ADDITIVE CHOW GROUPS WITH HIGHER MODULUS
AND
THE GENERALIZED DE RHAM-WITT COMPLEX

KAY RULLING

ABSTRACT. Bloch and Esnault defined additive higher Chow groups with mod-
ulus (m + 1) on the level of zero cycles over a field k, denoted by TH"(k,n; m),
n,m > 1. They prove TH"(k,n;1) = QZ/_Zl. In this paper we generalize their
result and obtain an isomorphism
TH" (k,n;m) = W, Qp ",

where W_€; is the generalized de Rham-Witt complex of Hesselholt-Madsen,
generalizing the p-typical de Rham-Witt complex of Bloch-Deligne-Illusie.

Before we can prove this theorem we have to generalize some classical results
to the de Rham-Witt complex. We give a construction of the generalized de
Rham-Witt complex for Z(,)-algebras analogous to the construction in the p-
typical case. We construct a trace Tr : W_Q; — W_Q,. for finite field extensions
L D k and if K is the function field of a smooth projective curve C' over k and
P € C'is a point we define a residue map Resp : W_Q} — W_(k), which satisfies
> pec Resp(w) =0, for all w € W_Qj.
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0. INTRODUCTION

Let X be an equidimensional scheme of finite type over a field k£ and write A,, =
Speck[to, ..., t,)/(O 7 oti —1). In [BI86] Bloch introduced higher Chow groups
CHP(X,n), generalizing the Chow groups of X (i.e. CH?(X,0) = CHP(X)). Roughly
speaking, these are defined by considering the quotient of p-codimensional cycles in
X x A, in suitable good position modulo the boundary of p-codimensional cycles
in X x A,41, where the boundary is given by intersecting with the faces (¢t; = 0)
and then take the alternating sum. This construction is usually referred to as the
simplicial definition of the higher Chow groups. There is also a cubical one, which
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mainly differs by taking (P'\ {1})" instead of A,, (see [T092]) and one can show that
these two definitions of Bloch’s higher Chow groups coincide. One of the rare cases,
where the higher Chow groups can be computed, which means to give a presentation
in terms of generators and relations, is the case X = Speck and p = n, i.e. formal
sums of points in A,, (resp. (P'\{0,1,00})") modulo the boundary of formal sums of
curves in good position in Ay 41 (resp. (P'\{1})"™1). In this case Nesterenko-Suslin
and Totaro proved (see [NeSu89], [To92])

CH"(k,n) = K, (k),

where KM (k) are the degree n elements in the Milnor ring of k.

We observe that one could replace A,, in the definition of the higher Chow groups
by Specklto, ..., tn]/ (O ti — A), for any A € k*. In [BIEsO3a] Bloch and Esnault
investigated the degenerated case A = 0. They obtain a theory of additive higher
Chow groups, SHP(X,n), and prove in particular

SH"(k,n) = QZ/*ZH

using a presentation of QZ/_Zl as a quotient of the anti commutative graded ring

k @z N\" k* modulo the graded ideal generated by a ® a + (1 — a) ® (1 — a).

In [BIEs03b, Section 6.] Bloch and Esnault construct a cubical version of the
additive higher Chow groups (so far only for fields and on the level of zero cycles).
Since these groups are our main object of study, we give a more precise definition.
Denote by Zg(X) the group of d-dimensional cycles on X and write

X, =G, x (P*\ {1}1)",  with coordinates (z,y1,...,yn).

Define Z1(X,;1) to be the subgroup of Z;(X,), which is freely generated by 1-
dimensional subvarieties C' C X,,, C'  |J,;(y; = 0, 00) satisfying the following prop-
erties
(a) (Good position) (y; = 7).[C] € Zo(Xn—1 \ U;(y;i = 0,00)), for i =1,...,n,
j=0,00. _
(b) (Modulus 2 condition) If v : C — P! x (P')" is the normalization of the
compactification of C', then

(1) 2 (z =0)] <Y (g =1)] inZ(C).
1=1

There is a map 8 = > 1 (—=1)(0Y — 8%°) : Z1(Xn;1) — Zo(Xp—1 \ Yn—1) and
Bloch and Esnault define

Zo(Xn—1\Yn-1)
TH" = TH" :1) =

They show by similar methods as before, assuming 1/6 € k,

TH"(k,n;1) = QZ/_Zl.

Now the natural question is, what happens, if we replace the modulus 2 condition
in (b), by a modulus (m + 1) condition, i.e. replace the 2 in (1) by (m + 1) and
TH"(k,n;1) by TH"(k,n;m)? The answer to this question, which is given in this
thesis, is motivated by the following considerations. Denote by Pic(Aj, (m + 1){0})
the equivalence classes of divisors in A!, supported on G,,. Two divisors D, D’ being
equivalent iff D — D’ = div(f/h), for some f,h € 1+tk[t] with f—h € t™T1E[t], this
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is f/h =1 mod (m + 1){0} in the language of [Se88, Chapter III, §1]. Now given
such functions f and h we can define a curve C' C G, x P!\ {1} by the equation
h(z)y — f(xz) = 0 and one easily checks that this curve satisfies the modulus (m+1)-
condition. Thus we obtain a well defined and surjective map

(2) Pic(Al, (m 4+ 1){0}) — TH'(k, 1;m).

Now it is quiet reasonable to believe this map to be an isomorphism (at least for
m = 1, both sides equal k, by the above). But we may identify Pic(A!, (m + 1){0})

with the group (ijtiﬁ%

generalized Witt vectors of length m over k, W, (k), (see [BI78]). Hence we hope to
obtain an isomorphism

X
) , which in turn may be identified with the ring of

TH(k, 1;m) = W,, (k).

If this is true, then the groups TH" (k, n;m) should in general give something, which
generalizes the absolute Kéahler differentials on the one hand and the big Witt rings
of finite length on the other. The natural suspect for this is the generalized de
Rham-Witt complex of Hesselholt-Madsen, W2, which generalizes the p-typical
de Rham-Witt complex of Bloch-Deligne-Illusie. And indeed the main theorem of
this thesis is

Theorem. Let k be a field of characteristic # 2. Then we have for alln,m > 1 an
1somorphism
TH"(k,n;m) = W,, Q71

The first part of the proof, namely to define the map from the additive Chow
groups to the de Rham-Witt complex, is analogous to the proof of the case m =1
by Bloch and Esnault. To verify that the map TH"(k,n;m) — WmQZ_l is well
defined, we use a reciprocity law (as it was done in [NeSu89], [To92], [BlEs03a] and
[BIEs03b]). Here it is a ”sum-of-residues-equal-zero” theorem, which we prove in
section 3, generalizing the well known residue formula for differentials on smooth
projective curves. To obtain the inverse map we use the universality of the de
Rham-Witt complex, i.e. we equip the additive Chow groups with a structure of
such a complex and then the universality of the de Rham-Witt complex yields a
map Wmﬁzfl — TH"(k,n; m), which is inverse to the map we constructed first.

Now we want to give a more detailed description of the structure of this thesis.

In section 1 we recall the definition and the main properties of the (big) Witt
vectors over a ring for arbitrary truncation sets S C N, following [Be66]. (Recall,
S C N is a truncation set iff for each n € S all the divisors of n are contained in S.)
We give an alternative description via formal power series (see [B178]) and construct
a trace Try/p : Wg(B) — Wg(A) for A-algebras B, with B a free A-module of
finite rank, via the norm on the formal power series (following hints by Bloch and
Faltings).

In section 2 we give the definition of a generalized Witt complex over a ring
A (following Hesselholt-Madsen) as a contravariant functor from the category of
differential graded algebras, equipped with Frobenius maps F, and Verschiebung
maps V,, (n € N) satisfying certain relations. The de Rham-Witt complex over A
is by definition the initial object in the category of Witt complexes over A. Using
category theory Hesselholt-Madsen showed in [HeMa01] that an initial object always
exists. We give a more concrete construction for A a Z,)-algebra, p # 2 a prime.
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Following a method of Illusie (see [I179] or [HeMa04]) we first construct a de Rham-
Witt complex without Frobenius as a quotient of the absolute Kéhler differentials
over the Witt vectors and then we use the results from the p-typical case ([HeMa04])
to obtain Frobenius maps. In the rest of the section we give some standard properties
of the de Rham-Witt complex, which easily follow from the corresponding results in
the p-typical situation.

The first aim of section 3 is to define a trace Try /. : WgQ7 — WgQy for arbitrary
finite field extensions L. O k and finite truncation sets S, which generalizes the
trace on the Kéhler differentials (see [Ku64], [Ku86]). This is done by defining it
separately for separable field extensions and purely inseparable ones of degree p and
a combination of these two cases in general. If L D k is separable, then we can write
WsQf = Ws(L) @y Ws€2) and the trace is defined as Tr ®id, with Tr being the
trace constructed in section 1. If L D k is purely inseparable of degree p, the trace of
a Witt differential w € Wg27 is defined by the following procedure: first lift w to the
level SUpS, then multiply the lift @ with p, then there is an element o in Wg,s€2},
which maps to po and then the trace is defined by Tr(w) = «a|g. Afterwards we
define, for a point P on a smooth projective curve C, a residue symbol for Witt
1-forms over the function field of C, generalizing the residue symbol on the Kahler
differentials (and also the one defined by Witt in [Wi36], see also [AnRo04]). We
prove the ”sum-of-residues-equal-zero” theorem, using the classical method (use a
trace formula to reduce the proof to P! and then calculate explicitly). Finally we
generalize the definition of the residue symbol and the residue theorem to higher
Witt forms.

In section 4 we finally arrive at our object of study, namely the additive cubical
Chow groups. We give the definition, as it was done above and show that we have
a well defined map

0 : TH™(k,n;m) — W Q7 [P]— Trgpyi(¥n-1(P)),

with

1 dy]  dlyn—]
[2] ] [yn—]
We prove that the map is well defined by generalizing the arguments in [BIEs03b]:
We first show that, if C satisfies the modulus condition, then wn(é) has no poles in
(x = 0) (where C is the normalization of the compactification of C). It follows that

3" Resp(1n(C)) = 0(9[C)).
E

n—1
€ Wka(z@.

¢n—1 =

Hence 6 is well defined by the residue theorem of section 3.

Afterwards we equip the additive Chow groups with the structure of a (restricted)
Witt complex, where the multiplication is induced by taking exterior products of
cycles and then pushing forward via the multiplication map on G,,. The differential
comes from pushing forward with the diagonal embedding G,, — G,, x G,, and
the Frobenius F, (resp. the Verschiebung V) is induced by pushing forward (resp.
pulling back) via the map G,, — G,,,  — 2". We use the results of Nesterenko-
Suslin and Totaro to show that these maps satisfy the relations, which should be
satisfied in a Witt complex and then the universality of the de Rham-Witt complex
gives a map, inverse to 0. This finishes the proof.
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In the appendix, finally, we list some results from [Fu84], concerning push-forward
and pull-back of cycles as well as intersecting cycles with Cartier divisors.
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1. WiTT VECTORS

In this section we will summarize the definition and properties of the Witt vec-
tors. See [Wi36] for the original paper, [Be66] for a detailed treatment, [B178] for
the description via power series and [HeMa01l] for the language we are using.

Rings are always assumed to be commutative and unital. The natural numbers
do not contain 0, i.e. N={1,2,3,...}.

A subset of the natural numbers S C N is called a truncation set if for any num-
ber n € S all its divisors are in S too. Examples of truncation sets are N itself,
{1,2...,m}, for any m € N, P = {1,p,p?,...}, for a prime p, and

< n >={d|d divides n}.
If S is a truncation set and n € N we get a truncation set
S/n={deN|nd € S} C S.

We have (S/n)/m = S/(nm). Notice, that S/n is not empty iff n € S. We denote
by J the category of truncation sets with inclusions as morphisms. It is a filtered

category. For S € J we write Jg for the restricted category whose objects are subsets
of S.

1.1. Definition of the Witt ring. Let A be a ring and S € J a truncation set.
The (big) Witt ring is by definition the ring Wg(A) whose elements are of the
form (ws)ses, for ws € A, and whose ring structure is uniquely determined by the
condition that the ghost map

gh: Ws(A) — A5, gh,(w) =" duw/*
dls

is a natural transformation of functors of rings. (The proof of the existence of such a
ring structure reduces to A = Z[x1, x2, . ..] and follows then from the lemma below.)
An element of Wg(A) is called a Witt vector. We write

W(A) = WN(A)v Wm(A) = W{l,...,m}(A)
and if a prime p is fixed
W(A) = W{l,p,pz,...}(A)a Wn(A) = W{17p7._.7pn71}(14),
which we call the p-typical Witt ring and the p-typical Witt ring of length n, respec-
tively.

The following lemma is taken from lecture notes from Michael Hopkins (written
by Matthew Ando); knowing the formulation, the proof is an easy exercise.

1.2. Lemma. Write A = Z[z1,z2,...] and, for any prime p, let ¢, : A — A be the
map defined by p,(>" arx!) =" ajxPl. Let S be a truncation set and ¢ = (cs)ses €
AS. Then ¢ is in the image of the ghost map if and only if for all s € S and all
primes p,

cs = gpp(cs/p) mod p”p(s)A.

It is time for a first list of Properties, which follow immediately from the definition.
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1.3. Properties. Let A be a ring and S € J.
(i) If ¢ : A — B is a homomorphism of rings, then

Ws(A) — Ws(B), (ws)ses = (p(ws))ses

is a homomorphism of rings, which will be also denoted by . If ¢ is
surjective (respectively injective) on the rings, then the same holds on the
level of Witt vectors.

(i) Wiy (4) = A.

(iii) If A has no Z-torsion, then the ghost map gh : Wg(A) — A® is injective,
for all truncation sets S.

(iv) If Ais a Q-algebra, then the ghost map is an isomorphism, for all truncation
sets S.

(v) If T'C S are truncation sets, then there is a natural restriction map

R7 : Wg(A) — Wr(4), (ws)ses = (ws)ser
It is a surjective homomorphism of rings. If w € Wg(A), we also write
Riq“(w) = Wr-
1.4. Maps: Frobenius, Verschiebung, Teichmiiller. Let A be aring and S € J.
For each n € N there is a natural map
Fr : Ws(A) — Wgyn(A)
which is indirectly defined by

The existence follows from lemma 1.2. We call F,, the (n-th) Frobenius.
The (n-th) Verschiebung

is given by
if n|s
0 else

wamg—{%“

And finally, the Teichmailler map
[l=1-ls: A— Wg(4)

is defined by
[a] = (a,0,0,...).

1.5. Properties. Let A be aring, S € J and n € N. Then
(i)
ngh,, (w) if n|s

, S€ES
0 else

ghy (Vi (w)) = {

for all w € Wg/,,(A).

(ii) ghy([als) = a®, for all s € S and a € A.

(iii) The Teichmiiller map is multiplicative. Furthermore, [1]g is the 1 in Wg(A)
and [0]g is the 0.
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(iv) The Frobenius Fy, : Wg(A) — Wg/,,(A4) is a unital ring homomorphism.
We have F1 = id and F,,, o F), = Fp,p, for all m, n. If A — B is a ring
homomorphism, then the Frobenius maps on Wg(A) and on Wg(B) form
the obvious commutative diagram.

(v) Write F,,,Wg/,,(A) for Wg,,,(A) considered as Wg(A)-module via F,,. Then
Vi 0 FruWgn(A) — Wg(A) is Wg(A)-linear. We have Vi = id and
Vi o Vy = Vg, for all m, n. If A — B is a ring homomorphism, then the
Verschiebung maps on Wg(A) and on Wg(B) form the obvious commutative

diagram.
Proof. (i) and (ii) are easy. The other statements reduce to A = Z[x1,z2,...|] and
follow then by the injectivity of the ghost map from (i), (ii) and the definition,
respectively. O

1.6. Remark. If p is a fixed prime number, it is customary to write V : W, (A) —
W,.11(A) instead of V,, and then, of course, by (v) above, V" instead of Vyn. Simi-
larly, we write F : W, (A) — W,,_1(A) instead of F,, and F" for Fyn.

We give a final list of formulas.
1.7. Properties. Let A be a ring and S € J. Then

(i) For w = (ws)ses € Wg(A) we have

w = Z Vn([wn]S/n)

nes

Proof. Same as in 1.5. (]

1.8. Remark. Notice, that we can do all this also if A is not unital. Especially it
makes sense to talk about the Witt ring of an ideal.

1.9. Lemma ([HeO4a], Lemma 1.2.1.). Let S be a truncation set, A a ring and I C A
an ideal. Then Wg(I) C Wg(A) is an ideal and we have an isomorphism

Ws(A)/Ws(I) — Ws(A/T).

Proof. The proof is the one of Hesselholt (there for p-typical Witt vectors). It is
enough to prove the isomorphism for finite truncation sets. For S = {1} it is trivial.
Now let S be any finite truncation set with at least two elements and assume the
assertion is proved for all Sy & S. Take n € S maximal, then S/n = {1} and we get
the following diagram with exact columns
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~ ~N-

0 I > A A/l 0

Van A Van
~ ~ ~

0 —— Wg(l) ——— Wg(A) ——— Wg(A/]) ——0

R R R

~N- ~- ~

0 —— Wo\iny(I) —— Wy () (A) —— W\ (1 (A/T) —— 0

v v ~

0 0 0
Now the top and the bottom row are exact, hence the middle one is exact too. [
1.10. Alternative description of the Witt vectors. There is another description
of the Witt vectors, which is in some sense more intuitive. Let A be a ring. We
write
['(A) = (1+TA[[T]])*.
Any P € T'(A) can be uniquely written as a product
P(T) =[]0 = waT™), wne€ A
n>1

Therefore, we get a bijection
w:T(A) — W(A), J]Q-w.T") = (wn)nen
Now we define y : T'(A) — AN to be the composition of the maps

—-T-% 1o ~
T(A) L AT s AN

where the latter map is given by > a, 7™ +— (an)nen. The map v is a group homo-
morphism and functorial in A. One checks

gh(w(P)) = ~v(P).
It follows from the definition of the Witt ring that w : I'(A) — W(A) is an
isomorphism of groups. For S € J, the kernel of the composition with the restriction
RE’ ow is given by

Is = {J] (1 = waT™)|wy € A},

n¢S
in particular Iy ny = (1 + T™HA[[T]])*. Denoting by I's(A) the quotient
I'(A)/Ig, we get an isomorphism of groups, which we will call w again

w:Tg(A) — Wg(A).
The ring structure of Wg(A) induces one on I's(A) and we thus obtain an alternative
description of the Witt ring. The Verschiebung and Teichmiiller maps act as follows
o [a]| =w(l—aT)
e Vo([a]) = w(l —aT™)
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and the properties 1.7, (iv) and (v) determine the multiplication and the Frobenius
maps.

From now on we will not distinguish between these two descriptions (so forget
about the I'-notation).

1.11. Remark. (i) If p is a prime, it is now easy to see,
VpoF,=p iff pA=0

and an integer n € Z is a unit in Wg(A) iff it is a unit in A.

(ii) The Frobenius may be defined in a more natural way. Indeed, it comes
out that F,, : W(A) — W(A) is the map induced by the norm map Nm :
ATV — A[T])

(iii) Notice that the above description of the Witt vectors is not restricted to
rings with 1. Indeed, if A is not unital, we may define the group (1 +
TA[[T]])*, with 1 a formal symbol and group operation

(L+TP(T)) - (1+TQ(T)) =1+ (P(T) + Q(T))T + P(T)Q(T)T*>.

One easily checks that this gives a group and that the above discussion still
works in this case.

Next we want to define a trace map. The treatment via the norm map on the
ring of power series is due to hints by Bloch and Faltings.

1.12. Proposition. Let A be a ring and B an A-algebra, which is a free A-module
of finite rank. Let S be a truncation set. Then the norm map Nm : B[[T]] — A[[T]
induces a trace map

Tr=Trp/as: Ws(B) — Wg(A),

(usually we will just write Tr, but the notations Trp/q or Trg may also occur, de-
pending on the point we want to stress) which satisfies the following properties

(i) gh o Tr = Tr o gh, where the latter trace is the usual one Tr: BS — AS|
(ii) Tr is Wg(A)-linear, it commutes with restriction and we have

TroF, =F,oTr and TroV, =V,oTr.
(iii) We have

(X Vallon)) ) = 30T (Vallen)):

nes nes
(iv) If C is a B-algebra, which is a free B-module of finite rank, then

TrC’/A = TTB/A OTI“C/B.

(v) If A — A’ is a ring homomorphism and B' = B ®4 A’, then we have the
following commutative diagram

Ws(B) —— Ws(B')

| E

Wge(A) —— Wg(A).
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(vi) If we have A-algebras B;, i = 1,...,r, which are free A-modules of finite
rank and B = []._, B;, then Wg(B) = [[;_; Ws(B;) and

Trp/a(w) =Y Trp, a(w),
i1

for w = (wy,...,w,) € Wg(B).

Proof. Since B is a free A-module of finite rank, B[[T]] is a free A[[T]]-module of
finite rank. Thus we have a norm map. Let e = {ej,...,eq} be a basis of B

over A and ¢ € A such that 1 = Zf-l:l e;e;. Now take a 1-power series over B,
f=14+T"(T) € (1+T™B[[T]])* and write b(T) = 3%, a;(T)e;. If we denote by
E; the matrix of e; in the basis e, the matrix of f is given by

F=> (6+T"a(T)E; =id+T™ Y ai(T)E;.
Calculating the determinant via the Leibniz rule, we obtain
Nm(f) € (1+T™A[[T]])".
Thus, for all m € N, Nm induces a well defined group homomorphism (denoted by
Nm again)

Nm : (1+ TB[[T]]))*/(1 +T"B[[T]])* — (L+ TA[[T]})" /(1 + T™A[[T]])*.
Now, since (1+TB[[T]])* = lim ((1 + TB[[T1])* /(1 + T™B[[T])*), we see that the
map

Nm: (1+TB[[T]])* — (1+ TA[[T])*
satisfies
(1.12.1) Nm<H(1 — aiTi)) = [[Nm(1 - a,T%).

i>1 i>1
(Which was not a priori clear, since the product is infinite.) Write Is(B) = {[];4s(1—
b;T7)|b; € B} and similarly for A. We want to show Nm(Ig(B)) C Is(A4). By
(1.12.1) it is enough to show
Nm(1 —bT") € Is(A), forbe Bandn &S.

For this we write

Nm(1—bT") = [[(1 - o;T7), a;€A

and the claim follows, if we show a; = 0, for all j with n fj. Assume this is not the
case, i.e. 7 :=inf{j| n fj and o; # 0} is a natural number. Obviously we have

Nm(1 —bT") =1+ aT™, a; € A.
i>1

This shows, that, if we expand [[(1 — «;77) in a power series, the coefficient of T
has to be zero, that is

<Z > (—1)laj1...ajl>—ar:0.

1=2 1< 1 <...<jj
i+t a=r

But by the definition of r the term in brackets is zero, thus «, = 0, a contradiction.
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All in all the norm map induces, by 1.10, a map
Tr: Wg(B) — Wg(A),

which is additive and satisfies (iii), (iv), (v) and (iv). Next we want to show (i). For
this we may assume S = N. Recall from 1.10 that the ghost map is given by the
composition

—Tilog ~
gh:W(B)=1+TB[T])* & " TB[1] — BY

and that, under the latter isomorphism, the trace on BY corresponds to the trace
on T'B][T]]. Thus it remains to show

ir;((?)’: (i) P e (B[IT)),

where ’ means the derivation relative to 7. Here we follow an argument of [Hu89].
Let M = (a;;) be the matrix of P in the Basis e and M = (a;;), with a;; =
(—1)"*J det Mj;, M;; arising from M by canceling the j-th row and the i-th column.
Then M’ is the matrix of P’ and

(det M)’ Z aﬂaU

(Since, if we view the a;;’s as indetermmants, the Laplace expansion shows OM /0a;; =
(=1)*" det My; and thus d(det M) = 37, ;(—=1)7*" det M; jdai;.) So we get

P 1
Tr(—=) = Tr(M'M)= Te(MM' ;
r<P> ¥ ) = Gerar MM = detMZa] ji

(det M)"  Nm(P)

det M  Nm(P)’

The last thing we have to show is (ii), i.e. the linearity and that the trace commutes
with Frobenius and Verschiebung. Denote A = Z[y,|a € A]. We get a map A —
A, y, — a. Now define B := A™. There is a ring structure on B such that the
natural map B — B = @7, Ae; is a surjective ring homomorphism and we have
B ®; A = B. (Take a;j;, € A such that e;e; = ) ajjrer, for 1 <4 < j and write f;
for the standard basis vector in B , i.e. fi = (1,0...,0), etc. . Then define the ring
structure on B via, fifi=fifi = Zyaijkfk' Thus the map B — B, y.f; — ae;
becomes a ring homomorphism. Notice, that Bisin general not unital, but it does
not need to be by remark 1.11, (iii).) Thus we get a commutative diagram as in
(v). So we may assume that A is Z-torsion free and since gh is now injective, the
linearity follows from (i) and the linearity of the usual trace map. The statement for
the Verschiebung follows from property 1.5, (i) and for the Frobenius from 1.4. [

1.13. Example. Let L D k be a finite separable field extension of degree n. Denote
by o1,...,0, the n distinguished embeddings from L into k, the algebraic closure
of k. Then the 0;’s define maps from the Witt ring over L in the Witt ring over k
(again denoted by o;) and we get

Trw = Zal , for all w € Wg(L).

(This follows immediately from the corresponding relation for the norm.)
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If L D k is a purely inseparable field extension of degree p® and a € L, we have
TrVi(la]) = Va(VpeFpe([a]) = Vnpe([ape])7
by remark 1.11, (i) this is just multiplication with p¢. (This is because [L((T)) :
k((T))] = p°® and thus Nm(1 — aT) = (1 — aT)?" = (1 — a?"T?").)

Let p be a prime. We denote by Z,) the localization of Z with respect to the
prime ideal (p) C Z. If A is a Zp)-algebra, the Witt ring may be described in terms
of the p-typical one:

1.14. Proposition. Let p be a prime, A a Z-algebra, S € J, P = {1,p,p%,...}
and I, = {n € N|(n,p) = 1}. For n € I, we define

«= |1 (%Vn(l) - niqvnqu)) e Ws(A).
q prime €S
q#p

Then there is an isomorphism of rings
0 Ws(A) = [ Wens/n(A), w Fr(w)pns, - Fa(w)pasms - ),
nelp
with inverse map
Ui J] Wensm(A) — Ws(A), (w1, wn,..) = Y 26 Vi (i),
nelp nelp

where W, € W/, (A) is any lifting of wy under the restriction map.

Proof. The ¢,’s enjoy the following properties

1 ifsenPnS
a) ghy(en) = 0 jalsse " ,for all s € S.

b) For m,n € I, and m # n, Fy,,(€,) = 0.
c) Fn(en)|PﬁS/n =1le WPHS/n(A)-
Indeed, a) follows from the property 1.5, (i). For b) and c) it is enough to consider

A = Zgy[z1,...]. Then b) follows from a) and gh, o F;;, = gh,,,. For a prime ¢ with
q # p, we remark that Vy(w)png/m =0, w € Wg(A). By property 1.7, (iii)
Fn(en)”?ﬁS/n = H (1 - %Vq(1)>\PﬂS/n =1le WPQS/n(A)7
p#q
thus c).

Now ¢ is obviously a unital ring homomorphism, so it remains to check that
is the inverse map. ¢ o1 = id follows immediately form b), ¢) and 1.7, iii). For
w € Wg(A), we want to show, ¥(¢(w)) = w. We may assume A = Z,[r1,...,].
By a) we have, for any s € 5,

0 else

1 h (w) ifsenPnNS
ghy <n€nvn(Fn(w>|PﬂS/n)) = {g (w)

and, since S = | ],c; ngnP NS, we see that gh, (¢ (p(w)) = gh,(w), foralls € S. 0
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2. THE GENERALIZED DE RHAM-WITT COMPLEX

We give the definition of Hesselholt’s and Madsen’s [HeMa01l] generalization of
the de Rham-Witt complex of Bloch [B178], Deligne and Illusie [I179]. It is the initial
object in a category whose objects are functors from the category of truncation sets
into the category of differential graded algebras, which are equipped with Frobenius
and Verschiebung maps, satisfying certain relations. Hesselholt and Madsen show
the existence in [HeMa01] using category theory. For Zp)y-algebras, p odd, we con-
struct the generalized de Rham-Witt complex as a quotient of the absolute de Rham
complex over the Witt vectors, following the method of Illusie. Therefore, we first
construct a Witt complex without Frobenius, which works completely analogous to
the p-typical case and then we show that there is already a Frobenius on it, using
the results of Illusie or the more general results of Hesselholt-Madsen in the p-typical
case. Afterwards we list some properties, which all follow easily from corresponding
results in the p-typical situation.

We denote by DGA the category of differential graded Z-algebras.

2.1. Definition. Let A be a ring. A V-complex over A is a contravariant functor
E:J— DGA,

which transforms direct limits into inverse ones and posses the following additional
structure: We denote the elements of degree ¢ in the dga E(S) by E(S)’, then there
is a natural transformation of rings

A:Wg(A) — E(S)°, forall SeJ
and for all n € N, natural transformations of graded Z-modules
Vo E(S/n) — E(S), forall SeJ,
satisfying
(i) Vi=1id, V,oV,, =V,,, andV,oX=XoV,, where the latter V,, is
the Verschiebung on Wg(A). ' ‘
(ii) Va(zdy) = Vp(z)dVn(y), forallz € E(S/n)" and y € E(S/n)?, all 4,j.
(iii) Vp(z)dA([a]) = Va(zA([a])"1)dA(V,([a])), foralla € Aand z € E(S/n)¢,
all 4.
A morphism of V-complexes, f : E — FE’, is a natural transformation of differential
graded algebras in degree 0, which is compatible with the V,,’s and \’s.

If p is a fixed prime, P = {1,p,p?, ...} and we take the restricted category Jp
instead of J, we call such a functor p-typical V-complex.

2.2. Remark. In [1179], chapter I, Illusie defined a (p-typical) V-pro-complex over
A to be the following thing (see also [HeMa04], section 5): A projective system of
differential graded Z-algebras, F = ((En)nen, R : B — En_1), together with a map
of projective systems of rings, A : W.(A) — EY and a map of projective systems
of groups V : E._; — E., satisfying AoV = Vo A\, V(zdy) = V(z)dV(y) and
V(z)dA([a]) = V(zA([a])P~1)dV(A([a])), for all z,y € E and a € A. A p-typical-V-
complex, in our sense, is obviously one in the sense of Illusie. On the other hand,
if E is a V-pro-complex in the sense of Illusie and E, is as a dga generated by E?
and A is surjective, then F is also a p-typical-V-complex in our sense. One only has
to show V*(z)dA([a]) = V*(xA([a])?"~1)dV*(A[a]), for all s > 1, a € A and 2 € E.
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But from the property 1.7, (vi), together with the extra assumption, one sees easily
A[a])V(z) = V(A([a]P)z) and the statement follows by induction.

The following proposition is a straightforward generalization of [I179], chapter I,
theorem 1.3 (see also [HeMa04], proposition 5.1.1).

2.3. Proposition. Let A be a ring. Then there is an initial object in the category
of V-complezes,
S — WsQ;‘,
which we call the de Rham-Witt complex. If S is a finite truncation set, then there
s an epimorphism of dga’s
Qwg(ayz — Wslla.

Furthermore,
Wiy Q= Qyjg,  and WsQ) = Wg(A).
Proof. We begin with the construction for finite truncation sets. Set
Wiy = QY7

Now let S be a finite truncation set. Assume we have constructed a functor from
the category {So & S} C Jg to DGA, Sy — Wg,Q,, together with a natural
transformations of graded groups, V,, : Wg /(0 — Wg QY for all n, satisfying
the following properties, for all Sop & S

(a)s, Wg, Q% = Wg,(A) and the V,,’s and the restriction maps on either side

coincide.

(b)s, Vi=1id, V,oVy, =Vun. ‘

(¢)sy Vn(zdy) =V, (x)dV,(y), forallze WSO/anq and y € Wg, ,, ;.

(d)s, Va(z)da] = Vy(z[a]"1)dV,([a]), for all z € W, /, ¥y and a € A.

(e)s, We have an epimorphism of dga’s 7 : QWSO(A)/Z — Wg, 82y

Now we define Ny C QWS( 4y to be the differential graded ideal, generated by the
following elements, for all n > 1
()n
> Vau(@))dVa(yry) - - dVa(yij),
J
for all z;, yi; € WS/nQ% = WS/n(A) with Zj xjdyyj...dy;; = 0in WS/anax
(I1)n
Vi(2)d[a] = Vi (a[a]"™)dVa([a),
foralla € A and z € WS/nQ%.
We define '
s (a)/2
Ng
Clearly, WgQ% = Wg(A). Let Sy C S be a truncation set. We have a restriction

map Wg(A) — Wg,(A) and composing the induced map on the absolute de Rham
complex with the map from (e)g,, we get a map of dga’s QWS(A) — Wg, 2. Using

Wedy =

(¢)s, and (d)s,, we see that this map factors to give a map of dga’s
RE, - Wy — Wg, .



16 KAY RULLING

We obtain a functor

Js — DGA, Sp+— Wg,Q}y.
For each n € N we define a map of graded groups V,, : Wg,,Q, — Wg(2 by
Va(zdy: ... dy;) == Vp(z)dVa(y1) - .. dVi(yi), for all z,y; € Wg),,(A), where the V,,
on the right hand side is the Verschiebung on the Witt vectors. By definition the
V,’s are well defined and fulfill (i), (ii) and (iii) from the definition 2.1.

Now take any S € J. We write Jé for the category whose objects are finite
truncation sets contained in S. Then we define in DGA

Weldy = lim W, Q).
SoeJ

For S’ C S, the restriction maps on the finite truncation sets defined above induce
a map of dga’s
Wedy — We2y.
We get a functor
J— DGA, S— Wgdy,
which transforms direct limits into inverse ones and coincides in degree 0 with S —
Ws(A). Notice, Jg/n = {So/n|Sy € Jé}, thus we can write

WS/nQA = lﬂl WSO/HQA
SoEJg

and we see that the V,,’s, which we defined for finite truncation sets, induce maps
of graded groups
Vit Wg 0y — WgQy.

Thus we get a V-complex S — Wg()),.

It remains to show that this is the initial object in the category of V-complexes.
So take a V-complex E and a finite truncation set S. Then the map A : Wg(A4) —
E(S)? induces a homomorphism of dga’s, which factors by definition 2.1, (i), (ii)
and (iii) to give a map

WsQy — E(S), zdy;...dy; — Nx)d\(y1)...d\ (i), =,y € Wg(A),

which commutes with restriction and Verschiebung. Furthermore this arrow is
unique with the property that it is A in degree 0 and since E transforms direct limits
into inverse ones, we get a unique homomorphism of V-complexes W_Q°, — E(—)
and we are done. O

2.4. Remark. We write WQ', := WyQ,. If p is a fixed prime and P = {1,p,...},
then we will say p-typical de Rham-Witt complex instead of “de Rham-Witt complex
restricted to Jp”. By remark 2.2 this coincides with the de Rham-Witt pro-complex
of Deligne-Illusie. We write W, for the p-typical de Rham-Witt complex evalu-
ated in {1,...,p" "1} and W, if we evaluate it in P and V := V,,.

The following definition is [HeMa01], definition 1.1.1., it generalizes the definition
of a Witt pro-complex (with Frobenius) of Deligne-Illusie.

2.5. Definition. Let A be a ring. A Witt complex over A is a contravariant functor

E:J— DGA,



ADDITIVE CHOW GROUPS AND THE DE RHAM-WITT COMPLEX 17

which transforms direct limits into inverse ones, together with natural transforma-
tions of graded rings

F,: E(S) — E(S/n), forallneN
and natural transformations of graded groups
Vo : E(S/n) — E(S), forallneN,

satisfying the following relations, for all n,m € N
(i) Fi1=Vi=id, FnF,=Fnn, VuVh=Vun.
(ii) F nVn=n, andlf(m n) =1, then F,,,V,, = V,,F,,,
(iii) Vp(Fr(z)y) = 2Vy(y), for all z € E(S), y € E(S/n) and all n € N.
(iv) FmdVy = kdF 1V e + 1F Vi ed,

where ¢ = (m,n) and [, k € Z are arbitrary with km + In = (m,n).
Furthermore, there is a natural transformation of rings

A Wg(A) — E(S)°,

which commutes with F,, and V,, and satisfies

(v) FndX([a]) = A([a]"1)dA([a]), for all a € A and n € N.

A morphism of Witt complexes, is a natural transformation of differential graded

algebras, compatible with F,,, V,, and .

If p is a fixed prime, we say p-typical Witt complex for a Witt complex on Jp and
write F :=F, and V,, := V.

In [HeMa01], proposition 1.1.5., Hesselholt and Madsen proved, using the Freyd
adjoint functor theorem that there always exists an initial object in the category
of Witt complexes. For Z,-algebras, we will show, using the corresponding results
from the p-typical situation that the de Rham-Witt complex is the initial object in
the category of Witt complexes.

2.6. Properties. Let E be a Witt complex over a ring A. Then the following
equalities hold, for alln e N, S € J, z,y € E(S/n) and all a € A
(a) FpdV, =d.
(b) dF,, =nF,d, V,d=ndV,.
(¢) Va(zdy) = Va(2)dVn(y), Vn(2)dA([a]) = Vi (zA([a]"™"))dAVn([a]).
(d) FrndVa(A([a])) = kdVon e(A[a])™) + IV, o (M[a]) =)V, (A (),
where ¢ = (m,n) and [, k € Z are arbitrary with km + In = (m,n).

Proof. (a) follows immediately from (iv) of the definition. The first equation of (c)
follows from (a) and (iii) of the definition, the second equation from the first, (iii)
and (v). Now (b),

Vo(dz) = V,(1)dV,(z) = Vo (1)dV,u(z) + Vi (2)dV, (1) = d(Ve () V(1))
= dV,(F,V,(z)) = ndV,(x)

and similarly

dF,(z) = FndVaFn(z) = Fpd(Va(1)z) = F(d(Va(1))z) + Fo(V,(1)dz)
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It remains to show (d). First we consider (m,n) = 1 and take [, k € Z with km-+In =
1. Then by (iv) and (ii)

FrndVy([a]) = kdF Vi ([a]) + IFpm Vadla] = kdV,([a™]) + IV ([a]™ d[a))

and by (c) we are done in this case. The general statement follows now from
FndVp =FpedVy . U

2.7. Remark. Property (c) shows that we have a forgetful functor from the category
of Witt complexes into the category of V-complexes.

The following theorem was first proved for F-algebras by Illusie, see [1179], chapter
I, theorem 2.17, and then generalized by Hesselholt-Madsen for Z,-algebras.

2.8. Theorem ([HeMa04], Theorem D). Let p be an odd prime and A a Zy)-algebra.
Then there is a map of projective systems of graded Tings

F:W.Q, — W._1Q4,
which is in degree zero the Frobenius of the Witt ring over A and satisfies
FdV=d, FV=p, V(F(z)y)=2xV(y), forallz € W,Q,y € W,_1Q

and
Fdla] = [a]P~d[a], for all a € A.

2.9. Corollary. W.Q, is the initial object in the category of p-typical Witt com-
plezes.

Proof. First we have to show that W.Q', is a p-typical Witt complex, i.e. we have
to show that (iv) and (v) of definition 2.5 hold true in our p-typical situation. (v)
follows by induction and the fact that F coincides with the Frobenius on the Witt
vectors. For (iv) we must show

FdV" = kdF*~'V" ! 4 [F IV,

with t = min(r, s) and kp®+Ip" = p'. But we have Vd = pdV and dF = pFd (proved
in the same way as in 2.6, b)). Thus if ¢ = s, we have

kdV'™5 +IV"7%d = dV"™% = F*dV"

and if t =7,

EdE*™" + [F°*7"d = F*7"d = F°dV".
So we see that F makes W.(2; a p-typical Witt complex. Now, if F is any p-typical
Witt complex over A, we have a unique map of p-typical V-complexes W.Q0y — F,
which becomes automatically (by property 2.6, (d)) a map of Witt complexes. Thus
W.€, is the initial object in the category of p-typical Witt complexes. O

Now, for a Z,-algebra A, we want to decompose the de Rham-Witt complex
into p-typical parts (analogous to the decomposition of the Witt vectors into the
p-typical ones, as in proposition 1.14). Then the F from the theorem 2.8 will define
F,’s on the de Rham-Witt complex and we see that W_€, is the initial object in
the category of Witt complexes. These calculations were already done in [HeMa01],
section 1.2., but since this construction helps us to reduce almost all statements
concerning the de Rham-Witt complex to the p-typical one, we will include it here.

If (Q,d) is a dga, we denote Q(;) = (9, 1a).
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2.10. Construction of a Witt complex (see [HeMa01], Section 1.2.). Let p be an
odd prime and A a Z,)-algebra. Then we define a contravariant functor M : J —
DGA, by

M(S) = H Wpnsa(3),
jel,
with the product ring structure and the differential, 9, given by
Oay)jer, = (jdog)jer,-
M transforms direct limits into inverse ones and by proposition 1.14, we have an
isomorphism in degree zero

A Ws(A) — M(S)°,  w (Fj(w)ipsys)ier,,
in particular A([a]) = ([a}?)jer,, a € A . For n € N we define maps
Vi, : M(S/n) — M(S), Fp:M(S)— M(S/n)
by
Vit = Vo

where n = p*h with (h,p) =1 and a = (aj)jer, € M(S/n), and for B = (3;)je1, €
M(S)
Fn(B); = F*(Bjn)-

Here V and F are the maps from proposition 2.3 and theorem 2.8. (One easily checks
that V,, and F,, map the elements, where they should be mapped to.) Obviously,
F,, is a natural transformation of graded rings and V,, is one of graded groups.

2.11. Proposition. The functor M constructed above is a Witt complex.

Proof. We have to check the relations of definition 2.5. This is all straightforward,
so we will just present the most confusing part, i.e. that V,, and F,, commute with
A and relation (iv).

First we show, V,, commutes with \. Take w € Wg/,(4), j € I, NS and write
n = p%h, with (h,p) = 1, then by definition

WVS(F; ) (w o) it hlj
Vn(/\(w))j={0 (Fj/n(w)ipas)mi/m)) else‘ .

On the other hand, if we write ¢ = (j,n),

A(Va(w))j = Fi(Va(w))ipns/; = cFje(Vije(w))ipas/; = Vise(Fj/e(w))pasy;-

Now if the last term is not zero, then n/c € P N S/j, which is equivalent to ¢ =
h,n/c = p°. Thus we have

AVa()); = Val(A(w));.
Next, F;,, commutes with A\. For w € Wg(A) and n as above,
Fn(A(w)); = F*(Mw);n) = Fps (F; (w)IPﬂS/(jh))-
But, this last term lives on P N (S/jh)/p* =P NS/(jn), s
Fn(Aw))j = (FpsFjn(w))ps)(n) = (Fan(w))|7>m5/(jn) = AFn(w));-
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Finally relation (iv). After checking relation (i) (easy), this is equivalent to (by 2.6
(a) and (b))

F,oV, =9, noV, = V,,0 and nF,,0 = OF,,.
Now again this is easy, but we include the calculations as an example. Write n = p°h
with (h,p) = 1 and take a € M(S/n), j € I,. Then

1
(FrdVn(a)); = F*(0Va(a))jn = EFSdVS(%’) = (0a);

and if h divides j

S h S

(ndVn(a)); = WV (ajjn) = i d(ajsn) = (Vad(a));,
which obviously also holds if h does not divide j. For av € M (S)
1 1
(nFpoa); = nFS(j—hdajh) = ;dFS(ajh) = (0F,a);

and we are done. O

2.12. Theorem. Let p be an odd prime and A a Z-algebra. Then the de Rham-
Witt complex over A, W_€,, is the initial object in the category of Witt complexes.
Furthermore, the isomorphism of proposition 1.1/ induces an isomorphism of Witt
complexes

(2.12.1) ©:W_Q, — M(-),
with
o(xdy ... dy;) = (Fj(ﬂf)aij(yl) o -aij(yi)WﬁS/j)jelpa z,y € Wg(A).

Proof. If we equip the de Rham-Witt complex with a structure of a Witt complex,
then it is automatically the initial object. Since, if we take a Witt complex FE,
we get by remark 2.7 a unique map of V-complexes, which by property 2.6, (d),
commutes with the F,,’s. Thus it is enough to show that we have an isomorphism
of V-complexes ¢ : W_Q;, — M(—), since then the F,’s on M induce F,’s on
the de Rham-Witt complex. As both functors take direct limits to inverse ones,

we are reduced to prove the isomorphism for finite truncation sets. So take a finite
truncation set S € J. By proposition 1.14 we have an isomorphism

Ws(A) — [] Wens/i(4), w i (Fi(w)ipnsy;)jes,
jel,

with inverse map

Vo ] Wens/i(A) — Ws(A),  (wy)jer, = > 16 V()

Jj€lp n€ly
where 10; € Wg,;(A) is any lifting of w; under the restriction map and the ¢;’s are
. o . . . 1 1
as in proposition 1.14. If we denote the differential of prms/j ( A)(j) by 9; = ;d,

this map induces an isomorphism of dga’s
. o~ . 1
Lo QWS(A) - H QWPmS/j(A)(F)’
J€lp
with
pladyr ... dy;) = (F;(2)0;F (1) - 0;F (W) iprsys) jer,» 00 € Ws(A).
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We observe that e? = ¢; (this follows from (a) in the proof of proposition 1.14) and
thus the inverse map is given by

(2.12.2) go_l ((xjajylj Ce 8jyij)j€[p) = Z ﬂ%fjvj(jj)dvj(glj) s dv](gl])
J€Elp

Now we have to show that this gives a well defined isomorphism as in (2.12.1). For

S = {1} nothing is to prove. So we take any finite truncation set S and assume that

the statement is known for all Sop & S. Let Ng be the differential graded ideal from

the proof of proposition 2.3, generated by (I),, and (II),, for 1 < n € S. Then we
have to show

(2.12.3) o) = TT Nbs)-
jel,
That the left hand side is contained in the right, follows if we prove
(2.12.4) To(Vp(2)dVy(y1) ... dVa(yi)) = Va(me(zdy . .. dy;)) in M(S),

where m ¢ J[cp QWS(A)(%) — M(S) is the natural map, the V,, on the right
hand side is the one from construction 2.10 and x,y; € Wg/,(A). But if we write
¢ = (), then

70 (V@) AV 1) . AV () = A(V(@))38A V(1) - - AV (925

and thus (2.12.4) follows from the fact that M is a Witt complex. It remains
to show that the right hand side of (2.12.3) is contained in the left. Denote e; =
(0,...,0,1,0...), with 1 sitting in the j-th place. Now take xpn, yi, € W (png/j)/ps (A)
with ‘

Z Tndyin ... dyin =0 € W(’PﬂS/j)/pSQfﬁX

and write @ = e; >, Vs (20,) 05 Vps (Yin) - .. 0 Vps (¥in). Then

‘P_l(a) = Z Vips (#Fjps (€;)Zn)dV jps (J1n) - - - AV jps (Tin),
but Fjps () = Fjpe ([T(5 V(1) = 75 Vjg(1)) = €1 € Wiy jp) (A) and

Z 61jndg1n cee gm = <10_1(61 Z SUndyln cee dyzn) = 0.
n

This shows that ¢ '« is of type (I); and thus in N¥. Finally we take the element
B = ¢;Vpe(2)9jla] — e;Vps (lal” )9 Vpe([a]) € W Qye;
and get
P~ (B) = V(a1 Vpe(522))dV;([a]) = Vj(e1Vps (J5E[al” ))dV; (Ve ([al),
which is of type (I1)ps, if 7 = 1 and of type (I);, if j > 1. This yields (2.12.3) and
thus an isomorphism (2.12.1), which is compatible with V,, by (2.12.4). O

2.13. Remark. If A is a Q-algebra, we may choose any prime p. In particular, if
S is a finite truncation set, we can choose a prime p, which is not contained in S.
Then P NS = {1} and we obtain by theorem 2.12 an isomorphism

Wey — [ ).
SES
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Therefore almost all statements for the de Rham-Witt complex follow immediately
from the corresponding statements for the de Rham complex.

2.14. Remark. Similar to the definition and construction of the p-typical de Rham-
Witt complex of Deligne-Illusie (or Hesselholt-Madsen in the case of Z(p)—algebras),
Langer-Zink give in [LaZi04, Chapter 1] a definition and construction of a (p-typical)
relative de Rham-Witt complex for a R-algebra A (with R a Z(p)—algebra), denoted
by W.Q, . The differential in the n-th level is required to be W, (R)-linear. The
universality of the p-typical de Rham-Witt complex gives a natural map W.{2, —
W.Q, IR

2.15. Lemma. If R is a perfect Fp-algebra (i.e. RP = R), with p odd, or R = Q
and A is a R-algebra, then the natural map

s an isomorphism
Proof. We have to check that the differential of a p-typical Witt complex is W.(R)-

linear. This follows from remark 2.13, if R = Q. Else let a € R be an arbitrary
element and take b € R such that b”" = a. Then

dV7([a]) = dVTET[WP" ] = prd[pP" ] = ppP" TYd[b] = 0 in W, QL.
O
There are two important examples of truncation sets, sets of the shape {1,p,...,p"},

these give the p-typical Witt complexes, and the sets {1,2,...,m}, m € N. The fol-
lowing definition says how a Witt complex on these sets look like.

2.16. Definition. Let A be a ring. A restricted Witt complex over A is a projective
system of differential graded Z-algebras

((Em)meNa R: Em+1 - Em)

together with families of homomorphisms of graded rings

(Fr : Enman—1 — Em)m,nEN
and homomorphisms of graded groups

(Vn : Em e Enm+n71)m,n€Na
satisfying the following relations, for all n,r € N
(1) RF, = Fan7 R"V,, = VnRa Fi1 =V = id7 FpF, = Fm“a ViV =
Vo
(ii)) F,V,, = n, and if (n,r) =1, then F,.V,, = V,,F, on E,pqp—1.
(iii) V,(Fp(z)y) = 2V, (y), for all z € Eppin—1, y € By and all n € N.
(iv) FpdV, =d, dF, =nF,d, V,d=ndV,.
Furthermore, there is a homomorphism of projective systems of rings
(A s Wi (A) — Ep)men,
which commutes with F,, and V,, and satisfies
(v) FndX([a]) = A([a)"~1)dA([a]), for all a € A and n € N.
A morphism of restricted Witt complexes over A is a morphism of projective
systems of dga’s, compatible with F,,, V,, and A.
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Notice, that we have a forgetful functor from the category of Witt complexes over
A to the category of restricted Witt complexes over A, E(—) — (E({1,...,m}))men-

2.17. Corollary. Let A be a Z,)-algebra with p an odd prime. Then (W, )men
is the initial object in the category of restricted Witt complexes.

Proof. Let E be a restricted Witt complex over A. Using the construction of W,,, 2’
in the proof of proposition 2.3 one checks immediately that we have a unique map of
projective systems of dga’s W.Q0, — F, commuting with V,, and A. It follows from
2.6, (d), that it automatically becomes a map of restricted Witt complexes. O

We give some properties of the de Rham-Witt complex we need later on.

2.18. Proposition. Let (A;)icr be a directed system, A = lim A;. For a finite
truncation set S define E(S) = lim Wy € DGA and for an arbitrary truncation
set S define E(S) = @So E(Sp) € DGA, where the limit is taken over all finite

truncation sets contained in S. Then
E:J— DGA, S~ E(S)

can be equipped in a natural way with the structure of a Witt complex and the natural
map

W_Qy — E(-)
18 an isomorphism.

Proof. First of all notice, that direct and inverse limits exist in DGA (see [Ku86,
2.11 Theorem]), thus the statement makes sense. Next we observe,

E(S)" = lim Ws(A4;) = Wg(A)
(where the latter isomorphism is induced by the natural maps Wg(A;) — Wg(A4)).
With the same reasoning as in the proof of proposition 2.3 it is enough to show that

S +— E(S) is a Witt complex on the category of finite truncation sets. For finite
truncation sets T' C S, n,qg € N and w € @WSQ% define

(2.18.1) wir = @ r(Wjir);
and
(2.18.2) Fn(w) = Spj,S/n(Fn(wj))ﬂ

where w; € WSQ?clj is a representative of w and ¢, g : WSQ?L‘], — @WSQ% is the
natural map. Furthermore define for w € hLQWS/anAi

(2.18.3) Va(w) = ¢j,5(Valw))).

One immediately verifies that these maps are well defined and make S — E(S)

into a Witt complex over A. Thus, by the universal property of the de Rham-Witt
complex, we get a map

W_Qy — E(-),
which is easily checked to be the inverse to the natural map
E(-) — W_Qy,
coming from the maps
W€y, — WgQy, for S finite,

hence the assertion. O
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2.19. Proposition. Let k be a field of characteristic p # 2 and A a k-algebra, U C A
a multiplicative system and S a finite truncation set. Then, for all i, the natural
map

Ws(UA) @wga) Wsy — WsQi1
is an isomorphism of Wg(U 1 A)-modules.
Proof. If p = 0, this follows from the remark 2.13. If p > 2, then by theorem 2.12

and proposition 1.14 we are reduced to the p-typical situation and the statement
becomes proposition 1.11. in chapter I of [I179]. O

2.20. Proposition. Let k be a field of characteristic p # 2 and A — B an étale
homomorphism of k-algebras and S o finite truncation set. Then, for all i, the
natural map

Ws(B) @wg(ay Wy — WeQ
is an isomorphism of Wg(B)-modules.
Proof. Again in characteristic zero this follows from remark 2.13 and the corre-
sponding statement for Kahler differentials (see [EGA IV], corollaire (17.2.4)). If
p > 2, it is by theorem 2.12 and proposition 1.14 enough to consider the p-typical

de Rham-Witt complex and the statement becomes proposition 1.14., in chapter I
of [I179]. O

The following Lemma was proved by Hesselholt in the p-typical case.

2.21. Lemma ([He04al, Lemma 1.2.2.). Let p be an odd prime, A a Z,-algebra and
I C A an ideal. Let S be a finite truncation set and denote by Zg the differential

graded ideal in Ws$2, generated by Wg(I). Then, for all g, we have an isomorphism
of Wg(A)-modules
WsQ% /T — WY .
Proof. Obviously we have a contravariant functor
I':Js — DGA, So— Wg Qy/Tg,.

We want to show that this is a Witt complex over A/I on the restricted category
Js. By lemma 1.9 we have a natural isomorphism

X Wi,y (A/T) <5 D(S0)° = Wi, (A) /W, (D).

Furthermore, it follows from the properties 1.7, (i),(iv) and 2.6, (c) and (d), that for
So C S and all n,m

Fm(ISO) C ZSO/ma Vn(ISO/n) C ISO’

Thus the V,,’s and F,,,’s on the de Rham-Witt complex over A, induce such maps on
I'. Tt follows that I' is a Witt-complex over A/I on Jg. Therefore we get a unique
map W* o, T S I' (where W< oy /1 denotes the de Rham-Witt complex restricted

to Jg). One easily checks that this map and the natural map I' — W* 0y /1 are
inverse to each other and we are done. O

Finally, we want to introduce the great brother of the ghost map.
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2.22. Definition-Proposition (cf. [LaZi04], 2.4). Let p be an odd prime number,
S a finite truncation set and A a Z,-algebra. Then there is a map of graded
Wgs(A)-algebras
Gh: W@y — ][ ghs.,
seS
which sends elements w = wdVy,, ([a1]) ...dVy, ([ar]), with w € Wg(A) and a; € A,
0 (Ghs(w))ses with

(2.22.1) Chy(w) = ghy(w)a;" ...a7" day...da, if nyls, alli
0 else.

s 1 s

(A sloppy way to say this is “Ghs(zdy; . ..dy,) = gh,(z)1dgh,(y1) ... tdgh,(y,)".)
Gh is a natural transformation with respect to A and if A is a QQ-algebra, it is an
isomorphism. We call Gh the ghost map on Wg{2',.

Proof. We define
0= (9)s : Ws(4) — [[gha % w= (w,)s — (3 we dw),.

ses els

We observe that 0 is a derivation. Indeed, it is enough to check thison A = Z[x1, .. ],
but then it follows immediately from s0s; = dgh,. We obtain a map of graded Wg(A)-
algebras
Gh: Qi 4y — ] 2he. i,
s€S

which is clearly an isomorphism, if A is a Q-algebra. It remains to show that Gh
factors through WgQ,, i.e. the elements (1), (/1), from the proof of proposition
2.3 go to zero under Gh. Again we can assume A = Z[z; ...] and then the assertion
follows easily from s"Ghs(zdy; ... dy,) = ghy(z)dgh,(y1) ... dghy(y,).

O

2.23. Properties. We have for all s € S

h if
hy (Vo (w)) = 4 "Gla/m(@) i s for w € W/ ).

) G
else,
) Ghs(Fp(w)) = Ghsm( ), for w € Wg€2y,.
(iii) Ghs(d[“]) = da for g € AX.
)
)

[a]

Ghyr (p(w);) = Ghjpr (w).

Proof. (i), (iii) and (iv) follow immediately from (2.22.1). It is enough to check (ii)
for w =dV,([a]), a € A. Write ¢ = (m,r) and take [,k € Z with km + lr = c. Then,
by property 2.6, (d)7 Fmdv’r‘([a]) = kdvr/c([a]m/c) + lVr/c([a]%_1>dVr/C([a])' Using
(2.22.1), we see that Ghy(F,,,dV,([a])) is zero if L fs or equivalently r fsm, and if
r|sm

Ghy(FrndV,([a])) = a5~ 1da = Ghys(dV,([a])).
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This proves (ii). Finally, (v) follows from

p(xdy ... dyg); = Fi(@)0;F;(y1) . .. 0;F(yg)pnsyj = Fi(xdys - . . dyg)pasy;

and (ii). O
2.24. Remark. Let R be a Z,)-algebra and A a R-algebra. Then Langer and Zink
construct in [LaZi04, 2.4.] in the same way as above a homomorphism of projective
systems of graded algebras

n—1

Gh = (Ghy, Ghy, ..., Ghyor) : Wy 5 — [ ] ghyi Qs

i=0
satisfying the relations in (2.22.1) and 2.23, (i)-(iv) formulated for the p-typical
situation. And they prove:

2.25. Lemma ([LaZi04], Cor 2.18.). If R is a Zy)-algebra without p-torsion, then
n—1

Gh: WS - wa/r — L1 81, Qntor,oa/
i=0
18 injective.
2.26. Corollary. If A= Zy[r1,...,24] and f € A\ {0}, then the natural map
Wally, 2,y — W”Q@@’Z(m As
18 injective.
Proof. We have a commutative square

WnQZ(p> [xl,.‘.,xd}/Z(p) —_— WnQQ[Il,,..,

Jo Jo

n—1 ) . n—1 ) .
[Tz ghpl*QZm[$17---7wd]/Z<p> — [lio 8hyr, Qle1,...,zal”

4]

Now the right map is an isomorphism, the left map and the lower map are injective

(since QZ(p) @1l Zip) is a free Z,)-module). Hence the upper map is injective too.

Furthermore W"Q}lf/z(p) = Wn(A)[1 Ow,(4) WHQA/Z@) (see [LaZi04, (1.35)]) and

since localization is flat, the statement follows.
O

2.27. Remark. Notice, that the above injectivity would be false, if we wrote the
absolute de Rham-Witt complex at the left instead of the relative one. For example
WnQ(l@ is zero, but WnQ%( ) is not (see [HeMa04, Example 1.2.4.]).

p
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3. A RESIDUE THEOREM

In this section we will define a residue symbol on the de Rham-Witt complex
over the function field K of a curve, which is defined over an arbitrary field k of
characteristic # 2. This residue will generalize the one on the Kéahler differentials
on the one hand and the one defined by Witt on Wg(K) x K* on the other hand
(see [Wi36, 2. Der Residuenvektor], see also [AnRo04, 4.3.]). To be able to define
a residue for curves defined over a field k, we first have to construct a trace on
the de Rham-Witt complex for arbitrary finite field extensions. Here we proceed
analogously to the construction of the trace for Kéhler differentials (see [Ku64, §2.
Der Begriff der Spur|, see also [Ku86, §16.]). The main goal of this section is to
prove a reciprocity law for the residue symbol. The proof will be done as in the
classical case, by reduction to P! via a trace formula and a direct proof in this case.
(See [Se88, II, 12.], when the ground field is algebraically closed, and [Ku86, 17.7
corollary], for the general case.)

Any field in this section has characteristic # 2.

Before we can start with the construction of the trace, there are some technical
points to settle.

3.1. Theorem ([HeMa04], Theorem 4.2.8.). Let p be an odd prime, A a Zy)-algebra
and Alz] the polynomial ring over A. Then, for all n,q € N, the group WNQZ[:};] 18
freely generated by elements of the following type

(3.1.1) alz)?, for a € W,Q%,j € Ny,

(3.1.2) blzPld[z], forbe W,Q% ' jeN,

(3.1.3) Vi (a[z)), fora€ W,—sQ%,j €T, s=1,...,n—1,
(3.1.4) AV (bz}?), forbe W, Q% jel,s=1,...,n—1.

3.2. Remark. In [HeMa04, 4.2.] Hesselholt and Madsen say also how d, V and F
act on these elements and they give rules for multiplication. In fact, it is this result
which enables Hesselholt and Madsen to define the Frobenius map form theorem 2.8.
A more general statement, for a polynomial ring with a finite number of variables,
may be found in [He04a, Theorem 1.2.1.]. (See also [LaZi04, Theorem 2.8] for the
corresponding result in the case of the relative version of the p-typical de Rham-Witt
complex.)

3.3. Lemma. (i) Let A — B be an étale morphism of Fp-algebras. Then for
all n € N, the map Wp(A) — W, (B) is étale and

Wii1(B) ®w, ., (4) FaWn(4) = Wo(B), b®a— F(b)a

is an isomorphism of Wy, (A)-algebras.
(ii) Let A be a Fp-algebra and U C A a multiplicative system. Then the map
W, (A) = W, (U LA) is flat and

¢ Woi1 (UM A) ®w, ., a) FAWa(A) — W, (UT'A), ¢®ar F(ga

is an isomorphism of W,,(A)-algebras.
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Proof. (i) may be found for example in [LaZi04, A.8, A.11]. To prove (ii), we define
a map ¢ : Wn(UilA) - Wn—‘rl(UilA) QOW,,41(A) F.W,(A), by

(3.3.1) w(VI([2]) = L @ VI(la)[u” "), and w (3 VI(lg5]) = D vV ([g5]))-
[u]
J J
We have to check that this is well defined. So take a,b € A and t,u,v € U with
t(av — ub) = 0, then

WV ([2]) = gy © VI ([ato]futo]” 1) = (VI ([4))).

Obviously, ¢ 0 ¢ = id. Thus it remains to show 9 o ¢ = id and for this it is enough
to consider elements of the form o = V/([2]) ® V*([b]). Since we are in a F-algebra,
we have VoF = FoV = p, thus, if t = min(s, j), we obtain with the help of property
1.7, (v)

it1—t ar" e’

pla) = VIE(EDIVI(D) = p V([P ) = ViR (R

So we get

vlp(e) = [u]pli+1 ®Vi+j([a]pi+l[b]Pj([u]P”l)pj“Jle)

= L@ FWVI([a[uP T Y) Vi) = o

U

Furthermore, the flatness of W, (A) — W, (U~A), follows from W, (U 1A) =
U, YW, (A), with U,, = {(ag,...,an—1) € Wp(A)|ag € U} (see the proof of proposi-
tion 1.11. in [I179]) and the fact that localization is flat. O

The following lemma is a slight adjustment of [1179, I, 3.2., 3.4., 3.21.1.] to our
situation.

3.4. Lemma. Let k be a field of characteristic p > 3 and i >0, n > 1. Then
(3.4.1) .
ker(R : Wy 4105 — W, Q5) = ker(p : W19 — Wp1Qh) = VW Q) +dV" W, Q41

where p means multiplication by p, and
(3.4.2) ker(V: W, Q0 — W,,11Q)) = dV" W Q)1

Proof. Illusie already proved the statement for smooth IF,-schemes, in particular for
Ay . We write A = Fy[z1,...,2,] and Q for its quotient field. From (3.4.1) for A

instead of £ it follows that we have exact sequences of W,,1(A)-modules

0 —— VOW, O, + dVPW QT —— W, Q) — R,W, Q% —— 0
and

0 —— VPW, Q4 4 dVPW QT —— W, Qy — pW,, 19 ——0 .

Tensoring with W,,11(Q) together with W,,11(Q) ® W,,11QY = Wn+1922 (proposi-
tion 2.19), shows that the abelian groups ker Rg and ker pg are generated by

aV™"(a) +bdV"(B) = V*(F"(a)a) + dV™(F"(b)B) — V™ (F"(db)3),
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with a,b € W,11(Q), @ € W1Qy and B € WiQ'; . This shows (3.4.1) for Q.
Furthermore, by combining proposition 2.19 with lemma 3.3, (ii), we obtain an
isomorphism

Wit1(Q) @w,, (4) FaWay — Wo 00, ¢®a— F(q)a.
This yields the following commutative diagram with exact columns

0

~

Wit1(Q) OW,41(A) ker Vj ——— s ker Vg

~

Wini1(Q) @w,.,i (4) Fa Wy

id®V \%

~ (3.3,(1))

h ; ~ (2.19) ;
Wii1(Q) ®w,,y(4) VWY VW, Q%
0 0.

From (3.4.2) for A it follows that we have a surjection
Wit 1(Q) ®w, .y (4) FdV" W1 — ker V.
Thus the abelian group ker Vg is generated by
F(q)dV" ! (a) = daV" 1 (F"(q)a)-V" 1 (F"1dF (q)a), for ¢ € W,11(Q),a € W1 Q' L.

But V*}F"1dF(q)a) = pV" 1(F*(dg)a) = 0 in WnQ&), by what we saw above
and this proves (3.4.2) for Q). Now assume k D @ is a finite separable field extension,
then replacing A by @ and @ by k in the discussion above and quoting proposition
2.20 instead of 2.19 and the part (i) of lemma 3.3 instead of (ii), we see that the
lemma holds in this case.

We observe: let k D @ be an algebraic separable (resp. k O F,, any) field extension
and L a finite separable (resp. finitely generated) intermediate field and o € W, Q%
with o — 0 under WnQZL — Wnﬂz Then there is a finite separable (resp. finitely
generated) intermediate field L C L' C k with a — 0 under WnQZL — WnQ’j'-J,.
(Indeed, we may write k = lim L, where the limit is over all finite separable field
extensions L D @ contained in k (resp. over all finitely generated field extensions
L D F, contained in k) and then the observation follows from proposition 2.18.)

Now let k£ be finitely generated over F,. Then there exists a transcendence basis
{z1,...,2,}, such that k D Fp(x1,...,2,) = @ is an algebraic separable field ex-
tension. Take o € ker(R : W41 Q}v — ani) Clearly, there is a finite separable
intermediate field Q C L C k and an element o € Wn+1QiL, which maps to . Thus
R(a’) — 0 under W,Q}, — W, Qi and the assertion in this case follows from the
observation and by what we saw above. The statements for p and V follow similarly.
Finally, let IF,, C k£ be an arbitrary field of characteristic p, then we replace in the
discussion above @ by [F, and “finite separable” by “finitely generated” and the
statement is proved. O
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The following proposition is essential to prove that the trace we will define in 3.7
is well defined in the case of purely inseparable field extensions of degree p.

3.5. Proposition. Let k be a field of characteristic p > 3 and L = k[x]/(zP — b),
for some b € k\ kP. Then

(3.5.1)  ker(W, 119k — W, 119%)

= > (VI([pDdV"W1 Qi +dV7 ([B])dV" W1} 2)+ (VW Qi +d VW1 Q) 2)d b

Proof. We denote by ¢ : VVnJrleC — Wn+1QiL the map induced by the inclusion
k C L. First we observe that by lemma 3.4 the right hand side of the equation is
contained in the left hand side, for example
(VT ([B])dV™ (W) = V7 (F([2]))dV"™((w)) = pV"([2])dV" (¢(w)) = 0
or
(V™ (w)d[b]) = pV" (uw))[x]P~ da = 0.
Thus our task is to show the other inclusion. Let I be the kernel of k[z] — L and
7" the kernel of the map Wn+1Q§€M — Wy, 41€Q% . Then, since we have an inclusion
VVnHQff C WnHQZ[m] (by theorem 3.1), ker ¢ equals Z% N Wn+1Q};. Now by lemma
2.21, T is generated by W, 1(I) and dW,41(I). We claim that every element in
W 41(]) may be written as a sum of elements
v (a,7) == V" (alz]? ([z]P — [b])), for a € Wpy1_(k),7=0,...,n,5 >0.
(To see this, we define an operator ¢ in the following way: take w = (wo, ..., w,) €
Wyp1(1), write m = m?n{l\wl # 0} and wy, = Zj a;x’?(zP —b), for a; € k. Then
u(w) = >, V™(laj]zl ([z]7 — [b])) is in Wyqa(I) (by lemma 1.9) and ¢(w) :=
w —u(w) € V"HIW,(I). It follows that there is a N such that o™ (w) = 0, hence
the assertion.) Thus we can write every Element of Z* as

Z Z ervr(ajrv J) + nirdvr(bjrvj)a

7 r=0
Nir € Wnﬂfz;gxl] and @i, by € Wpi1 (k). Now klz] — k,
x +— 0, defines a map s : Wn+1§2};[x] — W,,419% such that the inclusion followed

by s is the identity. We obtain ker ¢ = 78 N W,, 119} C s(Z%). Thus every element
in ker © may be written as sum of elements of the following type (we write them
directly in the form of theorem 3.1)

for w; € WnHQZ[

z]’

- » ) aw[z]? — aw[b] forr =0
wVi{al(el” = b)) = {V’"_l(V(F”"(w)a)[z]) —wVT(aft]) forr>1
with w € Wn“Q};, a € Wyy1-r(k), and
ndV" (c([z]” —[b])) =
ndelx]P + nepl]P~ d[z] — nd(c[b]) for r =0
ndV(c)[z] +nV(c)d[z] — ndV(c[b]) for r = 1
(1 @V E V() a]) — VL E () V(e)la])) — V(e for 7> 1
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with n € Wn+1QZ_1, ¢ € Wyt1-,(k). Thus we can write every element « € ker ¢ in
the following way

o = E aOmWOZU g aOzoszU + g V wlzl alzl E lel (1111
r— 1 T
+ E <§ A% F WrzT arz, g wm, am, >

+ > mojodeoo [17 + 1ojo cojop[x]P ] — nojod(cojo b))

+ Z nljldv(cljl ) [‘ﬂ + nljlv(cljl )d[l'] — Mjy dV(Cljl [b])
+Z(Z LAV (Ve JF (]~

Ir

(=1 VIV (e, )™ (dny, ) [2]) = 0, AV (e, [b]))-

By theorem 3.1 such an element is in Z¢ N WnHQ}; if and only if the coefficients of
the x-terms cancel out each other, that is

(a) X2, V(F(wiiy)awiy) + 305, mjudV(eis,) = 0 in Wy,

(b) D, @vigwoip + 25, Mojodcojo = 0 in Wiy 1O,

() 325, ms View,) = 0in Wy @7

(d) pY;, M0joCojo = 0 in W1}
)

(e Zir V(E"(wri,)ari,) — (_1)i_1 Z‘jr V(erT)Fr_l(d%) = 01in WTL+2*TQ;€7
> 2,

(£) Y2, V(er, )F ™ (nrj,) = 0 in Wypo Q7" 7 > 2.
If we write

Z wmr arzr ) + Z Nrjy. av’ (CTjr [b])

Jr

n
_ 27T
r=0

and thus it is enough to show that =, is contained in the right hand side of (3.5.1),
for r > 0. We start with 9. By (b)

% =Y MojoCojodlb]
Jo
and from (d) and (3.4.1) we obtain 9 € V"W1Qid[b] + dV"W1Q} 1d[b]. Next 1.
Writing (c) as V(Z:j1 F(nj,)e1j,) = 0, we see from (3.4.2) that thereisa § € Wit
such that

(3.5.2) ZF<771j1)Clj1 =dv"1(B).
Ji

we obtain
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Furthermore, (c) tells us »Z; m;,dV(cij,) = (—l)iz:j1 V(eij,)dmij,, thus (a) be-
comes
V(O Flwii)ar, + (=)' e, Fldmy,)) =0
i1 jl
and by (3.4.2) there exists an 3/ € W1Qi " such that
(3.5.3) > Flwii)ar, + (1)) ey, Fldmy,) = dV'(8).
i1 jl
All in all we get by (3.5.2) and (3.5.3)
= wiiy V(a1 [b]) ) ZdV (mgs)ens [01) + (=1)" Y V(e Fdig, )[b])
’i1 jl
= V(aV"H(B)[b)+(=1)" V@V TH(B)[b]) = V([b)aV™ (8")+dV ([b])dV" ((~1)" ).
Finally ,, for 7 > 2. We see from (e) and (3.4.2) that there is a 8 € W1Q! ! with

(3.5.4) > F(wri, Jari, + Zc,«h (dny;.) = dV™"(B).
ir

By (f) and (3.4.2) there is a 3’ € WlQ’_2 such that
(3.5.5) ZC’"J (11rj,) = AV (8).

Using (3.5.4) and (3.5.5), we obtain

= V" (D F"(wri, Jars, [b] +Z YV (€, [DIET (digrj, ) +(—1)7~ 1Zd\/‘” F" (15, )¢rj [B])

= V7 (dV" T (B)[b]) +(=1) VT (VT (B)[E]) = VT ([b)dV" (8)+aVT ([b)dV((~1)' 718

and we are done. O

3.6. Definition (cf. [I179], Proposition 1.3.4.). Let k be a field of characteristic
p > 3 and S a finite truncation set. We just write pS instead of S U pS (which is
again a truncation set). Then we define a map of dga’s

p: WsQp — WypsQ, w— pw,

where w is any lifting of w to W,5(2;,. By lemma 3.4 p is well defined and injective in
the p-typical case, p : W, — W, 110, and thus by theorem 2.12 also in general.

The following construction of the trace in the case of a finite field extension, by
defining it separately for separable field extensions and for purely inseparable ones
of degree p and then in the general case by combining these two, is the way it was
done for Kahler differentials in [Ku64, §2.]. We recall the definition of the trace on
Kaéhler differentials for separable and purely inseparable field extensions, to point
out that our construction harmonizes with the one of Kunz. If L D k is a separable
extension, the trace is given by Tr = Trp , ® 1 : L@, Qp = Q7 — Q. I L Dk
is purely inseparable of degree p, we can write L = k[z|/(zP — b), b € k \ kP. Then
each w € Q7 may be written in the form Zf;ol art + Zf;ll Biz'dx, with a; € QF
and (; € QZ_I and then, by definition, Tr(w) = B,—1db.
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3.7. Theorem. Let k C L be a finite field extension of characteristic p # 2 and S a
finite truncation set. Then there is a map of differential graded WsSY; -modules

Tr = TrL/k : WSQL — WSQ}g’

satisfying the following properties (usually we just write Tr but depending on the situ-
ation, we also use Trr, ., Trg or Tr" to indicate that we are in degree i, combinations
of these notations may also occur, but we try to omit Tr%/k g)-

(i) Tx° is the trace from proposition 1.12. For S = {1}, Trg is the old trace on
Kahler differentials.

(ii) If k C L is a separable field extension, then we may identify (by proposition
2.20) Wg(L) @ WsQp = WeQ} and then Tr is given by

Tr=Tr"®id : Wg(L) @ Wi — WeQ.

(iii) If k C L is purely inseparable of degree p and w € WgSi | then p(w) is in the
image of the natural map WPSQ}; — WPSQiL and if we take an o € WPSQ};
which maps to p(w), we have

Tr(w) = ag.
(iv) If k C E C L are finite field extensions, then

TrL/k = TrE/k @) TI‘L/E.
(v) Tr commutes with V,, ¥y, and restriction maps.

Proof. First assume k C L separable. Denote by oj, j = 1,...,d, the embeddings
of L into its algebraic closure, which leave k invariant. These induce maps on the
level of the de Rham-Witt complex, again denoted by o;. For w € W€}, we define

Tr(w) = Zaj(w).

By example 1.13 this gives (ii) and (i). Obviously it is a map of differential graded
Ws€2;-modules and fulfills (iv) and (v).

Now we consider the case of a purely inseparable field extension k& C L of degree
p. We want to define the trace in this case by (iii). To be able to do this, we have
to show

(3.7.1) im(BL) C im(WpsQ;, — W,507)

and check that the trace is independent of the choices. By theorem 2.12 it is enough
to consider the p-typical case. We can find an element b € k \ kP such that we may
identify

L = k[z]/(aP —b).
If we denote by y the image of x in L, we see by theorem 3.1 that every w € WanL

may be written in the following way

n—1p—1

w= i ao; [yl + z_: bosdlyl + bop WP Hdlyl + DD Vi(aslyl) + dV* (bssu)),
=0 j=1 s=1 j=1
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with ag; € VVR_SQ}"€ and by; € Wn_SQZ_l. Recalling from remark 1.11, (i), that
V o F' = p, we obtain

p—1 p—1
(3.72) plw)=> ao;V([F) + > bo;dV([b)?) + bopd]b]
j=0 j=1

n—1p—1
+ 37 SV @ V() + avi (B V),

s=1 j=1
where ™~ denotes any lifting from the level n — s to the level n — s + 1. This shows
(3.7.1). So take an a € W, 119, which maps to w and define Tr(w) = ay,. By
proposition 3.5 this is independent of the choice of . Example 1.13 shows that this
coincides in degree 0 with the trace on Witt vectors and for n = 1 it is by (3.7.2)
the old trace for Kahler differentials, hence (i). No doubt, Tr is a map of differential
graded modules and satisfies (v).

Finally, the general case. Here we copy the proof of [Ku64, 2.3.] almost word by

word. So let k& C L be any finite field extension of characteristic p > 3. Then we
find a tower of field extensions

(3.7.3) k=koCk C...Ckp=1L,
with kjy1/k; either separable or purely inseparable of degree p. Then we define

TrL/k = Trkl/ko o Trkz/kl c...0 Trkm/kmfl.
Of course, we have to show that this is independent of the choice of the k;. (Notice
that the theorem follows, once this is proved.) Again we consider first some special
cases.
First case. Assume there is an a € L, with a? € k and a € k such that L D L' =

k(a) is finitely separable. Then there is a primitive element b € L with L = L'(b).
Since L'(b) = L'(b"), we may assume b is separable over k. Define L" = k(b). Then

(374) TrL’/kOTrL/L’ = TrL”/kOTrL/L”‘

Indeed, take w € WgQ?, since L” C L is purely inseparable of degree p we find
an o € WpSQiL,, with @ — p(w) under ngQiL,, — ngQiL. Now denote by L the
algebraic closure of L, then

HOmL/(L,Z) :{0'1,...,0'd} i>I’IOHI]€(LH,E), O’l—>0'|L//

defines a bijection (since L' C L and k C L” are separable and [L : L'] = [L" : k]).
Therefore

TrL///kTrL/L// (w) = Z O'j(Oé|5).
J

On the other hand ), 0;(a) — B(Zj 0j(w)) under WypsQi — W,sQ%,, hence
(3.7.4).

Second case. Assume L = k(a,b) with a?,bP € k, a,b & k and [L : k] = p>. Write
L' =k(a) and L" = k(b). Then

(375) TrL/l/k OTI'L/L// = TrL’/k: OTI‘L/L/.
This follows from the definition.

General case. If we have a tower of field extensions as in (3.7.3), we can assume
by the first case that there is a natural number r such that the k;1/k; are separable
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extensions for j = 0,...,r and kj;1/k; are purely inseparable of degree p, for j =
r+1,...,m—1. Since (iv) holds for separable extensions, we are reduced to k C L
purely inseparable of degree p™. We make induction over m. For m = 1 there is
nothing to prove. Now assume we have two towers of field extensions

k=kyCkiC...Ckn=1L,

k=koCkiC...Ckm=1L,
with Kii1/ki (vesp. kit1/ki) purely inseparable of degree p. Write ki = k(a) and
k1 = k(b). We may assume [k(a,b) : k] = p?, else k; = k1 and we are done by
induction. Now take any tower

k(a,b) CkyC...Ckl, =L

and by induction

Trk(ajb)/k,l o ﬂké/k(a,b) ©...0 Trk;n/k;n71 = Ter/k,l ©...0 ﬂkm/km—l
and

oy /fn © Triyicapy © o0 T g, =Ty g 00Ty, g -
Thus from the second case it follows

T‘rku/ko ©...0 TI'k,m/km71 = 'I‘I'El/EO o...0 T‘I‘Em/gm71
and we are done. O
The following proposition is the formulation of proposition 1.12, (v) for the de

Rham-Witt complex, whose technical appearance is due to the fact that we defined
the trace only for field extensions.

3.8. Proposition. Let S be finite truncation set and E, L D k finite field extensions.
Write E ®, L = ®}_A;, where the A;’s are local artinian rings with residue field
(Ai)rea = L; and length l; = 14,(A;). We denote by o; : E — L; the natural
inclusion. Then the following square is commutative

I1, lioi
WSQqE IL WquLi

TrE/kl lZiTrLi/L

WeQf ——————— WsQi.
The following lemma will be useful in the proof of the proposition.

3.9. Lemma. Let k be a field of characteristic p, L D k a field extension.

(i) If E D k is a finite separable field extension, then there are finite field
extensions L; D L such that we have an isomorphism of L-algebras

E®kL%HLi.
7

(ii) If E D k is purely inseparable, then E ®y L is local artinian.
(iii) Let A and B be two local artinian k-algebras such that A®y B is again local
artinian. Then (A Rk Bred)red = (A Ok B)red and

lagB(A ® B) = lagB, (A ® Brea)lp(B).
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Proof. (i) follows from [Bo90, V,86, No. 7, Prop. 5, Thm. 4] and (ii) from [Bo90,
V, Exercises §14, 11)]. The first statement in (iii) is a special case of [EGA I, 1,§4,
Cor.(4.5.12)]. For the second statement we notice that B — A ®;, B is a flat and
local homomorphism and then [Fu84, Lemma A.4.1.] gives the assertion. O

Proof of Proposition 3.8. We have to consider several cases.

First case: E D k is separable. We have E ® L = [[, L; and [; = 1 (by 3.9,(i)).
Hence the statement follows from the definition of the trace and proposition 1.12,
(vi) and (v).

Second case: E D k is purely inseparable of degree p. Now FE ®y, L is local artinian
(by 3.9, (ii)) and (F ®g L);eqa = L1. Hence we have to show that

lio1

WsﬂqE — WSQ%l
TrE/kl JI‘YLI/L

commutes. Write F = k[z]/(aP —a), a € k\ kP. If a € LP, then L; = L and [} = p.
Thus the statement follows from theorem 3.7, (iii). If a ¢ LP, then E®y L = Ly =
L[z]/(aP —a) and [; = 1 and we may argue again with 3.7, (iii).

Third case: E D k is purely inseparable of degree p®. By induction over s. The
induction step remains to be checked. Write E D E’ D k with E D E’ (resp. E' D k)
purely inseparable of degree p (resp. p*~1). Now by 3.9, (ii) and (iii)

11 =1Bg 5 (F'op L) (B @5 (E' @ L)rea)lpre, 1 (E' @ L).
Then the assertion follows from the induction hypothesis and the transitivity of the
trace.

General case: E D k finite field extension. Write E D E' D k with E D E’ purely

inseparable and E’ D k separable and apply the second and the third case, together
with the transitivity of the trace. O

Since we want to prove a residue theorem, we need a residue. Now we define a
residue on the de Rham-Witt complex over the ring of Laurent series over a Z,)-
algebra, generalizing the residue on Kéhler differentials.

3.10. Proposition. Let p be an odd prime, S a finite truncation set and A a Z-
algebra. Denote by A((t)) the ring of Laurent series over A. Then there is a Wg(A)-
linear map
Ress = Res : WSQ}L‘((t)) — Wg(A),
satisfying the following properties
(i) ghy o Resg = Res o Ghg, for all s € S, where the latter Res is the usual
residue on Qz((t))/A (of course here we mean by Ghg the composition of

Ghg with the natural map 9}4((75)) — QlA((t))/A‘)

0 else,
where a,b € A, i,5 € Z, nym € N, ¢ = (m,n) and sgn(i) = i/|i|, for i # 0,
sgn(0) = 0.

(iii) Res is a natural transformation in A.

(iv) If u € A[[t]]* and T = tu, then A((t)) = A((7)) and Res; = Res; .

(i1) Res(Va([at?])dV (b)) =
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(v) Ifw € WSQ}L‘W” or € WSQlA[[ L then Res(w) = 0.
(vi) Res commutes with V,,, Fy, and restriction.
Before we start with the proof of this proposition, we need the following Lemma.

3.11. Lemma. In the situation of 3.10, the infinite sums Z;’ir[aj][tj], with r € Z
and a; € A, are well defined elements in Wg(A((t))) and every w € Wg(A((t))) can
be uniquely written

(e @]
w= Va( D lanllt), anj € 4,
nes  j>>-oo
where j >> —oco means, only finitely many negative j’s.
Proof. It is enough to check the first statement for A = Z,)[z1,...], but if it is true
for its quotient field, its true for A, thus we may assume A to be a Q-algebra. So we
are reduced to show that gh,(3°7_ [a;][t?]) converges for n — oo and all s € S. But
this is obvious (since gh([a]) = a®). Now take w = (ws)ses € Ws(A((¢))). Write
so = min{s € S|ws # 0} and wy, = >_ 5, a;t’ € A((t)). Then define an operator
¢ by p(w) = w — Vg, (Zer[aj][tj ). Now the lemma follows from the observation

that there is a natural number N with ¢ (w) = 0. (Indeed, we may assume A is
without Z-torsion and then by the definition of sy and ¢ we have gh(¢(w)) = 0 for
all s < sop+ 1. Thus such a N exists, since S is finite .) O

Proof of Proposition 3.10. We define a map
Res : Ws(A((1)) x Ws(A((£)) — Ws(A)

by
(3.11.1) Res<ZVn( Z [an;][t ZV Z mz”t]l)>:
nes Jj>>—00 meSs i>>—00
Z Sgn(i) (i, ])V(mn)/(m,n) ([anj]m/(m,n) [bmz]n/(m,n))
in+jm=0

Notice that the sum is finite. Now we claim

(3.11.2) gh,(Res(a, 8)) = Res(Ghs(adp)),all s € S

where a, f € Wg(A((t))), adf € Wsﬁl A((y) @nd the Res on the right is the residue

on O A((t))/A- We may assume o = Va([a][t]?) and 8 = V,,,([b][t]") and we write

¢ = (m,n). If mj + ni # 0, then Res( B) =0, if mj + in = 0, then by property

1.5, (i)

sgn(i) (i, 7)™ (a*/ "™ if "ts
0 else.

ghs(Res(, B)) = ghy (sgn(i) (i, 1) Vi e([a] ™ [8]")) = {

If ™2 fs, then Ghy(adf) is zero by definition, else

Therefore
nia®/™b¥/™ if mj +ni =0

0 else.

Res(Ghg(adf3)) = {
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Now the claim follows, since in = sgn() (4, j) ™", if jm +in = 0. It follows that Res
induces a well defined map on WSQL((”), denoted by Res again. Indeed, WSQ}L‘(@))
is a quotient of Wg(A((t)))xWg(A((t))) (recall that Bz B/(a®bc—ab®c—ac®b) —
QlB via a ® b +— adb is an isomorphism for any ring B), thus we have to show that
Res vanishes on the kernel of the quotient map. Again it is enough to consider the
case where A has no Z-torsion, but then the vanishing follows immediately from the
claim, since Gh is well defined on WSQ}L‘(({/)). The other statements of proposition
3.10 follow with the same reasoning and the corresponding properties of the usual
residue on Qh((t)).

O

3.12. Remark. 3.10, (i) shows that the composition Wg(A((t))) x A((t))* —

WSQIILX((@) Hep Wg(A), where the first map is given by (w,a) — wd[a]/[a], is the

residue symbol defined by Witt in [Wi36, 2. Der Residuenvektor (¢, 3)]. See also
[AnRo04, 4.3.4.] for a definition of Witts residue symbol using the Contou-Carrere
symbol.

3.13. Remark. It follows from (3.11.1) that the map Res : Wth((t)) — W,,(4)
factors through the relative p-typical de Rham-Witt complex Wnﬂ}q((t)) /A"

The following lemma will be essential for the residue theorem. It is a generalization
of lemma 5 in chapter II of [Se88]. See also the proof of [Ku86, 17.6. Theorem].

3.14. Lemma. Let p be an odd prime, S a finite truncation set, A a Z,)-algebra
and B an A-algebra, which is a free A-module of finite rank r. Take z = t¢ +
S ait’ € A((t)) with e > 1. Then B((t)) is a free A((z))-module of rank re and
for B € Wg(B((t))) and a € Wg(A((2))) we have

(3.14.1)  Trpja(Resp(q) (Bda)) = Res a(()) (Trp(1))/a((z)) (B)der) € Ws(A).

Proof. Only the second statement must be proved. We observe that by lemma 3.11
it is enough to prove (3.14.1) for

8= Vn([bti]) and o = Vm([azj]),

with b € B, a € A and i,j € Z. By the same argument as in the proof of (ii) of
proposition 1.12 and using that Res is a natural transformation, we may assume
A to be Z-torsion free. But then A sits injective in A ®z Q, which extends to the
level of Witt vectors and by base change for the trace (see proposition 1.12, (v)) we
are reduced to the case, where A and B are QQ-algebras. Now write z = t°u with
u=14acrit+... € 14+tA[[t]]. Then thereis a v € 1+ tA[[t]] with v¢ = u (namely
v = exp(1l/elog(u))). By proposition 3.10, (iv), we may replace t by tv, and thus
assume t¢ = z. Now it is time for calculations. We have

is/e

ez if elis

(3:142)  ghy(Traqo)/ace,s([1) = Trage/aen () = {o else

Now write ¢ = (m,n), if 22 fs, then gh,(Resg .(Tr(3)da)) is zero, else
gh, (Ress . (Trs(8)da)) = Res. (nghs/n (TrA((t))/A((z)),S([t]i)TrB/A,S([b]))as/mil(Zj)s/mild(azj))-
By (3.14.2) this is zero, if e /2, else this is equal to

Res.(nejTrp/a (bs/")as/mz(is/(”e))Jr(js/m) %)
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All in all we obtain

(3.14.3)
nejTr b8 /MY gs/™ if ™5 and im + jne = 0
h (Ress, - (Tr p((1))/4((2)),s(B)da)) = { Jrpa(0) o /

0 else

and it is easy to check that this coincides with gh, (Tr B/A,S (Ress7t(ﬂda))). Hence

the assertion.
O

We recall the notion of absolute and relative Frobenius, see for example [EsVi92,
§9].

3.15. Definition. Let k be a field of characteristic exponent p (i.e if the characteristic
of k is 0, then p = 1 else p equals the characteristic of k) and X a k-scheme of finite
type. Then the absolute Frobenius Fx on X is defined to be the identity on the
topological space of X and the p-th power on the structure sheaf, that is

F)*(:OX—>(’)X, a— aP.

We write X = X X, Speck, then we have a commutative diagram

X*>X 4>X

N

Speck *> Speck,

where pry is the projection map and F is the unique map, which satisfies Fopr; = Fx.
We call F the relative Frobenius or just Frobenius. We define X®") via X" =
(X?"")®) and the composition of the iterated relative Frobenius

x Foxe) Fox0 ., x®™)

will be denoted by
F* X — X0,
(Notice, that this notation coincides with the n-th Frobenius on the p-typical de

Rham-Witt complex, but it should be clear from the context whom of these two we
are talking about.)

3.16. Lemma. Let k be a field of characteristic exponent p > 1 and X a scheme of
finite type over k. Let P € X be a closed point and denote by k(P) the residue field of
P. Then there is a natural number N such that for alln > N, k(F™(P)) = k(FN(P))
is the relative separable closure of k in k(P).

Proof. 1t follows from the definition of the relative Frobenius that k(F"(P)) is the
compositum of k with the p"-th power of k(P), i.e. k(F"(P)) = k(k(P)?"). But the
chain k(P) D k(F(P)) D k(F%(P)) D ... D k becomes stationary, since [k(P) : k] is
finite and hence the assertion. g

3.17. Lemma. Let C be a smooth projective curve with function field K. For j>1
let FI : C — CW) be the relative Frobenius and K the function field of C'?"). Then
for all closed points P € C

P =[K:Kj] =epfp,
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where ey, is the ramification index, i.e. ep = vp(z) with z € O a local

parameter in FI(P), and fp = [k(P) : k(F/(P))].

Proof. The first equation, p/ = [K : K], is [Si92, Proposition 2.11, (c)] and [K :
K] = epfp is a special case of [Se68, 1,84, Proposition 10]. O

c®) Fi(P)

3.18. Definition-Proposition (cf. [Ku86], 17.4.). Let S be a finite truncation set,
k a field with characteristic exponent p > 1, C' a smooth projective curve over k with
function field K = k(C) and P € C a closed point. Let n be a natural number such
that k(F"(P)) is the relative separable closure of k in k(P) (such an n exists by the
lemma). We write P, := F*(P) € C?") x,, = k(P,) and K,, = k(C?")) = k(KP").
Finally we denote by IA(n the completion of K, in P,. Now the choice of a local

~

parameter ¢ in P, identifies K, = r,((t)) (this is an isomorphism over k, since
kn D k is separable) and we have a natural inclusion ¢ : K, — r,((¢)). Take
wE WSQ}{, then we define the residue of w in P to be

(318.1)  Resgp(w) = Resp(w) = Tr,, /k (ResmS(L(TrK/Kn (w)))) e Ws(k),

where the Res; g on the right hand side, is the residue on WSQ}%(( ) from proposition
3.10. The residue is well defined, i.e. independent from the choice of the local
parameter t and the number n.

Proof. The independence of the choice of the local parameter follows from propo-
sition 3.10, (iv). Thus it remains to check the independence of the choice of n.
Therefore it is enough to show that nothing changes, if we replace n by n + 1. By
the choice of n, we have k,, = k11 =: k and K, 11 = k(K}) C K, is purely insepa-
rable of degree p (lemma 3.17). If ¢ is a local parameter in P,,, z = t? is one in P,
(by lemma 3.17). Thus our situation is

K" k((t))
| ]
e O)
and we want to show
(3.18.2) Resy (tn(Trg /i, (w))) = Res: (tnr1(Trg k(@)
It follows easily from theorem 3.7, (iii), that in WSQ}(W
tnt1 0 Trpe, i, 0 = Tou((e) /m((2)) © o
Together with Trr /., ,, = Trg, /K, ., © Trx /K, , we see that it is enough to prove
(3.18.3) Resy(a) = Res. (Try (1)) /n(()) (@), for o€ WSQ};((t))-
Furthermore, we may assume by lemma 3.11
a = Vi([at'])dVa([bt')),

with n,m € S, 1,7 € Z and a,b € k. Then we consider the following cases.
First case: n=m = 1. Thus

o = jlabt"™ ) d[t] + [at"TI]d[b],
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we denote the first summand by o/. If we write i +j — 1 = pl + r with [ € Z and
0<r<p-1, we have

o = jlab2'][t")d]t]
and calculating the trace as in (3.7.2) we obtain

) - {@[abzl}dvp([zrﬂ) ifr<p—1

T
e jlabz']d[z] ifr=p—1.

Thus by proposition 3.10, (ii)

“L(lL,r+ )plab] ifpl+r+1=0,r<p-—1
Res,(Tr(a)) = Res,(Tr(a)) = < jlab] ifil+1=0,r=p—1

0 else

{j[ab] ifi+j=0
0 else
= Resi(a).
Second case: n =1, m arbitrary. Then o = V., (j[ab™] [t 0 =D])d[t]4+V . ([a] [£T™7])d[b].
Again we denote the first summand by o/, thus
o = Vi (jlab™][t M d[t]).

Now both, Res; and Res., only see o/, but since they commute with V,,, we are done
by the first case.
Third case: p fn and m arbitrary. Write ¢ = (m,n). Then

o = Vi ([a][t']) 3 Va()AVa(BIF]) = Vi (Ve [a] ™[ D (BI[E]))

and we are done by the second case.
Fourth case: n arbitrary and p fm. Here we write

a=d(Vu([al[EDVa([b][#]) = Va((Bl[F'])dVn([a] (')
and since Tr commutes with d and Res o d = 0, the result follows from the third
case.
Fifth case: m,n arbitrary. Write ¢ = (m,n), r = vy(c) and m’ =m/p", n' =n/p",
then ' '
a = Vpr (Vi ([d][t'])dV, ([][t]))
and the assertion follows either from the third or the fourth case. O

3.19. Remark. In the situation of 3.18 we have
Resp(w) = Resp, (Trg/x, (w)), for alln € N.

(This holds by definition for n sufficiently large and follows else from Trg g, =
TrKn/Km [¢] TrK/Kn)

3.20. Remark. Still in the situation of 3.18. If w € WgQ2L has no pole in P € C
(i.e. w is in the image of the natural map WSQ}%’P — WgQL), then Resp(w) = 0.
(This follows from 3.10, (v) and the fact that the trace map Trg g, restricts by

construction to a map Tr : Ol 0l .
pIr:Wsllo, , = Wsto m o, )

The following proposition is a generalization of the trace formula for residues on
Kahler differentials, see [Ku86, 17.6.] or [Se88, II, Lemma 4.].
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3.21. Proposition. Let S be a finite truncation set and f : C — C' be a separable
dominant morphism of smooth projective curves over a field k. Denote by K (resp.
K') the function field of C' (resp. C'). Let P € C' be a closed point and w € WgQk-.
Then

Z Resg(w) = Resp(Trg g (w)).

Q—P
Proof. First we assume that the residue fields of P and the Q s mapping to P are
separable over the ground field k. We denote by KQ (resp. K K p) the completion of

K (resp. K') in @ (resp. P). Since K is separable over K’, we see from [Bo89],
chapter VI, §8, No.2, corollary 2, that we have an isomorphism

K'pog K H Kqg, e®f (ef,ef,...).
Q—P
Thus . R
Ws(K'p @ K) = [ Ws(Kg)
Q—P
Since Wl = Wg(K) Qwg (K" WsQ/, we may write w = zdy with z € Wg(K)
and y € Wg(K ’). Identifying the elements of Wg(K) (resp. Wg(K')) with their
1mages in WS(K’p ®k K) (resp. WS(K’ )) and writing g for the image of z in
WS(KQ), we obtain in WS(I/(\’p)
Try o (z) = TrK,P®K/K/K, Z Try o/ Fp (zq).
Q—P

Thus we have to show
(3.21.1) ReSQ(:EQdyp) = Resp (TrIA(Q/I/(\’p (."L‘Q)dyp).

Now let t be a local parameter in @ and z a parameter in P, since we assumed k(Q)
and k(P) to be separable over k, we may identify

'p = k(P)((2)) and Kq = k(Q)((?))-
Furthermore, we may write z = ¢ + >_,__a;t’, with e = vg(z). But then (3.21.1)
follows from lemma 3.14 and definition (3.18.1).
Now in general we choose n sufficiently large such that k£(F"(Q)) and k(F"(P))
are separable over k, for all Q — P. Then applying the case above to C®") — C’ (")
and by remark 3.19, we obtain (with the notation of 3.18)

> Resg(w) = Y Resq,(Trg/x, (w)) = Resp, (T, xr, Tric i, ()
Q—P Q—P
== ReSPn (TI"K'/K’nTrK/K’(W» = ReSPTI'K/K/(CU)
and we are done. |

Now we can prove the residue theorem for the de Rham-Witt complex in degree
one. This generalizes the classical residue theorem for Kéahler differentials on curves.
Our proof is the classical one (with some adjustments), see [Se88, II, Proposition
6] or [Ku86, 17.7.]. Witt also stated such a theorem for his residue symbol on
Ws(K) x K*, where K is the function field of a curve, see [Wi36, 9. Analogon zum
Residuensatz]. Anderson and Romo give in [AnRo04, 4.3.6.] a different proof of
this, by first defining the residue symbol via the Contou-Carrére symbol and then
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using a general reciprocity law for the Contou-Carrere symbol, which they prove by
methods, similar to the one of Tate in [Ta68].

3.22. Theorem. Let S be a finite truncation set, k a field and C a smooth projective
curve over k with function field K. Then

Z Resp(w) = 0, for all w € WgQ.

PeC
(Notice, that Resp(w) =0, if w € WSQ}%P, thus the sum is finite.)
Proof. Since C' is smooth over k, there exists an element x € K such that k(x) C K
is separable and finite. Thus z defines a separable dominant morphism C — IP)}C and
by proposition 3.21 we are reduced to C' = }P’,lc. Furthermore, we may assume that

the points P € ]P’,lC with Resp(w) # 0 are étale over Spec k, since by remark 3.19 and
with the notations of 3.18

Z Resp(w) = Z Resp, (Trg /K, (w)), for all n € N.
PeC P,eC™

Denote by k the algebraic closure of k. Then the pull-back of a closed point P
which is étale over k£ under IP’}C — IP’,IC decomposes into finitely many k-rational points

without multiplicities, i.e. k(P)®xk =[], k. Thus we obtain a commutative diagram

Trr(py/k

Res
WsQpy(1)) —— Ws(k(P)) — W(k)

| |

I1; Res _ -
IL W T T Ws(k) —=— W (k).

Therefore, if w’ is the image of w under WSQ}C(:C) — WSQ]%}(:E) and ), Q; is the
pull-back of P under IP’%g — IP’,IW then

Resp(w) = ZResQi (W) in Wg(k),

hence we may assume k to be algebraically closed. Now we need a small lemma.

3.23. Lemma. Let k be an algebraically closed field, then any w € Wg(k(x)) may
be uniquely written in the following way

w=3" VoD lagmlla?) + 3 linll=tyr])
nes §>0 i

where all sums are finite and a;p, bin, Cin € k and 14, > 1.

Proof of the lemma. It is known that the elements

2/, for j >0, and ——, fora e k,r>1

(z—a)™>

form a k-basis of k(x). Now the rest of the proof works exactly as in lemma 3.11. [

It follows from the lemma and proposition 2.19, that we have to prove the theorem
only for the following two types of differentials,

w1 = Vu([a][2])dV . ([b][2]"), with a,b € k,i,5 >0
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and
ws = Vo (L) d Vo, ([b][2]F), with a,b,c € k,i > 0,7 > 1.

[z—d"

Obviously, Resp(wy) = 0 for all P € P} \ {co} and in P = cc the element ¢t = 1/z is
a local parameter, thus by proposition 3.10, (ii)

Resoo (w1) = Resy (Vo ([al[t] ) dV o (0] 7)) = 0.

Now wa. Denote by p the characteristic of k and write A = Z,,) [2as 25, 2¢]. We have
amap ¢ : A — k sending z, (resp. zp, z.) to a (resp. b, ¢). The only points with
non vanishing residue are P = ¢ and co. We have t = x — ¢ is a local parameter in
P =cand

Bo,p = V() aVin (2]t + 2]') € Wey ),
is a lifting of wy p € WSQk((t))’ in particular Resp(wa) = ¢(Res¢(wa p)). It follows

from the definition of Res that gh (Res(wa p)) = 0if m fs or n [s, else
(3231) ghs(Res(&Zp)) = Res(nizé/n S/mtfsr/n(t_‘_ )si/mfldt)
B {ni(z:i)zz/nzs/m s(m rm)/(nm) if n,mls, %s < %

0 else

In P = oo we have that t = 1/z is a local parameter and

D00 = VL8 )dVin ([20][1] ) € Wl

is a lifting of wp o € WSQk((t))’ in particular Reso(w2) = ¢(Resi(w2,00)). Again,
gh,(Res(w2,00)) =0, if m fs or n fs and else
gh,(Res(W2,00)) = Res(—inz;;/"zz/mts(rm*m)/(m”)(1 + zet + 222 + .. .)’”s/”%).
But the coefficient of #/ in (1 + zct 4 22t 4+ ...)"/™ is
rs/n e -1
(I € NI with 1] = j} = ZJ< e : )

n

Thus we obtain

(3.23.2)
. %S-F%—%—l s/n_s/m _s(in—rm)/(nm) rs is
gh (Res(w2.00)) = —in( s R if m,n|s, 2 < 28
| 0 else.

All together we see
gh,(Res(wa.)) + gh,(Res(w2,0)) =0, for all s € §

and since A has no Z-torsion, we obtain

0 = ¢(Res(wa,c) + Res(w2,00) Z Resp(wa)
and we are done.

Next we want to define a residue in higher degrees, cf. [BIEs03b], (6.14).
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3.24. Remark. We recall the definition of the residue on 9?4(( 0)/2 = = QY A1)’ for any

ring A. Take w € Q4 A1) Then we can write w uniquely in the following way

m
dt
w = E Bigr + wo,
i=1

with 8; € Q4w € Q% g A1) ®a Q%) and m € N. Then the residue in w is
defined to be
Res?(w) = 1.

We obtain a map Res? : le((t)) — 9?4_1, which satisfies

(i) Res? is Qj-linear, i.e. Res?(aw) = aRes? *(w), for o € Q% and w € QA((t))

(ii) Res? is a natural transformation in A.
(iii) Res?od = d o Res?™ !,
(iv) If u € (A[[t])* and 7 = tu, then A((t)) = A((7)) and Res] = Res.
(v)
)

v) Resfw =0, foerQ Allt] oerQ

$ Al
(vi) Take B,v € A[[t]] and o = t"™iw;, with u; € (A[[t])*, m; € Z, for i =
1,...,q. Then
fey dog— _ u dug_
Res?(340 . st t) = BO) G - - Sy
and

1+t da da
Res?(g ((1+tﬁ73) TR a—q‘l) = 0.

(By linearity the proof of (iv) reduces to the known case ¢ = 1, the rest is easy.)

For the construction of a residue on the de Rham-Witt complex in higher degrees
with respect to an arbitrary Z,-algebra A, we need that the ghost map Gh is in-
jective, if A has no p-torsion. But the injectivity only holds in the relative situation,
W04 JZiy) (cf. 2.24-2.27). Unfortunately we have no relative version of the gener-

alized de Rham—Witt complex. Thus we first construct the residue in the p-typical
situation for arbitrary Z,-algebras (p odd), using the relative de Rham-Witt com-
plex of Langer and Zink and as a corollary we will get a residue in the absolute
situation for A being any k-algebra, k a field.

3.25. Proposition. Let p be an odd prime, ¢,n € N and A a Zy,)-algebra. Then
there is a map

q—1
Resj,, = Res : W QY () — Wl 7,

which we will call the (p-typical) residue map, satisfying the following properties
(i) For alli € Ny,
Ghy,i o Res? = Res? o Gh,,
where the latter Res? is the one from remark 3.24. A
(ii) Res? is W, -linear, i.e. Res!(aw) = aRes?*(w), for a € W ,QY, & its
: : i q—i
image in WnQA/Z(p) and w € W”QA((t))'
(iii) Res? is a natural transformation in A.
(iv) Res?od = doRes? ! and Res? commutes with V¢, F' and restriction.
v) Ifu € (A[[t]])* and m = tu, then A((t)) = A((7)) and Res] = ResZ.
)

(vi) Res?w =0, for w € Wp orw € W QlA[[ Ik



46 KAY RULLING

(vii) Take w € W, (A[[t]]), v € A[[t]] and a;; = t™u;, with u; € (A[[t]])*, m; € Z,
fori=1,...,q. Then

dlaa]  dlag-a] d[t]y _ dua (0)]  dlug—1(0)]
Resq(wﬁ... [aqq_ll} i ) = w(0) e .

and

d[1+tv] dx dlagly
Res”(whti gosl . 224y = 0.

Proof. First assume A is a QQ-algebra. Then Gh is an isomorphism and we define

n

Res? = Gh™'o H(Resq o Ghy).
i=0
It follows immediately from remark 3.24 and the properties 2.23 that Res? fulfills
(i)-(vil). Now assume A = Zgy[r1,...,24] or A = Zp,)[21,..., 24, 97117 e :Tld] and
write B = Q Rz, A. By corollary 2.26 we have an inclusion
(3.25.1) Walll o Walh = Wa0f

We claim that the composition

q
Resp

WnQ% ) — WL 8 W08

(®) B((#))

factors to give a map

s W,0 !

q q
es?y : W,Q
R A n A A/Z(p>7

()

which then automatically satisfies (i), (ii) and (iv)-(vii). By the injectivity of (3.25.1)
it is enough to show that for all w € W"Qi((t))

. -1 -1
(3.25.2) Resh(1(w)) € 1m(Wan14/Z(p) — W,Q%L).
By lemma 3.11 we may assume
(3.25.3)
W=V 3" [angiot®)dV (D angy t). . dV (D Jang, t1]), ai; € A
Jo>>—00 J1>>—00 Jg>>—00

and since the calculation of Res? on Qi{l((t)) involves only finitely many terms, we
may even assume

w= Vno([anojotjo])dvm (lanyj tjl])‘ - dvnq([anqthjq])a
with a;; € A and j; € Z. That is, w is in the image of the map

Wn(A(t)) ®Wn(A[t]) WnQZ]M = W"Q?A(t) — W”Q?él((t))

and therefore w is a sum of products of the elements (3.1.1)-(3.1.4) with elements
from W,,(A(t)). But for w € W, (A(t))

(3.25.4) Res%(walt)’) =0, for a € W,QY%, 5 € N,
(3.25.5) Res% (wb[t) ~td[t]) = bResp (w[t) ~d[t]), for b € WnQIq[l,j eN,

(3.25.6) Resk(wV*(a[t)’)) = 0, for a € W,,_sQ%, 5 € I,
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(3.25.7) Resh(wdVE(b[t))) = (—1)71dVE(b1) ... dV*(by—1)Resk(wdV* (bo[t])),
for b= bodby ...db,—1 € W,,_ Q% j €1,

and since the claim is known for Resk, it follows for all g.
Now let A be any ring and take w € WanA((t)). Write w as in (3.25.3) and define

wm (m € N) by

(3.25.8)
W=V( Y (anggot®)AV (Y0 ami ). V(D [ang, 7).
jo>>—00 j1>>—00 Jg>>—00
Now for each m there is a polynomial ring A,, = Zip)l71,- .., 24 with a ring

homomorphism ¢ : A, — A such that w,, has a lifting @,, € VVani . Then

my = min{m!tp(Resii (@m)) = go(Res% (@m+r)), all 7 € N} exists (by the con-
m m~+r

struction of Res? above) and we define

Res) 4(w) := p(Res) ; (&my)) € Wil -

It follows from (3.25.4)-(3.25.7) and the naturalness of Res! that this map is inde-
pendent of the lifting. Obviously Res? fulfills (i)-(iv) and (vi). To prove (v) and
(vii) we must be able to lift units u € A[[¢]]*. But by definition of Res? the state-
ments depend only on a finite part of u. Thus we may assume u = > ", a;t', with

ai € A,ap € A*. If we now consider the map A = L) o, %,xl,...,xm] — A,
z; > a;, then @ = Y7 a;t' € (A[[t]])* lifts u. Being able to lift u to (A[[t]])* the
statements (v) and (vii) follow from the first case and we are done. O

3.26. Corollary. Let k be a field of characteristic p # 2, S a finite truncation set,
qg € N and A a k-algebra. Then there is a map

Reskqgvt = Res? : W )y — WSQZCI,

((#)
which we will call the residue map, satisfying the following properties

(i) Forallse S,
Gh; o Resf, = Res? o Gh,,

where the latter Res? is the one from remark 3.24. A
(ii) Res? is Wgy-linear, i.e. Res’(aw) = aRes?"(w), for a € Wy and
w € WquA_((Zt)).
(iii) Res? is a natural transformation in A.
(iv) Res? o d = d o Res? ! and Res? commutes with V,,, F, and restriction.
(v) If u € (A[[t]])* and m = tu, then A((t)) = A((7)) and Res] = ResZ.
i)
)

(vi) Restw =0, for w € WgQj ) orw € WSQ%A[[%}]'

(vii) Take w € Wg(A[[t]]), v € A[[t]] and o = t™u;, with u; € (A[[t]])*, m; € Z,
fori=1,...,q. Then
dlea]  dlag—1] d[t]y _ dui(0)]  dlug—1(0)]
Rest(wipt - 10,57 1) = WO T - Tug s 0)

and
A1+ t7] das)  dlag)

q
Res?(w Try] (o) Toa

) =0.
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Proof. We define Res{,, to be the composition

(3.26.1)
~(212) 1 3.25 q—1 1 2.15 -1
WSQz((t)) H W’POS/]QA(( ))(; H WPOS/JQA/Z@) ; H WPQS/] (
JElp J€l, jel,
(2_13) WSqul

and the statements follow easily from proposition 3.25.
O

3.27. Definition. Let S be a finite truncation set, ¢ € N, k a field with characteristic
exponent p # 2, C' a smooth projective curve over k with function field K = k(C') and
P € C a closed point. Let n be a natural number such that k(F"(P)) is separable
over k. Write P, := F*(P) € C?"), k, = k(P,) and K,, = k(C?")) = k(KP").
Finally we denote by I?n the completion of K, in P,,. The choice of a local parameter
t in P, identifies K,, = rn((t)) and we have a natural inclusion ¢ : K, < rn((t)).
Take w € WSQ%, then we define the residue of w in P to be

(327.1)  Res§ p(w) = Resp(w) = Try, i (Resq&t ((Trg/k, (w)))) € Wsi™

where the Resg , on the right hand side, is the residue on WSQZn (®) from proposition

3.26. By 3.26, (v), Res% p is independent of the choice of the local parameter ¢. To
show that it is independent of the choice of n, one reduces it, in the same way as it
was done in the proof of 3.18, to

Res{(a) = Res(Tr((1)) /((2)) (@), for o € WsQ 0y,

with kK = K, = Kpy1 and z = tP. But this follows form (3.25.4)-(3.25.7) and the
corresponding property of Res!.

3.28. Remark. In the situation of 3.27 we have
Res%(w) = Res‘lzgn(TrK/Kn (w)), for all n € N.

3.29. Remark. In the situation of 3.27, we have Res%(w) = 0, if w € WgQY, is
regular in P € C (cf. remark 3.20).

3.30. Corollary (cf. [BIEs03b], (6.14)). Let S be a finite truncation set, g € N, k
a field of characteristic # 2 and C' a smooth projective curve over k with function
field K. Then

Z Resh(w) =0, for allw € WgQi..
pPeC

Proof. 1t is enough to consider the p-typical case. Let x be a separating transcen-
dence basis of K over k. Then we have W, Q% = W, (K) OW,, (k[z]) WnQZ[w] and

the statement follows with the same reasoning as in (3.25.4)-(3.25.7) and theorem
3.22. O

1
7)
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4. ADDITIVE CUBICAL CHOW GROUPS WITH HIGHER MODULUS

In this section we will define the additive cubical higher Chow groups for fields on
the level of zero cycles with modulus (m + 1), as it was done by Bloch and Esnault
in [BIEsO3b, Section 6.] (there for m = 1). We will prove our main theorem that
the additive Chow groups with modulus (m + 1) over an arbitrary field k of charac-
teristic # 2 are isomorphic to the de Rham-Witt complex of length m over k. This
generalizes [BIEs03b, Theorem 6.4.], where the statement was proven for m = 1.
The proof is as follows: First we construct a map from the additive Chow groups to
the de Rham-Witt complex. That the map is well defined follows essentially from
the residue theorem of the previous section. This is just a generalization of the argu-
ments in [BIEs03b]. Then we equip the additive Chow groups with the structure of
a restricted Witt complex to obtain an inverse map. To verify that the constructed
maps satisfy the relations, which the multiplication, the differential, the Frobenius
and the Verschiebung should satisfy in a restricted Witt complex, we use a result
of Nesterenko-Suslin and Totaro, which identifies Bloch’s higher Chow groups of a
field on the level of zero cycles with the Milnor K-theory, see [NeSu89] and [T092].

We will use the definitions and conventions from appendix A, without mention-
ing it explicitly.

In the following k is always assumed to be a field of characteristic p # 2.

We write

Xnk =Xn=Gpr Xg (IP’,%; \ {1})”, with coordinates (z,y1,...,Yn).

For 57 = 0, 00, we denote by Fﬂ” = Ff C X, the face given by y; = j. Furthermore
we define the divisors F,, o = Fy C P! x (P})" = X,, by z = 0 and Féz =F!'c X,
by y; = 1. The boundary maps

& 21(Xy) — Zo(Xp1) i=1,...,n, j=0,00
are given by the composition of the intersection map Z;(X,) — Zo (FT]”), a— Fij .«

with the canonical isomorphism Zo(Fg ;) = Zo(Xyp—1). Furthermore we denote

Ya= | F/ = G x ((IP’I \ {11! x {0, 00} x (P {1})’”).

i=1,...,n
7=0,00

Finally we define for any m € N

_ o Ydy]  dlyn]
(4.0.1) Urm = hn = Tl

If C C X, is a curve with function field K = k(C), we denote the image of i, in
W,,, Q% again by 1, and if P € X, \ 'Y, is a point, we write ¢, (P) for the image of
¥y, in WmQZ( Py

4.1. Definition ([BIEs03b], 6.). Let m > 1 be an integer. We define Z;(X,;m) to
be the subgroup of Z;(X,,), which is freely generated by 1-dimensional subvarieties
C C X, C ¢Y, satisfying the following properties

(a) (Good position) & [C] € Zo(Xn_1\ Yn_1), fori=1,...,n, j=0,00.

(2

€ Wmﬁg(xn\ymoxn).
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(b) (Modulus (m + 1) condition) If v : C — P! x (P')" is the normalization of
the compactification of C', then

(4.1.1) (m+ 1)[v*Fy) < i[y*F}] in Zo(O).

We have a map 9 = > 1, (—1)4(8? — 0%°) : Z1(Xp;m) — Zo(Xp—1\ Yn—1) and we

define Z0(Xos \ Ys)
n . _ Lo\ An—1 n—1
TH"(k,n;m) = 07 (X
We call these groups additive cubical higher Chow groups of k of level n, codimension
n and modulus (m + 1).
For m’ < m we have Z1(X,;m) C Z1(Xp;m’), hence we naturally obtain a pro-
jective system

(4.1.2) ((TH”(k),n; m))men, R : TH"(k,n;m + 1) — TH"(k, n,m))

4.2. Remark. The condition 4.1.1 can be spelled out explicitly as

n
(m+1)vp(r'z) < ZVP(I/*yi —1), for all P € v~ ({0} x (P1)"),
i=1
with vp the discrete valuation of Op .

4.3. Proposition. Let C C X, be a curve with [C] € Z1(Xn;m), K = k(C) its
function field and v : C — P! x (P1)™ be the normalization of the compactification.
Then v*i, € W,,,S0% has only poles in

2= y_1<Gm x (P {0,1,00})i! x {0, 00} x (P'\ {0, 1,oo})”’i) cC.

i=1
Before we start with the proof of the proposition, we need a little lemma.

4.4. Lemma. Let S be a finite truncation set. Then for alln € S there are f,, € Z[z]
such that
[L+2] =[]+ Vallzfal@)]) € Ws(Z[a]).

nes

Proof. We do induction over S. If S = {1}, we have [1 + z] = [1] 4 [z] and we are
done. Now take any finite S and write r = max S for the greatest number in S.
Then, by induction hypothesis, there are f,, € Z[x], for n € S\{r}, and a polynomial
g € Z|x] such that

[+ 2] = ([ + Y Vallzfal@)]) = Vi(l9)).
nes
Applying gh,., we obtain
rg=(1+2)" — (14> n@fa())/").

n|r
n<r

Now the right hand side is divisible by z, hence g too and this gives the assertion. [

Proof of Proposition 4.3. A priori v*1, may have poles only in v~!(z = 0) and
v~ Hy; =0,00),i=1,...,n. Now we have to show
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(a) v*4, has no poles in v=1(z = 0).
(b) If v*4, hasapolein P € v~ (y; = 0, 00), for some 4, then P ¢ U;;v ! (y; =
0,1, 00).
We will see that (a) holds because C' satisfies the modulus (m + 1) condition and
(b) since C' is in good position.
We begin with the proof of (a). Take P € v !(z = 0) and let t € O ,, be a local

parameter in P. The modulus condition tells us in particular that there is at least
one ig with P € v~ 1(y;, = 1). Thus we may assume

Peﬂu y;=1) and P ¢ U =1), for some r with 1 <r <n.
i=r+1

Hence we can write

Ve =t%, viy=1+ 0wy, fori=1,...,r, vy =t%y, fori=r+1,...,n,
with v, u; € (’)~ P a,b; > 1 and ¢; € Z for i = 1,...,n, and the modulus (m + 1)
condition tells us
(4.4.1) (m+1a<b+...+0b.
Now we have in W,

1 d[l1+ tblul] Cdl+ thra,] d[tr+ 1wy 1] [t uy]
o] L ] (L ] o] ()

and to show that this is regular in ¢ = 0 amounts to show that the forms

Vi =

L blu bru @
gl ]+ ) T

and

1

are regular in ¢ = 0. We will use the shorthand z = [¢t]. Then, by lemma 4.4, we can
write

m
1+ tPu] = [1] + ZVj(zb"wij), for some w;; € Wy, (Og p)-
Hence it is enough to show that the differentials
1
;del (2" wr) ... dV;j, (2 w,) —
and
—del (2" w) ... dVj, (2" w,),
with w; € W, (Oé P)
claim that the differential w = dV, (2° wl) .dVj, (zbrw,) can be written as
(4.4.2) av; (zb1+"‘+b”a + zb1+“'+br_1ﬁdz),
with 8 € W, 2P and a« € W, QT L

By induction on r it is enough to shovv that

and 1 < j; < ... < 5. < m, are regular in z = 0. Now we

n = dV;(z°w)dV;(z°a’ + zb%ﬁ ), i<jand 3 appropriate,
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can be written as dV;(z""¢a + 2% 3). We write ¢ = (4,;) and take h,l with
hi+1j = c. Then by 2.5, (iv)

FidV; (20 + 22 6') = hdF; ).V /o200 + 2L 0) +1F; )V jed(2P + 22 L)
and since F;/,.V;/. = V;/Fi/. and Fi(v)dz/z = Fi(ydz/z), there are appropriate
o, a1, Bo, 1 such that this may be written as

de/c(zbi/Cao + zbi/c%ﬁo) + Vj/c(zbi/cal + zbi/c%ﬂl).
Therefore 7 is the sum of the differentials
dV;i(2°wdV j (2" an+2"¢ % By)) = —dV;((e2° Lw+2°dw) V(2" an+2" L By))
and ‘ A
dVi(zeij/C(zbZ/Cal + zb’/c‘i—zﬂl)).
Both can be written in the form
deVi/c(Z(bi+ej)/ca2_|_Z(bz'+ej)/cd7zﬁ2) _ de(Zb-‘revi/c(Ze(j—i)/ca2)+zb+e %Vi/c(ze(j_i)/c)ﬁﬁ,

which is of the promised shape.
Thus we are reduced to show that

1 d
—adeT(Zb1+"‘+b’"a+2b1+"‘+b'“_1ﬂdz)—z
z z
and

1
ziadvjr (zbl+...+bra 4+ Zb1+...+brflﬂdz),
with «, 3 as in (4.4.2), are regular in z = 0. Since V;(v)dz/z = V,(vdz/z), we have

dz

1 1
Z—adeT (PrFtbrg 4 ot tbr=l5g,) o= ;deT(zbﬁ“*b’“_ladz)

; 1
= dV, (Tl g gy — d(z—a)er(zb1+'“+br_1adz).
The second term is zero and the first is regular in z = 0 because jra+1 < (m+1)a <
by + ...+ b, by (4.4.1). Without the %—term at the end it works the same. This
proves (a).
Now (b). We know that C' is in good position, i.e.

CN(Gmx (P11 {0, 00} x (P'\{1})"™") C Gy x (P'\{0, 1, 00})" " x {0, 00} x (P1\ {0, 1,00})" "

Thus a point P € C\ v~ (z = 0), which lies in v~ !(y; = 0,00) for more than
one i, must lie in v~ 1(y; = 1) for at least one j. We may assume j = 1 and
then it is enough to show that v*1, is regular in v=1(y; = 1) Nv~!(x # 0). Take
P ev(y; = 1)Nv~1(z # 0) and let ¢ be a local parameter in P. Since v*x € (’)gp,

we see that the question of regularity of v*1,, in P reduces to show

dit
d[l—l—tbu}ﬁ, b>1,ue (’)éP

2]
is regular in ¢ = 0. By lemma 4.4 it is enough to prove the regularity in z = 0 of

dz

de(zbw)Z = dV,; (2" Twdz), we W (O p)s

which is obvious.
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4.5. Theorem (cf. [BIEs03b], Proposition 6.2.). Let m be a positive number. Then
the group homomorphism

0: Zo(Xn-1\Yo-1) — Wi Q™Y [P] = Tryep) i (vn(P))
factors to give a map (which we will call 8 again)
6 : TH"(k,n;m) — WmQZ_l.

Proof. Let C' C X,, be a curve with [C] € Z1(X,;m). We have to show 0(9[C]) =0
in WmQZ_l. Denote by v : C — P! x (P1)" the normalization of the compactification
of C. Tt follows from proposition 4.3 and remark 3.29 that Resp(r*¢,) = 0 for all
P e C\ ¥. Next we want to calculate Resp(v*i,) for P € .

Take P € v~ !(y, = 0) N X. Choose j > 0, such that x; = k(F/(P)) D k
is separable and write K (resp. Kj) for the function field of C (resp. C®)).
Furthermore write

ep=p", [fp="r
then by lemma 3.17

(4.5.1) j=r+s.
Let z be a local parameter in F/(P) and ¢ one in P. Then we may write
_4ep,, _ 4P" : X
(4.5.2) z =1tPu =t u, with u € OG,P
and
vie =wug, V'yi=wu;,1=1,...,n—1, vy, =tu,,
with u; € (9313, i=0,...,n and a = vp(v*y,). Therefore in W ;¢—1)+r,,

Ei(n—l)JrT‘Resp( “hy) = aTr,, pRes: Tr g, ([ulo] i[%}] .. i[igl]] Cﬁj’])
uy Un—1

1 d[u? ] - d[uﬁll] d[uf’:/ua]>
[wo] (2] [ut,] lub ju]
here p is the map from definition 3.6, which is, lifting to the level pm and then

multiplication with p. By remark 3.29, the second term on the right hand side is
zero and since Trp k. (ﬁ) =V, ([ Zlﬂ]) we obtain by the linearity of the trace and
Uo

<F’:[‘I“,,€ /kResZTrK/K <

proposition 3.26 (vii)

(PP [y (PP] [y (P)P]
Denoting k(P) = k, we have fp = [k : k;] = p® and thus

j(n— T . * _ n— s 1 d[V*y (P)] d[U*yn, (P)]
P D+ Resp (v n) = aTr,, 1 Try ), <p7( 1)+j— (P [u*yll(P)] [V*ynll(P)]>

|
e L dip(P)] diya i (v(P)
P D (o e )

(v(
:pj(n—l)-i-sa[ﬁ . k(y(P))]Trk(V(p))/k <¢n—1( ))7

Bj(nﬂHrReSP(V*T/fn) = aTry, i (ij <[V T : )d[y*yl(P)p]] e d[V*yn_l(P)pJ]> i
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where v(P)? is the point v(P) € F! viewed as a point in X,,_; via the canonical

isomorphism F? = X,, ;. Since p is injective, we obtain in WmQZ_l
(4.5.3) Resp(v*¢,) = vp(v*yn) [k(P) : k(v(P))]0([v(P)2]).

Similarly, one shows
Resp(v* ) = (—=1)""p('y:) [K(P) : k((P))] 0([v(P)]]),

for all P € S Nv~Y(y; = j) and j = 0, 0o, with V(P)g being the point P viewed as a
point in X,,_1. Thus by corollary 3.30, proposition 4.3 and example A.1 we obtain

0 = ZRGSQ(V Un)

QeX

= > D ()" e ) [R(Q)  k(Q))] 6([(Q)7)
i=1 Qexnu—1(y;=0)
- > —(=1)" vty [K(Q) : k(v(Q))] 6([1(Q)5°])

QeXNv—1(y;=00)

= (=0">_ Y (Dordpw)0((P]) = D (1) (—ordp(y:))0([F])
i=1 PeCnN(y;=0) PeCn(y;=o0)

n

= (=)™ Y (=1)'0[C] - 5[C]) = (~1)"6(9[C))

i=1
and this proves the theorem. O
4.6. Corollary. The map
(4.6.1) 0 : TH' (k, 1;m) — Win(k),  [P] = Trpep)/n(grpy)

is an isomorphism of groups. (Notice that the brackets [ ] on the left denote a cycle
class, whereas on the right the Teichmiiller lift.)

Proof. First we observe that we can represent every cycle class ¢ € TH!(k, 1;m) by
a principal divisor

(4.6.2) £ = div(f) - divig), f,g€ (K% +ahla]).

(By abuse of notation we write div(f) for the residue class of the divisor of f in
TH!(k,1;5).) Now we claim

: : f(T) 9(T)
4.6.3 O(div(f) — div =w(——) —w(=),
(463 (iv() —div(g)) = (i)~ w( )
where w(]}((g))) is the Witt vector coming from % € (%)X (see 1.10).

Obviously it is enough to check
0(div(l — zh(z)) = w(l — Th(T)),

for h = 3" a;a’ € k[z], such that 1 — zh(x) € k[z] is irreducible. Then div(1 —
zh(z)) = P € Gy, is a point with residue field k(P) = k[z, 2]/(1 — zh(z)). Denoting
the residue class of x in k(P) by «, we have

0([P]) = Tfk(P)/k(kip = Trypy /i ([h(0)]) = w(Nmypyry ey (1 — Th(e))).
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Now the matrix of 1 — Th(«) in the basis 1, «,...,a" is
l—aT -T 0 -~ 0 0
—a1T 1 -7 . 0 0
M,—| —aT 0 1 . 0 0
canaT 00 1 T
—anT 0 o -+ 0 1

By induction over n (Laplace expansion with respect to the last column) we see
det M,, =1 —Th(T).

This proves the claim (4.6.3). It follows immediately that 6 is surjective. Thus it
remains to check the injectivity of §. Take ¢ € TH!(k, 1;m) with 6(¢) = 0. Write

§ =divf —divg, f,g€ (1+k[z]), with (f,g) = 1.
Then by (4.6.3) we have

(4.6.4) J(1) € (1+ T E[[T])*.

Now we define a curve C C G,,, x P1\ {1} by
C: f(z) —yg(z) = 0.

Since (f,g) = 1 it follows from the Eisenstein criterion that C' is integral. Fur-

thermore C' is nonsingular in P = (0,1), we have C ¢ {y = 0} U {y = oo} and
CN ({0} xP!) = P. Additionally z is a local parameter in P and thus it follows from
(4.6.4) and remark 4.2 that C fulfills the modulus condition. Hence [C] € Z1(X1;m)
and 0[C] = . O

Next we want to equip the additive Chow groups with the structure of a restricted
Witt complex. Then the universality of the de Rham-Witt complex will yield an
inverse map to the map 6 of theorem 4.5.

4.7. Some morphisms on X,,.

(i) Let po : Gy X Gy, — Gy, be the multiplication morphism on G, (i.e. the
morphism induced by k[z,1/x] — k[x1,1/x1,22,1/29], © — x122). Then
we define the morphism

(4.7.1) frs = Xp X Xg — Xy
to be the composition
X, X Xy 2 Gy X Gy x (P1\ {11)7 x (P'\ {1})* "2 G, x (B {11)7° = X,

If P=(a,b1,...,b,) € X, and P = (d’,c1,...,¢5) € X, are k-rational
points, then

w(P x P =(ad,by,...,by,c1y. .. cs) € Xpys.

If P € X, is any closed point, then ppyx, is finite.
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(ii) Let A : Gy, — Gy, X Gy, be the diagonal embedding. Then we define the
morphism

(4.7.2) A, (G \ {1}) x (P (1) — X,

to be the composition

n—1 Axid e
(G \ {1}) x (P'\ {1 225 (G \ {1}) X (G \ {1}) x (P'\ {1})" " — X,,,
where the last map is the natural inclusion. If P = (a,by,...,bp—1) € Xp1
is a k-rational point with a # 1, then

An(P) = (CL,CL, bl, ‘e 7bn—1)-
A,, is a closed immersion.
(iii) Let » > 1 be a number and ¢,¢ : G, — Gy, the morphism induced by
klx,1/x] — k[z,1/z],  — z". We define the morphism ¢, ,, = ¢, by
(4.7.3) Or = ro X id : X, = Gy, x (P {1} — X,..

If P=(a,by,...,b,) € X, is a k-rational point, then

()OT(P) = (ar’ bb ceey bn)
For all » > 1, ¢, is flat and finite of degree 7.

4.8. Definition-Proposition. Let m,n,r and s be natural numbers.
(i) The map
k— Zo(Gp,), aw div(l —ax)
induces a map
(4.8.1) {-}:k — THY (K, 1;m), aw~ {a}.
(ii) The composition
Zo(Xr—1) @ Zo(Xs-1) —= Zo(Xr—1 X Xs_1) 25 Zo(Xyis5-2)
induces a map
(4.8.2)
*: TH"(k,7;m) ® TH®(k,s;m) — TH ™ Lk r4+5—1;m), £@n— Exn.
(iii) The map
—Apy: Zo(Xn—1) — Zo(Xn),
where we define A,,,([P]) := 0 for all closed points P € {1} x (P*\ {1})"~!,
induces a map
(4.8.3) D, =D = —A,, : TH*(k,n;m) — TH" L (k,n 4+ 1;m).
(iv) The map
o Zo(Xn—1) — Zo(Xn-1)
induces a map
(4.8.4) V, : TH"(k,n;m) — TH"(k,n;rm +r — 1).
(v) The map
Pry ZU(anl) B ZO(anl)
induces a map

(4.8.5) Fr: TH"(k,n;rm +r —1) — TH"(k,n;m).
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Proof. For (i) nothing is to show. Since the composition in (ii) obviously restricts
to Zo(Xpr—1 \ Yro1) ® Zo(Xs—1 \ Yso1) — Zo(Xpgs—2 \ Yrgs—2), (i) amounts to show
that for a curve C' C X, with [C] € Z1(Xs;m) and a point P € X,_1 \ Y,_1 there is
a l-cycle £ € Z1(Xs4r—1;m) with

(4.8.6) 10.([P] x 8[C)) = BE.

We set
§ = ps([P x C) € Z1(Xpqs-1).
Then with the use of proposition A.11 in the appendix we see

M*(P;fl(FZ—l,i)-[P xC)) 1<i<r-—1

FIo &= (Wt (F? P = :
rs—1-€ = (W (F g ;) [PxC) {M*(p:(Fji_(r_l)),[PxC]) r<i <r+s-—1,

where p,_1 and ps are the projections from X,_; x X to X,_1 and X, respectively.

Therefore FH_S i€ is0for 1 <i<r—1andit equals p([P] x (FSJZ r—1)-1C)

for r < i < s. This yields (4.8.6) and that £ is in good position. It remains to
show that £ satisfies the modulus (m + 1) condition. Let C" C p(P x C)peq be an
irreducible component and C’ C (P x C),eq an irreducible component mapping to
C" under the finite map (P X C)rea = p(P X C)rea. Denoting by 7 the projection
X, 1 x X5 — Xg, with X,, = P! x (PY)", compactification and normalization give
us the following diagram

7 —~ P —~
C < c’ c”
X 47 Xr 1 X X YrJrsfl-

Now notice, that 7#*v*(Fso) = i*v""(Fr4+s-1,0) (here we need that the x-coordinate
of P is not zero) and ﬁ*u*(F;i) =" (Frl+S 1i+r—1)- Thus, applying fi.7* to the
modulus condition satisfied by C', we obtain
r+s—1
deg (i) (mA-1) V" Frysr0] = (mA-1)jo” [V Ful < Z P Fy] = deg() Y W FY i)
i=1
(Here we need that 7 is flat, which is the case by [Ha77, I11, Proposition 9.7.].) This
proves the modulus condition for C” and thus € € Zq (X, 1s_1;m).

Next (iii). Obviously A, restricts to Zo(Xp—1 \ Yn-1) — Zo(X, \ Ys). Now let
[C] € Z1(X,;m) be a curve. We have to show that there is a 1-cycle £ € Zq (X411, m)
with
(4.8.7) A, (9[C)) = B€.

Write Cp = C N ((Gm \ {1}) x (P \ {1})n). We set

€ i= An.[Co] = [An(Co)] € Z1 (G \ {1}) x (PM\ {1})"H).

But A,,(Cp) is closed in X,, 41 (since a point in A, (Cp) \ An(Co) C X,,11 must have
the z- and the y;-coordinate equal to 1, which is impossible by the definition of
Xp+1). Thus we may view ¢ as a 1—cycle on X,11. Now & lives on (G, \ {1}) %
(G \ {1}) x (PY\ {1})™, hence, for j = 0,00

F£+1,1~f =0
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and since A, = 0 on {1} x (P1\ {1})",
Fl €= Bnn( A" (4 ,)-[Col) = Ana(FS

n,g—1°

[C]) € Zo(X, \ Yy) fori>2.

Thus € is in good position and satisfies (4.8.7). It remains to check the modulus
condition. Compactifying and normalizing the map C' — A, (Cp) give us a diagram

Ap —~—

An —
X, — Xpy1-

We have v*F, o = A" (FL ) and ViE, = A:LV/*(F%+17i+1), i=1,...,n. Now
we apply ﬁn* to the modulus condition for C' and, as in (ii), we obtain the modulus
condition for &.

(iv). Let [C] € Z1(X,; m) be a curve. We have to find a cycle £ € Z(X,;rm +
r — 1) with
(4.8.8) r(0[C]) = 0€.
We set

§ = ¢p[C] € Zy(Xn).

Then for j =0,ccandi=1,...,n

FI.€ = o (F)).1[C] = @} (FL[C)) € Zo( X \ Vo).

Hence ¢ is in good position and fulfills (4.8.8). It remains to show that & satisfies the
modulus condition. Let ¢’ C ¢, }(C) be an irreducible component. Compactifying
and normalizing the map ¢, : C' — C, yield the diagram

o5

L

~ g X

X, — X,
Since V*F} is the Cartier divisor defined by v*z = 0 and v/ (Fjl) the one defined
by v*y; = 1, we have by the definition of ¢,,

(4.8.9) rlv* Fo] = [gpv* (Fo)] = ¢r[v Fo] and [V F}] = Gi[v*F}].
Thus

n

((mr + 7= 1)+ DI (Fo)] = (m + D@V Fo] < Yo W E =) V*Fl,
=1 i=1

hence € € Z1(Xp;rm + 1 —1).
Finally (v). Let [C'] € Z1(X,,;rm 417 —1) be a curve. The usual argument shows
that

§ = or.([C"]) € Z1(Xy)
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is in good position and satisfies 9¢ = ,.,0[C’]. Compactifying and normalizing the
map @, : ' — C = &.eq give us a diagram

a—"=
o, L
2
Xpn— X,
Applying @, to the modulus condition of C’ and using the relations (4.8.9), we

obtain

n

deg @, (m+1) [V Fo] = ((rmAr—1)+1)@r [t Fo] < Y grlt*(F)] = deg & ) [V F}]
=1 =1

and we are done.
O

Next we investigate the behavior of the additive Chow groups under finite field
extensions.

4.9. Lemma. Let m,n > 1 be integers, L D k be a finite field extension and denote by
7 : Spec L — Speck the induced map. Then 7y : Zo(Xp—1.0 \ Yn-1,1.) = Zo(Xn—1k \
Y1) induces a group homomorphism (also denoted by )

7 : TH"(L,n;m) — TH"(k,n;m)
and 7™ : Zo(Xp—15 \ Yn—1k) = Zo(Xn—1,1 \ Yn—1,1) induces a group homomorphism
7 : TH"(k,n;m) — TH"(L,n;m),

satisfying the following properties

(i) mx and ™ commute with D,V, and F,, all r.
(ii) Forn e TH"(k,n;m) and £ € TH"(L,n;m) we have

T (7)) %L &) = 1 % mE.

(iii) The following diagrams commute

[/
TH"(L,n;m) — W,, Q7!

J{ﬂ'* J/TrL/k

TH"(k,n;m) LN WmQZ_l
and

TH" (L, n; m) —25 W,, Q01

TH" (k, n; m) — 5 W,, 201,

where the ™ on the right hand side is the natural map induced by k C L.
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Proof. First we show, m, is well defined on the additive Chow groups. Therefore
take a curve [C] € Z1(X,,,1;m) and define n := 7, [C] € Z1(X,, ;). One easily checks
that 7 is in good position and satisfies On = 7,.0[C]. Compactifying and normalizing
the map C' — 7(C) yield

We have
(4.9.1) v Fyp =7V (Fog) and v*Flp = #0 (F))

and thus applying 7, to the modulus condition for C gives us the modulus condition
for n.

To show that 7* is well defined we take any curve [C'] € Z1(X,, x;m) and define
£ :=7*[C"] € Z1(X,,1). Again & is in good position and fulfills ¢ = 7*9[C"]. Now
let C c 7~ 1(C") be an irreducible component. Compactifying and normalizing the
map 7 : C — C' yield

G —"

I
YL,n L) Yk,n-

Since (4.9.1) still holds we obtain the modulus condition for £ by applying 7* to the
modulus condition for C”.

The proof of (i) and (ii) is immediate (for (ii) use lemma A.9). To check the
commutativity of the first diagram in (iii), we take a point P € X,,_1 1 \ Y11,
notice that we have inclusions k£ C k(7(P)) C k(P) D L, then the statement follows
from

(k(P) : k(7 (P)|Trir(py) /i (%—1(7?(13))) = Tryp)/p(Yn-1(P))
= TrpTrypy/r(Yn-1(P)) = Trp 0L ([P]).

It remains to check the second diagram in (iii). Thus take @ € X,,_1 % \ Y14 and
denote F = k(Q) D k. We write
=D _UlRi]
i

where the R; € X,,—1 1 \ Y,—1, are all the points mapped to @ under m. If we
further denote L; = k(R;) and let 0; : E < L; be the natural inclusion, then

Or(m Zl Try, /o (¥n-1( ZTTL /L (l i (Yn— 1(@)))

which by proposition 3.8 equals
T Trg /e (Yn-1(Q)) = 70, ([Q])

and we are done. O
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4.10. Corollary. The map 6 : TH"(k,n;m) — WmQZ_l from theorem 4.5 satisfies
(4.10.1)
fo{=}=[-], 0oD=dol, OoV,=V,00, OGoF.=F,00, forallr>1

and
(4.10.2) O(n=*&) =6(n)0(&), forallne TH"(k,r;m),§ € TH(k,s;m),r, s > 1.

Proof. The first equality in (4.10.1) follows immediately from the definitions of
and {—}. It is enough to prove the other equalities in (4.10.1) for k-rational points.
Indeed, if P € X,,_1 1 is a closed point with residue field k(P) = L, we denote
by a,bi,...,b,_1 € L the residue classes of the coordinates in L and by P’ =
(a,b1,...,bp—1) € X;,—1,1.. Now let 7 : SpecL — Speck be the map induced by
k C L, then we have 7,[P'] = [P] € TH"(k,n;m). Thus if we know the equalities for
k-rational points on X,,_1 1, for any field k, we know it in general by lemma 4.9 and
the fact that on the side of the de Rham-Witt complex the trace commutes with V.,
F, and d. Thus it is enough to consider points P = (1/a, by, ...,bp—1) € X;—1\Yn—1
with @ and b; € k*. For such points

11 dla] dbi]  d[by_1]

6(D|P]) = —0(5 = b1, bp) = [a]m o Tow] = di([P))
(here a # 1 and it is trivially true for a = 1) and
AP = 00 b1 o) = Fo) G T — mo)

Furthermore, we recall 0(div(1 —az")) = V,([a]) (this follows from (4.6.3) and 1.10)
and since

Vr([P]) = [div(1 — ax")] x [(b1,. .., bn-1)],
we obtain
diby]  dbe] diby]  dbpi]
[b1] " [bn] [01] " [br]

It remains to show (4.10.2) and since * is distributive by definition, this is equiv-
alent to

O(Vr[P]) = 0(div(1 — az”)) = V;([a]) = V. (0([P]))-

0([P] = [Q]) = 6([P))O([Q)]),
for Pe X, 1\ Y,—1 and Q € Xs_1 \ Ys_1 arbitrary points.

First case: P is k-rational. We write P = (1/a,b1,...,b,—1), a,b; € k™, and
denote by L = k(Q) the residue field of Q. Then u.([P] x [Q]) = [Q’] is a point
whose residue field k(Q') = L’ is over k isomorphic to L and the isomorphism is
given by

(4.10.3) L' =L, z(Q)— %x(Q), vi(Q) = yir1(Q), fori=r,...,r+5-2.

Thus
. oo 1 dby] dba]dly (@) dlyrs—2(Q)]
P = (G Bl sl @) e 2@
_ o] dbe] ( 1 dye (@) dlyrrs- 2<Q'>]>
b oeea] (@) e (@) Tyrrs—2(Q0]



62 KAY RULLING

which, by the isomorphism (4.10.3) equals
dibr]  dlbr] o] dyi(@)]  dlys—1(Q)]

1] [br—1] rL/k([x(Q)] 11 (Q)] 7 [ys—1(Q)] ) =0([P)o([Q]).

General case. Now let P and Q) be arbitrary. Let L be the residue field of P and
m : Spec L — Speck be the map induced by k£ C L. As we saw above, there is a
point P’ € X, 1\ Y,_1 1 with 7, [P'] = [P]. By the first case and lemma 4.9, (iii)
we have

0[P+ 7*[Q)) = 0([P))O(x*[Q]) = O((P)7"0([Q])  in TH'™ (L, r + 5 — 1;m).

Now we apply Try, /4, to this and use lemma 4.9 (ii), (iii) to obtain the assertion. [J

Let us recall the cubical definition of Bloch’s higher Chow groups over a field
on the level of zero cycles (of course this can be done more general, see [To92] for
the definition of the cubical version of Bloch’s higher Chow groups and [BI86] for a
simplicial version).

4.11. Definition (cf. [To92]). Let F be a field and denote
" (Fyn) = Zo((Pp \ {0, 1,00})")

and

'(F,n+1) =a&Z[C],
where the sum is over curves C' C (PL \ {1})""!, satisfying 81][(7] € "(F,n), for
j=0,00and i =1,...,n. Then we define
_ "(F,n)

dc(Fyn+1)

The exterior product of cycles (see A.7) makes @, CH"(F,n) into a graded ring.

CH"(F,n)

4.12. Lemma. Let Py € Gy, 1, be a closed point. Denote by
tpy + (Phpyy \ {11)" = Speck(Po) xx (P \ {1})" < Gynp xi (P \ {1})"

the closed embedding induced by Spec k(Py) — G,,. Then push-forward yields a
homomorphism of groups

Lpy, : CH"(k(Py),n) — TH" (k,n + 1;m),

foralln >0 and m > 1, and

@LPO*

B cH(k(Py),n)) — TH* ' (k,n + 1;m)
PoeGy,

1S surjective.

Proof. To show that tp,, is well defined, let [C] € ¢"(k(FPp),n + 1) be a curve and
define & = vp,,[C] € Z1(Xp41). Clearly £ is in good position and since Py # 0
the modulus condition is fulfilled trivially for all m. Thus £ € Z;(X,4+1;m) and
0§ = 1p,,0[C]. Hence vp,, is well defined. For the surjectivity, take a closed point
P € G,, x (P1\ {0,1,00})" and write the maximal ideal of P in the form (cf. [T092,
proof of Lemma 2])

m = (f($)7gl($7yl)v oo 7gn(x7y17 v 7.%)): f € k[$] irreducible ,9i € k[xaylv e 72-/1]
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Now let Py € G, be the point defined by f(z) =0 and P’ € (]P’}C(PO) \ {0,1,00})"
the point defined by the maximal ideal m = (g1(Z,91),-..,9n(Z,y1,.--,Yn)) C
E(Po)[y1,---,yn]. Then

Lpy [P = [P,

hence the assertion. O

4.13. Milnor K-Theory. We recall the basic facts about Milnor K-theory, our
reference is [BaTa73].

Let F be a field. Denote by T, (F*) the tensor algebra (over Z) of F* and by
R.(F*) C T.(F*) the homogeneous ideal generated by a ® (1 — a), for a € F*.
Then the Milnor ring of F is the graded algebra

KM(F) = T.(F*)/R.(F¥).
We denote by KM (F) the group of homogeneous elements of degree n and by
{ai,...,an} the image of a1 ® ... ® a,, in KM (F). We have

(i) {a1,...,an}-{b1,...,bp} ={a1,...an,b1,...,0m}.
(ii) {a1d},a2...,an} ={a1,a2...,a,} +{a},a2...,a,}.
(iiig {a,b} = —{b,a}.

(iv) {a,a} = {a,—1}, in particular 2{a,a} = 0.
Let L D F be a finite field extension. Then Bass-Tate and Kato (see [BaTa73],
[Ka80]) constructed a group homomorphism (the construction is due to Bass and
Tate, and Kato showed that it is well defined)
Nmy,p: K)'(L) — K} (F),
satisfying the following properties
(i) Nmy/r(i(z)y) = - Nmp p(y), where z € KM (F), y € KM(L) and i :
KM(F) — KM(L) is the natural map.
(ii) Nmz,p({a}) = {Nmz,p(a)}, for all a € F*, where the Nm on the right

hand side is just the usual norm of field extensions.
(iii) For field extensions L D K D F we have

NHlL/F = NmK/F o NmL/K and NmL/L =id.
4.14. Theorem ([NeSu89], [To92]). The map
p: KM(F) = @ CH"(F,n), {a1,...,an} = (as,...,an),

s an isomorphism of anti commutative graded rings with inverse
p~l: CHY(F,n) — KJ'(F),  [P] = Nmpp)p({y1(P), .., ya(P)}).

4.15. Lemma ([NeSu89], Lemma 4.7.). Let L D F be a finite field extension and
w : Spec L — Spec F' the morphism induced by the inclusion. Then the following
diagram commutes

KM (L) —% CHM(L, n)

J/NmL/F J/T('*

KM(F) -5 CH™(F,n).
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4.16. Definition. We denote

= @ KN
Po€Gm i
and write {ay,...,a,}p, for the image of a; ® ... ® a, in Kf]w(k(Po)), Py e G,,.

(i) For Py,Qo € Gy, with [Py x Qo] = >y m[Ri] € Zo(Gr X Gyn) and
r,s > 1, we define

{al, N ,ar}po * {bl, ce 7bS}Q0 = ZmiNmk(Ri)/k(,u(Ri))({al" . .,ar,bl, cee 7bS}Ri)7
i=1

where i : Gy, X Gy, — Gy, is the multiplication and the a;’s and b;’s on the
right hand side are viewed as elements in k(R;) via the natural inclusions
kE(Py), k(Qo) — k(R;). Bilinear extension yields a map

*: 1. @Ts — [y

Note that this map is clearly well defined.
(ii) For n > 1, we define a group homomorphism

D:T, — T
via
D({a1,...,an}tp) = —{x(Ry),a1,...,an}py,

where x is, as before, the coordinate of G,, and z(FP) is its residue class in
k(Py).

(iii) Let ¢, : Gy, — Gy, be the morphism induced by x — z". Let Py € Gy, be
a point and write @f[Py] = Y7 m;[Qi] € Zo(Gy,). Then we define

VT<{CL17 B CLN}PO) - Zmi{goi(al), s 7()0:(0’71)}Qz"
=1

where ¢} (a;) is the image of the a; under the inclusion k(FPy) — k(Q;).
This gives a well defined map

V,: Ty, — T,
(iv) We define
Fr: I, — Ty
by

Fr({ar, -y antpy) = Nmypoy ion(po)) ({015 - -5 ant py)-

4.17. Lemma. For o € I', and 8 € I'y, we have

i) axf=(-1)"Fx*a.
i) D(a* 8) = D(a) * B+ (1) a * D(B).
(ili) 2DD(a) = 0.
(iv) DF, =rF.D, rDV,=V,D.
v) FoDVr({b1,...,bstp) =D{b1,...,bs}tp,) — (r — 1){=1,b1,...,bs}p,-
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Proof. We may assume a = {a1,...,a,}p, € KM(k(P)) and 8 = {b1,...,bs}o, €
KM (k(Qo)). Then (i) and (iii) follow immediately from the properties in 4.13. For
(i) we write [Py x Qo] = Y iy mi[Ri] € Zo(Gp x Gyy,), then by definition

D(ax*p) = —Zml{x (Ri)) INmy (g, /(s ({1, - ar, by, - bstR,)

= - Z m; Nmy g,y /k(u(ry) ({71 (FPo)22(Qo), a1, - - ., ar, b, ..., bs}R,)
i—1

— D(a) * B+ (1) a  D(B).

The first equation in (iv) follows from

{2(0r (P0)) } o (P) N () k(0 (o)) ({015 - - -5 D5 py) = Ny (py) k(o (o)) {2(F0) " b1, -

For Py € Gy, write ¢}[Po] = > mi[Qi] € Zo(Gyy), then the second equation in
(iv) follows from

Z mlr{x @r(bl) t 301“ }Qz Z mz{% Sor(bl) .- 790:(175)}@1

In (V) we have

(4.17.1)

FrDVr({br,...,bs}py) = Zmszk o/k) ({2(Q1), 07 (b1), - - - 7 (bs) }q,)

= (S N g (#(Q) ) b b

i=1
But if we write in k:(Po)[T]

—z(Py) = H fi(T)™  with f; € k(FPy)[T] irreducible of degree d;,

then Q; = Spec k(f?:)r[f I and

Nmy () /m(r) ((@i)) = (—=1)% £i(0).

Now (v) follows from (4.17.1) and [;(—1)%™: f;(0)™ = (—1)""Ya(Py). O
4.18. Lemma. Let ¢, : '), — TH"‘H(k n+ 1;m) be the composition
W @ CHMK(Po),n) 2 TH™  (k,n + 1;m).
PoEG

Then 1, is surjective and the following diagrams commute
(i)

T‘® S
T, @ Ty — % PHA (ke r 4+ 1;m) © TH ™ (k, 5 + 1;m)

i |-

Yris
Fr+s i THT+S+1 (k, r4+ s+ 1, m)

7bs}P0)-
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[y ——— TH"  (k,n +1;m)

JD JD
| R Llﬂ TH" 2 (k,n + 2;m).
(i)

Ty — " TH™ (ke + 1:m)

lvr |

L, —— TH"  (k,n + L;rm +r — 1).

L, —— TH" " (k,n+ 1;rm +7r —1)

J,fr lﬁ

r, —2 TH" " (k,n + 1;m).
Proof. The surjectivity of 1, is clear. To prove the commutativity of the first dia-
gram, take points Py, Qo € Gy, write [Py x Qo] = D11 m;[Ri] € Zo(Gp, x Gy,) and

let « = {ai,...,a,}p, and B = {b1,...,bs}q, be elements in I, and Iy respectively.
Then

Vrys(a* B) = Zmz (R) NMi(r) /k(u(ry)) ({01, -+ -5 @r, b1, bstR,)-

But it follows from lemma 4.15 that we have in CH"™* (k(u(R;)), 7 + s)

Nmk(Ri)/k(M(Ri))({al,. . .,ar,bl, .o ‘7bS}Ri) = ,u|Ri*(a1, oo ,ar,bl, ces ,bs).

Hence

n
Yras(ax ) = z:mZ PstRy (A1, .oy ap, by, bs) = palipy (a1, - ar) X gy, (b1, - -

=1
= %(04) * @Z}s(ﬁ)
The commutativity of the second diagram amounts to show
Apsipy(ar, ... an) = tpy, (x(FPo), a1, ..., ap).

For Py = 1 both sides are zero (the left hand side by definition of A,,, and the right
hand side since 1,11 is well defined) and for Py # 0 the equality holds again by
definition of A,,. Finally diagram (iii) commutes just by the definition of the V,’s
and diagram (iv) by the definition of the F,. together with lemma 4.15. O

Now we are ready to state and prove our main result.
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4.19. Theorem. Let k be a field of characteristic # 2. Then
(®n>1TH™ (k, n5m))men, R, %, D, (Fr)r>1, Vi )r>1)

is a restricted Witt complex (see 2.16) and the natural map induced by the univer-
sality of the de Rham-Witt complex

9 W, Q! = TH"(k,n;m)
is an isomorphism for all m,n > 1 with inverse the map 6 from theorem 4.5.

4.20. Remark. For m = 1 the statement becomes

TH"(k,n;1) = 7,

which was proved by Bloch and Esnault in [BIEs03b] under the additional assump-
tion 1/6 € k.

Proof of the theorem. First we have to show that (,~; TH"(k,n;m))men is a re-
stricted Witt complex, that is, we have to check all the properties from definition
2.16. Notice, that everything automatically commutes with the restriction R. Next
we observe that * is associative, since the multiplication map on G,, is. We already
know from corollary 4.6 that we have an isomorphism TH*(k, 1;m) = W,, (k). Thus,
since 2 is invertible in k, 2 is also invertible in €, -, TH"(k, n;m). Hence, by the
lemmas 4.17 and 4.18, (D,~; TH"(k,n;m))men is a projective system of differential
graded Z-algebras. Furthermore it follows directly from the definitions of *, F, and
V), that F, is a homomorphism of graded rings, for all r, and we have F; = V; = id,
FrFs = Frs and V. Vs = Vg, as well as F.V, = r (this is, pulling back and then
pushing forward via a finite and flat map is just multiplication with the degree).
Next we want to show F,. Vs = Vs F,., if (r,s) = 1. By proposition A.5 this amounts
to show that

Gy —2 Gy,

[,

Gm —> Gy,
is cartesian, where ¢, is induced by z + z". This means the following: view
klx1,1/x1] as a k[z,1/z]-module via x — x§ and k[z2,1/x9] as a k[x,1/x]-module
via z — x5, then we have to show

A= blan, 2@, 1) blwe, 2] — kit f@) @ g(an) = £ )g(t)

is an isomorphism, if (r, s) = 1.
Obviously the map is well defined and surjective. For the injectivity take an
element o = ) Nt @ xh € A. Then « goes to zero in k[t, 1/t], iff for all ¢ € Z

1,JEZ
0= E )\ij = E )\iq,a&qurar, ’iq,jq fixed, with ’L'qT + qu =q.
ir4js=q a€Z

Thus ' '
0= Y5 N ansgrariel @k =0,
a

q
hence the claim. It remains to check the equalities (iii)-(v) from definition 2.16.
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Next we show (iii), i.e. V,.(F.([P])*[Q]) = [P]*V,([Q]). But again by proposition
A5 this is satisfied, if

idx @,
Gy, x G,y, —— Gy, X Gy,

J{M luo(tpr xid)

GmLGm

is cartesian. That is: view k[z1,1/x1,x2,1/22] as a k[z,1/z]-module via z — z]z
and k[z,1/x] as a k[z,1/z]-module via z — 2", then
k[z1, -, 22, ?12]®k[zé]k[$a 1] — klon, o me, 2 flen,22)@9(x) = f(21,25)g(122)
has to be an isomorphism. Indeed the map is clearly well defined, the surjectivity
follows from 1 ® 1 — x1 and (1/x1) ® x — x2 and the injectivity is proved as above.
Hence (iii).

The equalities in definition 2.16, (iv), i.e.

F.DV, =D, DF,=rFD, V,D=rDV,,

follow immediately from the lemmas 4.17 and 4.18 (taking into account that ¢s41({—1, b1, ..

0, since 2 is invertible in €, -, TH" (k,n;m)).

It remains to prove relation (v), i.e. FD({a}) = {a}""'D({a}) for all a € k. If
a = 0, then by definition {a} = 0 € TH'(k,1;m). If a = 1 both sides are zero by
definition of D and for a € k* \ {1}, both sides equal (1/a",1/a).

Thus @,,~; TH"(k,n;m) is a restricted Witt complex and the universality of the
de Rham-Witt complex yields a map

9 W, Q0 — TH™(k,n;m).

For 6 the map from theorem 4.5, we have by corollary 4.10, § o ¥ = id. Thus it
remains to check that ¥ is surjective. Similar to the arguments in [NeSu89, Lemma
4.7.] and [BlEs03b, Theorem 6.4.], this will be done with the use of the following
lemma.

4.21. Lemma. Let L D k be a finite field extension, inducing w : Spec L — Speck.
Then the following diagram commutes

W, 2t — 25 TH™ (L, n; m)

lTI"L/k lﬂ'*

W, =t —25 TH" (k, n; m).

Now assuming the lemma holds, we can prove the surjectivity of ¢. Take a point
P e X,1x \ Yoo1 and denote by L = k(P) its residue field. Then there is a
L-rational point P’ = (a,b1,...,bp—1) € Xp_11 \ Yy—1,r with m[P'] = [P]. On
the other hand we may write (using the notation from definition 4.8, (i), {b} =
div(1 — bx))

[P] = ()" {22y« DA D) %+ D{52 D)
Hence by lemma 4.21

[P] = ﬁ(TrL/k((—l)”*%d(ﬁ) . d(ﬁ))) in TH"(k, n; m).

. 7b5}P0) =
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What remains to be done is the

Proof of Lemma 4.21. First we prove the assertion on the level of Witt vectors,
i.e. n = 1. Since Tr and 7, commute with V, and V, respectively, we are reduced
to show ¥(Trz ,[a]) = m.{a}. But by the construction of the trace on the Witt ring
(via norm) and by corollary 4.6, we have

I(Trpp([a])) = div(Nmp /(1 — aT)) in TH(k,1;m),

which equals m.{a}, by [Fu84, Proposition 1.4.]. Thus the lemma is true for n = 1.
By construction of the trace (theorem 3.7), it is enough to consider in general the
cases, L D k separable or purely inseparable of degree p.

First case: L D k separable. We have W,, Q71 = W,,(L) QW (k) W, Q! Thus
it is enough to consider elements wo with w € Wy, (L) and a € W,,,Q;~". Hence
the assertion follows from

T (H(wa)) = (I w) * 7" («)) = I(Tr(w)a),

where the last equality is the case n = 1 together with lemma 4.9 (ii).

Second case: L D k purely inseparable of degree p. We can write L = k[x]/(zP —b),
with b € k\ kP. Denoting by y the image of x in L it follows from theorem 3.1 and
theorem 2.12 that every element in WmQ’i_l can be written as a sum of elements
of the following form

(1) V’r‘(a[y}])v S WL%JQZ_laj € {07 EEEEY Ui 1}7 re {17 s 7m}7

(11) VT(ﬁ[y]Jild[y]% /8 € WL%JQZ_27] S {17 s 7p}7 re {L s 7m}7

(iii) dV,(Bly)), B€Wm Q2 €f0,....,p—1}, re{l,...,m}.
Thus it is enough to check the commutativity in the cases (i)-(iii). These are straight-
forward calculations, similar to the one in the first case. To prove (ii) one has to use
[yl ~tdly] = % [y)7, for j < p, and [y~ d[y] = Fp(d[y]). This finishes the proof of
the lemma and hence the proof of theorem 4.19. O
4.22. Remark. Notice, that the relations (i)-(iii) and (v) from definition 2.16 are
already satisfied on the level of cycles and that we explicitly needed the modulus

condition only once, namely in the proof of corollary 4.6, where we showed the
injectivity of the map 0 : TH(k,1;m) — W,,(k).
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APPENDIX A. INTERSECTION THEORY FOR CARTIER DIVISORS

In this appendix we give the definition of algebraic n-cycles, flat pull-back, push-
forward, pull-back of Cartier divisors and intersection of those with cycles and we
will list some properties. Of course this is all taken from [Fu84, Chapter 1, 2] (see
also [VoSuFr00, Chapter 2]), except that in [Fu84] everything is done modulo ra-
tional equivalence and the push-forward is only defined for proper maps. Whereas
here we are defining everything on the level of cycles and the push-forward is defined
whenever the map is proper along the cycle we wish to push-forward (see [VoSuFr00,
Chapter 2]).

All schemes are assumed to be algebraic, i.e. of finite type over a field.

Let k be a field and X a k-scheme. We define for n € Ny
Zn(X) = Pz V],

where the sum is over all n-dimensional subvarieties V' C X. If X is equidimensional
of pure dimension d we also write Z¢(X) := Z4_;(X). An element in Z, (X) is called
a n-cycle and an element in Z(X) = @,,~( Zn(X) just a cycle.

Let X1,...,X, be the irreducible components of X equipped with the reduced
scheme structure and 7;, ¢ = 1,...,r, their generic points, then the cycle of X is
defined to be

,
(A.0.1) (X] = loy,, (Ox,4,)X] € Z(X).

i=1
If X is a variety with function field K = k(X) and V C X is a codimension one
subvariety with generic point 1, then we define the order of vanishing of f € K*
along V to be

(A.0.2)  ordy(f) =loy, (Oxy/a) — Loy, (Oxn/b), withf:%,a,beox,n.

A.1. Example ( [Fu84], Example 1.2.3. ). Let X — X be the normalization of X
in K, then

ordy (f) = Y [k(V) : k(V)ordy(f),
V>V
where the sum is over all subvarieties V C X which map onto V.

A.2. Pull-back of Cartier Divisors. Let X’ be a variety over k, f : X' — X a
morphism of k-schemes and D = {U;, ¢g;} a Cartier divisor on X satisfying f(X') ¢
|D|. Then f*g; € k(X') is defined and f*D = {f~Y(U;), f*g;} is a well defined
Cartier divisor on X. We have |f*D| = f~(|D|). If X" is a variety and g : X" — X'
is a morphism of k schemes with g(X”) ¢ f~1(|D|), then ¢* f*D = (f o g)*D.

A.3. Push-forward of Cycles. Let f: X — X’ be a morphism of k-schemes. We
say f is proper along a cycle o € Z(X), if the restriction of f to the support of « is
proper. If f is proper along a n-dimensional variety V' C X we define

v {[k(V) ROV RV RV <00y

0 else
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We extend f, additively to all cycles a with f proper along a. If g : X' — X" is
proper along f.a, a € Zp(X), then g, fia = (go f)sa € Z,(X"). For a proper map
f: X — X' we obtain a map fi : Z,(X) — Z,(X'). If f is a closed immersion, then
f« is injective, hence we may view cycles on X as cycles on X'.

A.4. Flat Pull-back of Cycles ([Fu84], 1.7). Let f: X’ — X be a flat morphism
of k-schemes of relative dimension r. Then we have a group homomorphism f* :
Zn(X) — Zpir(X') uniquely determined by

FIVI=1f1(V)], VCX avariety.

If Y C X is any closed subscheme, then f*[Y] = [f~}(Y)]. If g : X" — X’ is flat of
relative dimension s, then g*f* = (f 0 9)* : Zn(X) — Znystr(X).

A.5. Proposition. Let
x' 21 x
|
Yi——Y

be a fiber square with g flat of relative dimension r. Let a be a cycle on X, with f
proper along «. Then ¢’ is flat of relative dimension r, f' is proper along ¢"*a and

! Ix

g =g fa.
Proof. Is the same as in [Fu84, Proposition 1.7.]. O

A.6. Lemma ([Fu84|, Example 1.7.4.). Let f : X' — X be a finite and flat k-
morphism of degree n and o a cycle on X. Then

fofTa=na.
A.7. Exterior Product. Let X,Y be two schemes of finite type over a field k.
Then the exterior product
Zn(X) @2 Ze(Y) =5 Znin(X X1 Y), a® > axf
is the bilinear form uniquely determined by
V] x [W] = [V x W], for subvarieties V C X, W C Y.

A.8. Proposition ([Fu84], 1.10). Let f : X' — X and g : Y’ — Y be two morphisms
of k-schemes and f x g: X' X, Y' — X x, Y the induced morphism.
(i) Take o € Z(X') and B € Z(Y') with [ proper along «, g proper along 5.
Then f x g is proper along o X 8 and
(f X g)s(a x B) = fuar X g« 3.

(ii) If f and g are flat of relative dimension m and n, then f X g is flat of
relative dimension m +n and

(f xg)(axf) = fraxgps.

(iii) The exterior product is associative.
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A.9. Lemma. Let L D k be a finite field extension, m : Spec L — Speck the induced
map, X a k-scheme, a a cycle on X and (8 a cycle on Xy = X Xy Spec L. Then

T (mra X, B) = a X, mi 5.

(Notice the sloppy notation, e.g. the m. on the left hand side is the push-forward
from X1 xp Xp = X X X Xi Spec L to X X X, ete. .)

Proof. We may assume « = [V] and § = [W]. Then
T (T [V] X1, [W]) = e[V Xg Spec L xp, W] = m ([V] X [W]) = [V]] X me[ W],
where the last equality holds by A.8, (i). O

A.10. Intersecting with Cartier Divisors ([Fu84], Remark 2.3.). Let X be a
k-scheme and D = {U;, g;} a Cartier divisor on X such that

(%) OX(D)HD| is trivial

(e.g. there is an open set U C X with |[D| C U and D)y is a principal divisor). Let
j 'V — X be a n-dimensional subvariety. Then we define

_ )bl iV Z|D|
D.[V]= {0 else € Zn1(|IDINYV)

where [j*D] is the Weil divisor on V' associated to the Cartier divisor j*D, i.e.
[*Dl= Y ordz(j*D)[Z],
ZeZ1(V)

with ordz(j*D) = ordz(j*g;) for any i with ZNj~Y(U;) # (). By linearity we obtain
a map
Zn(X) — Zp_1(|D]), a+ D.a.

(Notice, that the assumption (x) can be dropped if one defines the intersection cycle
modulo rational equivalence. Then D.[V] does not need to be zero for V C |D|.)

A.11. Proposition. Let X be a k-scheme and D a Cartier divisor satisfying (x).
(i) For a,a’ € Zp(X)
D.(a+d)=D.a+D.o inZ,_1(|D|N(Ja]Ula'])).
(ii) If D' is a Cartier divisor satisfying (x) and o € Z,(X), then
(D+D")a=D.a+D.a inZ,1((|ID|U|D'|)N]al).

(i) Let X' be a variety over k, a € Zn(X'), f: X' — X a k-morphism which
is proper along o and satisfies f(X') ¢ |D|. Then f*D satisfies (x), g =
Jif=1(D)Nja| @ proper along f*D.a and

9«(f*D.a) = D.fra in Zp—1(|D| N |al).

(iv) Let f: X' — X be a flat morphism of relative dimension r with f(X') ¢ |D|
and o € Zn(X). Then f*D satisfies (), g = fiy-1(pjnja)) 8 flat of relative
dimension r and

F*D.ffa =g (D) in Zuge1(f (D] O]al)).
In particular [f*D] = f*[D].
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(v) Let Y be a k-scheme, o € Zp(X), B € Z,(Y) and p : X X3 Y — X the
projection. Then

(p*D).(a x B) = (D.a x B) in Znir((ID[ N ]a]) x [5]).

Proof. Although the statement differs slightly from [Fu84, Proposition 2.3., Example
2.3.1.], the proof is almost the same and therefore skipped. O

REFERENCES

[AnRo04] G. W. Anderson, F. P. Romo, Simple proofs of classical explicit reciprocity laws on curves
using determinant groupoids over an Artinian local ring. Commun. Algebra 32, No.1, 2004,
79-102.

[BaTa73] H. Bass, J. Tate, The Milnor ring of a global field. Algebraic K-theory, II: ”Classical”
algebraic K-theory and connections with arithmetic (Proc. Conf., Seattle, Wash., Battelle
Memorial Inst., 1972), pp. 349-446. Lecture Notes in Math., Vol. 342, Springer, Berlin, 1973.

[Be66] G.M. Bergman, Ring Schemes; the Witt Scheme. Lecture 26, in Lectures on Curves on an
Algebraic Surface, Mumford, Ann. Math. Studies 59, Princeton University Press, 1966.

[BI78] S. Bloch, Algebraic-K-Theory and Crystalline Cohomology. Pub. Math. .H.E.S. 47, 1978,
187-268.

[BI86] S. Bloch, Algebraic cycles and higher K-theory. Adv. in Math. 61, No. 3, 1986, 267-304.

[BlEs03a] S. Bloch, H. Esnault, An additive version of higher Chow groups. Ann. Sci. cole Norm.
Sup. (4) 36, no. 3, 2003, 463-477.

[BIEs03b] S. Bloch, E. Esnault, The additive dilogarithm. Doc. Math., J. DMV Extra Vol., 2003,
131-155.

[Bo89] N. Bourbaki, Elements of mathematics. Commutative algebra. Chapters 1-7. Transl. from
the French. 2nd printing. Berlin etc.: Springer-Verlag. x, 1989.

[Bo90] N. Bourbaki, Elements of mathematics. Algebra. Chapters 4-7. Transl. from the French.
Berlin etc.: Springer-Verlag., 1990.

[EsVi92] H. Esnault, E. Viehweg, Lectures on vanishing theorems. Notes, grew out of the DMV-
seminar on algebraic geometry, held at Reisensburg, October 13-19, 1991. DMV Seminar. 20.
Basel: Birkhauser Verlag, 1992.

[EGA I] A. Grothendieck, J. Dieudonné, Eléments de géométrie algébrique I. Die Grundlehren der
mathematischen Wissenschaften. 166. Berlin-Heidelberg-New York: Springer-Verlag., 1971.

[EGA IV] A. Grothendieck, J. Dieudonné, Eléments de géométrie algébrique IV. Etude locale des
schémas et des morphismes de schémas IV. Pub. Math. .H.E.S. 32, 1967.

[Fu84] W. Fulton, Intersection Theory. Springer-Verlag, Berlin, 1984.

[Ha77] R. Hartshorne. Algebraic Geometry. Springer-Verlag, New York, 1977.

[He04a] L. Hesselholt, Topological Hochschild homology and the de Rham-Witt complex for Z,)-
algebras. Homotopy theory: Relations with algebraic geometry, group cohomology, and alge-
braic K-theory (Evanston, IL, 2002), Contemp. Math. 346, Amer. Math. Soc., Providence, RI,
2004, 253-259.

[He04b] L. Hesselholt, The absolute and relative de Rham-Witt complexes. Compositio Math., to
appear.

[HeMa01] L. Hesselholt, I. Madsen, On the K-theory of nilpotent endomorphisms. Greenlees, J. P.
C. (ed.) et al., Homotopy methods in algebraic topology. Proceedings of an AMS-IMS-SIAM
joint summer research conference, University of Colorado, Boulder, CO, USA, June 20-24, 1999.
Providence, RI: American Mathematical Society (AMS). Contemp. Math. 271, 2001, 127-140.

[HeMa04] L. Hesselholt, I. Madsen, On the de Rham-Witt complex in mixed characteristic. Ann.
Scient. Ec. Norm. Sup., IV Ser. 37, 2004, 1-43.

[Hu89] R. Hiibel, Traces of differential forms and Hochschild homology. Lecture Notes in Mathe-
matics 1368, 1989.

[1179] L. Tllusie, Complexe de de Rham-Witt et cohomologie cristalline. Ann. Scient. Ec. Norm.
Sup., IV. Ser. 12, 1979, 501-661.

[Ka80] K. Kato, A generalization of local class field theory by using K-groups. II. J. Fac. Sci. Univ.
Tokyo Sect. IA Math. 27 , No. 3, 1980, 603-683.



74 KAY RULLING

[Ku86] E. Kunz, Ké&hler differentials. Advanced Lectures in Mathematics. Braun-
schweig/Wiesbaden: Friedr. Vieweg & Sohn. VII, 1986.

[Ku64] E. Kunz, Arithmetische Anwendungen der Differentialalgebren. J. Reine Angew. Math.
214/215, 1964, 276-320.

[LaZi04] A. Langer, T. Zink, De Rham-Witt cohomology for a proper and smooth morphism. J.
Inst. Math. Jussieu 3, No. 2, 2004, 231-314.

[NeSu89] Y. P. Nesterenko, A. A. Suslin, Homology of the general linear group over a local ring,
and Milnor’s K-theory. English translation. Math. USSR-Izv. 34, No. 1, 1990, 121-145.

[Se68] J.-P. Serre, Corps locaux. Deuxieéme édition. Hermann, Paris, 1968.

[Se88] J.-P. Serre, Algebraic groups and class fields. Transl. of the French edition. Graduate Texts
in Mathematics, 117. New York etc.: Springer-Verlag. ix, 1988.

[Si92] J. H. Silverman, The arithmetic of elliptic curves. Corrected reprint of the 1986 original.
Graduate Texts in Mathematics, 106. Springer-Verlag, New York, 1992.

[Ta68] J. Tate, Residues of differentials on curves. Ann. Sci. Ec. Norm. Sup., IV. Sér. 1, No.1, 1968,
149-159.

[To92] B. Totaro, Milnor K-theory is the simplest part of algebraic K-theory. K-Theory 6 , No. 2,
1992, 177-189.

[VoSuFr00] V. Voevodsky, A. Suslin, E. Friedlander, Cycles, transfers, and motivic homology the-
ories. Annals of Mathematics Studies. 143. Princeton, NJ: Princeton University Press, 2000.

[Wi36] E. Witt, Zyklische Korper und Algebren der Charakteristik p vom Grad p". Struktur diskret
bewerteter perfekter Korper mit vollkommenem Restklassenkérper der Charakteristik p. J.
Reine Angew. Math. 176, 1936, 126-140.

UNIVERSITAT DUISBURG-ESSEN, ESSEN, FB6, MATHEMATIK, 45117 ESSEN, GERMANY
E-mail address: kay.ruellingQuni-essen.de



