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Abstract

In this article new cases of the Inverse Galois Problem ai@bkshed. The main result is
that for a fixed integer, there is a positive density set of primesuch thatSL, (F,») occurs
as the Galois group of some finite extension of the rationaibers. These groups are obtained
as projective images of residual modular Galois repretiensa Moreover, families of modular
forms are constructed such that the images of all their wvesi@alois representations are as large
as a priori possible. Both results essentially use Khaned \Wintenberger’s notion of good-
dihedral primes. Particular care is taken in order to exeluontrivial inner twists.

MSC Classification: 11F80 (primary); 12F12, 11F11.

1 Introduction

The inverse Galois problem asks whether any given finite group oesuitse Galois group of some
Galois extensior / Q.

For any newformf and any prime, the projective imagé: of the mod¢ Galois representation
attached tqf is a Galois group ove® by Galois theory. I¥ is a so-called nonexceptional prime fyr
thenG is of the typePSLy(Fm) or PGLy(Fyn). If £ is exceptional, theid is an abelian group, a
dihedral group, o4, Sy or As.

In this article we construct families of newforms without exceptional primes {theorem 6.2).
This is achieved by exploiting the notion @mely dihedral primeswvhich are essentially the same as
thegood-dihedral primetroduced by Khare and Wintenberger in their proof of Serre’s mottylar
conjecture [KW1]. All the constructed newforms also enjoy the propesy ey do not have any
nontrivial inner twist and are not CM forms (see Section 2).

These techniques, together with some other methods, are applied to the iBaoss problem
for groups of the typ&@SLy(Fn) andPGL2(Fy ). Our results on that problem fall in two different
categories, which we like to call tHerizontal directionand thevertical direction The terminology
is explained by Figure 1. If a dot exists at positidnn) in the figure, then it is known th&SLy (Fyn )
is a Galois group ove. Theorem 1.1 of [Wi] is the best result in the vertical direction to this date. |
says that in every column (i.e. for every priffjahere are infinitely many dots, i.e. there are infinitely
manyn such thatPSLs(F) is a Galois group oveR. Except for finitely many columns, this result
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Figure 1: Schematic description of the proved casd¥3dfs (F,~) occuring as a Galois group ov@r

was reproved in [Di2] by different methods. We also prove a similar (ligihtty weaker) result in
this article (see Remark 6.3), but in a uniform way by using the families withaegional primes
mentioned above. The vertical result has been vastly generalized to masygnooips by Khare,
Larsen and Savin in [KLS] and [KLS2].

There were several results for smalin the horizontal direction (see [R1], [RV], [DV], [Dil)).
The main result of this article is that in every row (i.e. for evelythe set of primed such that
PSLy(Fn ) is a Galois group ove has a positive density. More precisely, we prove the following
theorem.

1.1 Theorem. Letn be some integer.

(a) There is a positive density set of primésuch thatPSL.(IF,») occurs as the Galois group
Gal(K/Q) for a number fieldx™ that ramifies at most at, oo and two other primes for even
and three other primes for odd

(b) Assume that is odd. There is a positive density set of priMiesich thatPGLy(IF» ) occurs as
the Galois groupGal(K/Q) for a number fieldK that ramifies at most at, co and two other
primes.

We finish this introduction by pointing out that our method of obtaining groupthe type
PSLy(F¢n) or PGLo(Fyn) as Galois groups ove via newforms is very general: if a group of this
type occurs as the Galois group ofadally imaginaryextension ofQ, then it is the projective image
of the Galois representation attached to a newform by Serre’s modulanigotore, which is now a
theorem of Khare-Wintenberger ([KW1], [KW2], see also [Ki] and3D.

1.2 Proposition. Let K/Q be a totally imaginary Galois extension with Galois groGpwhich is
eitherPSLy(IF¢» ) or PGLy(Fyn ). Then there exists a modular forfrsuch that its attached projective
mod/ Galois representation cuts out the figid

Proof. We interpret the number fielil” as a projective Galois representatjighi® : Gal(Q/Q) —
PGLy(IF¢»). Now we lift the representation to a continuous representatiodal(Q/Q) — GLo(IFy)
(this is possible, see e.g. [Q]) and we observe that the lift is necessadilyFor, the image of complex
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conjugation inPGL2(F» ) being nontrivial, it follows that its image undgiis a nonscalar involution.
As such, it has determinantl. Finally, one invokes Serre's modularity conjecture to obtain the
modularity. O
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Notation

Here we list some notation to be used throughout the article. We dendig(By, ) the C-vector
space of holomorphic cuspidal modular forms of ledelweightk and Dirichlet charatex. By iriv
we mean the trivial Dirichlet character; instead%f(V, xriv) We also writeSi(I'o(N)). If K is a
number field, we denote bk its ring of integers, and bk  its completion at a maximal ideal
A < Og. For a primeg, we letD, stand forGal(@q/Qq) and denote by, C D, the inertia group.
By W, we denote the Weil group d®,. By ¢, for an integem we always denote a primitive-th
root of unity.

More notation will be introduced in the text.

2 Complex Multiplication and inner twists

In this section we review essential facts on complex multiplication and inner twistt$.be some cus-
pidal modular form of levelV, weightk and Dirichlet charactey with g-expansion) , -, an(f)g"
(as usualg = ¢(7) = €2™7). The coefficient field of is defined ag); = Q(a,(f) : (n, N) =1). It
has the natural subfieldl; = Q (% i (n,N) = 1), which we call thewist invariant coefficient
field of f, since it is invariant under replacing the modular fofrhy any of its twists. The behaviour
of the Hecke operators under the Petersson scalar product yields e d

ap(f) = x(p) " ap(f), 2.1)

Whence“f(((j;;2 = |ay(f)|?. Thus,Fy is totally real. It is well known tha®) is either a CM field or
totally real. In particular, iff has trivial nebentype the latter case occurs by Equation 2.1.
The modular formf is said to haveomplex multiplication (CMif there exists a Dirichlet char-

actere such that

ap(f @ €) = ap(f)e(p) = ap(f) (2.2)

for almost all prime9 (i.e. all but finitely many).
A twist of f by a Dirichlet charactee is said to beinner if there exists a field automorphism
oe : Qp — Qy such that
ap(f @ €) = ap(f)e(p) = oclap(f)) (2.3)
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for almost all prime.

For a discussion of inner twists we refer the reader to [R2] and [R3je Me content ourselves
by listing some statements that will be needed for the sequel. For the rest séthisn we suppose
that f does not have CM. Under this assumptigris unique (if it exists). Moreover, for two distinct
inner twistse andJ, the field automorphisra. is different fromos.

The inner twists and the Dirichlet characterjfo$atisfy the relation

xe2 = oe(x)- (2.4)

If x takes only real values (i.e. is trivial or quadratic), it follows tiat= 1. This in turn implies

o2(ap(f)) = oclap(f)e(p)) = oe(ap(f))e(p) = ap(f)e(p)* = ap(f),

whences? = 1.

Theo. belonging to the inner twists gf form an abelian subgroup of the automorphism group
of Q¢. The fieldF; is the subfield of) fixed byT'. If the nebentype of only takes real values, it
follows thatI" is an elementary abelighgroup and thus thaQ  : F] is a power of.

We define a number fiel& as follows. Consider the inner twists, . . ., ¢, as characters of the
absolute Galois grou@al(Q/Q). Let Kt be the minimal number field on which alifor 1 <i < r
are trivial, i.e. the field such that its absolute Galois group is the kernel ofidpgial(Q/Q) Slontr,
C* x---xC*.

3 Onthe images of modular Galois representations

Let, as beforef = > "> | ang" (with a,, € C) be a cuspidal modular form of levél, weightk and
Dirichlet charactery. We now assume that is a Hecke eigenform. Also as before, (@f be the
coefficient field off; it is naturally a subfield ofC. By a construction of Shimura and Deligne and
the local Langlands correspondence r,; one can attach t¢ a 2-dimensional compatible system
of Galois representationg;,) of Gal(Q/Q). We now describe this system, following Khare and
Wintenberger [KWO].

The compatible systeitp;,) consists of the data of:

(i) for each rational primé and each embedding Q; — Q, a continuous semisimple represen-
tationpy, : Gal(Q/Q) — GL2(Qy),

(i) for each rational primeg a Frobenius semisimple Weil-Deligne representatipwith values in
GL2(Qy) such that

(a) 4 is unramified for ally outside a finite set,

(b) for each rational primé, for each rational prime # ¢ and for each : Q; — Q,, the
Frobenius semisimple Weil-Deligne representation associatgg,{®, is conjugate to-,
via the embedding.



(iii) a third condition concerning = ¢ (which we do not need).

The systenyp;, is attached tof in the sense that for each rational prigpeé N/, the characteristic
polynomial ofpf, (Froby) is X2 — t(ag) X + ¢(x(q)g" ).

We also introduce a different description of thg,, which we will often use below. Let: Q; —
Q, be an embedding. Denote K, the closure of(Q) and byOy,, the closure of (Og, ) in Q,. Let
() be the maximal ideal of the local complete discrete valuation@ipg ThenA := Og, N~ (())
is a maximal ideal o0q, above/ andQy,, can be identified witlQ)s 5, the completion of); at A.
To simplify notation, we denote b§, 5 the integers of); ». Thus, we can identify, with

pra - Gal(Q/Q) — GL2(Oja).

More precisely, the composition pf; , with the natural inclusio®; , — Q, equalspy,,.

In this article, we shall mostly be concerned with the reduction of thesesemiagions 'mod-
ulo £, by which we mean the following. L&t , be the semisimplification of the reduction of 5
moduloA andﬁ?fﬁj its projective quotient, i.ea; , composed with the natural projectio.(Fy) —
PGLy(FFp), where we writdfy, = OQf/A for the residue field oA\.

3.1 Theorem. (Ribet) Suppose that does not have CM and th&t> 2. Then for almost all maximal
idealsA of Og, (equivalently, for almost all as above), the imag@vA(Gal(@/Kp)) is conjugate to

{g € GLy(Fy) : det(g) e TV},

whereKTr is the field defined in Section®; is the prime field oF , andF is the residue field of’;
atA=A ﬂFf, i.e.FFy = OFf/)\.

Proof. It suffices to take Ribet [R3, Thm. 3.1] madd O

3.2 Corollary. Under the assumptions of Theorem 3.1, for aimoshaéthe imagq@?ij((}al(@/@))
is eitherPSLa(IF)) or PGLy(Fy).

Proof. Let H := p; 4 (Gal(Q/Kr)). Itis a normal subgroup af := p; 5 (Gal(Q/Q)). Conse-
quently, H/(H N FZ) is a normal subgroup @ /(G N EX). By the classification of finite subgroups
of PGLy(FFy), it follows for almost allA that H is eitherPSLy(FFy) or PGLy(F)) and thatG' is ei-
ther PSLy(IF) or PGLy(F) for some extensioif /F. As PSLy(F) is simple (for#F > 5), F = F)
follows. O

3.3 Definition. Keep the assumptions of Theorem 3.1. A maximal iWedOg, is calledexceptional
if 523 (Gal(Q/Q)) is neitherPSLy(F») nor PGLa(Fy).

By Corollary[3.2, every formf without CM only has finitely many exceptional primes. The
classification of finite subgroups BIGL» (F,) yields that,a?fjij (Gal(Q/Q)) is either an abelian group,
a dihedral groupAy, Sy or As for an exceptional prima.



4 Tamely dihedral representations

It was observed by Khare and Wintenberger ([KW1]) that exceptiprimes smaller than a given
bound can be avoided by imposing a certain local ramification behavioue Galois representation.
We shall use this idea in order to exclude CM and inner twists.

We will formulate the crucial definition in terms of Weil-Deligne representatidssa reference
for these, we use [T], Section 4. L&t be a finite extension d@, (with ¢ a prime) andZ a number
field (later £ = Qy). A 2-dimensional Weil-Deligne representation &f with values inE can be
described as a paip, N) (we put tildes in order to avoid any possible confusion with Galois repre-
sentations and levels of modular forms), whgrelV — GLo(E) is a continuous representation of
the Weil group ofK for the discrete topology o6 Ls(E) andN is a nilpotent endomorphism @

satisfying a certain commutativity relation wigh

4.1 Definition. LetQ,. be the unique unramified degreesxtension of),. Denote by, and W .
the Weil group o), andQ,2, respectively.

A 2-dimensional Weil-Deligne representatiopn= (p, N) of Qg with values inE is calledtamely
dihedral of ordem if N = 0 and there is a tame character : W,» — E* whose restriction to the
inertia group, (which is naturally a subgroup d¥) is of niveale (i.e. it factors oveﬂF‘qX2 and not
overF ;) and of ordern > 2 such thatp = Indvmé; ().

We say that a Hecke eigenforfris tamely dihedral of orden at the primey if the Weil-Deligne
representation, at ¢ belonging to the compatible systépy ,) is tamely dihedral of order.

If the compatible systerfp;,) is tamely dihedral of order at ¢, then (e.g. by [T], 4.2.1) for all

v Qp — Qg with ¢ # ¢, the restriction ofps, to D, is of the formInngiEg/%)Q)(L o1). The
a7 *q

point in our application is that the reduction modélis of the very same form, i.e. if, denotes the
reduction ofyy moduloA, which is a character of the same ordeAiandn are coprime, then

_ Gal —

PralD, = IndGalggi%;) (n)-
Moreover, ifn = p" for some odd prime, theng = —1 mod p, since the character is of niveau
Conversely, if we take) to be a totally ramified character 6fal(Q,/Q,2) of ordern such thatn
dividesq + 1 and(n, ¢(¢ — 1)) = 1, then this automatically ensures thats of niveau2.

We also mention that the image @fs in Definition 4.1 is isomorphic as an abstract group to the
dihedral groupD,, of order2n if v is totally ramified andn, ¢(¢ — 1)) = 1. This is due to the fact
that this condition forces the restriction of the determinars®(Q,/Q,:) to be trivial.

A tamely dihedral prime is called agood-dihedral priméy Khare and Wintenberger [KW1] if
some additional properties (of a different nature) are satisfied. @uwthal primes play an important
role in Khare and Wintenberger’s proof of Serre’s conjecture.

We now collect some very simple lemmas that will afterwards be applied in ordexdode
nontrivial inner twists.



4.2 Lemma. Let K be a topological fieldg a prime andn > 2 an integer coprime tg(q — 1). Let
¢ : Gal(Q,/Q,) — K* and, v’ : Gal(Q/Q,2) — K* be characters. Suppose thatand’ are
both of ordern.

If Indg; (¥) = Indg; (") ® e, thene is unramified.

Proof. It follows directly that the order of|,,, g /q ,) dividesn. If e were ramified, then the
a/ =q
order of e restricted to the inertia group atwould divideq — 1 times a power ofy. But, this is
precisely excluded in the assumption. O

4.3 Lemma. Let K be a topological field. Lej > 2 be a prime¢ : Gal(@q/(@q) — K* aquadratic
character andp, o’ : Gal(Q,/Q,) — GLy(K) representations such that =~ p ® e. If p(I,) and
¢’ (I1,) can be conjugated to lie in the upper triangular matrices such that all elencerttse diagonal
have odd order, theais unramified.

Proof. The oddness of the order of the elements on the diagonal forces theaticatiaractee
to be unramified. O

4.4 Lemma. Let K be a topological field. Lef be a prime¢ : Gal(Q,/Q,) — K* a character and
p : Gal(Q,/Q,) — GLz(K) be a representation. If the conductorspénd ofp @ e both divideg,
thene or e det(p) is unramified.

Proof. By the definition of the conductop, restricted to the inertia groufy is of the form((l) g)
with 6 = det(p)|;,. Consequently, the restriction # of p © € looks like (§ 55). Again by the
definition of the conductor, either the restrictionedd I, is trivial or the restriction ot is. 0

Our main result for controlling inner twists and CM is the following theorem.
4.5 Theorem. Let f € Si(N, x) be a normalized Hecke eigenform.
(a) If x only takes real values, then any inner twistfas at most tamely ramified at any odd prime.

(b) Suppose = xuiv. Letg | N be a prime such that for some Q; — Q, with ¢ # ¢ the image
py.(I4) can be conjugated to lie in the upper triangular matrices such that the didgdements
have odd order. Then any inner twist pfs unramified at.

(c) Letq || N be a prime and suppose thais unramified ay. Then any inner twist of is unramified
atq.

(d) Letq be a prime such that? || N and f is tamely dihedral ay of odd ordern > 3 such thatn
andq(q — 1) are coprime. Then any inner twist ¢fis unramified ay.

Proof. (a) If x only takes real values, any inner twist is necessarily quadratic (se¢®I8&g,
whence it is at most tamely ramified away fr@m



For (a-c) we let be an inner twist with corresponding field automorphism Q; — Q. We
include the case = id, whene comes from CM. For all : Qf — Qy, we then have

Pf.E = P00

since the traces of any Frobenius element at any unramified pramneequal:

tr((ps. @ €)(Froby)) = t(ap(f)e(p)) = t(o(ap(f))) = tr(pf.i00 (Frobp)).

(b) If ps,(I,) can be conjugated into the upper triangular matrices such that the diagemahgs
have odd order, then it follows that the Weil-Deligne representatjea (p, ]V) (in the terminology of
[T], 4.1.2) is such thap also can be conjugated into the upper triangular matrices with only odd order
elements on the diagonal. Hence, this property also holdsfgr, (I;). Consequently, Lemma 4.3
yields the statement, asagain has to be at most quadratic in this case.

(c) The conductors at of bothp, andpy ., divide g¢. From Lemma 4.4 it hence follows that
is unramified aty, since the determinant of the representation is unramified at

(d) If rq is tamely dihedral of order as in the assumption, the restrictiongf, to D, is of the

form Inngi%gqi)u o 1), and similarly forpy ... By Lemma 4.2¢ is unramified ag. O
q

4.6 Corollary. Let f € Sk(N, x+iv) be a Hecke eigenform such that for all primgs N
e q||N,or

e ¢? || N and f is tamely dihedral ay of some order > 3 such that(n, q(¢ — 1)) = 1, or

e pr.(I4) can be conjugated into the upper triangular matrices such that all the elesnoarthe
diagonal have odd order for some Q; — Q, with ¢ # q.

Thenf does not have any nontrivial inner twists and no CM.

Proof. By Theorem 4.5, any inner twist (or character corresponding to CMyasyghere un-
ramified, hence trivial. O

The next proposition will be essential in the application of modular forms to thexse Galois
problem in the horizontal direction.

4.7 Proposition. Let f € S.(Ng?, x) be a Hecke eigenform which is tamely dihedral of some or-
dern > 2 atq such that(n, ¢(¢ — 1)) = 1. ThenF containsQ(¢,, + ).

Proof. Let Kt be the field defined in Section 2. From Theofem 4.5 it follows that all innetgwis
are unramified ag. Hence, the inertia group, can be considered as a subgrouief(Q/Kr). Let
A be any prime of0q, not dividingng. By assumption, the images 4 (I,) contains an element of
the form (Cg cin) By Theoreme,A contains its trace, i.€, + (,, wherex = A N Fy. This
immediately implies that the field extensidn (¢, + (,)/Fy is of degreel, as almost all primes are
completely splitin it.

Alternatively, one could also derive this proposition by similar argumentsttiirsom the Weil-
Deligne representation, atq. O



5 Constructions of newforms that are tamely dihedral at some prime

In this section we collect tools for constructing newforms and consequéatlyis representations
which are tamely dihedral at some prime.

5.1 Theorem. (Diamond, Taylor:Level Raising) Let N € N, k > 2 and letp > k + 1 be a prime
not dividingN. Let f € Si(IV, x) be a newform such that; o is irreducible withOq, > B | p. Let,
furthermoreg { N be a prime such that = —1 mod p andtr(p g (Frobg)) = 0.

Then there exists a newforgme Sy (Ng?, ¥) such that

(0) Pgp = Pyq for some prime | p of Og, .
(i) g is tamely dihedral of ordep™ for somer > 0 at q.

Proof. This is easily deduced from Theorem A of [DT], using the local Langiacadrespondence.
For details see Corollary 2.6 of [Wi]. O

A very elaborate possibility of prescribing a tamely dihedral prime is Thedrdm of [KW1],
which does not need the modularity assumption.

To our knowledge, the best result for prescribing the local behaabramified primes for mod-
ular Galois representations is the following theorem by Jared Weinsteinhwlctually holds for
Hilbert modular forms. We only formulate it ové€). A global inertial typer is a collection of local
inertial types(7,,), (or equivalently - by the local Langlands correspondence - inertial Déligne
parameters) for running through the places @f. For the precise definitions we refer to [We]. We
just say that the local inertial type at a finite placeetermines the restriction of ady-adic repre-
sentation to the inertia group atuniquely forOg, > A { v. Any newform f uniquely determines a
global inertial type, which we denote by f).

5.2 Theorem. (Weinstein) Up to twisting by one-dimensional characters, the set of global inertial
typesr for which there is no newforryi with 7 = 7(f) is finite.

Proof. [We], Corollary 1.2. O

This means that by making the weight big enough, for any global inertial tyjpere is some
newform f with 7 = 7(f). Alternatively, there is always some newforfrof a chosen weight with
T = 7(f) if enough primes ramify. Weinstein’s result is extremely strong and couldée im several
places in this article. We, however, chose more classical arguments likedesieg.

For the construction of tamely dihedral modular forms via level raising we tiee following
lemma.

5.3 Lemma. Letpy,...,p, be primes and lep be a prime different from all the; such thatp =
1mod 4. Letph™ : Gal(Q/Q) — PGLy(F,) be an odd Galois representation with imag8La (F s )
or PGLy(IF,s) such that the image of any complex conjugation is contain@bim, (s ).

The set of primeg such that



(i) ¢ =p—1modp?
(i) g splitsinQ(i, /p1,...,/pr) and

(iii) pbr (Frob,) lies in the same conjugacy class/@8° (¢), wherec is any complex conjugation,
has a positive density.

Proof. The proof is adapted from [KW1], Lemma 8.2, and closely follows the ppbobEmma 3.2
of [Wil. Let L := Q((p2,i,/P1s---,+/br) and letk/Q be such thaGal(Q/K) = ker(zp™).
Conditions (i) and (ii) must be imposed on the fidldand Condition (iii) onK. If Gal(K/Q) is
PSLy(Fps), then the lemma follows directly from Chebotarev’s density theorem, as theestem
LNK isQ, sincePSLy(FF,s) is a simple group. 1Gal(K/Q) isPGLy(F,s), the intersectiod N K =
M is either trivial or an extension d of degree2. By assumption the image of any complex
conjugation lies irGal(K /M) = PSLy(FF,s ). Hence any; satisfying Condition (iii) is split in}//Q.
As p = 1mod 4, complex conjugation fixes the quadratic subfieldXt,,.), whence any prime
satisfying Conditions (i) and (ii) is also split it/ /Q. Hence, we may again appeal to Chebotarev’s
density theorem, proving the lemma. O

In the next proposition we show that in certain cases we can 'add’ tameddidihprimes to
newforms in such a way that all the local behaviours at the primes dividegdhductor remain
essentially the same. The idea behind this proposition is that for a giveromavifwe choose a
newformg such that the compatible systems of Galois representatiofiaindg are linked mog for
a primep that is big enough to preserve all essential local properties.

5.4 Proposition. Let f € Sk(N, xtiv) be a newform with od&v such that for allé | N
@) £ N or
(i) 2| N and f is tamely dihedral at of ordern, > 2 or

(i) ¢2 | N andpy,(D,) can be conjugated to lie in the upper triangular matrices such that the
elements on the diagonal all have odd order for sam&@; — Q, with a primess # /.

Let{pi,...,p,} be any finite set of primes.

Then for almost all primep = 1mod 4 there is a sefS of primes of positive density which are
completely splitirQ(i, \/p1, . .., /pr) such that for ally € S there is a newforny € S (Ng¢?, xtriv)
which is tamely dihedral af of orderp and for all ¢ | N we have

(i) ¢2 || N andg is tamely dihedral at of ordern, > 2 or

(iii) pg,.(Dy) can be conjugated to lie in the upper triangular matrices such that the eleroerits
diagonal all have odd order for some Q, — Q, with a primes # .

Moreover,f and g do not have any nontrivial inner twists and no CM.
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Proof. By Theorem 4.5 does not have any nontrivial inner twists and no CM. fFave may
choose any primg = 1 mod 4 which is bigger thanV, bigger thark + 1, coprime to alln, and such
that there isp | p with the property thap o is irreducible (see Corollary 3.2).

As S we take the set provided by Lemma 5.3. Note that the assumptions of the lemratisdieds
as complex conjugation necessarily liesHRL,, as there are no nontrivial inner twists and is a
square inf ;.

For anyq € S, Theorem 5.1 provides us with a newfogne Sj, (N¢?, x) which is tamely dihedral
atq of orderp” > 1. Infact,» = 1 andy = xi.iy. For, asp? does not divide;? — 1, it follows that
there is no niveau or niveau2 character of the inertia groufy of orderp?. Thaty is unramified
atq is clear, since the determinant of the restriction to inerti@iaty)? = ¢~ = 1 (see also the
discussion following Definition 4/1). Hencg,is a charactefZ/NZ)* — C*. As there is a prime
Oq, > p | psuchthap; ¢ = p, ., the order ofy is a power ofp. Asp is bigger thanV, it can only
be the trivial character.

Next we check that conditions (i) and (iii) persist fgr This follows again fronp; o = 5, ,,
sincep is 'big enough’. More precisely, we argue as follows. Ket N be a prime and denote by
(py, ]Vf) be the Weil-Deligne representation attached tt ¢.

We now assume that the order @f(/,) is divisible by an odd prime. Note that this condition
is satisfied at all prime$ in (i) and (iii). We first claim thatps | p, is irreducible if and only if
Pr.plp, is irreducible. Since the other direction is trivial, we now assumedha p, is irreducible.
This implies that the representatipn of the Weil group ofQ, is also irreducible and consequently
Nf = 0. It follows that the projectivization op x| p, is Ind% () with K/Q, of degree2 and)

a nontrivial character ofal(Q,/K) which is different from its conjugate by the nontrivial element
in Gal(K/Qy). Our assumption now means that the ordepogstricted tal, is divisible by an odd
prime. Local class field theory moreover yields that this prime dividés— 1) and is thus different
fromp, sincep > N. This implies that the projectivization @f; 3| p,, which isInd% () (with +) the
reduction ofyy modulo‘B), is actually isomorphic to the projectivization pf ¢/ p,. Consequently,
Ps.plp, is irreducible as claimed.

Now we consider a primésatisfying ((ii). In that case we have that = Ind%2 (v), wherey) is
a niveaw2 character ofzal(Q,/Qy) of ordern,. Hence,

Pysplp, = Indgg (¥) = Pyplp,

with ¢/ the reduction of) modulo3. Consequently, we find for the Weil-Deligne representation
(Pg> N,) of g thatp, = Ind%2 (') andN, = 0, wherey/ is a character ofial(Q,/Q,2) reducing

to v» modulop. This means that’ = v« with some character of order a power op. As p does
not divide/(¢? — 1), it follows thata is unramified and is hence already a charactezaf Q,/Qy).

It follows thatp, = IndMW/f;2 (¥) ® a. As, however,f andg both have trivial nebentype and the same
weigt, the determinant gi, is the same as the determinant@gfand thusa? = 1, whencex is the
trivial character. Consequently; = p,, proving thatg is tamely dihedral at of the same order as

We have thus actually proved that the Weil-Deligne representatiohafat andg are the same.
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Now we consider a primé | N in case/(iil). Aspsq|p, can be conjugated to lie in the upper
triangular matrices, the same holds fay,|p, by the above discussion on the irreducibility. Let
(¢1, ¢2) and(v1, 1) be the characters on the diagonapgfs| p, andpg | p,, respectively. As under
reduction moduldg (respectivelyp) only p-power orders vanish, it follows from the orders@fand
@2 being odd, that this is also the case fgrands.

That g does not have any nontrivial inner twists and no CM again follows froracfém 4.5.

O

5.5 Remark. Attwo places in the proof of Theorem 1.1 of [Wi] itis implicitly used that thefoensf
andg do not have any nontrivial inner twists, namely for havjijg,(c) € PSLy(F,-) (in Lemma 3.2)
and forﬁgfloj (Frob,) € PSLy(F) (last line but one of the proof of Theorem 1.1). This is easily
remedied by excluding inner twists with the help of Proposition 5.4 and a suithblee of the starting
form f. If £ & {3,5,7,13}, we can just takg € S2(I'o(¢)), in the other cases we choogef level a
suitable power of such thato;,(D,) can be conjugated into the upper triangular matrices such that
the elements on the diagonal all have odd order.

6 Construction of eigenforms without exceptional primes

The aim of this section is to construct families of Hecke eigenforms withowptianal primes and
without nontrivial inner twists. They also give a uniform way of repragy{a slightly weaker form
of) the main result of [Wi], i.e. an application of modular forms to the inversiGaroblem in the
vertical direction.

6.1 Proposition. Let p, g, t,u be distinct odd primes and 1Y be an integer coprime tpqgtu. Let
p1, ..., pm be the prime divisors dfN. Let f € Sa(Ng*u?, x) be a Hecke eigenform without CM
which is tamely dihedral of ordes” > 5 at ¢ and tamely dihedral of ordet®* > 5 at u. Assume
that ¢ andu are completely split itQ(i, \/p1, . . ., /D) and that() = 1 (and, hence(%) =1hby
quadratic reciprocity).

Thenf does not have any exceptional primes, i.e. for all maximal id&ad$ Og,, the image of
Pr. is PSLa(FFy) or PGLo(Fy) in the notation of Theorem 3.1.

Proof. The argument is similar to that used in [Wi], Theorem 1.1, and was inspirg&\L].
Let A be any maximal ideal o®q, and suppose it lies over the rational pritheDue to the tamely
dihedral behaviourp, , is irreducible. For, if¢ ¢ {p,q}, then alreadyp; »|p, is irreducible. If
¢ € {p,q}, thent & {t,u} and already; , | p, is irreducible.

We now suppose that the projective image is a dihedral group, i.e. it is thetiod of a character
of a quadratic extensioR/Q, i.e.ﬁ?fﬁj = Ind%(a) for some character of Gal(Q/R). A priori we

know from the ramification of; , that R C Q(3, Ve, V@ U \/DLs -5/ Pm)-
Assume first that ¢ {p, q}. In that case we have

7Ip, = Indg, (¢) = Indg!, (@)

12



for some prime0Dr > Q | ¢, wherey is a nivealw2 character of ordep”. From this it follows thay
is inert in R. By assumptiong is split inQ(4, v/u, \/p1, . - ., /Pm), WhenceR € {Q(W0),Q(v—0)}
and/ 1 6Nu. As ¢ is bigger thar8 and does not divide the level gfand the weight i2, the fieldR
cannot ramify a¥ either. This was proved by Ribet (see the proof of Proposition 2.2 in)[R4ing
results of Raynaud implying that the Serre weight end thus that the projective image of inerfja
is cyclic of order/ + 1 or ¢ — 1. We thus obtain a contradiction showing tlfat {p, ¢}. In particular,
¢ ¢ {t,u}. Exchanging the roleg < u, p <> t andr < s, the very same arguments again lead to a
contradiction. Thus, the projective imagemf, is not a dihedral group.

By the classification of the finite subgroupsietLa(F,), it remains to excludely, Sy and As
as projective images. This, however, is clear, since there is an elemerdesfbigger thars in the
projective image. O

6.2 Theorem. There exist eigenformsf,,),cn Of weight2 with trivial nebentype and without non-
trivial inner twists and without CM such that

(i) for all n and all maximal ideals\,, < Oy, the residual Galois representatigiy, »  is nonex-
ceptional and

(i) forfixed prime/, the size of the image @, for Og, ©> A, |£is unbounded for running.

Proof. Start with some newfornf € S2(I'o(V)) for squarefree leveN. It does not have any
nontrivial inner twists and no CM by Corollary 4.6. Let, . . ., p,, be the prime divisors & N.

Let B > 0 be any bound. Lep be any prime bigger tha® provided by Proposition 5.4 applied
to f and the sef{p1,...,pn}, SO that we gey € Sa(Ng?, xuiv) Which is tamely dihedral a of
orderp and which does not have any nontrivial inner twists and no CM, for sdm&e ofq. Now
we apply Proposition 5.4 tg and the sef{q,p1,...,pn}, and get a prime¢ > B different from¢
and somer € S (Nq?u?, xuiv) Which is tamely dihedral at or ordert and which is again without
nontrivial inner twists and without CM, for some choicewofBy Proposition 6.1, the forrh does not
have any exceptional primes.

We obtain the family( f,,).cn by increasing the bounB step by step, so that elements of bigger
and bigger orders appear in the inertia images. O

6.3 Remark. Theorem 6.2 specializes to the following slightly weaker version of Theofeof [IVi]
concerning theverticaldirection of the inverse Galois problem for projective linear groups:

For every prime, there is an infinite set of natural numbersuch thatPSLy(F,-) or
PGLy(FF¢) occurs as a Galois group ové).

The new part here is that the same fanfify ) ,cy can be used for all primes Theorem 1.1 o]
is stronger in the sense that it only conceffSL., and that it contains a ramification statement.

6.4 Remark. Note that many choices were made in Thedrem 6.2 and that one can intagme
variations in the proof, resulting in many different families.
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7 Application to the inverse Galois problem

In this section we prove our main result in therizontal directioni.e. Theorem 1.1. We make use
of the only way known to us to impose some condition on the coefficient fielchefsddorm, namely,
by prescribing certain local ramification conditions. They allow us to havétatse real cyclotomic
field inside the twist invariant coefficient field. Such a result is providgdPtoposition 4.7, when
there exists a tamely dihedral prime. Another such theorem is the followingyBeumer. In|[Di2]
the first author already observed its usefulness in applications to theén@alois problem.

7.1 Theorem. (Brumer) Let f € S3(N, x) be a newform without CM. |i"» || N, let s, be the least
integer bigger than or equal to

gL
2 p—1
ThenQ({pw + (per) is a subfield of.
Proof. [B], Theorem 5.5 (b) and the introduction. O

We could also give a straightforward argumentifpe= 3 along the lines of the proof of Proposi-
tion/4.7. The existence of a real cyclotomic field inside the twist invarianficeft field will allow
the application of the following proposition.

7.2 Proposition. Let F'/Q be a finite field extension which contains a cyclic fiBldQ of degreen.
Then the set of primessuch that there is an idedl<1 O dividing ¢ of residue degree has a positive
density.

This proposition follows very easily from the following well-known numberdietic statement.

7.3 Proposition. LetG be the Galois group of a normal extensibyik of number fields( be a prime

in O which is unramified in0y, ¢ be any Frobenius automorphism 6fn GG, H be an arbitrary
subgroup ofG, and I’ be the subfield of. fixed byH. Suppose that the right action of the cyclic
subgroup(¢) of G partitions the setd\G of right cosets off into r orbits with f1, ..., f, cosets
respectively. The# splits intor primes); in O, for which the residual degree& \;/¢) are given
by the numberg;.

Proof. [M], Theorem 33, p. 111. O

Proof of Proposition|7.2. Let L be the Galois closure df overQ with Galois groupG. Let H
be the subgroup af such thatF = L. By assumption, there is a surjection of gro@ps— Z/nZ
such thatH is contained irker (7).

Letg € G be any element such thatg) = 1 € Z/nZ and letr > 1 be the minimum integer such
thatg” € H. Then{Hg' | i € N} C H\G consists of- elements. Moreover, ag € H C ker(r),
it follows that0 = 7(¢") = r € Z/nZ, whencen | r, say,r = nm. Put¢ = ¢"™. Then the minimum
s > 1 such thatp® € H is equal ton. Consequently, the s¢ti¢’ | i € N} c H\G consists ofn
elements.
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By Chebotarev’s density theorem, the set of prithesch that the conjugacy class of the Frobenius
elements af is in the conjugacy class @fin G has a positive density. By Proposition[7.3, every such
¢ has the property that there is an idgah O dividing £ of residue degree, as desired. O

Proof of Theorem/1.1 We first prove (a) for even and (b) for oddn together. Then we prove
(a) for oddn.

We choose a primg which is 1 mod 2n. We also choose an auxiliary primé > 13 different
from p. By Proposition 5.4 there exists a primdin fact, ¢ can be chosen from a set of primes of
positive density) such that there is a newfofne S»(T'o(N¢?)) without CM and without nontrivial
inner twists which is tamely dihedral of order > 1 at¢. Further, by Proposition 4.7, the field
F; = Qy contains the maximal totally real subfield of the cyclotomic fieid),).

As p = 1mod 2n, the number of elements in the groGal(Q(¢, + (,)/Q) = (Z/pZ)* /{£1}
is divisible byn. Hence, there exists a Galois extensi®nQ with Galois groupZ/nZ such that
K - Ff = Qf.

By Proposition 7.2, the set of primésuch that there i& <O, dividing ¢ of residue degree has
a positive density. For almost all sughRibet’s big image theorem (Corollary 3.2) now implies that
the projective image of the residual Galois representatjopis equal toPSLa (F¢n ) or PGLa (Fyn ).

Assuming that is even, every determinant (an elemenfgf) is a square if,». Consequently,
the projective image is equal RSLy(FFy» ), proving (a) for evem. Assuming, on the other hand, that
n is odd, the same reason shows that the projective imag€éis,(IFy- ), proving (b).

Now we prove (a) for odch. We choose a prim&/ = 1mod 2n. We also choose an auxiliary
primeg; # N and an auxiliary prime, = 3 mod 4 different fromgq;. Letx : (Z/q2Z)* — {£1} be
the unique odd Dirichlet character. Lgtc S3(q1q2 N3, x) be a newform (the space is nonempty, as
one can deduce from dimension formulae). The auxiliary pgmensures thaf does not have CM.
For, by the definition of the conductor, the image of ineptja (1, ) contains (after conjugation) an
element of the forn{ } %) with b # 0. Moreover, we know thaltQ : Fy] is a power of2, asy only
takes real values (see Section 2).

By Theorem 7.1, the maximal totally real subfield@f¢y) is contained inF;. As above, this
implies that there is a fiel& C Fy C Q such thatK’/Q is a cyclic extension of ordet. This time
we apply Proposition 7.2 with the field;. We get that the set of primésuch that there i4 < Oqg,
dividing ¢ of residue degree has a positive density. Note that the residual degree-efANF is also
equal ton due to the oddness af For almost all such\, Ribet’s big image theorem (Corollary 3.2)
yields that the image of the residual Galois representatjopis equal toPSLy (F¢n ) or PGLy (Fyn ).

Note that all determinants are of the fOEEﬂFZQ. Hence, in order to obtaiRSLs(F4» ) as projec-
tive image, it suffices and we need to impdse 1 mod 4. This is possible. For, if)(i) is disjoint
from the Galois closure of); over Q, the condition onA is independent frodd = 1mod4. If,
howeverQ(:) is contained in the Galois closure @f; overQ, thenQ containsi. Asn is odd, any’
such that there iA | ¢ of odd residue degree must &€l mod 4. O

7.4 Remark. We point out that in the proof of Theorem 1.1 we made many choicesringy these
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choices, the density of the gesuch thatPSLy(FFy» ) occurs as a Galois group ovép will certainly
increase. Up to this point, however, we were unable to prove a nontriggailtin this direction.
Moreover, by Weinstein's Theorem 5.2, the auxiliary prifén (a) for evern is not necessary.
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