THE INTERSECTION HOMOLOGY D-MODULE IN
FINITE CHARACTERISTIC.

MANUEL BLICKLE

ABSTRACT. For Y a closed normal subvariety of codimension ¢ of a
smooth C-variety X, Brylinski and Kashiwara showed in [BK&1] that
the local cohomology module H$ (X, Ox) contains a unique simple Dx—
submodule, denoted by L£(Y, X). In this paper the analogous result is
shown for X and Y defined over a perfect field of finite characteristic.
Moreover, a local construction of £(Y, X) is given, relating it to the
theory of tight closure. From the construction one obtains a criterion
for the Dx—simplicity of Hs (X).

1. INTRODUCTION

Let Y be a closed codimension ¢ subvariety of the smooth C variety X and
let Z be the singular locus of Y. Denote by Dx the sheaf or differential op-
erators on X. In [BK&Il Proposition 8.5], Brylinski and Kashiwara show the
existence (and usefulness) of a unique holonomic Dx module £ = L(Y, X)
satisfying the properties

Llx 7 =Hy_,(X — Z,0x_y)
Hy (L) = Hy (L") =0,

where the star stands for duality of holonomic D—modules and H%, denotes
the higher derived sections with support in Y. The proof of this result is
rather formal and uses duality theory for holonomic Dx—modules. Further-
more, they show that £(Y, X) is the unique simple, selfdual holonomic Dx—
module agreeing with H$, (X, Ox) on X’. This result is obtained by showing
that L(Y, X) corresponds, via the Riemann—Hilbert correspondence, to the
intersection homology complex 7y of middle perversity, which, by construc-
tion, is simple and selfdual. All these constructions, such as holonomicity,
duality and the Riemann—Hilbert correspondence completely rely on char-
acteristic zero — on analytic techniques even, if one is strict.

The question answered in this paper is: What is the situation if X is
defined over a field of positive characteristic? Somewhat surprisingly, the
existence of a unique simple Dx—submodule £(Y, X) can be proved, up to
the use of metaresults, independent of the characteristic. The only key
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fact needed is that HS (X, Ox) has finite length as a Dx-module. This is
guaranteed by holonomicity in characteristic 0 and by [Lyu97, Theorem 5.7]
in positive characteristic, respectively.

We state the result and sketch the simple argument — for a complete proof
refer to Theorem [4.1]

Theorem. Let X be a smooth k—variety and let Y be a closed irreducible
subvariety of codimension c. Then HS (X,Ox) has a unique simple Dx -
submodule L(Y, X). Furthermore, L(Y, X) agrees with HS (X,Ox) on X —
Sing Y.

Proof. (Sketch) Since Hy (X, Ox) has finite length as a Dx—module it has

some simple Dx—submodule £. Denote the inclusion X’ ©x— SingY C X

by i and write Y/ for Y —Sing Y. One sees easily that the restriction of £ to
X' is nonzero. As the restriction of H§ (X, Ox) is equal to HS. (X', Ox),
and by smoothness of Y’ the latter is Dyx-simple it follows that L|x/ =
HS (X, Ox)|x. Since this holds for any simple submodule of HS, (X, Ox)
the same argument shows that any two such have nonzero intersection, thus
they are equal. This shows the uniqueness. ]

This existence proof gives very little information about the concrete struc-
ture of L(Y, X). Even in characteristic zero, to explicitly determine £(Y, X)
is difficult. The best results in this case are due to Vilonen [Vil85] for
Y a complete intersection with an isolated singularity. He uses analytic
techniques to characterize the sections of HS, (X, Oy) belonging to L(Y, X).
They are precisely the ones vanishing under a certain residue map. Fur-
thermore he gives a canonical generator, the canonical class associated to
Y C X, for L(Y, X) in this case.

To explicitly determine £(Y, X)) in positive characteristic is the main pur-
pose of this paper. The strategy is to use the Frobenius instead of the
differential structure. This substitution is justified by the close relation-
ship of so called unit Ox[F€]-structures and Dx-structures, described in
[Lyu97, BIi02, [EK00]. Our construction is local in nature. If we denote by
R and A = R/I the local rings of X and Y at a point z € Y, we roughly
show the following, for precise statements see Section

Theorem. Let R be regular, local and F—finite. Let A = R/I be a normal
domain. Then the unique simple Dg—submodule, L(A, R), of Hf(R) is dual

to the unique simple A[F®]-module quotient of HY (A).

The duality we are referring to is an extension of Matlis duality incorpo-
rating Frobenius actions. Furthermore, the construction is explicit enough
to identify (non canonical) generators for £(A, R). What we have gained
is that the unique simple A[F¢]-module quotient of HZ (A) is well studied
and fairly well understood; it is the quotient of H¢ (A) by the tight closure
of zero, 0;{% (A)" The vanishing of O*H;in (4) is governed by F-rationality of A,
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which is a positive characteristic analog of rational singularities. As a con-
sequence of this connection we obtain the following D pr—simplicity criterion
for Hf(R):

Theorem. Let R be regular, local and F—finite. Let A = R/I be a Cohen—
Macaulay domain of codimension c. Then, if A is F-rational then Hf(R)
18 Dr—simple.

More precise simplicity criteria for Hf(R) are given in Section

The paper is structured as follows. In Sections 2 and 3 we recall and fur-
ther develop some necessary machinery from the theory of R[F'“|-modules
and tight closure. As the techniques used later are local in nature, the
notation reflects this and we are using the commutative algebra language.
These sections do not concretely deal with the applications to constructing
L(Y, X) but derive general results which constitute the technical underpin-
ning of what follows. As a notable byproduct we answer a question posed
by Lyubeznik showing that minimal roots exist for finitely generated unit
R[F¢]-modules for any regular, local ring R. In [Lyu97] this was only shown
in the complete case.

Section 4 contains the main results discussed above and generalizations
thereof. Furthermore, as an application to tight closures theory we show
that the parameter test module commutes with localization. We finish this
section with a complete characterization of Dg—simplicity in the case of
curves, providing a finite characteristic analog of results of Yekutueili and
S. P. Smith.

Finally we remark that the substitution of the Dx—module structure by a
unit Ox [F€]-structure in the study of £(A, R) enables one to place L(Y, X),
in finite characteristic, in the context of a Riemann—Hilbert type correspon-
dence. That such a correspondence exists is recent work of Emerton and
Kisin [EK99, [EK00], where an equivalence (on the level of derived cate-
gories) of the category of finitely generate unit Ox[F¢|-modules and the
category of constructible Fje—sheaves is developed. Within this correspon-
dence, the simple unit O x[F¢]-module £(Y, X) constructed here does indeed
correspond to certain middle extensions on the constructible IF),—site. These
connections will not be discussed here but should appear in the final version
of [EK00].

It is a pleasure to thank my advisor Karen Smith for her expertise and
encouragement during my dissertation [Bli01], which contains most of the
results presented here. Furthermore, I thank Matt Emerton, Brian Conrad
and Gennady Lyubeznik for valuable conversations on various parts of this

paper.
2. BACKGROUND ON R[F€|-MODULES

Throughout this paper, R denotes a noetherian ring of dimension n con-
taining a field k& of positive characteristic p, unless stated otherwise. For
an ideal I of height ¢ we denote the quotient R/I by A. This is a ring of
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dimension d = n — c¢. In general we assume that R is regular and F—finite,
i.e. R is a finite module over its subring of pth powers.

The (absolute) Frobenius map on R, i.e. the ring map sending each el-
ement to its pth power, is denoted by F' = Fg. The associated map on
X = Spec R we also denote by the same letter F' = Fx.

If M is an R—module, then M®¢ denotes the R—R-bimodule, which, as a
left module is just M, but with right structure twisted by the eth iterate
of the Frobenius, i.e. for € R and m € M one has m - r = r?"m. With
this notation Psekine and Szpiro’s Frobenius functor is defined as F*(M) =
R'® M. Thinking of F as a map on Spec R this is just the pullback functor
for the Frobenius map. Since F* is just tensoring with an R-module, it
follows that F™* commutes with direct limits and direct sums. If R is regular,
F™* is flat; therefore it commutes with finite intersections. The flatness of F™
in the regular case is where the theory draws its power from. Even though
the the following constructions make sense for almost any ring, the theory
is most useful if R is regular. Therefore we mostly restrict to this case in
what follows.

The same construction can be done for higher powers of F', clearly we
have (F¢)* = (F*)¢ which we denote by F¢*.

We review the definition and basic properties of modules with Frobenius
action. Since we are being extremely brief with this here, we advise the
reader with no prior exposure to modules with Frobenius action might want
to first consult Section 2 of [BIi02]. For a thorough introduction see [Bli01],
Chapter 2, or [EK99, Lyu97].

Definition 2.1. An R[F¢]-module is an R-module M together with an
R-linear map

V¢ FM=R"@M — M.
If ¥¢ is an isomorphism, then (M, 9°) is called a unit R[F¢]-module.

By adjointness of extension and restriction of scalars for the Frobenius
map on Spec R, these maps 9¢ € Hom(F“*M, M) are in one-to-one corre-
spondence with maps Fj, € Hom(M, F{ M) where F§,(m) = 95,(1 ® m).
Thus, alternatively, the R[F°]-module is determined by a map F'§, : M —
M satisfying the p®linearity condition F§,(rm) = r?"F$,(m) for all r € R
and m € M. Therefore, an R[F°]-module is nothing but a module over
the ring R[F°], where R[F°] denotes the (non commutative) ring which is
obtained from R by adjoining the non commutative variable F¢ to R and
forcing the relations r?° F'¢ = Fr of p®-linearity.

In this sense one defines the category of R[F¢]-modules, R[F]-mod, as
the module category over this ring R[F¢]. As the module category over
an associative ring, R[F¢|-mod is an abelian category. The category of unit
R[F*¢|-modules, uR[F¢]-mod, is the full subcategory whose objects are those
R[F¢]-modules which are unit. Using that for a regular ring the Frobenius
functor F'** is exact, it follows that uR[F'°]-mod is also an abelian category
(see [Bli01, Chapter 2] for details).
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Notational convention concerning Frobenius. If N is an R—submodule of the
R[F¢]-module (M, ¢, F¢), then F**N is a submodule of F** M. Its image
in M under ¥¢ we denote by RF¢(N') = 9¥¢(F¢*N); or briefly just by F¢(N).
It is the R—submodule of M generated by the elements F'¢(n) for n € N. If
M is unit, then F**N is, via ¥¢, isomorphic to RF®(N). More specifically,
on the category of R-submodules of M, the two functors F** and RF°(_)
are isomorphic since RF¢(__) = ¥9°o F**(__). It turns out to be convenient to
work with F¢(__) = RF°(__) instead of F'** as one never leaves the ambient
module M which makes many arguments more transparent.

Definition 2.2. An R[F¢]-module (M, 9°) is called finitely generated if it
is a finitely generated module over the ring R[F].

Let ¢ : M — F** M be an R-linear map. Consider the directed system
one obtains by taking higher Frobenius powers of this map. The limit one
obtains i

M =lim(M £ FM 2L PR )
carries a natural unit R[F°|-module structure since F**M is computed by
the same directed system truncated at the first map.

If a unit R[F°|-module (M,9°) arises in such a fashion one calls ¢ a
generator of (M, 9¢). If M is finitely generated it is called a finite generator,
and if, in addition, ¢ is injective, then M is called a root of M. In this case
one identifies M with its isomorphic image in M = lim F**"*M. Thus a root
of a unit R[F]-module M is a finitely generated R-submodule M, such that
M C RF¢(M) and M =, RF*" (M) = R[F°|M. A key observation is the
following proposition , see [BIi02, Proposition 2.5] or [EK99| for proof:

Proposition 2.3. Let R be reqular. A unit R[F€]-module (M, V) is finitely
generated if and only if M has a root.

With this at hand one can easily show that the category of finitely gen-
erated unit R[F¢|-modules is an abelian subcategory of the category of
R[F*¢|-modules which is closed under extensions. Significantly more work
(for the second part) is involved in showing the next important theorem,
found as Proposition 2.7 and Theorem 3.2 in [Lyu97].

Theorem 2.4. Let R be regular and let M be a finitely generated unit
R[F€]-module. Then M has ACC in the category of unit R[F°|-modules

If R is also a finitely generated algebra over a reqular local ring, then M
has DCC, i.e. M has finite length as a unit R[F€]|-module.

Examples 2.5. F®*R is canonically isomorphic to R via the map " @ r —
r'rP° | thus R is a unit R[F]-module. Anideal I C R is an R[F¢]-submodule
of R since F(I) = IP C I. Note that in general I is however not a unit
R[F¢]-submodule since the inclusion Il C T strict by Nakayama’s lemma.
Thus R is a simple unit R[F|-module.

Let S C R be a multiplicatively closed subset of R. Then the localization
SR is naturally a unit R[F*}-module. Its structural map 9%_,, : R° ®
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S~'R — S7'R is given by sending 7’ ® £ to r'(£)P". Its inverse is the map
rst — sP"“lr@s~!. Furthermore, the natural localization map R — S™'R
is a map of unit R[F°|-modules.

The local cohomology modules, H%(R), of R with support in I can be

calculated as the cohomology modules of the Cech complex,

C(R;z1,...,2,) = R — OR,, — ©Ryz; — ... — Ry

where x1,...,x, are a set of generators of I, and x denotes the product
of the z;’s. The modules of C(R;xy,...,x,) are localizations of R and
therefore unit R[F¢]-modules. The maps of the Cech complex are just signed
sums of localization maps and therefore maps of R[F¢|-modules. Thus the
local cohomology modules Hi(R) = C(R;x1,...,7,) are R[F*]-modules as
the category of R[F¢|-modules is abelian. If R is regular then the local
cohomology modules H(R) are unit R[F°]-modules as the category of unit
R[F*¢|-modules is abelian.

Also note that if (A,m) is local of dimension d, then the top local co-
homology module H" (A) is a unit A[F¢]-module even if A is not regular.
This follows since H (A) is the cokernel of the last map of an appropriate
Cech complex arising from a system of parameters of A. As F§ is always
right exact this is enough to conclude that the cokernel is in fact unit. Con-
sequently, the injective hull E,/, of A/m carries a unit A[F°]-structure

whenever it is isomorphic to HY (A), i.e. whenever A is Gorenstein.

2.1. Roots and base change. Let 7 : R — S be a map of rings. We
observe that the base change functor 7* = S ®p __ extends to a functor
from (unit) R[F¢]-modules to (unit) S[F¢]-modules. This follows since on
R[F¢]-modules one has

S®r_ =S ®r R[F| Qppe ®_ = S[F] Qprppe) _

It is also a consequence of the fact that base change commutes with Frobe-
nius as the following isomorphism of S—R-bimodules shows.

(2.1) S¢®g S =S~ S @R R

Therefore, given a (unit) R[F|-module (M,?°), the (unit) S[F]-module
structure on S ® g M is given by
idg ®9¢
S¢@sS@rM= SO R op M~ S@p M.
Clearly, this is an isomorphism if and only if ¥° is an isomorphism. In terms
of the corresponding Frobenius actions we have Fi§ \, = F§*®F;. The next
proposition summarizes some properties of base change for R[F¢|-modules.

Proposition 2.6. Let R — S be a map of rings. Let M be a finitely
generated unit R[F¢]-module with generator M. Then S® M is a generator
of the finitely generated unit S[F°¢|-module S @ M.

If R and S are reqular, then the image of S® M in S ® M is a root of
SeM.
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If R — S is also flat and M 1is a root of M, then S ® M itself is a root
of SM. If R — S is faithfully flat, then a submodule M of M is a root
of M if and only if S® M is a root of S ® M.

Proof. The first statement follows from the fact that tensor commutes with
Frobenius and direct limits: By definition of generator, M = lim F*"*(M).
Applying S ® __ we get

S®M=S®lnFy*(M)=lns e F§*(M) = lim F§*(S © M).

Thus, S ® M has the S—finitely generated generator S ® M.

All members of this direct limit come with a natural map to S ® M,
obtained from the map F*" (M) — M. Thus, taking images in S ® M, and
denoting the image of S ® M in S ® M by M, the direct limit becomes a
union over all F" (M) (we used that, by flatness of Frobenius, images are
preserved by F¢"). In particular, M C F¢(M), thus M is a root of S ® M.

The flatness of S ensures that S ® M is already a submodule of S ®@ M.
Thus S ® M is a root. If S ® M is a root, then S ® M C S ® F¢(M).
Assuming faithfully flatness of R — S this ensures that M C F¢(M) and
M =JF (M). Therefore M is a root of M. O

Still fixing the data of a map of rings 7 : R — S, any S[F¢]-module
(N, 99) naturally carries an R[F¢]-module structure given by

RE@p N 29, ge oo N 2, N,

This, of course, is because 7 induces a ring homomorphism R[F¢] — S[F¢|
and therefore an S[F¢]-module is, via restriction, also an R[F¢]-module.
Note that in general, a unit S[F°|-module, viewed as an R[F¢]-module, is
not unit. It is unit, if and only if the natural map R°®gS — S¢ sending r®s
to Tr(r)spe is an isomorphism of R—S—bimodules. The following proposition
summarizes a few cases where this happens:

Proposition 2.7. Let m: R — S be a map of rings. In the following cases
is the natural map R° ®@r S — S¢ sending r @ s to 7(r)s?" an isomorphism.

(1) S is the localization of R at some multiplicative set T C R, and 7 is
the localization map.

(2) R is a k—algebra, k is a field and S = R®y K where K is a separable
extension field of k, such that the empty set is a p—basis of K over
k (e.g. K is algebraic over k, or K and k are perfect).

(3) m: R — S is an étale map with R and S reduced.

(4) R is regular local and F—finite, and S is the I-adic completion of R
with respect to some ideal I of R.

In all these cases it follows that a unit S[F|-module is also unit as a R[F]-
module.

Proof. For (1) note that if S = T~!R, the inverse to the natural map R ®g
T~'R — (T7'R)® is given by sending rt~! to rtP" "t @t~
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In (2) we immediately reduce to showing that k°®j K and K¢ are naturally
isomorphic via the map s ® t + stP". This implies (2) since then

RERrS=R°r R, K =R° @, K = RQ k° Q1 K
~ R K¢ = S5°

The assumptions on k C K ensure, by [Eis95], Theorem A1.3 and Theorem
Al.4, that kY7 ®, K = K'/4. This is just a different way of writing that
k¢ ®p K =2 K€ via the natural map described above.

For (3) observe that locally, an étale map can be factored as R — R’ — S
where R — R’ is the spectrum of an open subset of Spec R, and R’ — S is
finite and étale. As the localization was already treated in (1) we can assume
that R — S is finite étale. Then, the argument in [HH90], Discussion 6.3
reduces to the case that R is a field and S is a separable algebraic extension.
This case is treated in (2).

Let R — R be the I-adic completion as in (4). By assumption, R® is
a finitely generated right R—module. Therefore R® ®pg R= lim R¢ JReI by

[Eis95], Theorem 7.2. Using that the sequence R°I* = I'lP] is cofinal within
the powers I' of I we conclude
Re Re

R°@r R lim —— lim ll—jt[Pe]Re

|I2

Re.
O

As a special case of (1) of the above proposition we assume that 7" consists
of the powers of a single element of R, i.e. T"'R = R, for some = € R.
We claim that if M is a finitely generated unit R, [F¢]-module then M is
finitely generated as a unit R[F¢]-module. Observe that R[F°|1 = R,[F*]
since any fraction ,f"er can be written as rF e”. Now let mq,...,m, be
R, [F¢]-module generators of M. Then

1 m My,
M = R [F)(my,...,mn) = R[F]=(m1,...,mp) = R[F(—, ..., —2).
x x x
Therefore 1, . .., 2 are a set of R[F°|-module generators of M. Thus M

is finitely generated even as an R[F¢|-module.

Similarly, if S is module finite and étale over R, and N a finitely generated
S-module such that S[F¢JN = N for an S[F¢|-module N, then R[F¢JN =
N since by (3) above RF"N = SF N. Since, by module finiteness of S
over R, N is a finitely generated R—module, thus, A is finitely generated as
a R[F°|-module. We summarize these findings in a proposition.

Proposition 2.8. Let M be a finitely generated (unit) R[F€]|-module and
x an element of R. Then My is a finitely generated (unit) R[F°¢]-module.

If S is finite étale over R, then S ®r M is a finitely generated (unit)
R[F*¢|-module.
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We note the following global version of this result. For a thorough account
on a global theory of R[F¢]-modules, called Ox[F¢]-modules or Ox pe—
modules, we refer to [EK99]. On the fairly basic level we are using the
global theory, the adaption from the affine case is straightforward.

Proposition 2.9. Let U C X = Spec R be an open inclusion, where R is
reqular. Let M be a locally finitely generated unit Oy[F¢]-module. Then
M (or more precisely i.M if i denotes the inclusion) is a finitely generated
unit R[F€|-module. The same holds fori:U — X étale.

Proof. Cover U by finitely many basic open sets U; = Spec Ry, for f; € R.
Then the first map of the Cech complex of M associated to this cover is

&M |Ui - ®i<jM‘Uij'

By definition, objects appearing are finitely generated unit Ry, [F“]-modules
(Ry,s;[F¢]-modules respectively), and therefore, by the last Proposition,
they are finitely generated unit R[F¢|-modules. As this category is abelian,
one concludes that the kernel of this map, M, is also a finitely generated
unit R[F¢]-module. With this at hand one can reduce the étale case to the
finite étale case by factoring the étale map into a finite étale map followed
by an open inclusion. Thus we reduced to Proposition O

Finally, let us investigate the behavior of roots in the context of Proposi-

tion 271

Corollary 2.10. Let R be regular and R — S such that Fg* = F¢*, e.g.
one of the cases in Proposition [2.7. Let M be a finitely generated unit
R[F¢]-module with root M C M. Let N be a finitely generated unit S[F€]-
submodule of S @r M. Then N N M is a root of the finitely generated unit
R[F*¢]-module N N M.

Proof. By assumption, the finitely generated unit S[F¢|-modules S ®p M
and N are unit R[F¢]-modules (though quite likely not finitely generated
as R[F°|-modules). The intersection of the two unit R[F|-submodules M
and N is a unit R[F]-module. As it is a submodule of the finitely generated
M, it follows that M NN is a finitely generated unit R[F®]-module since
the category of finitely generated unit R[F¢]-modules is abelian.

To check that the finitely generated N = < N N M is a root of N means
that |JFS"(N) =N and N C F§(N). Thus
FENNM)=FrN)NFE(M)=FSN)NM2ONNM
and
UFgwWnM) = JFEFW)NM)=NNM.
The key point was that for the S—submodule N of S ® M one has
FRN) = F§(NV)

by assumption. ([l
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It is important to keep in mind that we did not exclude that case that
M NN is zero in the last corollary. In particular it follows that N N M =0
if and only if N N M = 0. Also note that N = §® M NA is a root of
the S[F¢]-module N and naturally N N M = N N M is the root of the
R[F¢]-module ' N M.

2.2. The minimal root. Building on the last proposition and corollary
we prove a result on the existence of minimal roots for regular, F—finite
local rings. This was previously only known in the complete case [Lyu97,
Theorem 3.5]. First we recall:

Proposition 2.11. Let R be regular. The intersection of finitely many roots
of a finitely generated unit R[F¢]-module M is a root of M. If N is a unit
R[F*]-submodule of M, and M a root of M, then M NN is a root of N.

Proof. 1t is enough to show that the intersection of the two roots M; and M»
is again a root. Clearly, F¢(M1NMs) = F¢(M;)NF¢(My) 2 MiNM,. Since
My is finitely generated, it is contained in F' eT/(Ml) for some 7’ > 0, since
M =JF(M,). Thus F (M) C FeU+7) (M N M) for all r. Therefore
M =P (M) C | JF (M0 M),
which finishes the argument that M, N My is a root of M. For the second
part, we observe that FES(M NN) = FS(M)NN 2 M NN, and N =
NOM=NNYUF(M)=JF"(NNM). The key point in all this was
that the Frobenius commutes with finite intersections. (|

Theorem 2.12. Let R be reqular local and F—finite and let M be a finitely
generated unit R[F¢]-module. Then M has a unique minimal root.

Proof. If R denotes the m—adic completion we are in case (4) of Proposition
By [Lyu97], Theorem 3.5, or [Bli01], Proposition 2.20, the finitely
generated unit R[F°|-module R ® M has a unique minimal root N. By
Corollary 2.10| M %€ N N0 M is a root of the unit R[F}-module M N (R ®
M) =M. Clearly, R®M C N. Since R®M is a root of R®./\/l it contains
N by minimality of N. Therefore N = R ® M. Now it follows easily that
M is indeed the unique minimal root of M. If M’ C M is another root, we
have, by minimality of NV the inclusion of roots N C Re M C R® M of
R® M. Since the first and last are equal we have that M’ and M are equal
upon completion. Thus M = M’ by faithfully flat descent. O

A consequence of the above proof is the following corollary.

Corollary 2.13. Let (R,m) be regular local and F—finite. Let M be a
finitely generated unit R[F|-module with minimal root M. Then R ® M is
the minimal root of R @ M.

The question of whether minimal roots exist for not necessarily local rings
R remains open.
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2.3. Duality for R[F¢|-modules. A key tool in local algebra is Matlis
Duality. If (R, m) is local then the Matlis dual functor is defined as D(__) &
Hom(__, Eg/y,). We seek to extend D(= Dg) to a Functor from R[F°]-
modules to R[F¢]-modules. How this can be done is described in [BL01],
Chapter 4, in complete detail, as a consequence of a general investigation on
how to extend contravariant functors to incorporate Frobenius action. Here
we only give the bare minimum to establish the extension of D, most of the

material can already be found in [Lyu97], Section 4.

Proposition 2.14. Let f : R — S be a flat map of noetherian rings. Then
the natural map

¥ : S ®@Homg(M,N) — Homg(S @ M,S @ N)

is an isomorphism if either S is module finite over R or if M is finitely
presented.

Proof. The second part of the proposition is well known, see, for exam-
ple, [Eis95], Proposition 2.10. For lack of a reference for the first part we
give the following argument. Using geometric notation to denote restric-
tion and extension of scalars by f, and f*, respectively, we have to show
that f* Hom(M,N) = Hom(f*M, f*N') via the map ¢(s ® ¢) = s - f*(¢).
Showing that this is an isomorphism can be done locally and thus we can
assume that R is local, and therefore S = ®}_,e; R is a finitely generated,
free R—module. We define the map 1’ by following the diagram below

Fuf* Homp(M, N) —5 . Homg(f* M, f*N)

F

®e; Homp(M, N) = | adj

F

Homp(M, Ge;N) N Homp(M, fu f*N)

Besides the adjointness of f* and f., which is responsible for the right map,
all other isomorphisms either come from the direct sum decomposition of
S as an R module or from Hom commuting with finite direct sums in the
second argument. Chasing through this definition, an R—module generator
e; ® @ of the left hand side gets mapped as follows:

ei®p = e = (e-_)op = (;®@_)op = e f (p)

Thus, by R-linearity of 1/, we have /(s ® ¢) = s - f*(¢) = ¥(s ®@ ¢) for
all s € S and ¢ € Homg(M,N'). Thus ¢ = ¢’ which is an isomorphism by
construction. (]

If R is regular and F-finite, the conditions of the last proposition are
satisfied for the Frobenius map F¢: R — R and we get as a corollary:
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Corollary 2.15. Let R be reqular. Then the natural map
¢ : F* Hom(M,N) — Hom(F“*M, F*N)

sending r @ to rF*(p) is an isomorphism if R is F—finite or M is finitely
presented.

Since our interest is in the Matlis dual functor D, we strengthen the last
corollary in this special case.

Lemma 2.16. Let R be reqular complete and local. The natural map
Ym : F“ Hom(M, ER) — Hom(F“* M, F**ER)

is an isomorphism if R is F'—finite or if M is finitely presented or cofinite.
In these cases we have an isomorphism of functors ¥ : Do F** = F* o D

Proof. For the first part it remains to treat the case that M is a cofinite
R-module. We take the beginning of an injective resolution 0 — M —
FEy — FE5 where F; is a finite direct sum of copies of Eg, the injective hull of
R/m. By applying F** and Hom in either order to this resolution we reduce
the task of showing that 14 is an isomorphism to the case M = E;. Since
Hom and F¢* both commute with finite direct sums we further reduce to
the case M = Eg. Thus, it remains to show that ¢ : F** Hom(ERg, Fr) —
Hom(F**ER, F¢*ER) is an isomorphism. Since R is regular Fp itself carries
a natural unit R[F¢|-structure F**Ep = Ep (see Examples [2.5). Via this
isomorphism we identify Hom(F**Egr, F**Er) = Hom(Eg, Fr) = R. Then
the above map ¢ : R® ® R — R becomes the natural unit R[F°|-structure
on R, in particular ¢ is an isomorphism.

Combining this isomorphism with the natural unit R[F°]-structure on
Er we get a natural isomorphism

D(F“* M) 2 Hom(F“* M, F* Er) = F¢ Hom(M, Er) = F**D(M)
as desired. O

Assume that R is complete. Let F*M %, M be an R[F€]-module
which is finitely generated or cofinite as an R—module or that R is F—finite.

Applying the Matlis dual functor D(__) = Hom(__, ER) to the structural
morphism of M and composing with the isomorphism of Lemma [2.16] one
obtains a map

5 DIM) 2P0 DR M) 22, per(D(M))

whose second part is just the isomorphism ¥ form the last lemma.

Definition 2.17. Let R be complete and (M, 9¢) an R[F¢]-module (finitely
generated or cofinite as an R-module, if R is not F-finite). If 3¢ W0

D(9¢), then

DIM) E lim(D(M) 2 F*DM) L5, P2 D(M) — ... )

—
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is the unit R[F°]-module generated by 5. On R[F€¢|-modules which are
cofinite as R—modules this defines an exact functor.

The exactness claim is clear since Matlis duality and direct limits are
exact functors, and D, as a composition of these, is therefore also exact.
This extension of Matlis duality D was defined in |[Lyu97], Chapter 4, in a
slightly less general setting and denoted differently as H4 r. What follows
is a summary of the properties of D, referring to [Lyu97] or [Bli01] for most
of the proofs.

If M is a unit R[F¢]-module then D(M) = D(M), since ¢ is an iso-
morphism in this case. If M is cofinite as an R-module then D(M) is a
finitely generated R—module. Therefore D(M) is a finitely generated unit
R[F¢]-module, since D(M), its generator, is a finitely generated R—module.
If in addition 9 is surjective, then 3¢ is injective and therefore D(M) is a
root of D(M).

Notation 2.18. We introduce some notation from [HS77]. An element m €
M of the R[F¢]-module (M,9°) is called F-nilpotent if F"¢(m) = 0 for
some r. Then M is called F-nilpotent if F*" (M) = 0 for some r > 0. It is
possible that every element of M is F-nilpotent but M itself is not, since
F-nilpotency for M requires that all m € M are killed by the same power
of F°. In particular the sub F[R¢|-module consisting of all F-nilpotent
elements My need not be nilpotent in general. If ¥ is surjective, then M
is called F—full. Note that F—fullness does not mean F° is surjective but
merely that the submodule F¢(M) = 9¢(F“*M) is all of M. Finally we say
that M is F—reduced if F'¢ acts injectively.

The above notions are the same if we view M as an R[F*"|-module for
some r > 0. Therefore they are valid without reference to a specific e.

We are lead to some functorial constructions for R[F¢]-modules. The
R[F*¢]-submodule consisting of all F-nilpotent elements of M we denote by
M = {m € M|F(m) = 0 for some r }. The quotient M/My; is the
biggest F-reduced quotient, we denote it by Meq. The R[F€]-submodule
FOM = F(M) is the largest F~full submodule. If M is a cofinite R
module, then the decreasing chain of R[F¢|-submodules F" (M) stabilizes
and we have F*°M = F¢" (M) for some r > 0. We note some properties in
the following lemma.

Lemma 2.19. (1) The operation of taking F—nilpotent parts is left ex-
act. If N C M, then Niea C Myeq.

(2) Submodules of F-reduced R[F¢|-modules are also F-reduced. Quo-
tients of F—full R[F€]|-modules are F—full. The property of F-
nilpotency passes to quotients and submodules.

(3) M/F"(M) is F-nilpotent for all r.

(4) The operations F*°(__) and (__),.q mutually commute which makes
the F-full and F -reduced subquotient Mgeq = (F°M),oq = F*°(Mied)
of an R[F€]-module M well defined.
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Proof. For (1), note that if ' C M then My = Myuy NN, This, together
with the fact that My; is a submodule of M implies that (__),; is left exact.
The same formula My; = My N A also implies that Nyeq = N /Ny is a
submodule of M,¢q. Note that (_ ) 4 is not left exact, in general.

(2) and (3) are clear, but we point out that a quotient of an F-reduced
module might not be F-reduced, and similarly, submodules of F—full R[F¢]-
modules might not be F—full.

To show part (4) we observe that F*®°M — F>(M,eq) is a surjection
with kernel F*°M N M,y;. This follows since an element m € F>°M is
mapped to zero in F*°(M,eq) if and only if the image of m in Myeq is zero
(the full parts F*° M are submodules of M!). This is the case if and only if
m € Mpyj. On the other hand F*M N My = (FM),; and by definition
(F'°M),.q is the cokernel of the inclusion (F*M), . — F*°M. Thus we
conclude that, in fact, F*°(M;eq) = (FPM),q- O

The relevance of these notions for the study of the extension D of Matlis
duality is demonstrated by the following two propositions.

Proposition 2.20. Let R be a complete, regular local ring. Let M be an
R[F€]-module which is a cofinite R—module. Then M is F-nilpotent if and
only if D(M) = 0.

Proof. Note that (M,9¢) is F-nilpotent if and only if for some r > 0 we
have F*"(M) = 0. Since nothing depends on the specific e here we replace
e by er and assume that F¢(M) = 0, which is equivalent to ¥° being the
zero map. This implies that the generator 5¢ = Wy 0 D(¥¢) is also the zero
map, and thus the module D(M) generated by € is zero.

Conversely, D(M) is the unit R[F¢]-module generated by ¢ : D(M) —
F*(D(M)), thus, D(M) is zero if and only if the image of D(M) in D(M)
is zero. This, in turn, is equivalent to D(M) = | ker 8¢ where 3¢ is defined
inductively by g1 = g o Fer*(3°). Since D(M) is finitely generated
this increasing union stabilizes. Therefore, 3¢ = 0 for some r > 0. Up to
the natural transformation ¥ : F¢* o D = D o F* the map 3¢ is just
D(9°") and we conclude that also 9" = 0. This implies that F¢" (M) = 0,
i.e. M is F-nilpotent. O

Hartshorne and Speiser show in [HS77, Proposition 1.11] that if M is an
R[F¢]-module which is cofinite as an R—module, and M = My, then, in
fact, M is F-nilpotent, i.e. a uniform power of F' kills all elements of M.
Thus, a posteriori, in the above proposition one could replace the condition
that M be F-nilpotent with the weaker condition that M = M. It would
be interesting to know if this modified version is true for not necessarily
cofinite R[F“]-modules.

Following are the most important properties of D; we only sketch the
proofs since they can also be found in Section 4 of [Lyu97].

Proposition 2.21. Let (R, m) be a regular, complete k—algebra and let M
be a R[F¢]-module that is cofinite as an R-module. Then
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(1) D(M) =0 if and only if M is F-nilpotent. D(M) = D(N) if and
Only Zf Mered = Mred-

(2) If M is F-full (see Notation[2.18), then D(M) is a root of D(M).
If M is also F-reduced, then D(M) is the unique minimal root.

(3) Every unit R[F€¢]-submodule M’ of D(M) arises as D(N) for some
R[F€]-submodule of M.

(4) D is an isomorphism between the lattice of graded R[F°|-modules
quotients of M (up to (_)peq) and the lattice of unit R[F€|-submodules

of D(M).

Proof. (Sketch) The first part of (1) we proved as Proposition above.
The remaining part is a nontrivial consequence, using the above mentioned
fact that for cofinite M we have that M,y is F-nilpotent and also the
existence of minimal roots of Theorem see [BIi01], Proposition 4.23.
For part (2) we already observed that if ¥¢ is surjective, then D(M) is a root.
The minimality statement is a consequence of the proof of part (1), again
see [BIi01], Proposition 4.23. We sketch the argument of part (3): Assuming
that M is F—full and F-reduced, part (2) yields that D(M) — F¢*D(M)

is the minimal root of D(M). Then N’ & D(M) NN is a root of M.

def

All that is left to show is that N = D(N’) is a R[F°|-module quotient of
M. N’ = D(N) being a root is equivalent to ¢ restricting to an injection
D(N) — F¢D(N). This, in turn, is equivalent to ¥¢ restricting to a
surjection F**N — N, which says nothing but that N is a R[F]-module
quotient of M. Part (4) now follows formally from the other parts. O

As a final remark we point out that if M is a simple F—full R[F*¢]-module,
then D(M) is nonzero and therefore a simple unit R[F¢]-module. This
follows since a simple R[F¢|-module is F—full if and only if it is F-reduced
and therefore by the last Proposition D(M) is simple (and automatically
nonzero). If F° had a kernel it would be a nontrivial R[F¢|-submodule and
thus if M is simple the kernel of F® must be all of M. Thus F¢(M) = 0
which contradicts the F—fullness since this exactly means that F¢(M) = M.

2.4. The main example: HZ(A). Let (R,m) be complete regular local
of dimension n, let I be an ideal of height ¢ = n — d. The quotient R/I we
denote by A.

The top local cohomology module H%(A) is an A[F¢]-module (cf. Ex-
amples [2.5) and, by restriction, also an R[F¢]-module. As discussed in
Exampl HZ(A) is a unit A[F°]-module. As an R[F¢-module it is
generally not unit, but at least the structural map

R¢®@p HY(R/I) — HE(R/I)
is surjective. It is equivalent to the map induced by the projection R/I [
R/I under the identification of R® @z HZ (R/I) with H% (R/IP]). Thus,
by definition, D(HY (R/I)) is the limit of
(22)  D(H{(R/T)) — D(H{,(R/T")) — D(H,(R/T"

2e]
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Using local duality [BHI8, Theorem 3.5.8] for the complete, regular and
local ring R this directed sequence is isomorphic to the following

(2.3)  Ext%G(R/I,R) — ExtG(R/IP R) — ExtG(R/IPT R) — ..

where, again, the maps are the ones induced from the natural projections.
Since the Frobenius powers of an ideal are cofinite within the normal powers,
we get that the limit of this sequence is just H}L_i(R). This is because an
alternative definition of H}'*(R) is as the right derived functor of the functor
/(M) = liL>nHom(R/It, R) of sections with support in Spec R/IH The not
very serious issue on whether the unit R[F¢]-structure on Hf(R) coming
from the computation via Ext’s is the same as the one coming from the Cech
complex is dealt with in [Lyu97], Propositions 1.8 and 1.11. Summarizing
we get:

Proposition 2.22. Let (R, m) be regular, local, complete and F—finite. Let
A = R/I for some ideal I of R of height c=n —d. Then

D(HE(R/T)) = Hi(R)
as unit R[F¢]-modules.
By definition of D(_), a root for D(HY (A)) is given by
(2.4)  B°:Ext%(R/I, R) — Ext4G(R/IP) R) =5 R® @ Ext%(R/I, R)

where the first part is induced from the surjection R/IPl — R/I, and
the second is the isomorphism coming from the natural transformation W :
R¢@Hom(_,R) = Hom(R*®__, R), see Corollary[2.15] It is straightforward
that this natural transformation for Hom induces a natural transformation
on its right derived functors, the Ext’s.

If we drop the assumption of completeness in the preceding discussion,
and just assume that (R, m) is local we still have that Hf(R) arises as the
direct limit of

Ext%(R/I, R) — Ext%(R/IP, R) — ExtG(R/IP*T R) — -

where the maps are induced from the natural projections R/IP"l — R/I[pe(r_l)}.

Together with the natural transformation identifying Ext%(R/IP"'], R) with
R @ Ext%(R/I, R) this shows that Ext%(R/1, R) is a generator for Hf(R).
Upon completion we get the generator

ExtS,(R/IR, R) 2~ R* © ExtS(R/IR, R)

of H;R(ﬁ) ~ R® H{(R). We also used Proposition [2.14] applied to the
completion map to see that R ® Ext%(R/I,R) = Ext%(R/Iﬁ, R).

1See [BH98, Theorem 3.5.6] for the equivalence with our definition of local cohomology
via Cech complexes.
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3. BRIEF TIGHT CLOSURE REVIEW

Tight closure is a powerful tool in commutative algebra introduced by
Mel Hochster and Craig Huneke about fifteen years ago [HH88]. There is
a strong connection between the singularities arising in the minimal model
program and singularities obtained from tight closure theory [Smi97b]. One
of the most significant is the equivalence of the notions of rational singularity
and F-rational type which was established by Smith [Smi97a] and Hara
[Har9g|, and independently by Mehta and Shrinivas [MS97]. The notion of
F-rationality arises naturally from tight closure: the local ring (A4, m) is
called F-rational if all ideals I generated by a full system of parameters
are tightly closed, i.e. I = I*. In this section we briefly review the tight
closure theory needed for our local construction of L(Y, X) given below.
For a more detailed introduction to this beautiful subject we recommend
[Smi01, [Hun96] and later the more technical original papers [HH90, [HHS9).

Let A be a noetherian ring. We denote by A° the subset of elements of
r that are not contained in any minimal prime of A. Let N C M be a
submodule of M. We denote by NPl the image of F®*N in F¢*M. The
tight closure Ny, of N inside of M is defined as follows:

Definition 3.1. Let A be noetherian and N C M. The tight closure Ny,
(or just N* if M is clear from the context) consists of all elements m € M,
such that there exists a ¢ € A°, such that for all e > 0

c®m€N[pe].

Here NP] denotes the image of F¢*N in Fe*M and ¢ ® m is an element of
Fe* M.

If N =1 is just an ideal of A, the definition is much more transparent.
In this case r € A is in I* if and only if there is ¢ € A° such that ¢r?” € [P’
for all e > 0. A module is tightly closed if N* = N. We have that N C N*
as one expects from a decent closure operation. If N is noetherian, then
N* = (N*)*. There are two related closure operations which are important
for us.

Definition 3.2. Let N C M be A-modules. The finitistic tight closure of
N inside of M consists of all elements m € (N N MO)}‘VIO for some finitely
generated My C M. It is denoted by N;{fg.

The Frobenius closure N 1\}2 consists of all elements m € M such that
1@ m € NPl for some e > 0.

We immediately see that N*/9 C N* and that equality holds if M is
finitely generated. Clearly, N C N*. For the zero submodule of the top
local cohomology module of an excellent, local, equidimensional ring A, the

finitistic tight closure is equal to the tight closure, i.e. ngf’(A) = O*H%(A) (see

m

[Smi93, Proposition 3.1.1]). In general, it is a hard question to decide if the
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tight closure equals the finitistic tight closure, and it is related to aspects of
the localization problem in tight closure theory (cf. [LSO1]).

As our focus lies on modules with Frobenius actions we study the above
closure operations in this case more closely. The following is an important
proposition which is proved in [LS01], Proposition 4.2.

Proposition 3.3. Let A be noetherian and let (M,9¢) be an A[F¢|-module.
If N is a A[F°]-submodule, then so are N}, Nﬁg and N,

This is checked by observing that (N*)Pl € (NPh*. Then apply 9¢ and
use the easily verifiable fact that ¥¢(__*) C 9¢(__)* to see that

FE(N*) = 9°((N*)P)) C 9°(NP))") € (F*(N))* € N
which finishes the argument. From this we get as an immediate corollary

that the tight closure of the zero A[F¢]-submodule is a Frobenius stable
submodule of any A[F¢]-module.

Corollary 3.4. Let A be a ring and let (M, F€) be an A[F¢|-module. Then
Oj\jg, 03, and Of/[ = My are A[F¢]-submodules of M.

3.1. Test ideals and test modules. The elements “c” occurring in the
definition of tight closure play a special role. Those amongst them, that
work for all tight closure tests for all submodules of all finitely generated
A-modules are called the test elements of A.

Definition 3.5. An element ¢ € A° is called a test element if for all submod-
ules N C M, of every finitely generated A-module M, we have cNy; C N.
A test element is called completely stable test element if its image in the
completion of every local ring of A is a test element.

It is shown in [HH90L Proposition 8.33], that it is enough to range over all
ideals of A in this definition, i.e. ¢ is a test element if and only if for all ideals
I and all z € I* we have czP* € IP] for all e > 0. Thus, the test elements
are those elements ¢ occurring in the definition of tight closure which work
for all tight closure memberships of all submodules of all finitely generated
A-modules. A nontrivial key result is that in most cases, test elements (and
even completely stable test elements) exist:

Proposition 3.6. Let A be reduced and of finite type over an excellent local
ring. Then A has completely stable test elements. Specifically, any element
c € A° such that A. regular has a power which is a completely stable test
element.

The proof of this is quite technical and can be found in Chapter 6 of
[HH89]. Results in lesser generality (for example, when A is F-finite) are
obtained fairly easily: for a good account see [Smi01, [Hun96].

The ideal 74 generated by all test elements is called the test ideal. As re-
marked, 74 = [)(I :4 I*) where the intersection ranges over all ideals I of A.
This naturally leads one to consider variants of the test ideal by restricting
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the class of ideals this intersection ranges over. The parameter test ideal of a
local ring (A, m) is the ideal 74 = (({ :4 I") where the intersection ranges
over all ideals generated by a full system of parameters. If A is Cohen—

Macaulay, it follows from the definition of H% (A) as lim A/(z1, ... ,xq)P’]
that 74 = Anna (0}, (A)) [Smi93, Proposition 4.1.4] where z1,...,24 is a

system of parameters for the local ring (A,m). If A is only an excellent
domain, then 74 C Anny (O*Hd ( A))' Further generalizing, the parameter test

module is defined as 7,,, = Ann,,, 0 =wy N Annw;‘ O*H 4+ Where the

Z%(A) (A)

action of wg on HZ(A) is the one coming from the Matlis duality pairing
HZ(A) x wg; — Ej. Of course we require here that A has a canonical
module.

Lemma 3.7. Let A be reduced, excellent, local and equidimensional with
canonical module wa. If c is a parameter test element, then cwa C 7,,. In
particular, 7, is nonzero.

Proof. Let ¢ be a parameter test element. In particular, ¢ annihilates the
finitistic tight closure of zero in HZ (A). Therefore, for every ¢ € ws and

“'77

n e O;I%(A) = O*Hfz(A) we have cp-n = ¢-(cn) = ¢-0 = 0 where “” represents
the Matlis duality pairing. This shows that cws C 7,,. The hypotheses on
A ensure by [HH94, Remark 2.2(e)] that the canonical module is faithful,
i.e. cwq # 0. Therefore the last part of the lemma follows from the existence
of test elements (Proposition , since a test element is also a parameter

test element. O

3.2. F-rationality and local cohomology. The tight closure of zero in
the top local cohomology module H¢ (A) of a local ring (A, m) plays a role as
the obstruction to F-rationality of A. Its distinguishing property is that it
is the maximal proper A[F¢]-submodule of H% (A). Precisely the following
is the case:

Theorem 3.8. Let (A, m) be reduced, excellent and analytically irreducible.
Then, the tight closure of zero, 074 (A mn H%(A) is the unique mazximal
proper A[F€]-submodule of HZ (A).

The quotient HE(A)/0%, (a) s @ nonzero simple F-reduced and F—full

A[F¢]-module.

Proof. The case e = 1 of the first part was shown by Smith in [Smi93], Theo-
rem 3.1.4. The case e > 1 can be obtained similarly, see [BIi01], Theorem 5.9.
Because Oil;ln(A) is the maximal proper A[F¢]-submodule, H% (A)/O’;%(A) is
a simple A[F|-module quotient. It remains to show that it is F-reduced (a
simple A[F¢]-module is F'—full if and only if it is F-reduced). For this note
that the kernel of F' is a A[F¢]-submodule and, by simplicity, it must either

be zero (F-reduced) or all of H,‘fl(A)/O’;{d (A)" In the second case, this implies

that F(HZ(A)) C 0%, (4)" Since HY(A) is a unit A[F°]-module (enough
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that the structural map 9 is surjective) we have that F(HY (A)) = HZ (A).
This contradicts the fact that 0%, (4) is a proper submodule. Thus the

quotient is F—reduced and F—full. " [l

To avoid the assumption of analytically irreducible we give a version of
the above for the case that A is an excellent equidimensional ring. As the
statement is about HY (A) which does not discriminate between A and its
completion, we state the result for a complete A; in general one has to take
the minimal primes of the completion of A in the statement below.

Corollary 3.9. Let A be a complete, local, reduced and equidimensional
ring of dimension d. Let Py,..., Py be the minimal primes of the A. Then
the mazimal proper A[F¢|-submodules are precisely

M; = ker(Hy,(A) — Hi(A/P) /04 a/p,))
where i = 1...k. Furthermore, the tight closure of zero, OZ%(A), in H? (A)
is the intersection of all mazimal proper A[F¢|-submodules. FEven though
H%(A)/O*H%(A) night not be simple as an A[F€|-module, it is still F—full
and F-reduced.

Proof. Since tight closure can be checked modulo minimal primes, the last

statement is immediateﬁ By the last Theorem 07, (A/P) is the maximal

proper A[F¢]-submodule. Thus H% (A)/M; = H%(A/B)/OE%(A/H) is sim-
ple. Thus M; is a maximal proper A[F¢]-submodule. To check that the M;’s
are all the maximal proper A[F¢]-submodule let M be a A[F¢|-submodule
of HZ(A) not contained in any of the M;. This implies that for all i the
image of M in HY(A/P;) = H3(A)/P,HS (A) is all of HY(A/P;) (it is an
A[F€]-module not contained in OE%(A/Pi)’ thus must be all of H% (A/P;) by
last Theorem). But this implies, by the following lemma, that M = HZ (A)
and we are done.

It remains to remark that a possible kernel of F¢ on HZ(A)/0%

Hi (A)
would reduce to all of HS (A/P;)/0%. (a/p, for some i and imply that
F(H; (A/F;)) C 03 (A, p;) Which is a contradiction to F*~fullness of HE (A/F).

U

Lemma 3.10. Let A be a noetherian ring, and let M C H be an A-modules
such that for every minimal prime P of A one has M + PH = H. Then
M=H.

Proof. One immediately reduces to the case M = 0. Successive application
of the assumption H = PH implies that
H=(P-...-P,)"H

2This is generally proved for the tight closure of ideals in the literature (see [FIH90],
Proposition 6.25), but the same proof can be adapted for submodules.
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where the P;’s are the minimal primes. But for large enough n, a power of
the product of all minimal primes is zero, thus H = 0. O

If A is Cohen—Macaulay, the vanishing of the tight closure of zero in
HZ (A) characterizes F-rationality of A by [Smi97a], Theorem 2.6. By def-
inition, A is called F-rational if and only if every ideal that is generated by
a system of parameters is tightly closed.

4. THE INTERSECTION HOMOLOGY MODULE

First we give a detailed proof of the main existence theorem as sketched
in the introduction.

Theorem 4.1. Let X be an irreducible smooth k—scheme, essentially of
finite type over k, and let Y be a closed irreducible subscheme of codi-
mension c. Then HS (X, Ox) has a unique simple Dx -submodule L(Y, X).
This submodule is also the unique simple Ox[F€|-module and agrees with
HS (X,0x) on the complement of any closed set containing the singular
locus of Y.

Proof. Write Z =SingY and Y/ =Y — Z and X’ = X — Z and denote the
open inclusion X’ C X by i. First we assume that the characteristic of k
is positive; at the end of the proof we indicate how the proof is adapted to
characteristic zero.

We first show that HY, (X', Ox) is simple as a unit Ox[F°¢]-module:
Quite generally we note that, Oy is a simple unit Oy-[F¢]-module by ob-
serving that a nontrivial ideal Z C Oy is never a unit submodule as the
containment 771 C 7, cf. Examples Using that Y’ is smooth and ir-
reducible, it follows that Oy is also simple as a Dy/—module. This can be
reduced, by étale invariance of Ddj, to the case Y’ = Spec(k[z1,...,z4])
where one can check it by hand. Under Kashiwara’s equivalence for Dx—
modules ([Haa88]), and for unit Ox[F¢]-modules ([EK99], Theorem 5.10.1
or [Lyu97], Proposition 3.1), the module Oy~ corresponds to HS., (X', Ox)
(cf. [EK99], Example 5.11.6). Therefore, H$, (X', Ox), is a simple Dx/—
module (simple unit Ox/[F|-module, respectively).

Since HS (X, Ox) is a locally finitely generated unit Ox[F°]-module and
therefore, by [Lyu97], Theorem 5.6, it has finite length as a Dy-module.
This assures the existence of simple Dx—submodules of H, (X, Ox) and let
L1 and L2 be two such. Observe the exact sequence (see [Har67], Chapter

1)

0=H%(X,0x) — H(X,0x) — H$(X,0x) 2 i HS (X', Ox)
where the last isomorphism is by excision and the vanishing of the first
module is because the codimension of Z in X is strictly bigger than c.

From this it follows that H$ (X, Ox) and therefore £; are submodules of
i+HS$ (X', Ox/). By adjointness of restriction and extension we have

0# Homp, ([,i,i*Hg//(X,, Oxr)) = Homox,(ﬁi|X/,H§//(X/, Oxr))
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which shows that £;|xs are nonzero submodules of H$, (X', Ox/). By sim-
plicity of the latter all three have to be equal. In particular, the inter-
section of £; with Lo is nonzero. As both are simple, this implies that
Ly = Lo = L(Y,X) as claimed. Furthermore, since F¢(L(Y, X)) is also
simple, it follows from the uniqueness that F¢(L(Y, X)) = L£(Y,X) and
therefore £L(Y, X) is also the unique simple Ox[F¢]-submodule for all e.
Essentially the same proof works in characteristic zero. The key fact then
is that H$ (X, Ox) is a holonomic Dx—module and that holonomic modules
have finite length. Also observe that for the smooth Y’ the structure sheaf
Oy is Dy —simple which is well known and easy to check by hand for the

case Y’ = Spec(k[z1,...,z4]). Then Kashiwara’s equivalence implies that
the corresponding H$. (X', O’ ) is a simple Dx/—module. For all of the above
statements, see [BGK™87]. O

This proof is pretty much identical for zero and positive characteristic.
The metaresults which are used though are proved by very different tech-
niques in each case.

If Y is not irreducible, the above result breaks down since then HS,, (X', Ox/)
is no longer simple. In the case that Y is equidimensional one can give a
complete description of the simple submodules of H{ (X, Ox). They corre-
spond to the irreducible components Y7,...,Y; of Y. For each component
we have an inclusion

L(Y;, X) € Hy,(X,0x) € Hy (X, 0x)

which establishes £(Y;, X) as simple submodules of Hy (X, Ox). That the
right map is an inclusion uses equidimensionality and follows from [Har67],
Proposition 1.9 and Chapter 3. To see that these are all the simple sub-
modules of H¢(X, Ox) we show that any submodule N of H{ (X, Ox) does
contain one of the £(Y;, X). At least for one i, the restriction of N to a open
subset of X containing Y; but none of the other components is a nonzero
submodule of Hy, (X,Ox) (using excision). But then N clearly contains
L(Y;, X) by its uniqueness and simplicity. We get as a corollary:

Corollary 4.2. Let Y be an equidimensional reduced subscheme of the
smooth k—variety X of codimension c¢. Let Y = Y1 U...UY}, be its de-
composition into irreducible components. Then the simple Dx—submodules
of Hy(X,0Ox) are precisely the L(Y;, X) fori = 0,...,k. In this case we
denote by L(Y,X) the (direct) sum of all the L(Y;, X). Furthermore, away
from the singular locus of Y we have that L(Y, X)) agrees with HS (X, Ox).

The similarity of Theorem and Corollary with Theorem and
the last corollary was the original motivation which lead to the construction
of L(Y, X) which is given in the next section.

Note that by the uniqueness of £(Y, X) it is clear that it localizes, i.e. if
U is a open subset of X then L(Y, X)|y = L(Y NU,U).

In the case of positive characteristic, we state the following slightly stronger
local version of the last theorem.
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Theorem 4.3. Let R be a reqular local ring of positive characteristic. Let
A = R/I be equidimensional of codimension ¢ in R. Then the sum of all
simple unit submodules of Hf(R) is

L(A,R) =®L(R/P;, R)

where the P; range over the primes minimal over I and L(R/P;, R) is the
unique simple unit Ox[F]-submodule of Hf, (R). Moreover, if f € R is such
that Ay is regular, then L(A,R)y = H{(R)s. If R is F-finite the same holds
for the Dr—module structure.

Proof. The local results of [Lyu97] are not restricted to finitely generated
algebras over a field. With the assumption above (sufficient to ensure that a
finitely generated unit R[F“|-module has finite length as such) the previous
proof goes through verbatim. O

4.1. Local construction of £(A, R) in positive characteristic. From
now on we assume that k is of positive characteristic and R is F—finite. With
the last theorem we can dispose of the Dgr—structure and entirely work with
the R[F€]-structure in our investigation L£(A, R). As the construction of
L(Y, X) which we are about to present is local in nature, the language is
adjusted accordingly. Moreover, the local construction of £(A, R) can be
reduced to the complete case with help of the results on minimal roots of
Section[2.2] Thus we assume for now that (R, m) is a complete, regular local
and F-finite, and that A = R/I equidimensional of codimension c¢. The
philosophy behind the description of the simple unit R[F*|-module £(A, R)
is to identify its minimal root. As it turns out, the minimal root of L(A, R)
is the parameter test module, which, under Matlis duality, corresponds by
definition to the tight closure of zero O*HgL(A) in He (A).

Theorem 4.4. Let (R, m) be a complete reqular local and F—finite and let
A = R/I be equidimensional and of codimension c. Then, we have that

£(A, R) = D(H(4) /03y 1)

where 0’;%( is the tight closure of zero in HZ (A).

A)

Proof. First assume that A is a domain. By Theorem [3.§| the unique simple

R[F¢]-module quotient of HY (A) is H%(A)/Oj{d (4)" Therefore
D(HL(A)/0yys (1) © DHE(A)) = Hi(R)

is a nonzero simple unit R[F¢]-submodule of HZ(A). As L(A,R) is the

unique such they are equal.

If A is only equidimensional, let Pi,..., P, be its minimal primes. In
Corollary [3.9 we show that

Hl (4) = ker(H},(A) — @§:1H$(A/Pi)/OEgH(A/PZ-))
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Applying the functor D and using the domain case for A/P; as just proved
one checks that

D(HL(A) /030 1)) = ©L1 L(A/ P, R) = L(A,R)
where the last equality is by definition. ([

A more careful investigation of the construction of £( A, R) via the duality
functor D shows its connection with the parameter test module. By defini-
tion, D(HZ (A)/0*) = L(A, R) is the unit R[F¢]-module generated by the
Matlis dual of the R[F°|-module structure on H%(A)/O;Id (4)" The Matlis
dual of HY (A) is the canonical module wy = Ext$(A, R) of A. The dual of

HZ(A)/ 0221 (4) 18 found as the annihilator of OZ’% (A) under the Matlis duality

pairing wa x H% (A) — Ep /m- By definition, this annihilator Ann,,, 03,4 (R)
is the parameter test module 7,,,. Thus the inclusion of unit R[F'¢|-modules
L(A, R) C Hf(R) arises as the limit of the following map between their gen-

erators:

WA —— R Quwp —> -

SN

(R)
(4.1)
ToaC s RE® 1y s = L{A,R)

Since, H%(A)/O;Id (a) 18 F-reduced and F-full, the bottom map 7,, —
R ® 7, is, by Proposition [2.21](2), the unique minimal root of £L(A, R).

Proposition 4.5. Let (R, m) be complete regular local and F—finite. Let
A = R/I be equidimensional of codimension ¢ in R. Then the parameter
test module T, is the unique minimal root of L(A, R).

Now we drop the assumption that R be complete and only assume it to
be regular, local and F—finite.

Theorem 4.6. Let (R,m) be regular local and F—finite. Let A = R/I be
a domain of codimension c¢. Then L(A, R), the unique simple unit R[F€]-
submodule of Hf(R), has the parameter test module 7,,, as its minimal root.

Furthermore, upon completion, R® L(AR) = E(A\, }?i) .

Proof. By Corollary N LA RN H{(R) is a unit R[F*°]-submodule
of Hf(R). A root of N is found by intersecting L(A, R) with the root w4 of
Hf(R). Again by Corollary this intersection is equal to 7o, =wa N7
which is the nonzero parameter test module by Lemma |3.7] By simplicity
of L(A, R) it is therefore contained in L(A, R) N H{(R), or put differently,

(4.2) R® L(A,R) C L(A,R).

If R were a domain we would be done. Unfortunately, the completion of
a domain might not be a domain, but at least it is equidimensional. If
Py, ..., P, are the primes minimal over IR, then Theorem states that
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L(A, R) = ®L(R/P;, R). Tt remains to show that L(R/P;, R) C R2L(A, R).
This is, by L(R/P, R) belng the unique simple submodule of H%, (R) equiv-

alent to R ® L(A, R) NHE (R R) # 0. To see this let f € R — P; such that Af
is regular, then, by the last part of Theorem

R@ L(A,R); = Ro H{(R); = H{(R); 2 Hp,(R); #0

which shows the reverse inclusion of (4.2)). The statement about the pa-

rameter test module now follows from the beginning of the proof as we just
showed that L(A,R) = N. O

As done before this proof can be adjusted to work for equidimensional A
from the start. For simplicity we treated the domain case and will do so
from now on.

Remark 4.7. This construction of £(A, R) from its minimal root 7,,, enables
one to explicitly construct Dgr-module generators for £(A, R): The image
of any element of 7, in Hf(R) is a generator of L(A, R), in particular, if
¢ € R is a test element such that ¢” -7 # 0 for n € w4, then c -7 generates
L(A, R) as a Dr—module.

As another consequence of Corollary - one sees that the minimal root
of L(A, R) is 7, the minimal root of L(A, R), intersected with wy, the
root of Hf(R). By definition, this is the parameter test module 7, of
A. Using Theorem it follows immediately that the parameter test
module commutes with completion, which was to the best of our knowledge,
unknown until now. We state this as a Proposition.

Proposition 4.8. Let A be a domain which is a quotient of a reqular local
and F—finite ring. Then the parameter test module commutes with comple-
tion, i.e. Ty, = A®Ty,.

4.2. Simplicity criteria for Hf(R). With the connection between the
tight closure of zero in HZ (A) and the simple unit R[F°]-module £(A, R)
just derived, the characterization of Smith showing that 07, (4) governs the

F-rationality of A, easily implies a simplicity criteria for Hf(R).

Theorem 4.9. Let R be reqular local and F—finite. Let I be an ideal such
that A = R/I is a domain. Then Hf(R) is Dgr-simple if and only if the
tight closure of zero in HY (A) is F-nilpotent.

Proof. Hf(R) is Dp-simple if and only if it is equal to £(A4, R). Then R®
L(A,R) =D(HZ (A) /014 (ay) 18 all of R® HE(R) if and only if D(034 4))
0, by exactness of D. This is the case if and only if 0%, (4) is F-nilpotent

by Proposition [2.20 ([

Corollary 4.10. Let R be regular, local and F—finite. Let A = R/I be a
domain of codimension c. If A is F-rational, then Hf(R) is Dr-simple. If
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A is F-injective (i.e. F acts injectively on HZ(A)), then A is F-rational
if and only if Hf(R) is Dgr-simple.

Proof. By [Smi97a], Theorem 2.6, F-rationality of A is equivalent to 07, (4) =

0. Therefore, by the last theorem, £(A, R) = H{(R) if A is F-rational.
Conversely, if L(A, R) = Hf(R) then 07}, (a) 1s F-nilpotent. Under the as-

sumption the HY (A) is F-reduced this implies that 0%4 (A) = 0, therefore
A is F-rational. O

This should be compared to the following characterization of F—regularity
in terms of D 4—simplicity due to Smith:

Proposition 4.11 ([Smi95, 2.2(4)]). Let A be an F—finite domain which
is F'—split. Then A is strongly F-reqular if and only if A is simple as a
D g—module.

Note that this proposition is a statement about the D 4—module structure
of A, i.e. a statement about the differential operators on A itself. This is
different from our approach as we work with the differential operators Dg
of the regular R. Nevertheless, the similarity of the result is striking and
should be understood from the point of view Kashiwara’s equivalence, i.e.
the the D —module A should be studied via the corresponding D g—module

We reformulate the simplicity criterion of Hf(R) such that it is a criterion
solely on A, not referring to H% (A).

Theorem 4.12. Let R be reqular, local and F—finite. Let I be an ideal
such that A = R/I is a domain. If for all parameter ideals of A we have
JE = J*, then H¢(R) is Dr—simple.

If A is Cohen-Macaulay, then Hf(R) is Dr-simple if and only if J* =
JE for all parameter ideals J.

Proof. We show that if J* = J¥ for all parameter ideals, then 0% (4) is
F-nilpotent, i.e. OE%(A) = OZ%(A)' Let n € HZ(A) represented by z +

(x1,...,14) for some parameter ideal J = (z1,...,q), thinking of HZ (A)
as the limit lii>nA /JIP’l. Then the colon capturing property of tight closure
shows that z € 07,4 (4) if and only if z € J* (¢f. [Smi93l Proposition 3.1.1

]). By our assumption J* = J¥ this implies that 27" € JP] for some e > 0.
Consequently, F¢(n) = 2P +J [P°] is zero and thus every element of O*Hgl (A)
is F-nilpotent.

Under the assumption that A is Cohen—Macaulay the same argument can
be reversed using that the limit system defining HS, (A) is injective. O

As we were dealing with the domain case above we remark that in most
cases when A is not analytically irreducible the equality £(A, R) = Hf(R)
cannot hold, in particular Hf(R) cannot be simple.
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Proposition 4.13. Let A = R/I be equidimensional, local and satisfy
Serre’s Sy condition. Suppose that A is not analytically irreducible, then
L(A,R) # Hy (A).

Proof. Equidimensionality and Sy—ness implies by [HH94], Corollary 3.7,
that HY (A) is indecomposable. The properties of the duality functor D
show now that D(HY (A)) = H;E(R) is indecomposable as a unit R[F°]-

module. If A is not a domain it follows, essentially by definition, that
L(A, R) is decomposable, thus it cannot be equal to H‘;IA%(R). As £ behaves
well under completion, it follows that £(A, R) # Hf(R). O

As an application of Theorem we extend the last proposition to
a characterization of the simplicity of Hf(R) for the class of all domains
A which have only an isolated singularity and whose normalization is F'—
rational. In particular this yields a characterization of the simplicity of
H{(R) for A= R/I a one dimensional domain.

Proposition 4.14. Let R be regular local and F—finite. Let A = R/I be
a local Sy domain with isolated singularity such that the normalization A is
F-rational. Then H{(A) is Dr-simple if and only if Hf(R) is analytically
wrreducible.

Proof. If Hf(R) is not analytically irreducible then, by Proposition
Hf(R) is not Dg-simple (equiv. unit R[F®|-simple).

Since R is excellent, H¢(A) is analytically irreducible if and only if A
is local by [Gro65], (7.8.31 (vii)). Let z € J* for a parameter ideal J =
(y1,---,ya) of A. Then, since A is F-rational and the expansion J of J to
A is also a parameter ideal, one concludes that z € T =7 Let, for some
a; € Z,

z=a1y1 + ...+ aqyq
be an equation witnessing this ideal membership. As we observe in Lemma
below, for some big enough e, all a?* are in A. Therefore 2P = a’fe yy "+
et aseyge, which shows that z?° € JP since all a?* € A. Thus J* = J¥
and Theorem implies that Hf(R) is Dg-simple. O

Lemma 4.15. Let (A, m) be a local domain with at worst isolated singu-
larities. Then the normalization A of A is local if and only if for all z € A
some power of x lies in A.

Proof. If there were M; and My, maximal ideals of A lying over m, then, by
assumption, for some ¢ > 0 we have (Ml)t C m C Ms. Since My is prime it
follows that already M; C Mj. The reverse inclusion follows by symmetry
and thus M; = My, therefore A is local.

Conversely, if A is local with maximal ideal M it follows that VmA = M.
Therefore, if z € M it follows that 2™ € mA for sufficiently big ng. We
want to conclude that ™ € m and thus is in A for big enough n. For this
note that, by the assumption of isolated singularity, the conductor ideal
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C = (A7 A) is M primary, i.e. sufficiently high powers of z lie in C. Now,
if 20 € mA and 2" € C, then £ " = z™2" is in m itself. Finally, a unit
u of A can be written as u = =% for x a nonunit of A. Since both, = and
uz are not units, sufficiently big powers are in A. Thus also sufficiently big
powers of u will be in A. O

In the case that R is one—dimensional this yields a finite characteristic
analog of results of S.P. Smith [Smi88] and Yekutieli [Yek98].

Corollary 4.16. Let A = R/I be a one—dimensional local domain with R
reqular and F—finite. Then HE, (A) is Dr—simple (equiv. unit R[F¢]-simple)
if and only if A is unibranch.

Proof. As remarked in the proof of Proposition [£.14] A is unibranch if and
only if A is analytically irreducible. As one dimensional domains have at
worst isolated singular points and since the normalization is regular (and

thus F-rational), Proposition applies. O

This last result that for curves L£(A, R) is described in the same way in
positive characteristic as it is in characteristic zero is somewhat misleading.
In higher dimensions one expects that £(A, R) behaves significantly different
depending on the characteristic. For example, consider the ideal I = (zy —
zw) € R = k[z,y,z,w]. Then A = R/I is the coordinate ring of the cone
over P! x P! with only singular point being the vertex. The localization
of A at the vertex is F-rational. Therefore, our results above shows that
H}(R) is simple as a Dr-module in finite characteristic. Nevertheless, in
characteristic zero the module H}(R) is not Dg-simple since the Bernstein-
Sato polynomial of zy — zw is (s — 1)(s — 2) and therefore has an integral
zero of less than —1. This shows that the Dgr—submodule generated by
(zy — zw)~! € H}(R) does not contain (zy — zw) 2. Therefore H§(R) has
a proper Dgr—submodule and is therefore not Dg—simple.

This is in accordance with the Riemann-Hilbert type correspondences
in either characteristic. For zero characteristic, the classical Riemann—
Hilbert correspondence relates holonomic Dx—modules to constructible C—
vectorspaces by means of a vast generalization of de Rham theory, i.e. to an
ultimatively topological theory. In positive characteristic, on the other hand,
the Emerton-Kisin correspondence relates finitely generated unit Ox[F¢|-
modules to constructible FP°—sheaves on X, generalizing Artin-Schreyer the-
ory, which ultimately is a coherent theory. This is one reasons why there
is no surprise for the failure of a complete analogy of the description of the
intersection homology module £(Y, X) in positive and zero characteristic.
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