–230.

[Serre2] J.-P. Serre.Modular forms of weight one and Galois representations. Algebraic
number�elds: L -functionsandGaloisproperties(Proc.Sympos.,Univ. Durham,Durham,
1975),AcademicPress,London,1977,193–268.

[SerreGalois]J.-P. Serre.Topicsin Galois theory. ResearchNotesin Mathematics,1. Jones
andBartlettPublishers,Boston,MA, 1992.

[ShBT] N. I. Shepherd-BarronandR. Taylor. mod2 andmod5 icosahedral representations.
J.Amer. Math.Soc.10(1997),no.2, 283–298.

[Shimura] G.Shimura.Introductionto theArithmeticTheoryof AutomorphicForms. Prince-
tonUniversityPress,1994.

[ �Sokurov] V. V. �Sokurov. Shimura integrals of cuspforms.Izv. Akad.NaukSSSRSer. Mat.
44 (1980),no.3, 670–718,720.

[SteinThesis]W. A. Stein.Explicit approachesto modularabelianvarieties, UC Berkeley,
Ph.D.thesis.

[SteinVerrill] W. A. SteinandH. A. Verrill. TransportableModular Symbols, LMS J.Com-
put.Math.4 (2001),170–181.

[Toen] B. Toen.K -Théorieetcohomologiedeschampsalgébriques:théorèmesdeRiemann-
Roch, D-moduleset théorèmes“GAGA” . Thèsede doctorat,UniversitéPaul Sabatier,
Toulouse,1999.

[Weibel] C. A. Weibel. An introduction to homological algebra, CambridgeUniv. Press,
Cambridge,1994.

[W-App] G. Wiese.ComputingHecke algebras of weight 1 in Magma. Appendix B of
[EdixJussieu].

[W-Dih] G. Wiese.Dihedral GaloisRepresentationsandKatzModular Forms. Documenta
Mathematica,Vol. 9 (2004),123–133.

[Wiles] A. J. Wiles. Modular Elliptic Curvesand Fermat's Last Theorem, Ann. of Math.
(2) 141(1995),no.3, 443–551.



Index

GQ, iii
Sk (� ; R), viii
�( N ), � 1(N ), � 0(N ), viii
� � , � � , 42
G = G=(h� 1i \ G), viii
Sh, Shapiromap,44
�, Shimura'smaininvolution,viii
Mat 2(Z)6=0 , viii
! E =S , ! 
 k

E =S , 6, 55
T, T 0, � , � , � matricesin Mat 2(Z)6=0 , viii
M G , right invariants,viii
G M , left invariants,viii
M G , right coinvariants,viii

G M left coinvariants,viii
I G , augmentationideal,viii
NG , normof G, viii
N � , conductor, 2
k(� ), minimal weight,1
k� , Serre'sweight,2
R[X ; Y ]n , 14
R� , 12
Vk � 2(R), V �

k � 2(R), 12
Vk � 2;� (R), V �

k � 2;G
(R), 13

X � , Y� , modularcurve,12
[X � ], [Y� ], modularstack,12
H, H, 12
j � ,j [�] , � � , 12
H 1

par (� ; V ), 16
H 1

par ([Y� ]; F ), 16
H k (� ; R), CH k (� ; R), 22
M 2(R), B2(R), 25
M �

k (R), B�
k (R), 25

M k (G; �; R), modularsymbols,25

Bk (G; �; R), boundarysymbols,25
CM k (G; �; R), cuspidalsymbols,25
Ek (G; �; R), Eisensteinsymbols,26
T� , Heckeoperator, 42
Tn , Heckeoperator, 43
h�i, h�ip, diamondoperator, 43
TR (M ), HeckealgebraonM , 49
W(M ; V ), 43
Ud(Fp), 46
M [d], M (d), 47
A, Hasseinvariant,66
F , Frobenius,66
A� , � , derivation,66

Associatedsheaf,13

Boundarymap,25
Boundarysymbols,25

Cohomologygroupof Y� , 20
boundary, 20
of weightk, 20
parabolic,20

Conductor, 3
Artin, 3

Derivation,66
Diamondoperator, 43

Eichler-Shimura,49
Eisensteinideal,55
Eisensteinsymbols,26

Frobenius,66

78



Index 79

Galoisgroup,iii
Groupcohomologygroup

boundary, 16
of weightk, 16
parabolic,16

Hasseinvariant,66
Heckealgebra,48, 58

Gorenstein,72
Heckebound,62
Heckeoperator, 42

Level
loweringthe,2, 9
raisingthe,45

Mayer-Vietorissequence,18, 22
Modularcurve,12
Modularforms

classical,iii
Katz, iv, viii , 7
weightone,iv, 1, 66

Modularstack,12
Modularsymbols

boundary, 25
cuspidal,25
Eisenstein,26
of weightk, 25
torsion,23
transportable,29

Norm,viii

Representation
dihedral,1
Galois,iii
odd,iii

Serreconjecture,iii , 1
Stackcohomologygroup,16

boundary, 16
of weightk, 16

parabolic,16
Systemof eigenvalues,58

Weight
loweringthe,2, 9
minimal,1
Serre's,2





Acknowledgements

This thesiswouldnothavebeenwrittenwithout thehelpandsupportof many peopleandin-
stitutions.I gratefullyacknowledge�nancial supportby my parents,l'associationÉgide,the
EuropeanResearchTraining Networks “Arithmetic AlgebraicGeometry”(AAG) and“Eu-
ropeanAlgebraicGeometryEducationandResearch”(EAGER),het LeidschUniversiteits
Fonds,hetStieltjesInstituutandhetMathematischInstituutvandeUniversiteitLeiden.

Jetiensà remercierl'équipedegéométriealgébriquedel'Uni versitédeRennes1 où j'ai
commencéma thèse,en particulierFrédéric,Daniel et Philippe,cesdeuxderniersm'ayant
apprisdeuxfaçonstotalementdifférentesdeparlerfrançais.

Ich möchtemichauchbeiChristopherDeningerunddemSFB478für dasZurverfügung-
stelleneinesständigenArbeitsplatzesin Münsterbedanken.

HetwaseengrootplezieraanhetMathematischInstituutvandeUniversiteitLeidenwerk-
zaamte zijn. De vriendelijkeenvriendschappelijkeatmosfeertussenprofessoren,medewer-
kers,studentenen “ondersteunendpersoneel”is eenbijzonderevermeldingwaard. Dank u
wel allemaal!

I would alsolike to thankmy friendsandcolleaguesfor discussions,seminarsandalso
just sharinglunch together. Among many, I would like to mentionBas, Bill, Christiaan,
Christophe,Clemens,Denis,Jeanine,Joost,Julia, Jürgen,Lara, Lenny, Markus,Michael,
Reinier, Remke,Robert,Roman,Tobi, TobiasandWillem Jan.

A specialthanksis dueto Lucafor sharingthehouse,theproblemsandmuchmore.
Bijzonderedankverdientook mijn kamergenootTheovoor eenleuke tijd samen,al zijn

mooieuitleg over algebraïschemeetkundeenLatex en hetzettenvanontelbaarveelkopjes
kof�e.

Heel erg bedanken wil ik ook mijn paranimfenJanen Ron, en ook alle anderenvan
DOCOStafeltennisvoor leukeengezelligetafeltennisavonden.

Schließlichmöchteich mich ganzherzlichbei meinenEltern bedanken für ihre Unter-
stützungin allenmöglichenHinsichtenwährendmeinesganzenLebens.

Le plusgrandmerciestréservéà mafemmeCécilepoursonamourfermeet sonsoutien
pendanttout celong tempsdeséparationet devoyageshebdomadaires.

81





Samenvatting

In dezesamenvattingzal ik eersteenzo begrijpelijk mogelijke, elementaireinleiding geven
tot hetgebiedvandewiskundewaarover mijn proefschriftgaat.Daarnavolgt eenoverzicht
vandeinhoudvandezedissertatie.

Modulairevormenspelenal sindshunintroductiein de19deeeuweenbelangrijkerol in
degetaltheorie.In hetbegin werdenzij metbehulpvandecomplexeanalysebestudeerd,om-
dat de bijbehorendeFouriercoëf�ciënten vaakgetaltheoretischeinterpretatiesbezitten.Bij-
voorbeeldbestaater eenmodulairevorm waarvan de n-de Fouriercoëf�ciënt gelijk is aan
hetaantalmogelijkhedenhetgetaln als somvanachtkwadratente schrijven. Sindsde ja-
renzestigis detaalvandealgebraïschemeetkunde,in hetbijzonderdie vandearitmetische
algebraïschemeetkunde, in veelgebiedenvandegetaltheorieheelnuttiggebleken.Opgrond
van inzichtenvan Shimura,Weil, Serreen Delignewerd dezenieuwetaal met veel succes
ook op de theorievan modulairevormentoegepasten er werdenenigediepesamenhangen
ontdekt. Als hoogtepunttot nu toe is hetbewijs vanhet vermoedenvanFermatte noemen,
datin 1994doorAndrew Wilesgevondenwerd.Dit vermoedenzegt datdevergelijking

an + bn = cn

metgehelemachtenn � 3 geenoplossingheeftvoorpositievenatuurlijkegetallena; b;c.
De samenhangtussengetaltheorieen meetkundewil ik met behulpvan eeneenvoudig

voorbeeldaanduiden.Latenwedevergelijking

a2 + b2 = c2

beschouwen.Andersdanin hetvermoedenvanFermatheeftdezevergelijking wel oplossin-
gen,namelijkdebekendePythagoreïschedrietallen,zoals32 + 42 = 52 of 52 + 122 = 132.
Als wex = a

c eny = b
c schrijven,danverkrijgenwemiddelseeneenvoudigemanipulatiede

vergelijking

x2 + y2 � 1 = 0:

Beschouwenwenueerstallereëleoplossingen(d.w.z.westaangetallentoedieoneindigveel
cijfersachterdekommamogenhebbenennietperiodiekhoevente zijn).
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x

yMet behulpvandeparametrisatiex = cos(' ) eny = sin(' ) zien
wedatdereëleoplossingenpreciesdeeenheidscirkel vormen(d.w.z.
decirkel om deoorsprongvanhetcoördinatenvlak metstraal1). Nu
zijn we heelduidelijk in de wereldvan de meetkunde!Onzevraag
naardePythagoreïschedrietallenkannuwordenvertaaldin devraag
naarpuntenop het eenheidscirkel waarvan de coördinatenbreuken
(d.w.z. rationalegetallen) zijn.

We zullen zien datde vergelijking a2 + b2 = c2 makkelijker te
bestuderenis, als menniet alleenmet breuken werkt maarook met het getal i dat als een
wortel van� 1 gede�niëerdis, d.w.z.alseenoplossingvandevergelijking

X 2 + 1 = 0:

Volgensde hoofdstellingvan de algebraheeft namelijk iederezulke vergelijking over de
complexegetallenevenveeloplossingen(metmultipliciteiten)alshaargraadaangeeft;in dit
geval dustwee,namelijki en� i .

We zullen in de getallenvanGaußrekenen,dit zijn alle getallendie mendoor optellen
envermenigvuldigenvangehelegetallenenhetgetali verkrijgt. Het is makkelijk in te zien
datmeniederegetalvanGaußalsa + ib metgehelegetallena enbkanschrijven.Latenwe
onsherinnerendateenpositiefnatuurlijk getalongelijk 1 eenpriemgetalheet,alszijn enige
positieve delers1 en het getalzelf zijn. Iedergeheelgetalongelijk 0 kan op de volgorde
naop eenduidigemaniergeschrevenwordenalsplusof min eenproductvanpriemgetallen,
bijv. is 12 = 2 � 2 � 3. Zoietsis ook voor degetallenvanGaußgeldig. De enigegetallenvan
Gaußdie iederwillekeuriggetalvanGaußdelenzijn 1; � 1; i; � i ; dezewordendeGaußeen-
hedengenoemd.EenGaußpriemgetalis eengetalvan Gaußongelijk 1 die in de kwadrant
rechtsbovenmet de positieve x-asen zonderde y-asligt en alleendoor de Gaußeenheden
endoorzichzelfkeereenGaußeenheidgedeeldword. IedergetalvanGaußkanop devolg-
ordenaopeenduidigemaniergeschrevenwordenalsproductvanGaußpriemgetalleneneen
Gaußeenheid.

Bovendienis het volgendegeldig: Als eenpriemgetalp bij deling door 4 rest3 heeft
(bijv. p = 3, p = 7 of p = 11), danis p = p + i � 0 ook eenGaußpriemgetal.We zeggenin
datgeval datp inert is. Als p gedeelddoor4 rest1 heeft,dankanmengehelegetallenu; v
vinden,zodatp = u2 + v2 geldigis, enduskanmenp in degetallenvanGaußfactoriseren:

p = (u + iv )(u � iv ) = u2 � (iv )2 = u2 � (i )2v2 = u2 � (� 1)v2 = u2 + v2:

Daaromis in datgeval p geenGaußpriemgetal,maaru + iv enu � iv zijn datwel (op een
eenheidna).We zeggendatp in degetallenvanGaußgespletenis. Eenbijzondererol speelt
hetpriemgetal2. Het is

2 = � i (1 + i )2;

duseenGaußeenheidkeerhet kwadraatvan eenGaußpriemgetal.Het gehelepriemgetal2
heetdaaromin degetallenvanGaußvertakt.
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Latenwe teruggaannaardevergelijking a2 + b2 = c2. In degetallenvanGaußkunnen
we nuschrijven:

a2 + b2 = (a + ib)(a � ib) = c2:

Als we aannemendata; b;c geengemeenschappelijke delershebben(we zoekendusalleen
primitievePythagoreïschedrietallen;doordelendoordegemeenschappelijkefactorkanmen
iederPythagoreïschdrietal in eenprimitieve veranderen),danzijn a + ib ena � ib getallen
vanGaußwaarvande gemeenschappelijke delersalleendeGaußeenhedenzijn. Wegensde
uniekepriemfactorisatiein degetallenvanGaußmoetdana+ ib zelf eenkwadraatzijn. Dus
er moetgelden

� (a + ib) = (u + iv )2 = u2 � v2 + i2uv;

met een Gaußeenheid� en gehelegetallen u; v. Is � = � 1, dan verkrijgen we dus
a = � (u2 � v2) enb = � 2uv. Is � = � i , danis hetpreciesandersom,namelijka = � 2uv
enb = � (u2 � v2). Het is ookmakkelijk te veri�ëren datdoor

a = u2 � v2; b = 2uv; c = u2 + v2

Pythagoreïschedrietallengegenereerdworden,namelijk:

a2 + b2 = (u2 � v2)2 + (2uv)2 = u4 + 2u2v2 + v4 = (u2 + v2)2 = c2:

DushebbenwealleprimitievePythagoreïschedrietallenbepaalddoorhetgetalbereikwaarin
werekenenslim uit te breiden.Dit is eenvandebelangrijkstemethodenvandealgebraïsche
getaltheorie.In hetalgemeenbestudeertmenondervermenigvuldigingenoptellenafgesloten
uitbreidingenvandegehelegetallenresp.debreuken,diedoorbijvoegenvanoplossingenvan
vergelijkingenvandevorm

X n + an � 1X n � 1 + � � � + a1X + a0 = 0

metgehelegetallenai ontstaan.Zulkeoplossingennoemtmengehelealgebraïschegetallen.
In plaatsvan unieke priemfactorisatieheeftmenechterin het algemeenalleennog unieke
priemideaalfactorisatie. Begrippenals inertie, splijten en vertakkingbestaanook in deze
algemenecontext. Dit wordtaritmetiekvangetallenlichamengenoemd.

A

B
E

D C

Voordatwe hetoversymmetriegroepenvangetallenlicha-
men (de Galoisgroepen) hebben,behandelenwe een voor-
beeldvan symmetriegroepenuit de platte euclidischemeet-
kunde. We beschouwende regelmatigevijfhoek (penta-
goon).Welkeafstandsbehoudendeomkeerbaretransformaties
bestaaner, die depentagoonop zichzelfafbeelden?Het zijn
de rotatiesover n � 72 gradenmet n 2 f 0; 1; : : : ; 4g en de
spiegelingendoor de assendie door eenhoekpuntlopen en
loodrechtop detegenoverliggendezijde staan.Bij elkaarbe-
staaner dus10zulke transformaties.Het samenstellenvantweezulke levertaltijd eenderde
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op. Bovendienkanmendetransformatiesweeromkeren(derotatieover n � 72 gradendoor
derotatieover (5 � n) � 72graden,endespiegelingdoorhemnogeenkeerte doen).Zoiets
noemtmeneengroep. We hebbendusnetde symmetriegroepvan de regelmatigevijfhoek
beschreven. In hetalgemeennoemtmendesymmetriegroepvande regelmatigen-hoekde
n-dediëdergroep. Zij heeft2n elementen.

In degetaltheoriebekijkt mendesymmetriegroepenvangetallenlichamenennoemtdeze
Galoisgroepen. Latenwe methetvoorbeeldvanbovendoorgaan.De rationalegetallenvan
Gaußzijn allegetallena + ib waarbijnua enbbreukenzijn. Eensymmetrievanderationale
getallenvan Gaußis eenomkeerbareafbeeldingvan de rationalegetallenvan Gaußnaar
zichzelfdie vermenigvuldigingenoptellenbehoudt.Zij is danautomatischde identiteitop
debreuken. Naastde identieke symmetriebestaater éénandere.Dezewordt gegevendoor
hetgetala + ib op hetgetala � ib af te beelden,dusdoorcomplexe conjugatie.Pastmen
dezeafbeeldingtweekeertoedanverkrijgt menweerde identiteit. De Galoisgroepvande
rationalegetallenvanGaußbevatpreciesdezetweeelementen.

Maar er zijn ook getallenlichamenwaarvan de symmetriegroepdezelfdevermenigvul-
diging heeftals de symmetriegroepvan de vijfhoek (in het algemeengeldt dit voor iedere
regelmatigen-hoek).Bijvoorbeeldis dit hetgeval voorhetgetallenlichaamdatmenverkrijgt
dooraandebreukennogalle oplossingenvandevergelijking

X 5 � 2X 4 + 2X 3 � X 2 + 1

toe te voegenen ook nog alle getallendie door vermenigvuldigingen optellenhieruit ont-
staan.

De symmetriegroepvan de verzamelingvan alle algebraïschegetallensamenheetde
absoluteGaloisgroepvanderationalegetallenenwordtdoorhetsymboolGQ aangeduid.Uit
dezegroepkanmenin principealle informatieoveralle getallenlichamenenhunaritmetiek
a�ezen! Dusis GQ hetcentraleobjectvandealgebraïschegetaltheorie.Helaasis destructuur
vanGQ heelmysterieus(zij heeftbijv. overaftelbaarveelelementen,d.w.z. veelmeerdaner
gehelegetallenbestaan)enzij is zeerslechtbegrepen.

Op dezeplaatsspeeltde diepesamenwerkingvan algebraïschemeetkundeen algebra-
ischegetaltheoriein de theorievan de modulairevormeneenheel belangrijke rol. Er is
namelijk eentheoremavan Shimura,Deligneen Serredatbij eenmodulairevorm (die een
eigenvorm is, dat betekent bijv. als de vorm als oneindigereekse2� i� +

P 1
n =2 an e2� in�

geschrevenis datdanan � am = anm geldtvoor n enm zondergemeenschappelijke factor)
vooreengegevenpriemgetalp eenGaloisrepresentatie(datis eencontinuëafbeelding,d.w.z.
zij respecteertdemeetkundeenhetsamenstellen)

GQ ! GL2(Fp)

maakt(dezeis oneven en semi-simpel).De rechterkantvan de formule moetnog worden
uitgelegd. Hier is Fp deverzamelingvanalle oplossingenvanvergelijkingen

X n + an � 1X n � 1 + � � � + a1X + a0 = 0;
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waarwe nu van de coëf�ciënten alleende restbekijken die zij bij het delendoor p geven.
Daarenboven is GL2(Fp) de groepvan omkeerbarelineaireafbeeldingenvan het vlak met
coördinatenin Fp. Eenvoudiggezegd betekentdit datwe plattestukkenvanGQ in karakte-
ristiekp beschouwen.Hiervoorbestaatgeengoede,intuïtieveaanschouwing,endetaalwordt
alleenin analogiemetdegewone,reëlemeetkundegebruikt.De topologie,d.w.z.demanier
waaropwe demeetkundeop Fp de�niëren,namelijkdiskreet,heeftalsgevolg datde“platte
stukken” vanGQ eindigzijn, dusalleenmaaruit eindigveelelementenbestaan.Dit betekent
dandatdemodulairevorm,waarmeewebegonnenwaren,eengetallenlichaamoplevert. Het
belangrijke is nu datde aritmetiekvan het getallenlichaam(ten minstegedeeltelijk)aande
coëf�ciënten van de modulairevorm kan wordenafgelezen(die kunnenwe berekenen;we
kunnenzezelf direct in Fp nemen)!Op dezemanierverlenenonsdemodulairevormeneen
klein inzicht in demysterieuzeabsoluteGaloisgroepGQ!

Latenweeenvoorbeeldbekijken.Er is eenmodulairevormvanniveau229engewicht 1
waarvandecoëf�ciënten in deverzamelingf 0; 1g liggen(metdeoptellingenvermenigvul-
diging 1 + 0 = 1; 1 + 1 = 0; 1 � 1 = 1; 1 � 0 = 0 dusin het eindigelichaamF2). Zij K
hetgetallenlichaamdatuit debreukendoorbijvoegenvaneenwortel vanhetpriemgetal229
gemaaktwordt. Zij l eenpriemgetalongelijk aan2 en229. Danis del-decoëf�ciënt vande
modulairevorm gelijk aan0 danenslechtsdanals l in K inert is (d.w.z. datgeenkwadraat
bij delendoorl dezelfderestheeftals229) of datl in tweehoofdidealensplijt. Andersis de
coëf�ciënt gelijk aan1.

We hebbendusgezien,dat eenmodulairevorm “platte stukken” van GQ in karakteris-
tiek p oplevert. De beroemdewiskundigeJean-PierreSerre(in 2003de eerstewinnaarvan
de nieuweAbelprijs die de Nobelprijsvoor de wiskundezal worden)heefthet vermoeden
uitgesprokendatandersomalle “platte stukken” vanGQ in karakteristiekp doormodulaire
vormenkunnenwordenbeschreven. Hij heeftzelfs eenformuleaangegevenwaarmeemen
naardemodulairevormenmoetzoeken(d.w.z.hetniveau,hetkarakterenhetgewicht). Als
dit vermoedenwaar is, dankunnenwe alle zulke plattestukken van GQ met de computer
berekenen,omdatwe modulairevormenkunnenberekenen!Serresvermoedenis duszowel
vangrootstructureelalsvancomputationeelbelang.Echteris hetniet bekendof Serresver-
moedenwaaris. Maarenkelemaandengeledenwerdeenbelangrijkgeval opgelostzodathet
onderzoektegenwoordigsterkin beweging is.

Nu zullenwe kort modulairekrommenbespreken.Dezekunnenalshetmeetkundigeas-
pectvan modulairevormenwordenbeschouwd.Bovendiengevenzij de verbindingtussen
modulairevormen,modulairesymbolen(zie beneden)en Galoisrepresentaties.Modulaire
krommenzijn voorlopig complexe krommen,dus vlakken in de aanschouwing.De een-
voudigstemodulairekrommeis gegeven als de puntenin het coördinatenvlak, waarvan de
x-coördinaattussen� 1

2 en 1
2 ligt endie opof bovendeeenheidscirkel liggen.Nu moetmen

delinkerrandopderechterrandplakken(letterlijk: weknippendit gebiedmeteenschaaruit;
danplakkenwe detweelangelijnen aanelkaar;tenslotteplakkenwe nogdelinkerhelftvan
deboogaanderechterhelft;zoverkrijgt meneencilindermeteenietwat vreemdebodem).
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0.5 1-0.5-1 x

yHet op dezemanierverkregenvlak is boven open. Men
kanhemdoorbijvoegenvaneenpunt,vaneenspits, compac-
ti�ceren (ook dit is aanschouwelijkte maken: we duwende
cilinder aande bovenkanttot eenpunt samen;danzien we
despitsheelduidelijk). Het zo ontstanevlak is eencompact
Riemannoppervlak,d.w.z. dat kleine stukken meetkundiger
hetzelfdeuitzien als het complexe getallenvlak. Modulaire
vormenvindt men op de modulairekrommenterug als dif-
ferentiaalvormen(dezeheeftmenbijv. nodigom op Rieman-
noppervlakkente integreren).Het belangrijke voor de getal-
theorieis datdemodulairekrommenookeenvrij diepealgebraïschestructuurhebben,d.w.z.
dat hun puntenoplossingenvan vergelijkingenmet gehelecoëf�ciënten zijn, maardan in
meerderevariabelen.Ook dedifferentiaalvormenhebbeneenalgebraïscheanalogon,die de
Katz modulaire vormenoplevert, die in dit proefschriftgebruiktworden. Ook de Galoisre-
presentatieswordenmetbehulpvandealgebraïschebeschrijvingvandemodulairekromme
gemaakt.

Voor de studievan oppervlakken (en ook hogerdimensionalevariëteiten)gebruiktmen
de (co-)homologietheorie.We zullen kort de homologietheorievan Riemannoppervlakken
met triviale coëf�ciënten beschrijven. Maar in het proefschriftwordenook (co-)homolo-
gietheorieënvanschema's (datzijn algebraïschegeneralisatiesvanRiemannoppervlakken),
stacks(datzijn nogverderegeneralisaties)envangroepengebruiktendanin hetalgemeen
metniet-trivialecoëf�ciënten.

MenkaniederRiemannoppervlaktrianguleren,d.w.z.hemin eindigveeldriehoekenop-
delen(de zijden mogenkrom zijn maargeenknikkenbevatten). Voor het opdelenin drie-
hoekenwordenzijdengetekend.Iederedriehoekheeftdriezijdenentweeelkaaraanrakende
driehoekenhebbentenminsteeengemeenschappelijkezijde. Bovendienbekijkenwedever-
zamelingvansnijpuntenvanzijden.

A

D

B

C

We beschrijvennueentriangulatievande�etsband(detorus). Dit doen
weconstructief.Webeginnenmetderechthoekuit hetplaatjediewein twee
driehoeken opgedeeldhebben. Door plakken zal het aantalzijden dalen.
Eerstplakkenwe dezijdeAD aandezijdeB C. Op dezemanierverkrijgen
we eencilinder. Nu plakkenwe hetdekselop debodem(we stellenonsde
cilinder uit rubbervoor).

De Eulerkarakteristiekvaneenoppervlakis � = d � z + p, waard het
aantaldriehoeken,z hetaantalzijdenenp hetaantalhoekpuntenaanduidt.
De Eulerkarakteristiekis onafhankelijk van de triangulatie. Bovendiengeldt de beroemde
formule

� = 2 � 2g;

waarg hetgeslachtvanhetoppervlakis, d.w.z.hetaantalgaten.
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In het voorbeeldvan de �etsband vindenwe inderdaadg = 1.
We hebbennamelijknogaltijd detweedriehoeken,waarmeewe be-
gonnenzijn. Omdatwe de zijde AD metB C enook AB metDC
geïdenti�ceerdhebben,is hetaantalzijdenvanonzetriangulatievan
detorus3. Bovendienvallenalle vier hoekpuntenonderhetplakken
samentot éénpunt.Dusverkrijgenweinderdaad� = 2� 3+ 1 = 0.

De modulairekrommedie we bovenbeschrevenhebbenheeftgeengat. Dusgeldtvoor
haarg = 0. We kunnenook demodulairekrommemakkelijk trianguleren.We vouwenhaar
weeruiteenen gebruiken maarééndriehoek. Dit bestaatuit de tweehoekpuntenbeneden
links enbenedenrechtssamenmeteendenkbeeldigpunthelemaalboven(dit is hetpuntdat
doorhetsamenduwenvandecilinder ontstaanis). Danhebbenwe nahetplakkennogdrie
hoekpunten,tweezijden(deverticaleenhetstukvandeboog)endedriehoek.Dusverkrijgen
we � = 1 � 2 + 3 = 2. Wat algemeneremodulairekrommen,bijv. de in het proefschrift
gebruiktemodulairekrommeX 1(N ), hebbenmeestalveelgaten.

De homologiegroepenstaanin nauwerelatietot deEulerkarakteristiek(deEulerkarakte-
ristiek wordt metbehulpvandehomologiegroepenafgeleid).De nuldeendetweedehomo-
logiegroepzijn vrije groepenvanranggelijk aanhetaantalsamenhangscomponenten.In ons
geval is de rangvan allebeidus1. De eerstehomologiegroepis ook eenvrije groep. Haar
rangis 2g metg hetgeslacht.

Nadatwe nugeprobeerdhebbeneeneerste,heelerg vereenvoudigdideete gevenvande
objectendie in hetproefschriftbehandeldworden,zullenwenudeinhoudervanbeschrijven.

Het eerstehoofdstukis inmiddelsalsartikel verschenen.Er wordt eenaangepasteversie
van Serresvermoedenbehandeld.Dieperesultatenvan verschillendewiskundigenzeggen
datvooronevenkarakteristiekp Serresformulesvoorhetniveau,hetkarakterenhetgewicht
van de gepostuleerdemodulairevorm inderdaadjuist zijn. Dit wil zeggendat als er een
modulairevorm bestaatdie eengegeven “plat stuk” van GQ geeft,danbestaater ook een
modulairevorm die aanSerresformulevoldoet. Het geval p = 2 is echternoggedeeltelijk
open.

In het artikel beperkik me tot “platte stukken” in karakteristiekp van GQ (dus twee-
dimensionaleGaloisrepresentaties)waarvan de symmetriegroepeenDiëdergroep,dus een
symmetriegroepvaneenregelmatigen-hoekis. Voor dezetoon ik hetaangepasteSerrever-
moedenaanzonderuitzondering,dusinclusiefhetgeval p = 2. Dat zulk eenGaloisrepre-
sentatievan eenmodulairevorm komt was in principeal Erich Hecke bekend,ten minste
als p 6= 2 is. In het bewijs maakik oneindigveel zulke modulairevormen,zodatik dan
metbehulpvanhet ladenprincipe(verdeel10 lettersover 5 laden,danis er eenladewaarin
er ten minstetweeliggen) er tweekan kiezen,die zich met methodenvan de algebraïsche
meetkundetot degewenstemodulairevorm latencombineren.

In hetHoofdstukII berekenenvergelijk ik verschillendesoortencohomologiegroependie
alle metdemodulairekrommeX 1(N ) (dit is eenietsalgemenerRiemannoppervlakdande
hiervoorbeschrevenmodulairekromme)samenhangen,methetformalismevandemodulaire
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symbolendat van de homologieafgeleidis. In dezeberekeningenis de coëf�ciëntenring
willekeurig.Er wordenexplicietebeschrijvingenin termenvanlineairealgebragegeven.

We bekijken modulairesymbolenom praktischeredenen:zij zijn in het ver verspreide
computeralgebrasysteemMagmageïmplementeerd.Ik hebcomputerprogramma'sgeschre-
vendiehieropwerken.

In het derdehoofdstukwordennieuwegevallen bewezen,wanneerde Katz modulaire
vormenover Fp met behulpvan de expliciete beschrijvingenvan de cohomologiegroepen
uit HoofdstukII direct over heteindigelichaamFp kunnenwordenberekend. Dit betekent
eensnelheidswinstin vergelijking tot methodendie gehelegetallengebruiken. Met behulp
van eenidee van Edixhoven verkrijgenwe zo ook eenalgoritmevoor de berekeningvan
Katz modulairevormenvangewicht één(dezezijn niet directberekenbaar)metbehulpvan
modulairesymbolenoverFp.

Hetbewijs gebruikthetopmerkelijkeparallelgedragtussendemodulairevormenvange-
wicht 2 enniveauN p over Fp endeeerstecohomologiegroepenvandeRiemannoppervlak-
kenX 1(N p) metFp-coëf�ciënten. In allebeivindt mennamelijkdemodulairevormenresp.
deeerstecohomologiegroepenterug,diebij hetniveauN enhetgewicht k 2 f 2; : : : ; p + 1g
horen.

De overgangvandecomplexemeetkundenaardealgebraïscheoverFp vindt metbehulp
vandeJakobiaanvandemodulairekrommeplaats.De eerstekohomologiegroepkanname-
lijk metdep-torsievandecomplexe Jakobiaangeïdenti�ceerdworden.Gaatmendannaar
hetNéronmodelvandeJakobiaan,dankanmeneigenschappenvandegeneriekevezel(zelfs
vanhetRiemannoppervlak)naardespecialevezel(dusnaarFp) overdragen.

Het vierde hoofdstukbevat eenbeschrijvingvan de algoritmendie voortkomenuit de
theorievandetweevoorgaandehoofdstukken. Tenslottewordt in hetvijfde hoofdstukover
computerberekeningengerapporteerddiemetbehulpvandevoorgesteldealgoritmenzijn uit-
gevoerd.Er wordtbijvoorbeeldgeconstateerddatdeplattestukkenvanGQ in karakteristiek2
opmerkelijk sterkgroeien.Bovendienwordenook observatiesgemaakt,die enkele interes-
santetheoretischesamenhangensuggereren.Hun studiezouhetonderwerpvantoekomstige
projectenkunnenzijn.



Zusammenfassung

In dieserkurzenZusammenfassungmöchteich einemöglichstallgemeinverständlicheEin-
führungin dasGebietdervorliegendenArbeit undeinenÜberblicküberdiesegeben.

Modulformenspielenseit ihrer Einführungim 19.JahrhunderteinezentraleRolle in der
Zahlentheorie.Zu Anfangwurdensiemit Hilfe derFunktionentheorieuntersucht,dadie zu-
gehörigenFourierkoef�zienten häu�g interessantezahlentheoretischeBedeutungenhaben.
Sogibt esz. B. eineModulform,derenn-terFourierkoef�zient angibt,wie oft dienatürliche
Zahl n als Summevon 8 Quadratendargestelltwerdenkann.Seit den60erJahrenhat sich
die SprachederalgebraischenGeometrie,besondersderarithmetischenalgebraischenGeo-
metrie, in vielenBereichenderZahlentheoriealssehrnützlicherwiesen.Auf GrundvonEin-
sichtenvonShimura,Weil, SerreundDelignewurdedieseneueSprachemit viel Erfolg auch
auf die Theorieder Modulformenangewandtund hat einigetief liegendeZusammenhänge
zu Tagegebracht.Als spektakulärerbisherigerHöhepunktist der Beweis der Fermatschen
Vermutungzunennen,denAndrew Wiles 1994gefundenhat.DieseVermutungbesagt,dass
dieGleichung

an + bn = cn

für ganzeExponentenn � 3 keineLösungin positivennatürlichenZahlena; b;c hat.

DenZusammenhangzwischenZahlentheorieundGeometriemöchteich aneinemeinfa-
chenBeispielandeuten.Nehmenwir die Gleichung

a2 + b2 = c2:

Im GegensatzzumFermatproblemhatdieseGleichungLösungen,nämlichdiewohlbekann-
tenPythagoräischenTripel, z. B. 32 + 42 = 52 oder52 + 122 = 132. Schreibenwir x = a

c
undy = b

c , dannerhaltenwir durcheinfacheUmformungendieGleichung

x2 + y2 � 1 = 0:

Wir könnenzunächstalle reellenLösungenbetrachten(d. h. wir erlaubenZahlenmit belie-
biger, alsoauchunendlicherundnichtperiodischerDezimalschreibweise).

91
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x

yMittels derParametrisierungx = cos(' ) undy = sin(' ) sehen
wir, dassdie reellenLösungengeradedenEinheitskreisbilden(d. h.
den Kreis von Radius1 um den Ursprungder Koordinatenebene).
Damit sind wir nun ganzoffensichtlichin der Welt der Geometrie!
UnsereFragenachdenPythagoräischenTripeln übersetztsichdann
in die FragenachPunktenauf demEinheitskreis,derenKoordinaten
Bruchzahlen(diesenennenwir rationaleZahlen) sind.

Esstelltsichheraus,dasssichdieGleichunga2+ b2 = c2 leichter
untersuchenlässt,wennmannichtnur Bruchzahlenzulässt,sondernauchdie Zahl i , welche
alseineWurzelvon � 1 de�niert ist, alsoalseineLösungderGleichung

X 2 + 1 = 0:

NachdemHauptsatzder Algebrahat nämlich jedesolcheGleichungüberdenkomplexen
Zahlensoviele Lösungen(mit Multiplizitäten gezählt)wie derGradist; hier alsozwei, und
dieLösungensindi und� i .

Wir werdenin denGaußschenZahlenrechnen.Dassindalle Zahlen,die mandurchAd-
dition undMultiplikation vonganzenZahlenundderZahl i erhält.Esist einfacheinzusehen,
dasssich jedeGaußcheZahl schreibenlässtalsa + ib mit ganzenZahlena undb. Erinnern
wir uns,dasseinepositive natürlicheZahl ungleich1 Primzahlheißt,wenndie einzigenpo-
sitivenTeiler 1 unddie Zahl selbstsind.JedeganzeZahlungleich0 lässtsichaufbis aufdie
ReihenfolgeeindeutigeWeisealsplusoderminuseinemProduktvonPrimzahlenschreiben,
z. B. ist 12 = 2 � 2 � 3. EtwasganzÄhnlichesgilt in denGaußschenZahlen.Die einzigen
GaußschenZahlen,die jedebeliebigeGaußscheZahl teilen,sind 1; � 1; i; � i ; dieseheißen
GaußscheEinheiten.EineGaußschePrimzahlist eineGaußscheZahlungleich1, dieim Qua-
dratenrechtsobeneinschließlichdempositivenTeil derx-Achseohnediey-Achseliegt und
nur von denGaußschenEinheitenund von sich selbstmal einerGaußschenEinheit geteilt
wird. JedeGaußscheZahl lässtsichaufbisaufdieReihenfolgeeindeutigeWeisealsProdukt
einerGaußschenEinheit mit einemProduktvon GaußschenPrimzahlenschreiben.Es gilt
fernerFolgendes:Wenndie ganzePrimzahlp beim Teilendurch4 denRest3 ergibt (z. B.
p = 3, p = 7 oderp = 11), dannist p = p + i � 0 aucheineGaußschePrimzahl.Wir sagen
dann,dassp träge ist. Lässtp aberbeim Teilen durch4 denRest1, dannkannmanganze
Zahlenu; v �nden, derartdassp = u2 + v2 gilt, unddaherkannmanp in denGaußschen
Zahlenfaktorisieren:

p = (u + iv )(u � iv ) = u2 � (iv )2 = u2 � (i )2v2 = u2 � (� 1)v2 = u2 + v2:

Daherist in diesemFall p keineGaußschePrimzahl,stattdessenaberu + iv undu � iv (evtl.
bis auf eineEinheit).Wir sagen,dassp in denGaußschenZahlenzerlegt ist. Einebesondere
Rolle spieltdiePrimzahl2, sieist

2 = � i (1 + i )2;
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d. h. eineGaußscheEinheitmal einemQuadrateinerGaußschenPrimzahl.Die ganzePrim-
zahl2 heißtdeswegenin denGaußschenZahlenverzweigt.

Kommenwir zurückzur Gleichunga2 + b2 = c2. In denGaußschenZahlenkönnenwir
diesenunsoschreiben:

a2 + b2 = (a + ib)(a � ib) = c2:

Wennwir annehmen,dassa; b;c keinegemeinsamenTeiler haben(wir suchendannnur pri-
mitive PythagoräischeTripel; durchdasHerausteilendesgemeinsamenFaktorskannjedes
PythagoräischeTripel aufeinprimitiveszurückgeführtwerden),dannsinda + ib unda � ib
teilerfremdeGaußscheZahlen,d.h.dassihregemeinsamenTeilernurdieGaußschenEinhei-
ten sind.Wegender eindeutigenPrimfaktorzerlegungin denGaußschenZahlenmussdann
abera + ib schonselbsteinQuadratsein,alsomussgelten

� (a + ib) = (u + iv )2 = u2 � v2 + i2uv;

mit einerGaußschenEinheit � und ganzenZahlenu; v. Ist � = � 1, dannerhaltenwir also
a = � (u2 � v2) undb = � 2uv. Ist � = � i , dannist esgeradeumgekehrta = � 2uv und
b = � (u2 � v2). Andersherumist esganzeinfachnachzuprüfen,dassdieZuordnung

a = u2 � v2; b = 2uv; c = u2 + v2

PythagoräischeTripel erzeugt,nämlich:

a2 + b2 = (u2 � v2)2 + (2uv)2 = u4 + 2u2v2 + v4 = (u2 + v2)2 = c2:

Damit habenwir alle primitivenPythagoräischenTripel bestimmt,indemwir denZahlenbe-
reich, in demwir rechnen,geschickterweiterthaben.Dies ist eineHauptmethodederalge-
braischenZahlentheorie.AllgemeinerstudiertmanunterMultiplikation undAddition abge-
schlosseneErweiterungender ganzenZahlenbzw. der Bruchzahlen,die durchHinzufügen
vonLösungenvonGleichungenderForm

X n + an � 1X n � 1 + � � � + a1X + a0 = 0

mit ganzenZahlenai entstehen.SolcheLösungennenntmanganzealgebraischeZahlen. An
die Stelleder eindeutigenPrimfaktorzerlegungtritt dannjedochim Allgemeinennur noch
die eindeutigePrimidealzerlegung.Begriffe wie Trägheit,Zerlegungund Verzweigunghat
manjedochauchim erweitertenSinn. Sie werdenzusammengefasstim Begriff Arithmetik
der Zahlkörper.

Bevor wir zu Symmetriegruppenvon Zahlkörpern(den sogenanntenGaloisgruppen)
kommen,behandelnwir ein Beispiel von Symmetriegruppenausder ebeneneuklidischen
Geometrie.Wir betrachtendasregelmäßigeFünfeck(Pentagon).
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A

B
E

D C

WelcheabstandserhaltendenumkehrbarenTransformatio-
nen gibt es,die dasPentagonin sich selbstüberführen?Es
sinddiesdieDrehungenumn � 72Gradmit n 2 f 0; 1; : : : ; 4g
und die Spiegelungenan denAchsen,die durch einenEck-
punktgehenundsenkrechtauf dergegenüberdemEckpunkt
liegendenSeitestehen.Insgesamtgibtesalso10solcheTrans-
formationen.DasHintereinanderausführenvon zwei solchen
liefert einedritte.Außerdemkannmandie Transformationen
wiederrückgängigmachen(dieRotationumn �72GraddurchRotationum(5� n) � 72Grad,
und die SpiegelungdurchnochmaligesAusführen).So etwasnenntmaneineGruppe.Wir
habenalsogeradedie SymmetriegruppedesregelmäßigenFünfecksbeschrieben.Im Allge-
meinennenntmandie Symmetriegruppedesregelmäßigenn-Ecksdie n-te Diedergruppe.
Diesehat2n Elemente.

In derZahlentheoriebetrachtetmanSymmetriegruppenvon Zahlkörpernundnenntdie-
seGaloisgruppen.Schließenwir andasBeispielvon obenan.Die gebrochenenGaußschen
ZahlensindalleZahlena + ib, wobeia; bnunBruchzahlensind.EineSymmetriedergebro-
chenenGaußschenZahlenist eineumkehrbareSelbstabbildung,die die Multiplikation und
die Addition respektiert.Sie ist dannautomatischdie Identitätauf denBruchzahlen.Neben
der identischenSymmetriegibt eseine weitere.Dieseist dadurchgegeben,dassdie Zahl
a+ ib aufdieZahla � ib abgebildetwird. FührtmandieseAbbildungzweimalnacheinander
aus,soerhältmanwiederdieIdentität.Die GaloisgruppedergebrochenenGaußschenZahlen
enthältgenaudiesezwei Elemente.

Esgibt aberauchZahlkörper, derenSymmetriegruppedenselbenGesetzenfolgt wie die
SymmetriegruppedesFünfecks(allgemeinergilt diesfür jedesregelmässigen-Eck). Z. B.
ist diesderFall beimZahlkörper, denmanerhält,indemmanzu denBruchzahlennochalle
LösungenderGleichung

X 5 � 2X 4 + 2X 3 � X 2 + 1

hinzufügtundalleZahlen,diemanausdiesendurchMultiplikation undAddition erhält.
Die Symmetriegruppeder Mengealler algebraischenZahlenüberhauptnenntmandie

absoluteGaloisgruppeder rationalenZahlenundbezeichnetsiemit demSymbolGQ. Aus
ihr kannmanim Prinzipalle Informationenzu allenZahlkörpernundderenArithmetik ab-
lesen!Daherist GQ daszentraleObjektder algebraischenZahlentheorie.Allerdings ist die
Strukturvon GQ sehrmysteriös(siehatz. B. überabzählbarviele Elemente,d. h. viel mehr
alsesganzeZahlengibt) undsieist nur sehrschlechtverstanden.

An dieserStellekommtnundastie�ie gendeZusammenspielvonalgebraischerGeometrie
und algebraischerZahlentheoriein der Theorieder Modulformenvoll zum Tragen.Es gibt
nämlicheinenSatzvon Shimura,DeligneundSerre,dereinerModulform (die eineEigen-
form ist, d. h. u. a.wennsiegeschriebenwird alsunendlicheReihee2� i� +

P 1
n =2 an e2� in� ,

dassdannan � am = anm gilt für n undm ohnegemeinsamenFaktor) für einevorgegebe-
nePrimzahlp eineGaloisdarstellung(dasist einestetigeAbbildungvon Gruppen,d. h. sie



Zusammenfassung 95

respektiertdie GeometrieunddasHintereinanderausführen)

GQ ! GL2(Fp)

zuordnet(genauer:dieseist ungeradeundhalbeinfach).Die rechteSeitederFormel ist noch
zuerklären.Hier ist Fp dieMengeallerLösungenvonGleichungen

X n + an � 1X n � 1 + � � � + a1X + a0 = 0;

wobei wir nunvon denKoef�zienten nur denRestbetrachten,densie beim Teilendurchp
lassen.Fernerist GL2(Fp) dieGruppederumkehrbarenlinearenAbbildungenderEbenemit
Koordinatenin Fp. Vereinfachtausgedrücktbedeutetdies,dassunseinesolcheGaloisdarstel-
lung “ebeneStücke” vonGQ in Charakteristikp liefert. Davon existiert keinegute,anschau-
licheVorstellung,unddieSprachewird nur in AnalogiezurgewöhnlichenreellenGeometrie
gebraucht.Die Topologie,d. h. dieArt, wie wir unsdieGeometrieaufFp de�nieren,nämlich
diskret,hatzurFolge,dassdie “ebenenStücke” vonGQ endlichsind,d. h. nurauseinerend-
lichenAnzahlElementenbestehen.Daswiederumbedeutet,dassunsdieModulform,vonder
wir ausgegangensind,einenZahlkörperliefert. DasWichtigedabeiist, dassdie Arithmetik
diesesZahlkörpers(zumindestzumTeil) andenKoef�zienten derModulform abzulesenist
(diesekönnenwir ausrechnen;wir könnensiesogargleichin Fp nehmen)!Damit gewähren
unsModulformeneinenkleinenEinblick in die mysteriöseabsoluteGaloisgruppeGQ!

Diesveranschaulichenwir unsaneinemBeispiel.Esgibt eineModulformvonStufe229
und Gewicht 1, derenKoef�zienten an in der Mengef 0; 1g liegen(mit der Addition und
Multiplikation 1 + 0 = 1; 1 + 1 = 0; 1 � 1 = 1; 1 � 0 = 0, mit anderenWortendemendlichen
KörperF2). SeiK derZahlkörper, derausdenBruchzahlendurchHinzunehmeneinerQua-
dratwurzelderPrimzahl229gebildetwird. Seil einePrimzahl,dienicht2 undnicht229ist.
Dannist der l -te Koef�zient unsererModulform gleich0 genaudann,wennl trägein K ist
(mit anderenWorten,wennkeineQuadratzahlbeimTeilendurchl denselbenRestlässtwie
229) oderl in zweiHauptidealezerfällt.Sonstist derKoef�zient gleich1.

Wir habenalsogesehen,dasseineModulform unsebeneStücke von GQ in Charakte-
ristik p gibt. Der berühmteMathematiker Jean-PierreSerre(2003der ersteGewinner des
neuenAbel-Preises,der der “Nobelpreis” für Mathematikwerdensoll) hat die Vermutung
ausgesprochen,dassumgekehrt alle ebenenStücke von GQ in Charakteristikp durchMo-
dulformenbeschriebenwerdenkönnen.Er hat sogarnocheineFormel angegeben,wo die
Modulformenzu suchensind (die Stufe,denCharakterunddasGewicht). Ist dieseVermu-
tungwar, dannkönnenwir alle solcheebenenStückevonGQ mit demComputerberechnen,
dennwir könnenModulformenberechnen!SerresVermutungist dahersowohl von unge-
heuererstrukturelleralsauchvon rechnerischerBedeutung.Allerdingsist nicht bekannt,ob
SerresVermutungwahr ist. Aber vor wenigenMonatenwurdeein wichtiger Fall gelöst,so
dassdieForschunggeradestarkin Bewegungist.

Als nächsteswollen wir kurz Modulkurven betrachten.Diesekönnenals der geome-
trische Aspekt von Modulformen angesehenwerden.Außerdembilden sie das Verbin-
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dungsgliedzwischenModulformen, Modulsymbolen(sieheunten) und Galoisdarstellun-
gen. Modulkurven sind zunächstkomplexe Kurven, d. h. Flächenin der Anschauung.

0.5 1�0.5�1 x

y

Die allereinfachsteist gegebenals die Punktein derKoordi-
natenebene,derenx-Koordinatezwischen� 1

2 und 1
2 liegt und

die auf bzw. überdemEinheitskreisliegen.Dabeimussman
nundenlinkenRandmit demrechtenRandverkleben(dasist
ganzwörtlich vorstellbar:wir schneidendiesenBereichmit
der Schereaus;dannklebenwir die beidenlangenGeraden
zusammen;schließlichklebenwir nochdie linke Hälfte des
Bogenstücksmit der rechtenzusammen;dannhatmaneinen
Zylindermit einemetwaskomischenBoden).Diesoerhaltene
(Ober-)Flächeist obenoffen.Man kanndiesedurchHinzufü-
geneinesPunktes,einersogenanntenSpitze, kompakti�zieren
(auchdasist ganzbildlich: wir drückendenZylinder obenzu einemPunktzusammen;dann
sehenwir die Spitzeganzdeutlich).Die soentstandeneFlächeist einekompakteRiemann-
scheFläche,d. h. kleine Stücke habendieselbeGeometriewie die komplexe Zahlenebene.
Modulformen�ndet manaufdenModulkurvenwiederalssog.Differentialformen(diesege-
brauchtmanz. B. zumIntegrierenauf derRiemannschenFläche).Der entscheidendePunkt
für die Zahlentheorieist, dassdie Modulkurveneinerechttie�ie gendealgebraischeStruk-
tur haben,d. h. dassihre PunkteauchLösungenvon Gleichungenmit ganzenKoef�zienten
sind, allerdingsin vielen Variablen.Auch die Differentialformenhabenein algebraisches
Analogon,dasunsdiesogenanntenKatz-Modulformenliefert, die in dervorliegendenArbeit
benutztwerden.Auchdie Galoisdarstellungenwerdenmit Hilfe deralgebraischenBeschrei-
bungderModulkurvenkonstruiert.

Dem Studiumvon Flächen(und höherdimensionalenVarietäten)dient die (Ko-)Homo-
logietheorie.Die Homologietheorievon RiemannschenFlächenmit trivialen Koef�zienten
wollen wir kurz vorstellen.In dervorliegendenArbeit werdenaberauchKohomologietheo-
rien von Schemas(dassindweitreichendealgebraischeVerallgemeinerungenvon Riemann-
schenFlächen),Stacks(dassind nochandereVerallgemeinerungen)und von Gruppenund
dannim allgemeinenmit nicht-trivialenKoef�zienten benutzt.

EineRiemannscheFlächekannmantriangulieren,d. h. siein endlichvieleDreieckeauf-
teilen (dabeidürfendie Seiten“krumm” sein,aberkeineKnicke enthalten).Zur Aufteilung

A

D

B

C

in Dreiecke werdenSeitengezogen,d. h. jedesDreieckhatdrei Seitenund
zwei aneinandergrenzendeDreiecke haben(mindestens)einegemeinsame
Seite.Außerdembetrachtenwir dieMengederSchnittpunktederSeiten.

Wir beschreibennuneineTriangulationdesFahrradreifens(dessog.To-
rus). Dabeigehenwir konstruktiv vor. Wir beginnenmit demnebenstehen-
den Rechteck,daswir in zwei Dreiecke aufgeteilthaben.Durch Zusam-
menklebenwird sichdieAnzahlderSeitenverkleinern.Zunächstklebenwir
dieSeiteAD andieSeiteB C. Auf dieseWeiseerhaltenwir einenZylinder.
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Nunklebenwir denDeckel andenBoden(dazustellenwir unsGummialsBaumaterialvor).
Die EulercharakteristikeinerFlächeist de�niert als � = d � s + p, wobeid die Anzahl

der Dreiecke, s die Anzahlder Seitenund p die Anzahlder Punktebezeichnen.Die Euler-
charakteristikist unabhängigvonderTriangulation.Außerdemgilt dieberühmteBeziehung

� = 2 � 2g;

wobeig dasGeschlechtderFlächeist, d. h. die AnzahlderLöcher.
Im BeispieldesFahrradreifens�nden wir in derTat g = 1. Wir

habennämlichnochimmerdie beidenDreiecke,von denenwir aus-
gegangenwaren.Da wir die SeiteAD mit B C undfernerauchAB
mit DC identi�ziert haben,ist die Anzahl der SeitenunsererTri-
angulationdesTorus3. AußerdemfallendurchobigeVerklebungen
alle vier Punktezusammenzu einem.Somit ergibt sich tatsächlich
� = 2 � 3 + 1 = 0.

Die obenbeschriebeneModulkurve hat kein Loch. Dahergilt für sie g = 0. Wir kön-
nenauchdie Modulkurveeinfachtriangulieren.Dazufaltenwir siewiederauseinander. Wir
benutzennur ein Dreieck. Diesesbestehtausden beidenPunktenunten links und unten
rechtsund einemgedachtenPunktganzoben(der Punktder durchdasZusammendrücken
desZylindersentstandenist). Dannhabenwir nachdemZusammenklebennochdrei Punk-
te, zwei Seiten(die senkrechteund dasBogenstück)und dasDreieck. Damit ergibt sich
� = 1 � 2 + 3 = 2. AllgemeinereModulkurven,wie z. B. die in der Arbeit behandelte
ModulkurveX 1(N ), habenin derRegel viele Löcher.

Die HomologiegruppenstehenzurEulercharakteristikin engerBeziehung(dieEulercha-
rakteristikwird ausdiesenabgeleitet).Die nullteunddiezweiteHomologiegruppesindfreie
GruppenvomRanggleichderAnzahlderZusammenhangskomponenten. In unseremFall ist
derRangbeideralso1. Die ersteHomologiegruppeist wiederumeinefreieGruppe.Ihr Rang
ist 2g, wobeig wie obendieAnzahlderLöcherist.

Nachdemwir versuchthaben,eineerste,sehrstarkvereinfachteIdeevon denin dervor-
liegendenArbeit untersuchtenObjektenzugeben,wendenwir unsnundemInhalt zu.

DasersteKapitel ist bereitsalseigenständigerArtikel erschienen.Esgehtin ihm umeine
leicht modi�zierte Versionvon SerresVermutung.In tief liegendenArbeiteneinerVielzahl
Mathematikerwurdegezeigt,dassfür ungeradeCharakteristikp SerresFormelnfür dieStufe,
denCharakterunddasGewicht dervorhergesagtenModulform richtig sind.Genauer, wenn
irgendeineModulform existiert, die ein vorgegebenesebenesStückvon GQ gibt, danngibt
esaucheineda,wo SerresFormelndiesevoraussagen.Der Fall p = 2 ist jedochzumTeil
nochoffen.

In demArtikel beschränke ich mich auf “ebeneStücke” in Charakteristikp von GQ (al-
sozweidimensionaleGaloisdarstellungen),derenSymmetriegruppeeineDiedergruppe,also
eineSymmetriegruppeeinesregelmässigenn-Ecksist. Vondiesenzeigeich die modi�zierte
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Serre-VermutungohneAusnahme,d. h. einschließlichp = 2. DasssolcheGaloisdarstellun-
genvonirgendeinerModulformkommen,warim PrinzipschonErichHeckebekannt,zumin-
destwennp 6= 2 ist. Im Beweismacheich unendlichviele solcheModulformen,sodassich
dannmittelsdesSchubfachprinzips(verteile10 Briefe auf 5 Schubfächer, dannliegenin ei-
nemmindestenszweiBreife)zweiwählenkann,diesichmit Hilfe algebraischgeometrischer
MethodenzudergewünschtenFormkombinierenlassen.

Im Kapitel II berechneund vergleiche ich verschiedeneArten von (Ko-)Homologie-
gruppen,die alle mit der Modulkurve X 1(N ) (eineretwasallgemeinerenals der obenvor-
gestelltenRiemannschenFläche)zusammenhängen,mit demModulsymbolformalismus,der
andie Homologieangelehntist. Dabeiist derKoef�zientenring beliebig.Eswerdenjeweils
explizite Beschreibungenin Termenvon linearerAlgebraabgeleitet.

Modulsymbolebetrachtenwir auspraktischenGesichtspunkten:siesindim weit verbrei-
tetenComputeralgebrasystemMagmaimplementiert.Ich habeComputerprogrammeerstellt,
diehieraufberuhen.

Im dritten Kapitel werdenneueFälle bewiesen,in denendie Katz-Modulformenüber
Fp mit Hilfe der expliziten Beschreibungender KohomologiegruppenausKapitel II direkt
überdemendlichenKörperFp berechnetwerdenkönnen.Diesesbringt einenGeschwindig-
keitszuwachsim Vergleichzu Methoden,die mit ganzenZahlenrechnen.UnterBenutzung
einer Ideevon Edixhovenerhaltenwir aucheinenAlgorithmuszur Berechnungvon Katz-
ModulformenvonGewicht eins(diesesindnichtdirektzugänglich!)mittelsModulsymbolen
überFp.

Ausgenutztwird im BeweiseineerstaunlicheParallelitätim VerhaltenderModulformen
vonGewicht 2 undStufeN p überFp unddererstenKohomologiegruppenderRiemannschen
FlächeX 1(N p) mit Fp-Koef�zienten. In beidenspiegelnsichnämlichdieModulformenbzw.
die erstenKohomologiegruppenwider, die zu Stufe N und Gewicht k 2 f 2; : : : ; p + 1g
gehören.

Der Übergangvon komplexer Geometriezu algebraischerGeometrieüberFp wird da-
bei mit Hilfe derJakobischenderModulkurvebewerkstelligt.Die ersteKohomologiegruppe
kannnämlichmit derp-TorsionderkomplexenJakobischenidenti�ziert werden.Gehtman
dannzum Néronmodellder Jakobischenüber, so gelingt es,Eigenschaftenvon der generi-
schenFaser(sogarderRiemannschenFläche)zurspeziellenFaser(alsonachFp) zuübertra-
gen.

DasvierteKapitel enthälteineBeschreibungder Algorithmen,die sichausderTheorie
derbeidenvorangehendenKaptielergeben.Schließlichwird im fünftenKapitelvonCompu-
terberechnungenberichtet,die mit Hilfe der vorgestelltenAlgorithmenausgeführtwurden.
Dabeiwurdezum Beispiel festgestellt,dassdie ebenenStücke von GQ in Charakteristik2
erstaunlichschnellsehrgroßwerden.DesweiterenwurdennochandereBeobachtungenge-
macht,dieeinigeinteressantetheoretischeZusammenhängesuggerieren.DasStudiumdieser
kannGegenstandzukünftigerArbeitensein.
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