ON THE REGULARITY OF LOCAL COHOMOLOGY OF
BIGRADED ALGEBRAS

AHAD RAHIMI

ABSTRACT. The Hilbert functions and the regularity of the graded components of
local cohomology of a bigraded algebra are considered. Explicit bounds for these
invariants are obtained for bigraded hypersurface rings.

INTRODUCTION

In this paper we study algebraic properties of the graded components of local
cohomology of a bigraded K-algebra. Let P, be a Noetherian ring, P = Pyly1, . - ., Yn
be the polynomial ring over P, with the standard grading and Py = (y1,...,y,) the
irrelevant graded ideal of P. Then for any finitely generated graded P-module
M, the local cohomology modules HA(M ) are naturally graded P-module and
each graded component H§3+ (M); is a finitely generated Py-module. In case Py =
K|xy,...,2,) is a polynomial ring, the K-algebra P is naturally bigraded with
degz; = (1,0) and degy, = (0,1). In this situation, if M is a finitely generated
bigraded P-module, then each of the modules H }5+ (M); is a finitely generated graded
Py-module.

We are interested in the Hilbert functions and the Castelnuovo-Mumford regular-
ity of these modules.

In Section 1 we introduce the basic facts concerning graded and bigraded local
cohomology and give a description of the local cohomology of a graded (bigraded)
P-module from its graded (bigraded) P-resolution.

In Section 2 we use a result of Gruson, Lazarsfeld and Peskine on the regularity
of reduced curves, in order to show that the regularity of H};Jr(M ); as a function in
Jj is bounded provided that dimp, M/P, M < 1.

The rest of the paper is devoted to study of the local cohomology of a hypersurface
ring R = P/fP where f € P is a bihomogeneous polynomial.

In Section 3 we prove that the Hilbert function of the top local cohomology
Hp, (R); is a nonincreasing function in j. If moreover, the ideal I(f) generated by
all coefficients of f is m-primary where m is the graded maximal ideal of Fy, then
by a result of Katzman and Sharp the Py- module Hp, (R); is of finite length. In
particular, in this case the regularity of Hp, (R); is also a nonincreasing function in

J
In the following section we compute the regularity of Hh(R) ; for a special class

of hypersurfaces. For the computation we use in an essential way a result of Stanley
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and J. Watanabe. They showed that a monomial complete intersection has the
strong Lefschetz property. Stanley used the hard Lefschetz theorem, while Watanabe
representation theory of Lie algebras to prove this result. Using these facts the
regularity and the Hilbert function of H};+(P/ fiP); can be computed explicitly.
Here r € N and f, = Z?:l ANixyy; with A; € K. As a consequence we are able
to show that Hﬁ:l(P/fTP)j has a linear resolution and its Betti numbers can be
computed. We use these results in the last section to show that for any bigraded
hypersurface ring R = P/ f P for which I(f) is m-primary, the regularity of H'IZ;+ (R),
is linearly bounded in j.

I would like to thank Professor Jiirgen Herzog for many helpful comments and
discussions.

1. BASIC FACTS ABOUT GRADED AND BIGRADED LOCAL COHOMOLOGY

Let Py be a Noetherian ring, and let P = Py, ..., y,| be the polynomial ring
over Py in the variables y1,...,y,. We let P; = @ _; Poy” where y* = ybr .yl
for b = (by,...,b,), and where |b| = > . b;. Then P be a standard graded Py-algebra
and P; is a free Fy-module of rank (”;“i Il)

In most cases we assume that F, is either a local ring with residue class field
K, or Py = Klzy,...,2,] is the polynomial ring over the field K in the variables
T1yeeoy Ty

We always assume that all P-modules considered here are finitely generated and
graded. In case that P, is a polynomial ring, then P itself is bigraded, if we assign to
each z; the bidegree (1,0) and to each y; the bidegree (0,1). In this case we assume
that all P-modules are even bigraded. Observe that if M is bigraded, and if we set

M; = €P M)
Then M = P ; Mj is a graded P-module and each graded component 1 is a finitely
generated graded Py-module, with grading (M;); = M, jy for all ¢ and j.

Now let S = K[y1,...,yn]. Then P = Py @k K[y1,...,yn) = Po @k S. Let P, :=
b i~o bj be the irrelevant graded ideal of the Py-algebra P.

Next we want to compute the graded P-modules Hp, (P). Observe that there are
isomorphisms of graded R-modules

Hp (P) = lim,  Extp(P/(Py)", P)
> limy, Exthe, (P @k S/(9)", Po ®x S)

I

Py lim, _ Exth(S/(9)".5)

=~ Py @x H{,(9).
2



Since Hy, (S) = 0 for i # n, we get

; _ | Bo®, H{(S) fori=n,
HP+<P)_{ 0 for i # n.

Let M be a graded S-module. We write MY = Homg (M, K) and consider M"Y
a graded S-module as follows: for ¢ € MY and f € S we let f¢ be the element in
MY with
feo(m) =@(fm) forall me M,
and define the grading by setting (M"); := Homg (M_;, K) for all j € Z.
Let wg be the canonical module of S. Note that wg = S(—n), since S is a

polynomial ring in n indeterminates. By the graded version of the local duality
theorem, see [1, Example 13.4.6] we have H&(S)V = S(—n) and H§ (S) = 0 for
i # n. Applying again the functor (_) we obtain

Hg, (S) = Homg(S(—n), K) = Homg (S, K)(n).

We can thus conclude that

Hg (5); = Homy(S, K)pqj = Homg (S—,—j, K) for all j € Z.

Let Sy = @, —; Ky*. Then

Homg (S_,—j, K) = @ Kz*,

laJ=—n—j

where z € Homg (S_,,_;, K) is the K-linear map with
a=b

ar by ) 2470 i b <a,

Z(y)_{o, ith £ a.

Here we write b < a if b; < a; for i = 1,...,n. Therefore Hg+(5’)j = @\a|:—n—j Kz,
and this implies that

(1) Hg+<P)j =D ®k H&)(S)j = @ Pyz°.
la|=—n—j
Hence we see that Hp (P); is free Pp-module of rank (23;1) Moreover, if Py is

graded
H12+ (P)(z,j) = @ (Po)iz“ = @ Kz%z*.
la|=

al=—n—j
| ‘ J |b|=—n—j

The next theorem describes how the local cohomology of a graded P-module can
be computed from its graded free P-resolution

Theorem 1.1. Let M be a finitely generated graded P-module. Let F be a graded
free P-resolution of M. Then we have graded isomorphisms

H (M) = Hi(H}, (F)).
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Proof. Let
F:-oo = F,—F — Fy—0.

Applying the functor Hj to I, we obtain the complex
Hp (F): - — Hp (Fy) — Hp (Fy) — Hp (Fy) — 0.
We see that
H. (M) = Coker(H, (F) — HE, (F)) = Ho(H, (F)),
since Hp, (N) = 0 for each i > n and all finitely generated P-modules N.
We define the functors:
F(M):=Hp (M) and F(M):= HQIZ(M)

The functors F; are additive, covariant and strongly connected, i.e. for each short
exact sequence 0 — U — V — W — 0 one has the long exact sequence

0+ = FiU) = FiV) = FlW) = Fia(U) = -+ = FoV) = Fo(W) = 0,

Moreover, Fy = F and F;(F') = H?):Z(F) = 0 for all i > 0 and all free P-modules F'.
Therefore, the theorem follows from the dual version of [1, Theorem 1.3.5]. O

Note that if M is a finitely generated bigraded P-module. Then Hp, (M) with
natural grading is also a finitely generated bigraded P-module, and hence in Theo-
rem 1.1 we have bigraded isomorphisms

HE (M) = H;(Hp, (F)).
2. REGULARITY OF THE GRADED COMPONENTS OF LOCAL COHOMOLOGY FOR
MODULES OF SMALL DIMENSION

Let Py = K[xy,...,2,), and M be a finitely generated graded Py-module. By
Hilbert’s syzygy theorem, M has a graded free resolution over Fj of the form

0—F,— - -—F —F—M-—0,

where F; = @2:1 Py(—ay;) for some integers a;;. Then the Castelnuovo-Mumford
regularity reg(M) of M is the nonnegative integer

reg M < max{a;; — i}
Z?]
with equality holding if the resolution is minimal. If M is an Artinian graded Fy-
module, then
reg(M) = max{j : M; # 0}.
We also use the following characterization of regularity
reg(M) = min{p : M5, has a linear resolution}.

Let M be a finitely generated bigraded P-module, thus H};Jr(M ); is a finitely
generated graded Fy-module. Let f; s be the numerical function given by

fin(j) = reg H;+(M)j
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for all j. In this section we show that f;, is bounded provided that M/P,M
has Krull dimension < 1. There are some explicit examples which show that the
condition dimp, M/P, M < 1 is indispensable. We postpone the example to Section
4. First one has the following

Lemma 2.1. Let M be a finitely generated graded P-module. Then dimp, M; <
dimp, M/Py M for all i.

Proof. Let r = min{j : M; # 0}. We prove the lemma by induction on ¢ > r. Let
1 =r. Note that

M/P.M = M, & Myyy /PLM, @ -
It follows that M, is a direct summand of the Py-module M /P, M, so that dimp, M, <
dimp, M/P+M We now assume that ¢ > r and dimp M; < dimp, M/P. M, for
j=mr...,1— 1. We will show that dimp, M; < dimp, M / P, M. We consider the
exact sequence of Py-modules
0— PM;_y+--+P_, M, — M; 5 (M/P,M); — 0.

By the induction hypothesis, one easily deduces that

dimp, Y " P;M;_; < dimp, M/P M
j=1

and since (M/PyM); is a direct summand of M/P,M it also has dimension <
dimp, M /Py M. Therefore, by the above exact sequence, dim M; < dimp, M /Py M
too. N

The following lemma is needed for the proof next proposition.

Lemma 2.2. Let M be a finitely generated graded P-module. Then there exists an
integer 1oy such that

Annp, M; = Annp, M,y for all i > i

Proof. Since PyM; C M, for all + and M is a finitely generated P-module, there
exists an integer ¢ such that Py M; = M, for all ¢ > ¢. This implies that Annp, M; C
Annp M;; C .... Since F, is noetherian, there exists an integer k£ such that
Annp, My = Annp, M; for all ¢ > t + k = 4. O

Proposition 2.3. Let M be a finitely generated graded P-module. Then
dimp, Hp, (M); < dimp, M;  for all i and j>> 0.
Proof. Let P = (y1,...,Yn). Then by [1, Theorem 5.1.19] we have
Hp (M) = H(C(M)*) forall i>0

where C(M)* denote the (extended) Cech complex of M with respect to yi,. . ., yn
defined as follows:

C(M)*:0— C(M)° —C(M)"— - — C(M)" -0
5



with

cM)'= P M, .,

1<ip < <ig<n

and where the differentiation C'(M)" — C(M)**! is given on the component

M M

Yiy--Yiy Yi1-Yiga1
to be the homomorphism

(—=1)*'nat : M,

Yiq--Yiy

- (Myil---yit)yjs’

if {ir,... it} = {j1,. - Jsr-- s Jesa} and 0 otherwise. We set Z = {iy,...,i;} and
Yr = Vi, - - Yi,- Form/y% € M,,, m homogeneous, we set deg m/yy = deg m—deg y&.
Then we can define a grading on M, by setting

(My,); = {m/yk € My, : degm/yk = j} forall j.

In view of Lemma 2.2 there exists an ideal I C F, and an integer j, such that
Annp, M; = I for all j > jo. We now claim that I C Annp, (M,,); for all 7 > jp.
Let a € I and m/y% € (M,,); for some integer k. We may choose an integer [ such
that

degm + degyl = degmyl =t > jo.
Thus am/ys = amyl /y5™ = 0, because my’ € M,. Thus we have
dimpO(MyI)j = dimpo Po/ Ann(MyI)j S dimpo PQ/I = dimpo Mj.

Since HIZ+ (M), is a subquotient of the j-th graded component of C'(M)*, the desired
result follows. O

Now we can state the main result of this section as follows
Theorem 2.4. Let M be a finitely generated bigraded P-module such that
dimp, M/P M < 1.
Then for all i the functions fi y(j) = reg H]ig+(M)j are bounded.
In a first step we prove the following
Proposition 2.5. Let M be a finitely generated bigraded P-module with
dimp, M /Py M < 1.
Then the function f,a(j) = reg Hp, (M); is bounded above.

Proof. By the bigraded version of Hilbert’s syzygy theorem, M has a bigraded free
resolution of the form

F:0—-Ffy—-—F—Fh—M-—0
where F; = @;_, P(—aix, —by). Applying the functor Hp, (—); to this resolution

yields a graded complex of free Fy- modules
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Theorem 1.1, together with Proposition 2.3, Lemma 2.1 and our assumption imply
that for 7 > 0 we have

dimp, H;(Hp, (F);) = dimp, H}Zj(]\/[)j <dimp, M/P M <1< foral i>1.

Moreover we know that

Then by a theorem of Lazardsfeld [6, Lemma 1.6], see also [4, Theorem 12.1], one
has

reg Hpp (M); = reg Ho(Hp, (F)); < max{b;(Hp, (F);) —i forall >0}
where b;(H3, (F);) is the maximal degree of the generators of Hp (F;);. Note that
i
Hy (F)i=@ @ hl-an)="
k=1 aj=—n—j-+bsx
Thus we conclude that
reg H}%(M)j < rrz;%x{aik —i} =cfor 7> 0,
as desired. O
Next we want to give a lower bound for the functions f; »s. We first prove
Proposition 2.6. Let
G:OHGngp_lﬂ---HGlgGo%O,

be a complex of free Py-modules, where G; = @j Po(—aij) for alli > 0. Let m; =
mln]{al]} Then
reg H;(G) > m,.

Proof. Since H;(G) = Kerd;/Imd;;; and Kerd; C G; for all i > 0, it follows that

reg H;(G) > largest degree of generators of H;(G)
> lowest degree of generators of H;(G)
> lowest degree of generators of Kerd;
> lowest degree of generators of G;
= My,
as desired. O

Corollary 2.7. Let M be a finitely generated bigraded P-module. Then for each 1,
the function f; ar is bounded below.

Proof. Let G be the complex Hp, (F); in the proof of Proposition 2.5, then the
assertion follows from Proposition 2.6. U
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Proof of Theorem 2.4. Because of Corollary 2.7 it suffices to show that for each i,
fim is bounded above.

There exists an exact sequence 0 — U — F 5 M — 0 of finitely generated
bigraded P-modules where F' is free. This exact sequence yields the exact sequence
of Py-modules

0— Hp '(M); — Hp (U); — Hp (F); = Hp (M); — 0.
Let K; := Ker ¢. We consider the exact sequences
0— K; — Hp (F); — Hp (M); =0
0— Hp '(M); — Hp, (U); — K; — 0.

Thus we have

(2) reg K; < max{reg Hp, (F');,reg Hp, (M); + 1}
(3) reg H}},:l(M)j < max{reg Hp (U);,reg K; + 1}.

Let F = @Y, P(—a;, —b;), then

i=1

k

Hp (F, = @ Po-a)="

i=1 Jal=—n—j+b;
Therefore, reg Hp, (F); = max;{a;}. By Proposition 2.7, the functions f, »r and
fnu are bounded above, so that, by the inequalities (2) and (3), fn—1,m is bounded
above. To complete our proof, for i > 1 we see that Hp (M ); = HI@;’“(U)]-. Thus
fro—iiv = fo—iyr,p for ¢ > 1. By induction on ¢ > 1 all f; 5 are bounded above, as
required.

3. THE HILBERT FUNCTION OF THE COMPONENTS OF THE TOP LOCAL
COHOMOLOGY OF A HYPERSURFACE RING

Let R be a hypersurface ring. In this section we want to show that the Hilbert
function Fy-module H]@+(R)j is a nonincreasing function in j. Let f € P be a

bihomogeneous of degree (a,b). Write f = 3" jaj=a Capz®y® where c,5 € K. We may
181=b

also write f = Z| Bl f5y? where f3 € Py with deg f3 = a. The monomials y° which
|| = b are ordered lexicographically induced by y; > yo > -+ > y,,. We consider
the hypersurface ring R = P/fP. From the exact sequence

0— P(—a,~b) L P—P/fP—0,

we get an exact sequence of Py-modules

B Rat @ PR — Hp(R); — 0.
|e|=—n—j+b |c|=—n—j

We also order the bases elements 2¢ lexicographically induced by z; > 25 > -+ - > z,.
Applying f to the bases elements we obtain f2¢ = szb f32°7¢, where 2°7¢ = (

if 3 £ ¢ componentwise. With respect to these bases the map of free Fy-modules
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is given by a (;f:f) (_]J_bl_ 1) matrix which we denote by U;. This matrix also de-

scribes the image of this map as submodule of the free module F; where F; =
D =__; Foz°, so that Hp (R); is just Coker f = F};/U;. Note that Hp (R); = 0
for all j > —n.

Let B, denote the set of all monomials of degree d in the indeterminates 21, . .., z,.
Let h = ZUGB_n_j hyv € U; where h, € Py for all v. Then h,u is called the wnitial
term of h if h, # 0 and h, = 0 for all v > w, and we set in(h) = h,u. The
polynomial h, € Fy is called the initial coefficient and the monomial u is called the
1miatial monomial of h.

Now for a monomial v € B_,_; we denote Uj;,, the set of elements in U; whose
initial monomial is u, and we denote by I, the ideal generated by the initial coef-
ficients of the elements in Uj,,.

Note that

UN{0}= U U

uEB,n,j

We fix the lexicographical order introduced above, and let in(U;) be the submodule
generated by {in(h) : h € U;}. Then

(4) inU) = @ Lau

UEBfnfj
Proposition 3.1. With the above notation we have

L.

]7u

=110 forall j<-—-n and uwe€ B_,_,.

Proof. Let hy € I;,. Then there exists h € U; such that h = hyu+lower terms. We
set k = —n — j + b, for short. Since h is in the image of f, we may also write h =
D iej=k Jef 2¢ where f. € Pyand fz¢ =35, f52¢78. We define g = > lel=k fefzoter
where fzeter =37, fgzt P and e; = (1,0,...,0). We see that g € U;_;. We

may write
g= Z fCZfﬁchra*ﬁ_'_ Z f. Z fﬁchrel—B.
|

c|=k  B<c |e|=k Bxe
B<c+eq

Thus we conclude that g = z1h + h; where

=Y f Y e,

lel=Fk ﬁﬁﬁczﬁ-cel

We now claim that h; does not contain z; as a factor. For each a € N we denote by
a(7) the i-th component of a. Assume that (c+e; — ()(1) > 0 for some 3 appearing
in the sum of hy. Then ¢(1) > B(1). Moreover, if ¢ > 1, then (¢ +e; — §)(i) > 0
implies that ¢(i) > (7). Hence ¢(i) > f(i) for all i, a contradiction. It follows that
in(g) = in(h)z,. Therefore hy, € I;_1 .4-

Conversely, suppose hy € Ij_i.,,. Then there exists g € U;_; such that g =
hoziu+ lower terms. We may write g = Z|c|=k fifzeter where f! € Py and fz¢T¢ =
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ZB<C+61 fazeter=P. Thus

g= Y fiY Lt Yy LY fae
\

cl=k  B<c |e|=k Bxe
B<c+eq

As above we see that g = z; f'+ lower terms, where f' = Z‘c‘:k flfz¢. We see that
f" € Uj, and that in(f')z; = in(g) = hoziu. Therefore, in(f’) = hou, and hence
ho € Ij,u' O

Let M and N be graded Py-modules. We denote by Hilb(M) = >, _, dimg M;t’
the Hilbert-series of M. We write Hilb(M) < Hilb(N) when dimyx M; < dimg N;
for all i.

Let F' be a free Py-module with basis f = {uq,...,u,.}. Let U be a graded
submodule of F. For f € U, we write f = >, fyu; where f; € F,. We set
in(f) = fju; where f; # 0 and f; = 0 for all ¢ < j. We also set in(U) be the
submodule of F' generated by all in(f) such that f € U. Let I be a homogeneous
ideal of Fy. We say that set of homogeneous elements of F, forms a K-basis for
Py/1 if its image forms a K-basis for /1. Now we can state the following version
of Macaulay’s theorem, whose proof we include for the convenience of the reader.

Lemma 3.2. With notation as above we have
Hilb(F/U) = Hilb(F/in(U)).

Proof. As in (4) we have in(U) = @;_, L, u; where I, is the ideal generated by all
fi € Py such that there exists f € F with in(f) = fiu;. Thus we have F/in(U) =
@D,_, Py/1,,. For each j let §; be a set of homogeneous elements h;; € Py which
forms a K-basis of Fy/I,;. Then 3 = {Biuy, ..., Byu,} is a homogeneous K-basis of
F/in(U). To complete our proof we will show that 3 is also a K-basis of F'//U. We
first show that the elements of § in F'/U are linearly independent. Suppose that in
F/U, we have Zi,j aijhijuj = (0 with Q5 € K. Thus Z;:I(Zz aijhij)uj € U. We set
h; =Y. aijhij, so that hyuy +--- + hyu, € U. If all h; = 0, then a;; = 0 for all i
and j, as required. Assume that h; # 0 for some j, and let k£ be the smallest integer
such that hy # 0. It follows that hpug + hriiure + -+ € U, so that hy € I, and
hence ). a;,hiy = 0 modulo ;. Since h;, are part of a K-basis of Py/Ij, it follows
that a;, = 0 for all 4, and hence h, = 0, a contradiction.

Now we want to show that each element in F/U can be written as a K-linear
combination of elements of 3. Let f + U € F/U where f € F. Thus there exists
fi € Py such that f = 22:1 fiw;. Since f1 + I, € Py/I,,, there exists \;; € K such
that fi + I,, = >, Mia(hit + L), so that fi = >, Nithy + hy, for some h,, € I,,.
Hence

f= Z Aithitug + by ug + Z fiu;.
{ i=2
We set
fl=f— Z Aithitur = Iy ug + Z fii.
( i=2
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Since h,, € I,,, there exist go, ..., g, € Fy such that h,, u; + 2;2 giu; € U. There-
fore, hy,uy = —>_._, g;u; modulo U. Hence it follow that

- _ zr:giui + if’u’ = zr:fz’uZ modulo U.
i=2 =2 =2

Here f/ = —g; + f; for i = 2,...,r. By induction on the number of summands,
we may assume that > ., f/u; is a linear combination of elements of 5 modulo U.
Since f differs from f’ only by a linear combination of elements of 3, the assertion
follows. U

Now we are able to prove that the Hilbert-series of the Fy-module Hp, (R); is a
nonincreasing function in j.

Theorem 3.3. Let R = P/fP be a hypersurface ring. Then
Hilb(Hp, (R);-1) > Hilb(Hp, (R);) for all j < —n.
Proof. Let Fj = @,cp , . Pou where u = 21" ... 20 with 337 a; = —n —j. In

view of (4) we have Fj/m( i) = @uen_, , Fo/lju- By Lemma 3.2 we know that

F;/U; and F;/in(U;) have the same Hilbert function. Thus Proposition 3.1 implies
that for all j < —n we have

Hilb(H} (R);) = Hilb(F;/U;) ZdlmK B p/L)t

ucB_p_j
i ueB_n_j
= Z Z dlmK PO/ 1z1u)z
i UEB_p—j
= Z Z dimK(Po/[j,LU)iti
Bon—j+1
a1>0

< Z Z dimg(Po/Lj—1,)it"

7 UEB_"_J‘_'.l

S @ A -, )

vEB,n,jJrl

as desired. 0

Corollary 3.4. Let R be the hypersurface ring P/fP such that the Py-module
Hp, (R); has finite length for all j. Then

reg H}%(R)j—l > reg H$+(R)] forall j < —n.
Proof. The assertion follows from the fact that
reg Hp, (R); = deg Hilb(Hlﬁ+ (R);).

O
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Now one could ask when Py-module Hp  (R); is of finite length. To answer this
question we need some preparation. Let A be a Noetherian ring and M be a finitely
generated A-module with presentation

A™ 5 A" - M — 0.
Let U be the corresponding matrix of the map ¢ and 1,,_;(U) fori =0,...,n—1 be
the ideal generated by the (n — i)-minors of matrix U. Then Fitt;(M) := I,_;(U)
is called the i-th Fitting ideal of M. We use the convention that Fitt;(M) = 0 if
n—i > min{n,m}, and Fitt;(M) = Aif¢ > n. In particular, we obtain Fitt, (M) = 0
if r < 0, Fitto(M) is generated by the n-minors of U, and Fitt,,_1 (M) is generated
by all entries of U. Note that Fitt;(M) is an invariant on M, i.e. independent of

the presentation. By [5, Proposition 20.7] we have Fitto(M) C Ann M and if M can
be generated by r element, then (Ann M)" C Fittq(M). Thus we can conclude that

\/Fittg(M) = v/Ann M. Therefore
(5) dim M =dim A/ Ann M = dim A/I,(U).
Now we can state the following

Proposition 3.5. Let R be the hypersurface ring P/ fP, and I(f) the ideal of gener-
ated by all the coefficients of f. Then dimp, Hp, (R); < dim Py/I(f). In particular,
if I(f) is m-primary where m = (x1,...,x,). Then Py-module Hp, (R); is of finite
length for j < —n.

Proof. As we have already seen, Hp, (R); has Py-presentation
Pyt (—a) 5 Py° — Hp (R); — 0,

where ng = (73:11) and n; = (ﬁntbfl) In view of (5) we have dimp, Hp, (R); =

dim Py /1,,,(U;) where U; is the corresponding matrix of the map ¢. By [8, Lemma
1.4] we have \/I(f) € \/1n,(U;). It follows that dimp, Hp, (R); < dim Py/I(f).
Since I( f) is m-primary it follows that dim F,/I(f) = 0. Therefore dimp, Hp, (R); =
0, and hence Hp (R); has finite length, as required. O

4. THE REGULARITY OF THE GRADED COMPONENTS OF LOCAL COHOMOLOGY
FOR A SPECIAL CLASS OF HYPERSURFACES

Let A= @, A; be a standard graded Artinian K-algebra, where K is a field of
characteristic 0. We say that A has the weak Lefschetz property if there is a linear

form [ of degree 1 such that the multiplication map A; LN A; 1 has maximal rank
for all . This means the corresponding matrix has maximal rank, i.e., [ is either
injective or surjective. Such an element [ is called a weak Lefschetz element on A.
We also say that A has the strong Lefschetz property if there is a linear form [ of

degree 1 such that the multiplication map A; -, A has maximal rank for all ¢
and k. Such an element [ is called a strong Lefschetz element on A. Note that the
set of all weak Lefschetz elements on A is a Zariski-open subset of the affine space
Ay, and the same holds for the set of all strong Lefschetz elements on A. For an

algebra A as above, we say that A has the strong Stanley property(SSP) if there
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exists [ € A; such that ["™% : A, — A,_; is bijective for i = 0,1,...,[n/2]. Note
that the Hilbert function of standard graded K-algebra satisfying the weak Lefschetz
property is unimodal. Stanley [9] and Watanabe [10] proved the following result:

Let aq,...,a, be the integers such that a; > 1 and assume as always in this section
that char K = 0. Then A = K[xq,...,z,|/(2]",...,2%) has the strong Lefschetz
property.

Theorem 4.1. Letr € N and f\ = Z?:l Nix;y; with \; € K andn > 2, and assume
that char K = 0. Then there exists a Zariski open subset V. C K™ such that for all
A= (A1, -, \n) €V one has

reg Hp (P/f\P)j=-—n—j+r—1.
Proof. We first prove the theorem in the case that f = f 1) = > xiy;, and set

R = P/f"P. ;From the exact sequence 0 — P(—r, —r) 'p R 0, we get an
exact sequence of Py-modules,

(6) P rrL P R HE(R), 0.
|b]=—n—j+r Ib]=—n—j

Note that H3, (R); is generated by elements of degree 0 and the ideal generated by
the coefficients of f is m-primary. By Proposition 3.5, we need only to show that

(a) [Hp, (R)j]-n—jir—1 # 0, and (b) [HE (R);]-n—jsr = 0.

Let k = —n — j for short. For the proof of (a), we take the (k+r — 1)-th component
of the exact sequence (6), and obtain the exact sequence of K-vector spaces

P KL P Kate B (R)jlkr—1 — 0.

la|=k—1 |la|=k+r—1
|b|=k+r |b|=k
I a b : _ (n+k=2\ (n+k+r—1
We set V, 3 = GB‘EEZ Kz°2°. Hence one has dimg Vi1 g = ( o )( e )
which is less than dimg Vi1 p = (";iﬁf) ("+k 1) for n > 2. Thus f" is not

surjective, so (a) follows. For the proof of (b), we take the (k + r)-th component of
the exact sequence (6), and obtain the exact sequence of K-vector spaces

EB Kz°z @ Ktz B (R)jlksr — 0.

la|= k+r
|b\ k+7" [b|=

Note that dimg Vi p4r = dimg Viyr . We will show that f7 is an isomorphism, then

we are done. We fix ¢ € Njj such that ¢ = (cy, ..., ¢,) where ¢; > 0. We set
5= GB Kz%2® and AS:= @Kx“.
[b|=8 agc.
a+b=c

We define ¢ : Vi¢,. ., — Aj, by setting p(2%2") = 2°. Note that ¢ is an isomorphism

of K-vector spaces. Let A° = @Lﬂo A¢. We can define an algebra structure on A°.
13



For z%, 2" € A° we define

ot Tt if s+t <cg,
10 if s+t <Lec.

A K-basis of A°is given by all monomials z* with a < c. It follws that
A= Kz, .. x)/ (2§ e,

Now we see that the map

f’r

& (&

Vitr = @ Viktr = EB Vicerde = Vitrk
\

lc|=2k+r c|=2k+r

is an isomorphism if and only if restriction map [’ := f"|y.

. C C -
kk+r ‘/;ﬂ,k-’-T ‘/;ii-‘r?",k’ 18

an isomorphism for all ¢ with |¢| = 2k + r.
For each such ¢ we have a commutative diagram

fl

c c
Vk,k+r Vk—i—r,k
Ac Lo pe
k k+7‘7

with | = o1+ 22 +. ..+, € A and where A7 S A, is multiplication by [" in the
K-algebra A¢. Since the socle degree of A¢ equals s = 2k +r, we have k+1r = s — k.
Therefore the multiplication map I" : Ay — A,_, with r = s — 2k is an isomorphism
by the strong Stanley property of the algebra A°, see [10, Corollary 3.5]

Now if we replace f by fy, then the corresponding linear form in the above com-
mutative diagram is the form [, = A\jxy + Aoxo + -+ + Az, It is known that the
property of [, to be a weak Lefschetz element is an open condition, that is, there
exists a Zariski open set V' C K™ such that [, is a weak Lefschetz element. This

open set is not empty since A = (1,...,1) € V. Since any weak Lefschetz element
satisfies (SSP), we can replace in the above proof f by f\ for each A € V', and obtain
the same conclusion. 0

Remark 4.2. It is now the time that to show Theorem 2.4 may fail without the
assumption that dimp M/P.M < 1. In case of Theorem 4.1 we have M = R =
P/fiP,and so M /P, M = P,. Therefore in that case dimp, M /P, M = dimp, Py =
n > 2, and in fact f, p is not bounded.

Now in the Theorem 4.1, we want to compute the Hilbert function of the Fy-
module Hp, (R);.

Corollary 4.3. With the assumption of Theorem 4.1, we have

(i (e — 4 (TG, ifi<r,
i HE (B = { CTNED - G, i

14



Proof. We set —n — j = k, for short. We take i-th component of exact sequence (6),
and obtain the exact sequence of K-vector space

@ Kozt 5 @ Kz*2" — [H} (R);]; — 0.
fri. o
If i < r, from the above exact sequence we see that
) n ) n+i—1\/—7—1
dimg (Hp, (R),)s = dimg Vi, = ( Z, ) (—i B j).

Now let r <4 < —n — j+r — 1. First one has dimg V_, 4, < dimg V; . We claim
that f" is injective, then we are done. We see that the map

f’r‘
C C
Vierkgr = @ Vz‘—r,k+r - @ ik = Vik

lc|=i+k |c|=i+k

where f"(VE<, ,,,) C VS is injective if and only if restriction map f’ := f"
Vi bsr — V% is injective for all ¢ with [c| =i + k.
For each such ¢ we have a commutative diagram

c .
Vvi—'r,k-&-r

f/
c c
Vtifr,kJrr ‘/;,k
c r c
Ai—r Az ’

with l =21 + 29+ ...+ 2, € Af. Since i < —n — j +r, then ¢ < |¢| — (i —r) and
by the weak Lefschetz property the algebra A¢ is unimodal. Therefore dimy A§ | <
dimg AS. The strong Lefschetz property implies that the map [" is injective, and
hence f’ is injective, as required. O

Corollary 4.4. With the assumption of Theorem 4.1, we have
reg Hp '(P/fiP); = —n—j+r+1.

Proof. We consider the exact sequence of Fy-modules

(M 0= H ' (R); — @ R(-nE @ R Hp(R), —0,
|b|=—n—j+r |b|=—n—j

where R = P/fiP. It follows that H;éjrl(R)j is the second syzygy module of
H?, (R);. Let

to t1
- — P Po(—ar;) = @ Po(—ao;) — HEH(R); — 0
j=1

Jj=1

be the minimal graded free resolution of Hp '(R);. We combine two above resolu-
tions, and obtain a graded free resolution for Hp, (R); of the form

t1
. H@P()(—aoj) ﬂ @ Po(—T)be—> @ P[)Zb—>Hg+(R)j — 0.
j=1

|b|=—n—j+r |b|=—n—j
15



We choose a basis element h € @;1:1 Py(—ap;) of degree agp;. Thus
do(h)= > h
|b|l=—n—j+r

where hy, € Py with deg hy = ag; —r. Because the free resolution is minimal, at least
one hy, # 0, so that r < ag; and hence r — 1 < ag; — 2. Thus we have

reg Hp (R); = n}%X{O,T —la;;—i—-2} = H%?X{aij —i—2}
Theorem 4.1 implies that
reg Hp '(R); = H}?X{aij —i}=-n—j+r+1
U

Corollary 4.5. With the assumption of the Theorem 4.1 the Py-module Hp'(P/ fiP);
has a linear resolution.

Proof. Taking the k- th component of the exact sequence (7), we obtain the exact
sequence of K-vector spaces

0— [Hp ' (Rl — €@ KL @ Kb — [Hp (R))i — 0.
b4 el
For k we distinguish several cases. Let k = —n — j 4+ 7+ 1. One has
dimg Vi—p —n—jpr > dimg Vi, ey
This implies that

[HE ' (R)jle #0 forall k>-—n—j+r+1,

since H}ﬁ:l(R) ; is torsion-free.
Let k = —n—j+r. Then dimg Vi ——jyr = dimg Vi _,,—j, so that [H};;l(R)j]k =
0. Finally let £ < —n — j +r. We claim that dimg Vi) _p—jir = (n-i—k—r—l) (—j-l—r—l)

] k—r —n—j+r
is less than dimg Vi _,—; = ("H]:_l) (:i;i) Indeed,
' 4 —j+r—i : ynt+k—i
dimg Viy —p—inr = , - and dimg Vi _,_; = _—.
K E kgt E—n—j+r—z+1 K kmne @'=1k_2+1

Since _n:éi;:iﬂ < fo;f forall i = 1,...,7 if and only if k(n — 1) < (—n — j +
r)(n — 1), the claim is clear. Thus the regularity of Hp '(R); is equal to the least
integer k such that [H}i;l(R)j]k # 0. This means that Py-module Hp ' (R); has a

linear resolution, and its resolution is the form
= PP+ j—r—2) = P(n+j—r—1) = B (=r) = P — Hp (R); — 0.

O
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In the above resolution we know already the Betti numbers (G, = (:f;;)and

6 = (:fl t;jri) Next we are going to compute the remaining Betti numbers and also
the multiplicity of Hp, (R);. For this we need to prove the following extension of

the formula of Herzog and Kiihl [2].

Proposition 4.6. Let M be finitely generated graded Cohen-Macaulay Py-module.
Let

0— PP(=dy) — --- — P)'(—dy) — P — M — 0,
be the minimal graded free resolution of M where s = codim(M ). Then
) d;
Bi=E0""8 ] ==
o (d;j — d;)
Proof. We consider the square matrix A of size s and the following s x 1 matrices
of X and Y:

I R 4, —
S I PR S IR TR )
ditodyt o dy (=1)"0s 0

With similar arguments as in the proof of Lemma 1.1 in [7] one has

: ; 0 for1 <k<s
— 3. k = - ’
;( 1) id; { (—1)*sle(M) for k — s,
Note that Y7 (—1)"8; = fo. Thus we can conclude that AX =Y. Now we can
apply Cramer’s rule for the computation of 3;. We replace the i-th column of A by Y,
then we expand the determinant |A| of A along to the Y, we get 5; = — 0 |A’| / |A]
where A’ is the matrix

dy 0 diy dipn - d
d% T dz?—l d?—i—l T di
B dy At

of size s — 1. A is a Vandermonde matrix whose determinant is [[,;_;<,(di — d;).

We also note that
Al =T]d; [] (d—d),

j#i 1<t<k<s
7 t#i

so the desired formula follows.

Proposition 4.7. With the assumption of Proposition 4.6, we have

/6 S
e(M) = 8—? d;.
=1
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Proof. We consider the square matrix

Bldl ﬁ2d2 e ﬁs—lds—l ﬁsds
. o | Gl B B
ﬂldi ﬁng e ﬂsfldz—l ﬂsdz

of size s.

We will compute the determinant |M| of M in two different ways. First we
replace the last column of M by the alternating sum of all columns of M. The
resulting matrix will be denoted by M’. It is clear that |M| = (—1)°|M’|. More-
over, due to [7, Lemma 1.1], the last column of M’ is the transpose of the vector
(0,...,0,(—1)*se(M)). Thus if we expand M’ with respect to the last column we
get

M| = (<13 = ste(M)|N

where N is the matrix

Brdy Pody -+ Be_1dsy
O Y I ¥ R
Gidi™' Bady™h e BeadiT)
of size s — 1. Thus
s—1 s—1
(9) (M| = sle(M) [[ B [[dilV (... der)]
i=1 =1
where V' (dy,...,ds_1) is the Vandermonde matrix of size s — 1 whose determinant

is [Ti<jcics 1(di — d;). On the other hand, directly from (8) we get

(10) M| =]]s][dIV(d,....d)
=1 =1

where V'(dy,...,ds) is the Vandermonde matrix of size s whose determinant is
[licjcics(di — dj). In view of (9) and (10) we get the desired formula. O

Now we are able to compute all Betti numbers and the multiplicity of Hp, (R);.
We recall that its resolution is the form
0= Pl(j—r+1) > P (—r+2) = > PPn+j—r—2)—
Py*(n+j—r—1) = B (=r) = B’ — Hp (R); — 0,

where [y = (_j_l,)and 01 = (_j”_l).

—n—j —n—j+r
Corollary 4.8. With the above notation we have

(=1)'r(n = 1B

(i—2)!(n—i)!(—n—j+r+z’18—1)(n+j—i+1)

0B; = forall i>2,




and
n . T<_] +r— 1)'50
e(Hp, (R);) = nl(—n—j+r)"

Proof. The assertion follows from Proposition 4.7 and Proposition 4.6. O

5. LINEAR BOUNDS FOR THE REGULARITY OF THE GRADED COMPONENTS OF
LOCAL COHOMOLOGY FOR HYPERSURFACE

In this section for a bihomogenous polynomial f € P we want to give a linear
bound for the function f; r(j) = reg Hp (R); where R = P/fP. First we prove the
following

Proposition 5.1. Let R be the hypersurface ring P/fP where f = Y"1 | fiy; with
fi € Py. Suppose that deg f; = d and that 1(f) is the m-primary. Then there exists
an integer q such that for j < 0 we have

(a) regHp (R); < (-n—j+1)d+gq, and

(b) reg Hp '(R); < (—n—j+1)d +q+2.

Proof. (a) From the exact sequence 0 — P(—d, —1) PSR- 0, we get exact
sequence Py-modules

(11) P Rt @ Rt Hp(R); 0.
|b|=—n—j+1 [b|l=—n—j
We first assume that f; = z;. Theorem 4.1 implies that reg Hp (R); = —n —j. We
set k = —n — j. Thus we can get the surjective map of K-vector spaces
@ K2t — @ Kz,
|la|=k la|=k+1
|b|l=k+1 |b|=k

Replacing x; by f;, we therefore get a surjective map

D a(MHMat= @ KL

bl =k-+1 jal =k
|b|=k+1
EB Kfir. . fanst = @(I(f)k+l)d(k+1)zb.
=k b=k

Since I(f) is m-primary by [3, Theorem 2.4] there exists an integer ¢ such that
reg(Po/I(f)F*) = (k+1)d+q for k> 0.
We set [ = (k+ 1)d + ¢q. Then for I > 0 we have

(Po)isr = (1(F)" s

We take the (I + 1)-th component of the exact sequence (11) and consider the

following diagram
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Gawhiﬁi(}bh—d+lzb - GBwpm(fbh+1zb — [Hp (R)jlin —— 0

@\b\:ml([(f)k)lfa#lzb - @\b\:kU(f)kH)lﬂzb — 0,
in which left-hand vertical homomorphism is inclusion. Thus we conclude that
[Hp, (R)jliy1 =0, so that reg Hp (R); < 1= (k+ 1)d + g, as required.
For the proof (b), we notice that the exact sequence of Py-modules of (11) breaks
into two short exact sequence of FPy-modules

0— K; — @ Rz’ — Hp (R); — 0,
b=k
0— Hp '(R); = @ Po(—d)2* — K; — 0,
|b|=k+1
where K; = Im f. We see from the first of these sequences that reg K; < reg Hp, (R);+
1. The second short exact sequence, together with part (a) this theorem and the
fact that d < reg K implies that
regHﬁ:l(R)j <max{d,reg K;+1} =reg K; +1 < (—n—j+1)d+q+2,

as desired. O
Proposition 5.2. Let Nj = {3 € N" : || = d}, Py = K[{zs}penz] and P =
Polyr, ... yn]. Let R = P/fP where f = ZW':dajgyﬁ. Then

reg Hp (R); < (-n—j+1)d—1

Proof. We set P, = (y1,...,yn) and Py = K[xq,...,2,,] where m = ("*371), as

useual . ;From the exact sequence 0 — P(—1, —d) PR 0, we get the exact
sequence of Py-modules

« [ * n
D RV @D RO — HE(R); —0,
|b|=—n—j+d |bj=—n—j
whose i-th graded component is
a * f a * n
(12) P EK) S @ Ka'(y') — Hp, (R)uy — 0.
la]=i—1 la|=i

lbl=—n—j+d lbl=—n—j

Here (y°)* = 2° in the notation of Section 1. Now we exchange the role of x and y:
We may write f = szdyﬁxﬁ and set Q4 = (z1,...,2y) and Qo = Kly1,. .., Ynl.

. From the exact sequence 0 — P(—d, —1) Lp R 0, we get the exact sequence
of Py-modules

B Q(-d)@") S, P Q) — H (R), —0.

[b|=—m—t+1 |b|l=—m—t
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whose s-th graded component is

a * f a * m
P Ky P Ky — HE (R)ey — 0.
lal|=s—d la|=s
|b|=—m—t+1 |b|=—m—t

Applying the functor Homg (—, K') to the above exact sequence and due to the exact
sequence (12)we have

0= Hy (R)iy— P KL
o
@ K(ya)*fb - ng(R)(,m,Hl,,n,Hd) — 0.
M
Therefore

HQm+ (R)?s,t) = HIZII(R)(—m—t—I—L—n—s-i-d)‘
Thus we have

0= (H3 ' (R)opesira)-mrs — D Kya* L

la|=s

|b|=—m—t
@ K(ya)*xb - (H]2+(R)fnfs+d)fmft+l — 0.
la|=s—d
|b|=—m—t+1

n—j+1)d+q

We set j = —n—s+d. Proposition 5.1 implies that reg Hp, (R); < (—
k+1)d — 1. Hence

for some q. Since I(f) = (y1, ..., yn)?, thus reg(Po/[(f)k+1) (
in Proposition 5.1 we have ¢ = —1.

IZIII

Now the main result of this section is the following

Theorem 5.3. Let P = K[z1,...,Zm,Y1,...,Yn), and f € P be a bihomogenous
polynomial such that I(f) is m-primary. Let R = P/fP. Then the regularity of
Hp, (R); is linearly bounded.

Proof. We may write f = Z| fl=d f5y? and let deg f5 = c. {From the exact sequence

0 — P(—c,—d) Lp-sR— 0, we get the exact sequence of FPy-modules

D R0t P R~ HE(R), 0,
Ibl=—n—j-+d Ibl=—n—j
We first assume that fz = z5. Proposition 5.2 implies that reg Hp, (R); < (—n —
j+1)d—1. Weset k = (—n—j+ 1)d. Thus we get the surjective map of K-vector

spaces
D Kot — @ K
la|=k—1 la|=k
lbl=—n—j+d lbl=—n—j

We proceed as in the proof of Proposition 5.1, and we get [H}%(R)j]kdﬂxﬂ = 0 for
some ¢'. Therefore reg Hp (R); < (—n —j +1)d* + ¢'. n
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Corollary 5.4. With the assumption of Theorem 5.3, we have
reg Hp o '(R); < (—n—j + 1)d® + ¢’ + 2.

Proof. For the proof one use the same argument as in the proof of Proposition 5.1(b).
O
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