MONOMIAL CYCLE BASIS ON KOSZUL HOMOLOGY
MODULES

DORIN POPESCU

ABSTRACT. It gives a class of p-Borel principal ideals of a polynomial algebra over
a field K for which the graded Betti numbers do not depend on the characteristic
of K and the Koszul homology modules have monomial cyclic basis. Also it shows
that all principal p-Borel ideals have binomial cycle basis on Koszul homology
modules.

INTRODUCTION

Let K be an infinite field, S = Klzy,...,z,], n > 2 the polynomial ring over a
field K and I C S a graded ideal. Consider the reverse lexicographical order on the
monomials of S. Let M be a graded S-module and (;;(M) = 3;; the graded Betti
numbers of M. The Castelnuovo-Mumford regularity of M is reg(M) = max{j —i :
Bij (M) # 0}. By a theorem of Bayer and Stillman [5] we have reg(Gin(I)) = reg().
If char K = 0 then Gin([/) is strongly stable, that is, it is monomial and for each
monomial v of Gin() and 1 < j < i < n such that z;|u it follows z;(u/z;) € Gin({).
Then reg(Gin(/) is the highest degree of minimal generators of Gin(/) by Eliahou
and Kervaire [9]. If char K = p > 0 then Borel fixed ideals are just the so called
p-Borel ideals and they are not necessarily strongly stable and it is hard to give
a formula for the regularity of these ideals. Let I be a monomial ideal of S, u a
monomial of I and v;(u) be the highest power of z; dividing u. Let a,b be two
integers and a = ¥;50a;p', b = Si>ob;p' be the p-adic expansion of a, respectively b.
We say that a <, b if a; < b; for all 4. It is well known that a monomial ideal I is
p-Borel if for any monomial v € I and 1 < 57 <7 < n and a positive integer ¢ such
that ¢ <, v;(u) it holds x}(u/x}) € I. This is a pure combinatorial description of
the p-Borel ideals which can be given independently of the characteristic of K. Let
u be a monomial of S and J = (u) the smallest monomial ideal containing w. J is
called principal p-Borel ideal. For such ideals there exists a complicated formula for
regularity in terms of u conjectured by Pardue [13] and proved in two papers [2],
[10] (another proof is given in [11]).

In general it is hard to bound the regularity of a graded ideal I. If char K = 0 and
d(I) is the highest degree of a minimal monomial generator of I then D. Bayer and
D. Mumford [4] showed that reg(I) < (2d(I))*"". Caviglia and Sharra [7] showed
that the same bound holds for all characteristic of K. This bound seems to be sharp
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since Mayr and Meyer [12] gave an example with d(I) = 4 and reg(I) > 2> +1.
Thus in general a bound for the regularity is very high, but what about if we restrict
to some classes of ideals? In [14] it is showed that d(1) < reg(I) < nd(I) if I is a p-
Borel ideal. The proof uses the formula conjectured by Pardue. The Betti numbers
and the regularity of a graded ideal I can depend of characteristic of the field K
even when [ is monomial. This is not the case when [ is strongly stable as follows
from Eliahou and Kervaire resolution [9]. Using again the formula conjectured by
Pardue we get that the regularity of principal p-Borel ideals does not depend on the
characteristic of K (see [14]).

Let Syz(M) = Ker(F, — F,_1) be the t-th syzygy module of M. The module M
is called (r,t)-reqular if Syz (M) is (r +t)-regular in the sense that all generators of
F; for t < j < s have degrees < j +r. The t-reqularity of M, that is, the regularity
of Syz (M) is given by

(t —reg)(M) = min{r : M is (r,t) — regular}.

Obviously, we have (t —reg)(M) < ((t—1) —reg)(M). If the inequality is strict and
r = (t —reg)(M), then (t,r) is called a corner of M and §;,4++(M) is an extremal
Betti number of M [3]. As the regularity of principal p-Borel ideals is completely
determined by their extremal Betti numbers it is natural to ask if these numbers
depend on the characteristic of K. They do not depend indeed in a more general
frame explained bellow.

Bayer and Stillman proved that if I is Borel-fixed then it satisfies the following

property:

(L:25%)=(I:(21,...,25))
for j = 1,...,n. A monomial ideal I C S satisfying the above condition is said to
be of Borel type [11]. For a monomial u, let v;(u) be the highest power of x; which
divides v and m(u) = max{i : v;(u) # 0}. For a monomial ideal I # 0, let G(I) be
the unique set of monomial minimal generators of I and m(/) = max{m(u) : u €
G(I)}. We define recursively an ascending chain of monomial ideals:

I=IhZhCclC...
as follows: We let Iy = I and if I, # S is already defined then set Iy = (1. : x;°) for
ne =m(l.), ng >ny >...>mn.>.... If I, =5 then the chain ends. Let (I.)o<e<q:

(n.) be the sequences obtained above, I, # 0 and I,41 = S. Let S; = Klxy, ..., xy,],
J; =1;NS; and J* the saturation of J; made in S;.

Theorem 0.1 ([14]). Let I C S be a Borel type ideal. Then S/I has at most
q+ 1-corners among (n;, s(J:*/J;)), 0 < i < q and the corresponding extremal Betti
numbers are

Bni,s(Jiat/Ji)—&-ni (S/I) = dimK(Jisat/‘]i)S(J,’mt/Ji)’

where s(N) = max{i : N; # 0} for a graded S-module N of finite length. In
particular the corners of S/I and their corresponding extremal Betti numbers do not
depend on the characteristic of K. Moreover the reqularity of S/I does not depend

of characteristic of K.
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Remains to ask what about the general Betti numbers? Bellow we remind you
a nice case when this is true. The principal p-Borel ideals I C S such that S/ 1
is Cohen-Macaulay have the form I = IIi_o(m")*, 0 < a; < p, where mlP"l =

(a:]fj, ..., 2P"). For these ideals is well known the description of a canonical monomial
cycle basis of the Koszul homology module H;(z; S/I) given by Aramova and Herzog
2] (see details in 4.1). One can easily see from this description that 5;;(S/I) does
not depend on the characteristic of the field K for all ¢, .

Now let I be the p-Borel ideal generated by the monomial z; ;% for some integer

v,a > 0, that is

I =T (2 (m”1)),
where m,_; = (21,...,2,-1), and v;, a; are defined by the p-adic expansion of 7,
respectively «. Suppose that o; +v; < p for all 0 < j < s. Then H,(x;S/I)
has a monomial cycle basis for all ¢ > 2, and (;;(S/I) does not depend on the
characteristic of K for all 4, (see 4.7).

We saw that in some cases of principal p-Borel ideals there exist a monomial cycle
basis for the homology modules of S/I. How it is in general? If I C S is a monomial
ideal then Hy(z; S/I) has a monomial cycle basis (see 1.5). Unfortunately, in general
there are no monomial cycle basis even on the Koszul homology modules of principal
p-Borel ideals as shows our Example 2.2. However if I is a principal p-Borel ideal
then Hs(x;S/I) has a binomial cycle basis (see 3.10). In general our Example 2.7
shows that there are reduced monomial ideals which have not even a trinomial cycle
basis. Perhaps in general there exist monomial reduced ideals I in n-variables such
that there exists non-zero cycles of length n — 2 which are not modulo bounds sum
of cycles of length < n — 2.

We express our thanks to J. Herzog especially for some discussions around Theo-
rem 4.7 and Lemma 2.4.

1. CycCLES OF K0OSZUL HOMOLOGY MODULES OF MONOMIAL IDEALS

Let S = K]|xy,...,2,] be a polynomial algebra over a field K and I C S a
monomial ideal. A cycle z € K;(z; S/I) has the form z = X5_ vuje,;, 75 € K, u;
monomials, o; C {1,...n}, |o;| =iforall 1 <j <s. Since I is monomial the Koszul
antiderivation 0 is multigraded and each cycle is a sum of multigraded cycles. The
cycle z is multigraded if ujz,, = u1w,, for all 1 < j < s, here 2,5, = e, 7. We
denote m(u;) = max{i; z;|u;} and m(o;) = m(z,,). Note that in z we may suppose
o; # o, for j # t because otherwise it follows u; = u; (z is multigraded) and so we
may reduce the sum. The element wu;e,; is a monomial cycle if O(u e,;) = 0, that is
xyuj € I for all t € 0.

We introduce a totally order on the monomial elements ue, of K;(x;S/I) (u
monomial) by "ue, > ve,” if either "u >, v” or "u = v” and "z, >pep .7, here
rlex denotes the reverse lexicographical order on the monomials of S. As usually we
denote in(z) = uie,, if ure, > uje,, for all j > 1. A o is called a neighbour in z
of 01 if |O'j \ O'1| = 1.

Lemma 1.1. If 0y has no neighbour in z then uie,, is a monomial cycle.
3



Proof. Since z is a cycle all the terms of d(uie,,) should be reduced with terms of
some J(ujeq;), j > 1. But this is possible only if o; is a neighbour of o;.

Lemma 1.2. Let z = X5_,vuje,; be a multigraded cycle, v; € K*, u; monomials,
o; C{1,...n}, |o;| =1 for all 1 < j <s. Then the following statements hold:

(1) Ifin(z) = wie,, and m(uy) > m(oy) then there exists a multigraded element
w € Bi(z; S/I) such that in(w) = in(z).

(2) For every multigraded cycle w there exist a multigraded cycle z of the above
form in the same multigraded homology class with w such that m(u;) < m(o;)
foralll <5 <s.

(3) If z is in the form given by (2) it follows m(o;) = m(oy) for all1 < j <'s.

Proof. (1) Take a ¢ > m(oy) such that zg|u; and set y = (u1/xq)esu(q- We have
Qy is the sum of (u1/x,)(0e,,) A egqy With + or - uje,,. Thus in(dy) = in(z).

(2)+(3) Substracting from z such elements w of B;(x;S/I) we may arrive to the
case m(u;) < m(o;). Since z is multigraded we get then m(o;) = m(oy).

Lemma 1.3. Let z = X%_ vuje,; be a multigraded cycle as in the above Lemma.
Suppose that m(u;) < m(o;) for all1 < j <s. Then z,uj € I forall1 < j <s.

Proof. By Lemma 1.2 (3) we get r = m(01) = m(o;). The terms z,uje,\(ry of
d(ujes;) cannot be reduced since o; \ {r} are all different. It follows necessarily
zyu; € I since z is a cycle. 0

Let M;(z;S/I) be the subspace of K;(x;S/I) generated by all monomial cycles.

Lemma 1.4. Let z = X5_ v uje,; be a multigraded 2-cycle, v; € K*, u; monomials,
o; C{L,...,n}, |oj| =1 for all 1 < j <'s. Suppose that m(u;) < m(o;) for all j,
s > 1 and in(z) = uie,,. Then one of the following conditions holds:

(1) in(z) is a monomial cycle,

(2) in(z) = ujes; mod (By(x; S/I) + My(x; S/T)) for some 1 < j <s.

Proof. By Lemma 1.2 (3) and our hypothesis we get r = m(oy) = m(o;) for all
1 <j<s. Let o ={a,r}. If xou; € I then uje,, is a monomial cycle. Otherwise
by Lemma 1.1 there exists a neighbour o; = (o7 \ {a}) U{b} for some 1 <b < r. As
in(z) = uie,, we have o7 > 0, and so a < b. From z,u; = xpu; (2 is multigraded!)
it follows xp|u;. Set y = (u1/xp)eqapry € K3(x;S/T). We have

oy = —ureq, + Ujeq; + (w1 /Tp)eqqp)-
Using Lemma 1.3 we have z,u; € I for all 1 <t < s. This shows that the last term
of Jy is a monomial cycle, which is enough. O

Theorem 1.5. Every 2-cycles of Ko(x;S/I) belongs to By(x;S/I) + Ma(x; S/1),
that is coincides modulo By(x;S/I) with a sum of monomial cycles. In particular,
Hy(x;S/I) has a monomial cycle basis.

Proof. Note that given a 2-cycle z in the form from Lemma 1.2 (2) in(z) can be
substitute in z modulo By(x;S/I) with one monomial term smaller than in(z) and

some monomial cycles which can be removed from z (see 1.4). By recurrence we
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arrive finally to the case when z has just one term which must be then monomial
cycle. ([l

2. SOME USEFUL EXAMPLES

The purpose of this paper is to study when the Koszul homology modules of
principal p-Borel ideals I have monomial cycle basis. This is the case when I is
the smallest p-Borel ideal containing a power u of one variable z, (the so called
p-Borel ideal generated by u), that is I = II;5o(my”")?], where m, = (21,...,,)
and a; < p are non-negative integers (see [2]). For an ideal J we denote by J¥'! the
ideal generated in S by ¢(J), ¢ being the K-automorphism of S given by @ — z’.
An interesting and promising example is the following:

Example 2.1. Let n =4, S = KJz1,...,24] and I the p-Borel ideal generated by
the monomial {z32%}, that is I = (x1, 2o, x3) (2%, ..., a8). Then z = 2 ' z32? 'e194—
2P wgah eysy is a cycle. Take y = ot 'ah e1ag € Ky(x; S/I). We have 0y = z +
2P ol egay — P ahers. Note that 2728 € I but P28~ ¢ I. Thus z coincides with
2P2P  egsy modulo Bs(x; S/I). As z and dy are cycles we get 2722 ' eg34 monomial
cycle.

Unfortunately, in general there are not monomial cycle basis even on the Koszul
homology modules of principal p-Borel ideals as shows the following examples:

Example 2.2. Let n = 4, that is S = K|z, ..., 24| and I the p-Borel ideal generated
by the monomial {zoa}}, that is I = (x1,29)(2f,...,2}). Consider the element
z = xgxp_lxi_lelM — xlxg_lxp_legM € Kj(x;S/I). We see that z is binomial cycle
but in(z) = xeah '2% " 'e1s4 is not a monomial cycle because x5 'a? ' & I. Note
that z is multigraded and in its multigraded homology class take another element
of the form z + dy, y € K4(x;S/I). Since y must be multigraded from the same
multigraded class with z we see that the only possibility is to take y = $§_1xi_1€1234.
It follows that there exist no monomial cycle in the homology class of z.

Remark 2.3. Let S and [ as in Example 2.2. The element

_ .p-1 p—1 p—1 p—1 p,.p—1 .
z=a warl egoq — 2T wonl T eqgy + 2l easy € Ki(x; S/

is a cycle in the form given by Lemma 1.2 (2) but belong to Bs(x;S/I) because
2=z — 2P aPeyg = O 2R T e9as), 287 2 being an element in 1.

Example 2.2 suggests the following:

Lemma 2.4. Let I be an arbitrary monomial ideal. Then H,_1(x;S/I) has a basis
given by cycles of length < |n/2].

Proof. Suppose y is a multigraded (n — 1)-cycle in the form given by Lemma 1.2

(2). Then there exist 1 < k, < ... < k; < n such that y = 35_,vuje,,, v; € K7,

u; ¢ I monomials and o; = {1,...,n} \ {k;}. Suppose that y cannot be written

as a sum of cycles of length < s. We will show that we may choose a cycle 3/

of length < |n/2]| which coincides with y modulo B,_i(x;S/I). This is enough

because then these cycles will give a system of generators of H, i(z;S/I) from
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which we may choose a basis. We claim that 7, = (—1)"%; for all 1 < r <
s. Let E = {r :1<7r < sy = ()P y} If B # {1, .., s} then the
element ¢ = Xjcpyjuje,, of K, 1(x;5/I) is different from y. Thus y cannot be a
cycle because otherwise y = ¢ + (y — q) is a decomposition of y in a sum of two
cycles of smaller length which is false (1 € E) by our assumption. So one of o,
J € E has a neighbour o, in z which is not in ¢, that is t ¢ E, xpu; ¢ I and
(=) — (=1)Fy) @k, ujeq\ gk = 0 because z is a cycle (actually the above
equation is written for the case k; > k;, otherwise all the signs changed but the
equation is not really affected). Thus v, = (—1)k=*; = (=1)k17*, that ist € T
which is false. Hence E = {1,..., s}, that is our claim holds.
As y is multigraded note that x,|u,. We have the following cycle

?/ = a(%(ul/xkl)ﬁ...n) —Yy= ’712(_1>k_1<mku1/xk1)60k7

where o, = {1,...,n}\{k} and the sum is made over all k € {1,... , n}\{ky,..., ks}.
If ¥ = 0 then y € B,_1(x;S/I) and there exist nothing to show. If ' # 0 then
length(y)+length(y’) < n. Thus min{length(y), length(y')} < [n/2]. Asy = —v¢/
mod B,,_1(z;S/I) we are done.

Example 2.5. Let [ = (232425, T224T5, T122%4, T12223, T12325) be an ideal in S =
Klzy,...,z5] . We claim that there exists no monomial cycles or binomial cycles in
the homology class of the following multigraded cycle

Z = X3T4€125 — T2T4€135 + T1T3€E245.

We adopt the following notation: for a monomial element uey,. we will write let us
say a , that is ueg. if r,u € I. So we may write

Z = X3T4€735 — T2T4€135 + T1T3€E235

and now we can see easily that z is indeed a cycle. We list all monomial elements
of K3(x;S/I), which are in the multigraded class of z:

T4T5€7123, L3L5€124, L3L4€125, L2X5€134, L2L4€135, L2T3€145, L1L5€334,

L1X4€235, L1L3€245, T1L2€345-
Clearly no one is monomial cycle. A binomial cycle should have the form ~v,u;e 5, +
YolUsCued, Vi € K*, u; monomials. Thus we might find such pairs (abc), (acd) among
above. But there are no such pairs. For example ejy3 could make such a pair only
with ess3, eg35 but they are not of the necessary type because each one has two
numbers in bold. In this way we see that our claim holds. It follows that z cannot
be written modulo Bs(x; S/I) as a sum of cycles of smaller length.

Remark 2.6. In [6, Exercise 5.5.4] we see that for monomial ideals I the Betti
numbers (s, 5,_2, 3n—1 do not depend on the characteristic of K. Since in the
previous section we see that H(x;S/I) has monomial cycle basis we may ask by
analogy if H,,_o(x;S/I) or H,_1(z;S/I) have monomial cycle basis. Example 2.2
shows that this is not true. On the other hand note that in K,,_o(x; S/I) there are
cycles which cannot be written modulo B,_s(x;S/I) as a sum of cycles of length

< |n/2] (see Example 2.5) as happens in the K,,_1(x; S/I) (see Lemma 2.4).
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We might ask which is the minimal possible positive integer r such that Hs(x; S/I)
has a basis given by 3-cycles of length < r. The following example shows that r
could be even 4.

Example 2.7. Let [ = (23242576, ToX4T5T6, T1ToT4Te, T1ToT3T g, T1T2X3Ls, T1T3T5T6)
be an ideal in S = K{z1, ...,z . We claim that there exists no monomial cycles or
binomial cycles in the homology class of the following multigraded cycle

2 = T3TyT5€736 — T2X4T5€136 + T1T3T5€246 — T1L2T4€356

We list all monomial elements of K3(z;.S/I), which are in the multigraded class of
z:

T4T5T6€7123, L3L5L6€124, L3L4L6E125, L3X4T5€126, LaL5L6€134, L2X4L6€135, L2LaL5€136,
ToX3L6€145, L2X3T5€146, L2X3X4€156, L1X5L6€234, L1L4L6€235, L1X4L5€C236,

X1X3T6€245, L1XT3T5€246, L1X3TL4€256, L1XL2T6€345, L1L2T5€346, L1L2L4€356, L1L2L3€456-

Clearly no one is monomial cycle. There are only 6 elements from the above list (with
just one "bar”), which can be used to construct binomial cycles in the multigraded
homology class of z. As in Example 2.5 we see that there are no binomial cycles.
Now a cycle of length 3 should have the form yyu; e, + V2u2e,:0+ V3Useaar, Vi € K*,
u; monomials, for some a,b,c,d,t € {1,...,n}, we may also have t € {a,b}. We
claim that this is not possible. For example if a =1, b = 2, ¢ =4 then d € {3,5,6}.
If d = 5 note that in fact we have e,.; = e;35 which is not possible to be term in
a cycle of length 3. If d = 6 then t € {2,3,5}. If for example ¢t = 5 then we have
e.ai = €155 which is not possible again. In this way we can show that our claim
holds. It follows that z cannot be written modulo Bs(z;S/I) as a sum of cycles of
smaller length.

3. CycLES OF KOSZUL HOMOLOGY MODULES OF PRINCIPAL p-BOREL IDEALS

A : :
Let u = II7_, 73" be a monomial and J = II_,(z1,...,2,)% for some integers
A :
Ags g 2 0. Set ucq = 15 25%, J<o = Hg_ (71, ..., 24)% for some integer 1 < a < n
A
— n q — n (03
and us, = . 20", Joo = s (21, .., mg)%.

Lemma 3.1. Suppose that uz, € J and ux,11 & J. Then us, € Js, and u<, € J<,.

Proof. By hypothesis we have uz, = vw for some monomials v € J<, and w € J-,.
If there exists 1 < j < a with z;|w then

UTai1 = (Tj0/T0) (Tapr1w/Tj) € J<qdsq = J.
Contradiction! It follows w|us, = (uzy)sq and so us, € Js,. If u<, € J<, then

u € J and so uz,4+1 € J which is false. OJ

Lemma 3.2. Let v,w be some monomials in (,)4>q Such that vlu. Suppose that
wu/v € J and ux], € J for some integer r > 0. Then uz), , € J.
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Proof. Suppose that vz}, ¢ J. We may suppose that there exists an integer 0 <
d < r such that for v/ = uxffxg:f_l we have vz, € J and vz, ¢ J. By Lemma
3.1 we get ul, & J<q. Since wu/v = u<,(Wus,/v) € J C J<q it follows u<, € J<qo
because the variables from wus,/v are regular on S/J<,. Thus u’, € J because
u, = xlu<,. Contradiction! O

Lemma 3.3. Let t > a be an integer and v, w be some monomials in (T4)g>r Such
that v|u. Suppose that wu/v € J and ux!, € J for some integer r > 0. Then

uxy € J.

The proof goes applying Lemma 3.2 by recurrence.

Let [ = II7_ T, (21, - . . ,74)P'1%i be a principal p-Borel ideal of S, 0 < ayj < p
being some integers. Let G(I) be the set of minimal monomial generators of /. Note
that all monomials from G(I) have the same degree.

Lemma 3.4. Let a,t,q,r be four positive integers such that a <t <r, a <q <,
q #t and v € I a monomial which is a multiple of x,x,.Suppose that x,y/x, € 1
and xyy/xy € I. Then either xyy/x, € I, or xyy/x, € 1.

Proof. Apply induction on s. If s = 0 then from xyy/z, € I we get z,v/z, € I,
since [ is strongly stable in this case. _

Now suppose s > 1 and set J = II7_, (1, . .. g )PT)ea0,

T = I T2 (2, - , )P+t Then I = JTP. We have v = Ba? for some
monomials 5 € J, a € G(T).

Suppose from now on that zyy/z, ¢ I. We will show that x,v/z, € I. Then
x, does not divide [ since otherwise zv/x, = (v0/z,)a? € I, J being strongly
stable. Contradiction! If x,|5 then z,6/x, € J because J is strongly stable and so
zoy/xq = (zo0/2,)a? € I. Remains to study the case when z, does not divide £.
Then z4|o. We have a/z, & T because a € G(T). From xyy/xq = x¢fxb " (a/x4)? €
I it follows either

(i) there exist b,1 < b < n such that 2|3, zya/z, € T and z,28~3/2y € T, or
(i) 20718, x2718/2} " € J and ma/z, € T.
Here we use the fact that all minimal monomial generators of G(7') have the same
degree and since a € G(T') we get va/z, € T for v being just one variable. If (i)
holds then z,7y/zq = (z,2? ' B/x}) (zsar/24)P € I since J is strongly stable.

From now on suppose that (ii) holds. As z,v/x, = r,2278(a/z,)P € I we get as

above the following two cases:
(i) 2273, a1/t € J and z,a/z, € T, or

(ii’) there exist ¢, 1 < ¢ < n such that 2|8, z.a/x, € T and z,22~'3/2P € T.

Case (i’) holds

It follows P13/} ~! ¢ J since J is strongly stable. Note that « satisfies over
T the condition of v over I. By induction hypothesis we get either z,«/x, € T or
zoa/z, € T. If 250/, € T then we get z,y/x, = (27 6/20" ") (za/x,)P € T which
is false. Thus we must have z,0/24 € T. Then x,y/xq = (2771 8/287 ") (20t /2q)P € 1

since z£~'3/2P~! € J, J being strongly stable.
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Case (ii’) holds

Suppose first ¢ > ¢. From (ii),(ii’) we obtain z,227'3/a? € J and 22713/2V " €
J. Using Lemma 3.3 for u = 227'3/28, v = (2,277, w = (z.2,)P"" we get
ury = P13 /2P € J. Then zyy/x, = (x22'3/2?)(x.a/x,)P € I. Contradiction!

Now suppose ¢ < t. By (ii),(ii’) we get z.a/z, € T, 2y /x, € T. Apply the induc-
tion hypothesis for the integers ¢, t, ¢, 7 and the ideal T'. It follows either z.a/z, € T,
or z;a/x, € T. In the first case we get 2,7/2q = (227! 8/22)(zc00/24)P € I because
T, 2P 3/xk € J, J being strongly stable.

In the second case we can obtain zyy/x, = (22~ 13/2? ") (x,a/x,)P € I, that is a
contradiction, providing we show that z2~'3/z?~" € J. But from z,2?~'3/z? € J
we get xaxﬁ_lﬁ/xc:cffl € J since J is strongly stable. Moreover if ¢ < a then we
get even w{,”lﬁ/xf_l € J. If ¢ > a then we get the same thing using Lemma 3.3 for
uw=a?"13/(z.a" ), w=za?" v =2l and ¢ instead t. O

Proposition 3.5. Let z = ¥3_vjuje,; be a multigraded 3-cycle of Ki(x; S/I), v; €
K*, u; monomials, o; C {1,...n}, |oj| =i for all1 < j <s. Suppose that s > 1,
m(u;) < m(oj) for all j, o1 = {a,t,r}, a <t <r, oy = maxi<j<s0; and x,uy € 1.
Then there exists a multigraded 3-cycle y of length < 3 such that in(z) = in(y).
Moreover if the length of y is 3 then the homology class of y contains a monomial
cycle.

Proof. By Lemmas 1.2 and 1.3 we have m(o;) = r and z,u; € I forall 1 <j <s. Set
v =z,u; € I. Then z,v/z, € I by hypothesis. We may suppose x,u; ¢ I because
otherwise y = in(z) is a monomial cycle. Then oy has a neighbour o, in z for j > 1 by
Lemma 1.1, let us say 0; = {a,q,7}. As 0; < 01 we get t < g. We have u; = xyuy/z,
because z is multigraded. It follows z;v/z, = z,u; € I. By Lemma 3.4 we get
xoy/x, € I since xyy/x, = xyuy & 1. Therefore O((uy/zy)eatqyr) =y — (Tru1/xy)eCatq
for y = uies, — ujeq; + (Tal1/74)erq,. From the above we see that (v/z,)eaq is a
monomial cycle and so y is a cycle. 0

Remark 3.6. If z,uy & I but zyu; € I then (x,u1/x,)eq, might be not a monomial
cycle as happens in the proof of the above proposition. Note that in the Example
2.2 (2,11 /2q)eatqy = ¥4 'ahe1ss is not a monomial cycle because xs(xh ‘ah) & I.
However in this example z is already a binomial cycle, that is a cycle of length < 3.

Lemma 3.7. Let a,t,q,r be four positive integers such thata <t <r,a < q <r and
v € I a monomial which is a multiple of x,x,. Suppose that xyy/x, € I, xoy/x, € 1
and xyy/xy & I. Then the following statements hold:

(i) If ¢ > t then z,y/x, € 1.
(i) If g <t then xix,y/zrxy € 1.

Proof. Apply induction on s. If s = 0 then from z;v/x, € I we get x,7v/x, € I and
also xx47v/x,x, € I since [ is strongly stable in this case.

Now suppose s > 1 and set J, T"and v = Sa? for some monomials § € J, o € G(T)
as in the proof of Lemma 3.4. Like there we may suppose that x, does not divide
B. From zyv/z, = 2822 (a/x,)P € I it follows either
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(j) there exist b,1 < b < n, b# t such that 2|3, zya/x, € T and z 2271 3/2t €
J, or
(i) @18, ar'8/at ™t € J and wa/a, € T.
In case (j) we have

vay/2r = ((2a/ze) (28] /2})) (z000/ 7, )" € T,

J being strongly stable.

Case (jj) when z,|3

If t < g then z,8/x, € J because J is strongly stable. Thus z;v/x, € I. Contra-
diction! If ¢ > ¢ then we get

i@ay/ 2ty = ((tafq) (@' B/t ) (wa/z, )P € 1.
Case (jj) when z, /5.
Then z,|a. As a/x, ¢ T it follows from z,v/x, € I either
(j°) there exist ¢, 1 < ¢ < n such that 22|83, z.a/xy € T and z,2b~'3/2? € J, or

(33") a2~ B8, ab~'B/ab~t € J and zea/z, € T.

Subcase (j’), c >t

Let u = a27'3/ak. We have xyy/x, = (wu)(zco/ze)P € I because by (jj) it
follows myu = (zq2} ' /a?)(z2~ /a2~ 1) (227 B/2?™") € J, J being strongly stable.
Contradiction!

Subcase (j’), t > ¢, t < q.

Apply induction on s for a,7T. Since z,o/z, € T, v/, € T we get either
naj/rgeTorxafr, € T. If vpa/x, € T then xyy/x, = (x{l’*lﬁ/xf_l)(xta/xq)p el
because xfflﬁ/xf_l € J, J being strongly stable. Contradiction! Note that we did
not use the condition ¢t < ¢ in order to get this contradiction from z;a/z, € T. Now
suppose that z.a/z, € T. Then we have x,v/z, = (v, 227 '3/a?)(z.f/x, )P € T if
we show that v = 2,22~ 3/2? € J. By (j') we have z,a?~'3/22 € J. If a > ¢ then
we get xfl’_lﬁ/xfg—l € J, J being strongly stable. If a < ¢ we get the same thing
applying Lemma 3.3 to u/ = " 3/a? because z,u’ € J and u'(22/207") = 3 € J.

Set @ = a~'B/a} " ap~t. We have 2270 € J and a(af '} ! /2271) € J from
above. By Lemma 3.3 we get xf_lﬁ € J, that is 2~ 13/xP~1 € J. If ¢ > a it follows
v € J since J is strongly stable. If ¢ < a apply Lemma 3.3 for v’ = 2£~!3/2F having
zeu” € J and w” (zoab " /aPh) € J. It follows v = z,u” € J.

Subcase (j’), t > ¢, t > q.

Apply induction on s for «o,T. Since ma/x, € T, z.ofz, € T we get ei-
ther o/, € T or zw.af(vex,) € T. We saw above that x,a/z, € T gives a
contradiction. Suppose that zx.of(z,2,) € T. Then we have xx,v/(x,z,) =
(xaxfflatgflﬁ/(:pf_lmg))(xtmcoz/(xrxq))p € [ if we show that
w = xawfflxé’*lﬁ/(xf_lxﬁ) € J. By (j’) we have z,22~'3/2% € J. As in the previous
case we get xb~'3/aP~1 € J if either a > cor a < ¢ < ¢. If a < ¢ < ¢ the same
tricks bring only that z,u’ € J, that is 223/ € J.

Suppose a > cor a < ¢ < g. We have 22714 € J and (a2 2l Ja2t) € J
as above. By Lemma 3.3 we get now 2210 € J, that is 22 12271 3/(a} "a2™!) €
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J. Therefore w € J it a < ¢ < g because J is strongly stable. If a > ¢ then
y = 2P laP7 18/ (2} a?) satisfies x.y € J and ya} 'z,/zt! € J. Therefore by
Lemma 3.3 we get w € J. If a < ¢ < ¢ then z = 4/z. satisfies 22z € J and
z(aba? ™! /aP7l) € J. By Lemma 3.3 we get as above aPa? 713/ (x} " 'a?) = 2Pz € J
and so w € J because J is strongly stable.

Subcase (jj’), t < q.

As above z;a0/z, ¢ T. Apply induction on s for a, T. Since zya/x, € T, xc0t/z, €
T we get x,a/x, € T. It follows that

zay/@e = (2} B/2 ) (war/2, )P € 1

if =18 /xk~1 € J. Set @ = xP~'F/aP~ 2" and note that 2P~'a € J by (jj) and
a(xf '~ fap~1) € J by (jj’). By Lemma 3.3 we get 2} '@ € J which is enough.
Subcase (jj’), t > q.
As in the previous case we use induction hypothesis to get x;z,a/(z,z,) € T. We
have

iay/(wrwg) = (a2 ab = B/ (2] ) @/ (w,2,) )P € 1
if we show that v’ = 22~ 122~13/(2?""227) € J. Apply Lemma 3.3 for
@ = 2271 B/ (2" a7Y) because 227'a € J and @(a'a? " /a7l) € J. We obtain

x{z’*lﬂ € J which is enough.

Proposition 3.8. Let 2z = ¥3_vjuje,; be a multigraded 3-cycle of Ki(x; S/I), v; €
K*, uj monomials, o; C {1,...n}, |oj| =i for all 1 < j < s. Suppose that s > 1,
m(u;) < m(oj) for all j, oy ={a,t,r}, a <t <r, oy = maxi<j<s0; and xuy € 1.
Then there exists a multigraded 3-cycle y of length < 3 such that in(z) = in(y).
Moreover if the length of y is 3 then the homology class of y contains a monomial
cycle.

Proof. We follow the proof of Proposition 3.5. Set v = x,u; € I. Then zyy/x, € I
by hypothesis and we may suppose z,u; € I. Thus o; has a neighbour ¢; in z for
j > 1 by Lemma 1.1, let us say o; = {t,q,r}. We have u; = x,u1/x, because z is
multigraded. It follows z,v/x, = z,u; € I. Suppose t < gq. By Lemma 3.7 we get
xqy/x, € I since xyy/x, = xquy € 1. Therefore O((u1/xq)eatqr) =y — (X1 /24)€atq
for y = uies, + ujes; — (T1u1/74)esqr. From the above we see that (7/zy)earq is a
monomial cycle and so y is a cycle. Now suppose ¢ < t. Then the same lemma gives
that x,u; € I, that is uje,, — uje,; is a binomial cycle. O

Proposition 3.9. Let z = ¥5_,vjuje,; be a multigraded 3-cycle of Ki(x; S/I), v €
K*, wj monomials, o; C {1,...n}, |oj| =i for all 1 < j < s. Suppose that s > 1,
m(u;) < m(o;) forall j, oy = {a,t,r}, a <t <r and oy = maxi<j<s;0;. Then there
exists a multigraded 3-cycle y of length < 4 such that in(z) = in(y). Moreover if the
length of y is 3 then the homology class of y contains a monomial cycle and if the
length is 4 then the homology class of y contains a binomial cycle.

Proof. We follow the proof of Propositions 3.5 and 3.8. Set v = z,u; € I. Using
the quoted propositions we may suppose z;u; € [ and x,u; € I. Thus oy has two

neighbours ¢;, oy in z for j,k > 1 by Lemma 1.1, let us say o; = {a,q,r} and
11



or = {c,t,r}. We have uy, = z,u1/z., u; = zu1/z, because z is multigraded. It
follows z,v/x. = z,u, € I and zyy/x, € I by Lemma 1.3. As uje,, = in(z) we get
oj<opandsot<gq.

Case c =q.

Thus we have x,x,ui/x, = x,v/x, € I. We see that v = (z,u1/x,)ea, is a
monomial cycle and so y = y' + 9((u1/2,)eatqr) is a cycle of length < 3 such that
in(z) =in(y).

Case a < t < min{c, ¢}

Suppose ¢ < ¢g. By Lemma 3.7 we get either z,v/z, € I or xyy/z. € I. If ¢ > ¢
then by Lemma 3.4 we get the same thing. Above we already studied the case
when z,z,u [z, € 1. If zx,u1 /2. = 2y/2. € I then similarly v” = (z,u1/%c)€qtc
is monomial cycle and y = y” + 0((u1/2q)€acr) is a cycle of length < 3 such that

Casea<c<t<yq.

Using Lemma 3.7 as above we get either z;v/z. € I (case already studied above)
or r;x,7/(xgx.) € I. In the second case it follows that ¢ = (x,u1/z,)eay —
(xqxrur [/ (xg2.))ectq is a binomial cycle. Then

Y1 =9+ a((ul/xq)eatqr) = U165, — UjCo; + (l'aul/xq)etqr - (xaxrul/(quc»ectq
is a cycle and the cycle
Y = y1 — O((Tau1/(2cq))Cetqr = U1€oy — UjCo; — UpCqy + (TaZytt1 /(TeTq))ecqr
is of length 4. But as in Example 2.5 we may see that
y — O((u1/zq)€atqr) + O((zawr /(cq))ectqr = —(rTatir [ (Tcq))€ctq + (TrU1/Tq)€atq-
Theorem 3.10. Hs(z;S/I) has a basis of binomial cycles.
For the proof apply Proposition 3.9.

4. MONOMIAL CYCLE BASIS ON KOSZUL HOMOLOGY MODULES OF SOME
PRINCIPAL p-BOREL IDEALS.

The principal p-Borel ideals I C S such that S/I is Cohen-Macaulay have the
form I = IT5_y(m/"1)*, 0 < a; < p. For these ideals is well known the description
of a canonical monomial cycle basis of H;(x;S/I). Fix 2 <i<n. Let 0 <t < s be

an integer and for v € G(m®) denote v' = v/ ). Let By(I) be the following set
of elements from K;(x;S/I)

{wo 2t e, w € Gl (m[p])¥),v € G(m™), 0 C A, |o| = i,m(c) = m(v)}
and BZ(I) = Uf:OBlt(I)
Theorem 4.1 (Aramova-Herzog [2]). The elements of B;(I) are cycles in K;(x; S/I)
and their homology classes form a basis in H;(x; S/I) for i > 2.

Remark 4.2. This result holds independently of the characteristic of K as we had

pointed the definition of p-Borel ideals is pure combinatorial. But note that Theorem

4.1 does not hold if a; > p for some j. Indeed, the ideal I = (z1,22)* C S = K|[z1, 2]

is strongly stable and a monomial basis of Hy(z;S/I) is given by T = {zle; A
12



€2, T3T9e1 A €9, T175€1 A €a, T3e1 Aeg} by [1] (see also [9]). Since I = (zy,x2)* (23, 23)
one can compute By(I) =T and By(I) = {z122e1 A e} but x1m9e1 A €5 is not cycle
in Ky(x;S/I). So the condition «; < p is necessary and this is an obstruction for

an extension of Theorem 4.1.

The question appeared in Remark 4.2 perhaps can be solved extending somehow
the Theorem 4.1 for the case when «; are arbitrary. In some special cases a possible
tool could be the following lemma.

Lemma 4.3. Let I = szo(m[pj])af, where a; > 0 are arbitrary integers. If n = 2
then there exist some integers 0 < jo < j1 < ... < Ji and some positive integers
(Ve)o<i<k such that v, < pP+179¢ for t < k and I = IIF_(mlP"1)n.

For the proof apply by recurrence the relation m? mlr’l = (mpt)z.

Set I = ITF_,(mP"1)" as above but for any n and let Cy(I) be the following set
of elements from K;(x;S/I)

{wo” 22" e, : w e Qs (mP" 1)), v € G(m™), 0 C 7, |o| = i,m(c) = m(v)}
and C;(I) = U;_,Cy(I). A variant of Theorem 4.1 is the following theorem:

Theorem 4.4. The elements of C;(I) are cycles in K;(x;S/I) and their homology
classes form a basis in H;(x;S/I) for i > 2.

Since Lemma 4.3 works only in the case n = 2 this gives almost nothing more
than 4.1. Unfortunately the ideals of type T = m? m!l”’! could be bad for example
when p = 3 and n = 3 then T'= m®\ {ziz3z3}.

Let M be a graded S-module and 3;;(M) = dimg Tors(K, M); the ij-th graded
Betti number of M.

Corollary 4.5. 5,;(S/1I) does not depend on the characteristic of the field K for all
1,].

For the proof note that H;(z;S/I) = Tor; (K, S/I) and so 3;;(S/I) is the sum of
some |Cy(I)| which has nothing to do with the characteristic of K.

Remark 4.6. Note that 3;;(S/I) does not depend on the characteristic of K when /
is stable by [9]. In [14] it shows that the extremal graded Betti numbers of S/I (see
[3]) do not depend on the characteristic of K when I is a Borel type ideal (see [11]).
In particular this happens for p-Borel ideals and so we might ask if all 5;;(S/I) do
not depend on the characteristic of K in the case of p-Borel ideals. The Corollary
4.5 is a small hope.

From now on let I be the p-Borel ideal generated by the monomial 2],z for some

integer v, > 0, that is [ = szo((mg’i]l)”ﬂ' (mlP'1)23) | where mp,_1 = (21,. .., Zn_1),
and v;, a; are defined by the p-adic expansion of v, respectively . The main result
of this section is the following:

Theorem 4.7. Suppose that a; +v; <p for all 0 < j < s. Then

(1) Hi(x;S/I) has a monomial cycle basis for all i > 2, and
13



(2) B;;(S/I) does not depend on the characteristic of K for all i, j.

For the proof we need some preparations. Suppose a > 0. Let r = max{j : o; >
0} and set J = H;ZO(mfﬂl)W and

I = (T2 (ml 1)) (mlPTyer =,
Then
Lemma 4.8. ([ : 2P ) = JI'.

Proof. Obviously if L, T are some monomial ideals and v is a monomial then (LT :
v) = (L:v)T + L(T : v). Applying this fact we get

(I: $ﬁr) =Jx H§:0H2i1(m[pj] : $ffk) = JX H§=0H211(m1[ﬁ]17xﬁjicjk>,

where the sum is taken over all integers 0 < ¢;; < p’ such that E;ZOEzilcjk ="
For each jlet A; C {k:1 <k < ay,cjp > 0} be any subset. Set u = ¥7_Xgep, (p/ —
cjr). We claim that xiIl7 (Tn[p]]l)o‘flf\f| C I'. Clearly if our claim holds then

n-+j=0 n—

(I :ab") C JI', the other inclusion being trivial. Note that the claim holds because
u > (E};o!/\j!p]) -

Let a be an integer such that 0 < a < a and a = E;-:Oajpj, 0 < a; < p the p-adic
expansion of a. Set o = ¥jq,5q,(; — a;)p’ and a,; = a; — a; if a; > a; and 0
otherwise. Set

I, = J (Lo (mP)oe),

where J is defined above. Let 7 : S — S = K[xy,...,2,_1] be the S-morphism
given by z, — 0.

Qq

Lemma 4.9. n([ : x,) is the p-Borel ideal generated by the monomial x) x5,

that is w(I : 2%) = w(1,).

Proof. 1t is enough to show the above equality for the case v = 0. As in the proof
of Lemma 4.8 we have

(I:a%) = S I0_ I (mlP) o8 =),

where the sum is taken over all integers 0 < ¢;; < p’ such that Z;ZOEgilcjk = a.

Note that W(m[fi}l,xzjfcjk) is m,[i)i}l if c;x < p/ and S otherwise. It follows that
w(mP) 2l =% € 7(1,), the equality holds only when min{a;, a;} = |{k : c;u = p'}|
for all j, k. Hence w(I : z%) = 7(1,). O

Let T'C S be an arbitrary ideal and T = 7(T).
Lemma 4.10. H(z; g/T)_% Hi(zy,...,20-1;S/T) ® Hi_1(x1,...,2,_1;S/T) and

in particular B (S/T) = E(S/T)—l-ﬁf;l’j(g/f), where 35(S/T) is the i, j-th graded
Betti number of S/T over S.
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Proof. By [6, Proposition 1.6.21] we have
Hi(z;S)T) = Hy(x; S/(T, x,)) & Hy(w1, ..., 20-1;S/(TS)) ®@s (A'S) =
Hi(zy,...,20-1;5/T) ®s (ALS),
the last isomorphism follows because S is flat over S. This is enough because
2(S/T) = dimy Tor? (K, S/T); = dimy Hy(21, ..., 201;5/T);.
Because of the above isomorphism we may write
Hi(x;S/T) = Hy(w1, ..., 20_1;S/T) ® Hy_1(21,...,20_1;5/T) A ey.
where by abus of notation we write
Hi 1(z1,...,0,1;S/T) Ney
for {cls(z Aey) : z cycle of K; 1(x1,...,7,-1;5/T)}. We have the following multi-
graded exact sequence
(*)  0—S/T:z,)(~1)—S/T—S/T — 0,

where first map is given by multiplication with x,,. Applying Koszul homology long
exact sequence to (*) we get the following multigraded exact sequence:

(k) Hy (25 S/(T = w,)(=1)) — Hy(x; S/T) — Hy(x;S)T) — Hi_1(2; S/(T = w,)(—1)),
where we denote by §; the last map. Next lemma describes how acts 9;.

Lemma 4.11. 6; maps Hy(x1,...,2,-1;S/T) in zero and if z is a cycle of
K 1(x1,...,2,1;S/T) then 6; maps cls(z A e,) in

(—1)els(2) € Hior(21s- - 2n1: S/(T : ) (—1)).

Proof. We have the following commutative diagram

0 —  Ki(x;S/(T:2,)(-1) — Ki(x;8/T) — Ki(x;S/T) — 0

l ! Lo
0 — Ki(x;S/(T:x,)(-1) — Ki1(x;8/T) — Ki1(x;8/T) — 0

Let w be a cycle of K;(x;S/T). By construction of §; we must lift w to an element
v € Ki(z;S/T). Then 0(v) = x,y for a cycle y € K;_1(z; S/(T : x,)(—1)) and we
may write J;(cls(w)) = cls(y). Here we may take v = w € K;(z;S/T) which is a
cycle. Then we have y = 0 and so J§;(w) = 0. Now we take w = z Ae,. As in
the first case we may take v = z A e,, but this time this is not cycle in K;(x; S/T).
We have 9(z Ae,) = 0(2) Ae, + (—1) " a2 = (1) 'z,2 since d(z) = 0. Then
di(cls(z Nep)) = (=1)Lels(z).

Let f; be the composite map K;(z;S/T) — Ki(x;S/T) — Hy(xy,..., 1, 1;5/T)
where the second map ¢ is the second projection of the direct sum given by Lemma
4.10. Then f; has a canonical section p! given by cls(z) — cls(z) € H;(x; S/T), z be-
ing a cycle of K;(z1,...,2,_1;S/T). Let nl' : Hy(xy,...,2,_1;5/T) — Hy(z; S/n(T :
7,,) be the canonical map associated to the surjection S/T — S/7(T : ).

Corollary 4.12. The following statements hold:
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(1) G = (=1l il g,
(2) Kerd;,1 = Hy(z1,...,2,1;S/T) & Kern!,
(3) Imd;41 = Imn!.

Lemma 4.13. Let ue,, u € S monomial with m(u) < n. Suppose that ue, is a
monomial cycle of Ki(x1,...,2,1;S/T) and induces an element of Kern?, that is
ue, = 0(2) in Ki(x1,..., 20 1;S/7(T : z,)) for an element

z € Kig(zy,... 00 1;8/7(T = 1,)). Then ue, A e, + (—=1)x,z is a cycle in
Kij1(z; S/T). If uey is zero in Ki(xy,...,0,_1;8/7(T : x,)) then ue, A e, is a
cycle also in K1 (x; S/T).

Proof. We have d(ues A e, + (—1)'2,2) = O(ues) Aen+ (—1) a2+ (—1)'2,0(2) =
O(uey) A e, = 0 because ue, is a monomial cycle in K;(z1,...,2,-1;5/T). The
second statement holds because then z = 0.

Now we may return to give the proof of Theorem 4.7.

Proof. Apply induction on ¢ = Ejzoajpj . If ¢ = 0 then we are in the case of Theorem
4.1 and Corollary 4.5. Suppose ¢ > 0 and set » = max{j : o; # 0}. By Lemma 4.8
I' = (I : 27") is the p-Borel ideal generated by the monomial z7 2% and from
induction hypothesis H;(x;.S/I') has monomial cyclic basis and 37 (S/I') does not
depend on the characteristic of K for all 7, j.

Let 0 < a < p" be an integer. By decreasing induction we show that H;(z;S/(I :
%) has monomial cycle basis and 35 (S/(1 : %)) does not depend on the charac-
teristic of K for all i,j. Above we saw the case a = p". Suppose a < p". The
exact multigraded sequence (**) given before Lemma 4.11 with Corollary 4.12 give
for T'= (I : %) the following exact multigraded sequence

0—Imd;q = Imni(lzm%) — Hy(x; S/(I : 2%t1)) — Hy(x; S/(I : 2%)) — Ker §; =

Hy(z1, ... 2p1; S/m(I: 32)) @ Ker ") — 0,
where "™ Hy(w1, .. ap_1:S/m(I + 29)) — Hy(xy, ... xp_1;S/m(I + 20H) is
given in Corollary 4.12. By Lemma 4.9 we see that m(/ : 2%) = m(/,) is the p-Borel
ideal generated by a power of x,_; and it is subject to Theorem 4.1 and Corollary
4.5 because v; + a4 < v +a; < p for all j. In particular, B;(w (1 : 2%)) = B;(w(1,))
isin H;(xy,...,2,1;S/m(I : 22)) a monomial cycle basis.

Using the induction hypothesis on a we see that H;(z;S/(I : 2%*1)) has a mono-
mial cyclic basis and 3(S/(1 : 2¢t')) does not depend on the characteristic of K
for all 7, 7. Then the conclusion follows from the above multigraded exact sequence
and Lemma 4.13 if we show the following statements:

(1) A monomial cycle basis of H;(x1,...,2,_1;S/m(I : 22)) can be lifted to a
monomial cycle subset of H;(z;S/(I : x%)).

(2) Ker nfl:x%) has a monomial cycle basis which can be lifted to a monomial
cycle subset of H;(x; S/(I : z%)).

(3) dimg Ker nf”“"%) does not depend on the characteristic of K.
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Actually (1) was already seen in the proof of Lemma 4.11. For (2) and (3) we

study how act n, Te) on B;(m(I,)). We have the following cases:

Case qp < p— 1.

Then a + 1 = (Zj50a;p°) + (ap + 1) is the p-adic expansion of a + 1, that is
(a+1); =aj forall j >0and (a+ 1) = ap + 1. We have aqy1; = ay; for j > 0.

I) acts identical because m(I,) = 7(Io.1).

({a)

If ag < ag then g = agy10 = 0 and T]Z-T(
Thus Ker nzr(la) =0. If ap > ap then o109 = g0 — 1. Thus n: " acts identical on
Ugs1Bi(m(1,)) and send By, (7 (1,)) in zero since if v € G(m2*%) then v’ € G(m ™).
So the monomial cyclic basis of Kern; (o) is given by Bio(m(1y)).
Caseaj=p—1for0<j<t, a<p-—1.
Then a +1 = (a; + 1)p' + Xjs.a;p’ is the p-adic expansion of a + 1, that is
(a+1); =0forj <t (a+1); =ar+1for j =tand (a+1); = a; for j > t. We have

Qgi1; = Oy ; for j >t and so 77;7(1“) acts identical on U;~¢B;;(m(1,)). If oy < a; then

La) acts identical on Bi(m(1,)). If oy > a; then a1 = e — 1

I,)

_ d W(
Ot = Qgy1t and 7,

and 77?(1“) send By (m(1,)) to zero. Suppose j < t. Then oy ; = o441, and 77?( acts

(
identical on B;j(m(I,)). Otherwise we have a,; > aq41; and nf(l“) send B;;(m(1,))
to zero.

Consequently, given j > 0 in both cases 7, ) either acts identical on B;j(m(1,))
or send it to zero. It follows that Kern; %) has a monomial cyclic basis which can
be lifted to H;(z; S/(I : x%)) by Lemma 4.13. It consists of some B;;(m(/,)) whose
cardinal does not depend on the characteristic of K. This ends our decreasing
induction. Thus the ideal (I : z%) satisfy the conditions (1), (2) from the Theorem
4.7 for all 0 < a < p". In particular this holds for a = 0.

(Ia

Remark 4.14. Note that the above proof shows also that some non-principal p-
Borel ideals of the form (7 : z%) have monomial cyclic bases.

We end this section with an example illustrating the proof of Theorem 4.7.

Example 4.15. Let n = 3, p = 2, S = K[y, T, 23], m = (21,29, 23), I = mPm.
Using Theorem 4.1 a cyclic basis of Hs(z;S/I) is given by Bo(I) = {x1m9e1 A
€9, T1T3€1 A €3, Taxzea A ez} and Bog(l) = {x2ey A ey, w2ey Nes, w7es Neg 1 1 < i < 3},
We will show this independently using the procedure from the proof of Theorem
4.7. Let m : S — S = Klx1,29] be the S-morphism given by z3 — 0. Then
I=mx(I)= m[;}mg, where my = (x1,29) and 7(I : x3) = m[QQ], (I : z3) = m. Note
that monomial cyclic basis of Ha(x1, z; S/m[;]mg), Hy(xq, xo; g/m[;]) are given by
By (I) = {w1m9e; Aeg} and Boo(I) = {2%e; Aea, x2e1 Aey} respectively {z1m0e) Aey}.
The map 1t maps By(I) in zero and it is identity on By (I). The maps 7!, nl(lm),
1= 1,2 are zero maps.
We have the following multigraded exact sequence

Im " = 0 — Hy(w;S/m) — Ha(w; /(I : x3)) —

Hy(xq, z; S’/m[;]) @ Hy(xq, z2; S’/m[;]) Neg — 0.
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As the monomial cyclic basis of Hy(x; S/m), Ha(z1, x2; S’/m[zz}), Hi(xy, x9; S/m[;])
are {e; A eg, e1 A es, eq A eg}, respectively {x1maeq A e}, respectively {zqeq, xoen} we
see that a monomial cycle basis in Ho(z; S/(I : x3)) is given by

To(I : x3) = {x3e1 A ea,x361 A €3, 363 A €3, T1T9e1 A €, T1€1 A €3, Taea A €3}
Now consider the multigraded exact sequence
0 — Imnd — Hy(x; S/(I : x3)) — Hy(x; S/I) —
Hy(xq, za; S’/m[;]mg) @ Hy(xy, z2; S/m[;]mQ) Nes — 0.
As the monomial cyclic basis of Tmni, Hy(zy,zs; S’/m[;]mg), Hy(zy, x9; S’/m[;}mg)
are {x1z9e1\eg }, espectively T2(m[22]) = {w1m9e1/\eo, T2€1 Neg, wae1 Nea }, Tespectively

Ti(mE) = {a2ey A es, x2e1 A es, 2263 A e3,22e5 A e3} we see that a monomial cycle
basis in Hy(x; S/I) is given by

23[To(I : m3) \ {m1maer A e} U To(m) U Ty (mBP) = Boo(I) U By (I) = Bo(I).
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