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Abstract

In this article new cases of the Inverse Galois Problem are established. The main result is

that for a fixed integern, there is a positive density set of primesp such thatPSL2(Fpn) occurs

as the Galois group of some finite extension of the rational numbers. These groups are obtained

as projective images of residual modular Galois representations. Moreover, families of modular

forms are constructed such that the images of all their residual Galois representations are as large

as a priori possible. Both results essentially use Khare’s and Wintenberger’s notion of good-

dihedral primes. Particular care is taken in order to exclude nontrivial inner twists.

MSC Classification: 11F80 (primary); 12F12, 11F11.

1 Introduction

The inverse Galois problem asks whether any given finite group occursas the Galois group of some

Galois extensionK/Q.

For any newformf and any primeℓ, the projective imageG of the modℓ Galois representation

attached tof is a Galois group overQ by Galois theory. Ifℓ is a so-called nonexceptional prime forf ,

thenG is of the typePSL2(Fℓn) or PGL2(Fℓn). If ℓ is exceptional, thenG is an abelian group, a

dihedral group, orA4, S4 orA5.

In this article we construct families of newforms without exceptional primes (see Theorem 6.2).

This is achieved by exploiting the notion oftamely dihedral primes, which are essentially the same as

thegood-dihedral primesintroduced by Khare and Wintenberger in their proof of Serre’s modularity

conjecture [KW1]. All the constructed newforms also enjoy the property that they do not have any

nontrivial inner twist and are not CM forms (see Section 2).

These techniques, together with some other methods, are applied to the inverse Galois problem

for groups of the typePSL2(Fℓn) andPGL2(Fℓn). Our results on that problem fall in two different

categories, which we like to call thehorizontal directionand thevertical direction. The terminology

is explained by Figure 1. If a dot exists at position(ℓ, n) in the figure, then it is known thatPSL2(Fℓn)

is a Galois group overQ. Theorem 1.1 of [Wi] is the best result in the vertical direction to this date. It

says that in every column (i.e. for every primeℓ) there are infinitely many dots, i.e. there are infinitely

manyn such thatPSL2(Fℓn) is a Galois group overQ. Except for finitely many columns, this result
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Figure 1: Schematic description of the proved cases ofPSL2(Fℓn) occuring as a Galois group overQ

was reproved in [Di2] by different methods. We also prove a similar (but slightly weaker) result in

this article (see Remark 6.3), but in a uniform way by using the families without exceptional primes

mentioned above. The vertical result has been vastly generalized to many more groups by Khare,

Larsen and Savin in [KLS] and [KLS2].

There were several results for smalln in the horizontal direction (see [R1], [RV], [DV], [Di1]).

The main result of this article is that in every row (i.e. for everyn) the set of primesℓ such that

PSL2(Fℓn) is a Galois group overQ has a positive density. More precisely, we prove the following

theorem.

1.1 Theorem. Letn be some integer.

(a) There is a positive density set of primesℓ such thatPSL2(Fℓn) occurs as the Galois group

Gal(K/Q) for a number fieldK that ramifies at most atℓ, ∞ and two other primes for evenn

and three other primes for oddn.

(b) Assume thatn is odd. There is a positive density set of primesℓ such thatPGL2(Fℓn) occurs as

the Galois groupGal(K/Q) for a number fieldK that ramifies at most atℓ, ∞ and two other

primes.

We finish this introduction by pointing out that our method of obtaining groups of the type

PSL2(Fℓn) or PGL2(Fℓn) as Galois groups overQ via newforms is very general: if a group of this

type occurs as the Galois group of atotally imaginaryextension ofQ, then it is the projective image

of the Galois representation attached to a newform by Serre’s modularity conjecture, which is now a

theorem of Khare-Wintenberger ([KW1], [KW2], see also [Ki] and [Di3]).

1.2 Proposition. Let K/Q be a totally imaginary Galois extension with Galois groupG which is

eitherPSL2(Fℓn) or PGL2(Fℓn). Then there exists a modular formf such that its attached projective

modℓ Galois representation cuts out the fieldK.

Proof. We interpret the number fieldK as a projective Galois representationρproj : Gal(Q/Q) →
PGL2(Fℓn). Now we lift the representation to a continuous representationρ : Gal(Q/Q) → GL2(Fℓ)

(this is possible, see e.g. [Q]) and we observe that the lift is necessarily odd. For, the image of complex
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conjugation inPGL2(Fℓn) being nontrivial, it follows that its image underρ is a nonscalar involution.

As such, it has determinant−1. Finally, one invokes Serre’s modularity conjecture to obtain the

modularity. 2
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Notation

Here we list some notation to be used throughout the article. We denote bySk(N,χ) the C-vector

space of holomorphic cuspidal modular forms of levelN , weightk and Dirichlet charaterχ. By χtriv

we mean the trivial Dirichlet character; instead ofSk(N,χtriv) we also writeSk(Γ0(N)). If K is a

number field, we denote byOK its ring of integers, and byOK,Λ its completion at a maximal ideal

Λ � OK . For a primeq, we letDq stand forGal(Qq/Qq) and denote byIq ⊂ Dq the inertia group.

By Wq we denote the Weil group ofQq. By ζn for an integern we always denote a primitiven-th

root of unity.

More notation will be introduced in the text.

2 Complex Multiplication and inner twists

In this section we review essential facts on complex multiplication and inner twists.Letf be some cus-

pidal modular form of levelN , weightk and Dirichlet characterχ with q-expansion
∑

n≥1 an(f)qn

(as usual,q = q(τ) = e2πiτ ). The coefficient field off is defined asQf = Q(an(f) : (n,N) = 1). It

has the natural subfieldFf = Q
(

an(f)2

χ(n) : (n,N) = 1
)

, which we call thetwist invariant coefficient

field off , since it is invariant under replacing the modular formf by any of its twists. The behaviour

of the Hecke operators under the Petersson scalar product yields the formula

ap(f) = χ(p)−1ap(f), (2.1)

whenceap(f)2

χ(p) = |ap(f)|2. Thus,Ff is totally real. It is well known thatQf is either a CM field or

totally real. In particular, iff has trivial nebentype the latter case occurs by Equation 2.1.

The modular formf is said to havecomplex multiplication (CM)if there exists a Dirichlet char-

acterǫ such that

ap(f ⊗ ǫ) = ap(f)ǫ(p) = ap(f) (2.2)

for almost all primesp (i.e. all but finitely many).

A twist of f by a Dirichlet characterǫ is said to beinner if there exists a field automorphism

σǫ : Qf → Qf such that

ap(f ⊗ ǫ) = ap(f)ǫ(p) = σǫ(ap(f)) (2.3)
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for almost all primesp.

For a discussion of inner twists we refer the reader to [R2] and [R3]. Here we content ourselves

by listing some statements that will be needed for the sequel. For the rest of thissection we suppose

thatf does not have CM. Under this assumptionσǫ is unique (if it exists). Moreover, for two distinct

inner twistsǫ andδ, the field automorphismσǫ is different fromσδ.

The inner twists and the Dirichlet character off satisfy the relation

χǫ2 = σǫ(χ). (2.4)

If χ takes only real values (i.e. is trivial or quadratic), it follows thatǫ2 = 1. This in turn implies

σ2
ǫ (ap(f)) = σǫ(ap(f)ǫ(p)) = σǫ(ap(f))ǫ(p) = ap(f)ǫ(p)2 = ap(f),

whenceσ2
ǫ = 1.

Theσǫ belonging to the inner twists off form an abelian subgroupΓ of the automorphism group

of Qf . The fieldFf is the subfield ofQf fixed byΓ. If the nebentype off only takes real values, it

follows thatΓ is an elementary abelian2-group and thus that[Qf : Ff ] is a power of2.

We define a number fieldKΓ as follows. Consider the inner twistsǫ1, . . . , ǫr as characters of the

absolute Galois groupGal(Q/Q). LetKΓ be the minimal number field on which allǫi for 1 ≤ i ≤ r

are trivial, i.e. the field such that its absolute Galois group is the kernel of themapGal(Q/Q)
ǫ1,...,ǫr−−−−→

C× × · · · × C×.

3 On the images of modular Galois representations

Let, as before,f =
∑∞

n=1 anq
n (with an ∈ C) be a cuspidal modular form of levelN , weightk and

Dirichlet characterχ. We now assume thatf is a Hecke eigenform. Also as before, letQf be the

coefficient field off ; it is naturally a subfield ofC. By a construction of Shimura and Deligne and

the local Langlands correspondence forGL2 one can attach tof a 2-dimensional compatible system

of Galois representations(ρf,ι) of Gal(Q/Q). We now describe this system, following Khare and

Wintenberger [KW0].

The compatible system(ρf,ι) consists of the data of:

(i) for each rational primeℓ and each embeddingι : Qf →֒ Qℓ a continuous semisimple represen-

tationρf,ι : Gal(Q/Q) → GL2(Qℓ),

(ii) for each rational primeq a Frobenius semisimple Weil-Deligne representationrq with values in

GL2(Qf ) such that

(a) rq is unramified for allq outside a finite set,

(b) for each rational primeℓ, for each rational primeq 6= ℓ and for eachι : Qf →֒ Qℓ, the

Frobenius semisimple Weil-Deligne representation associated toρf,ι|Dq is conjugate torq
via the embeddingι.
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(iii) a third condition concerningq = ℓ (which we do not need).

The systemρf,ι is attached tof in the sense that for each rational primeq ∤ Nℓ, the characteristic

polynomial ofρf,ι(Frobq) isX2 − ι(aq)X + ι(χ(q)qk−1).

We also introduce a different description of theρf,ι, which we will often use below. Letι : Qf →
Qℓ be an embedding. Denote byQf,ι the closure ofι(Qf ) and byOf,ι the closure ofι(OQf

) in Qℓ. Let

(π) be the maximal ideal of the local complete discrete valuation ringOf,ι. ThenΛ := OQf
∩ι−1

(
(π)

)

is a maximal ideal ofOQf
aboveℓ andQf,ι can be identified withQf,Λ, the completion ofQf at Λ.

To simplify notation, we denote byOf,Λ the integers ofQf,Λ. Thus, we can identifyρf,ι with

ρf,Λ : Gal(Q/Q) → GL2(Of,Λ).

More precisely, the composition ofρf,Λ with the natural inclusionOf,Λ →֒ Qℓ equalsρf,ι.

In this article, we shall mostly be concerned with the reduction of these representations ’mod-

ulo ℓ’, by which we mean the following. Letρf,Λ be the semisimplification of the reduction ofρf,Λ

moduloΛ andρproj
f,Λ its projective quotient, i.e.ρf,Λ composed with the natural projectionGL2(FΛ) ։

PGL2(FΛ), where we writeFΛ = OQf
/Λ for the residue field ofΛ.

3.1 Theorem. (Ribet) Suppose thatf does not have CM and thatk ≥ 2. Then for almost all maximal

idealsΛ ofOQf
(equivalently, for almost allι as above), the imageρf,Λ(Gal(Q/KΓ)) is conjugate to

{g ∈ GL2(Fλ) : det(g) ∈ F
×(k−1)
ℓ },

whereKΓ is the field defined in Section 2,Fℓ is the prime field ofFΛ andFλ is the residue field ofFf

at λ = Λ ∩ Ff , i.e.Fλ = OFf
/λ.

Proof. It suffices to take Ribet [R3, Thm. 3.1] modΛ. 2

3.2 Corollary. Under the assumptions of Theorem 3.1, for almost allΛ the imageρproj
f,Λ (Gal(Q/Q))

is eitherPSL2(Fλ) or PGL2(Fλ).

Proof. LetH := ρf,Λ(Gal(Q/KΓ)). It is a normal subgroup ofG := ρf,Λ(Gal(Q/Q)). Conse-

quently,H/(H ∩ F
×

ℓ ) is a normal subgroup ofG/(G ∩ F
×

ℓ ). By the classification of finite subgroups

of PGL2(Fℓ), it follows for almost allΛ thatH is eitherPSL2(Fλ) or PGL2(Fλ) and thatG is ei-

therPSL2(F) or PGL2(F) for some extensionF/Fλ. As PSL2(F) is simple (for#F ≥ 5), F = Fλ

follows. 2

3.3 Definition. Keep the assumptions of Theorem 3.1. A maximal idealΛ ofOQf
is calledexceptional

if ρproj
f,Λ (Gal(Q/Q)) is neitherPSL2(Fλ) nor PGL2(Fλ).

By Corollary 3.2, every formf without CM only has finitely many exceptional primes. The

classification of finite subgroups ofPGL2(Fℓ) yields thatρproj
f,Λ (Gal(Q/Q)) is either an abelian group,

a dihedral group,A4, S4 orA5 for an exceptional primeΛ.
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4 Tamely dihedral representations

It was observed by Khare and Wintenberger ([KW1]) that exceptional primes smaller than a given

bound can be avoided by imposing a certain local ramification behaviour of the Galois representation.

We shall use this idea in order to exclude CM and inner twists.

We will formulate the crucial definition in terms of Weil-Deligne representations.As a reference

for these, we use [T], Section 4. LetK be a finite extension ofQq (with q a prime) andE a number

field (laterE = Qf ). A 2-dimensional Weil-Deligne representation ofK with values inE can be

described as a pair(ρ̃, Ñ) (we put tildes in order to avoid any possible confusion with Galois repre-

sentations and levels of modular forms), whereρ̃ : WK → GL2(E) is a continuous representation of

the Weil group ofK for the discrete topology onGL2(E) andÑ is a nilpotent endomorphism ofE2

satisfying a certain commutativity relation with̃ρ.

4.1 Definition. Let Qq2 be the unique unramified degree2 extension ofQq. Denote byWq andWq2

the Weil group ofQq andQq2 , respectively.

A 2-dimensional Weil-Deligne representationrq = (ρ̃, Ñ) of Qq with values inE is calledtamely

dihedral of ordern if Ñ = 0 and there is a tame characterψ : Wq2 → E× whose restriction to the

inertia groupIq (which is naturally a subgroup ofWq2) is of niveau2 (i.e. it factors overF×

q2 and not

overF×
q ) and of ordern > 2 such that̃ρ ∼= Ind

Wq

W
q2

(ψ).

We say that a Hecke eigenformf is tamely dihedral of ordern at the primeq if the Weil-Deligne

representationrq at q belonging to the compatible system(ρf,ι) is tamely dihedral of ordern.

If the compatible system(ρf,ι) is tamely dihedral of ordern at q, then (e.g. by [T], 4.2.1) for all

ι : Qf → Qℓ with ℓ 6= q, the restriction ofρf,ι to Dq is of the formInd
Gal(Q/Qq)

Gal(Qq/Q
q2 )

(ι ◦ ψ). The

point in our application is that the reduction moduloℓ is of the very same form, i.e. ifψΛ denotes the

reduction ofψ moduloΛ, which is a character of the same order ifΛ andn are coprime, then

ρf,Λ|Dq = Ind
Gal(Q/Qq)

Gal(Qq/Q
q2 )

(ψΛ).

Moreover, ifn = pr for some odd primep, thenq ≡ −1 mod p, since the character is of niveau2.

Conversely, if we takeψ to be a totally ramified character ofGal(Qq/Qq2) of ordern such thatn

dividesq + 1 and(n, q(q − 1)) = 1, then this automatically ensures thatψ is of niveau2.

We also mention that the image ofρ̃ as in Definition 4.1 is isomorphic as an abstract group to the

dihedral groupDn of order2n if ψ is totally ramified and(n, q(q − 1)) = 1. This is due to the fact

that this condition forces the restriction of the determinant toGal(Qq/Qq2) to be trivial.

A tamely dihedral primeq is called agood-dihedral primeby Khare and Wintenberger [KW1] if

some additional properties (of a different nature) are satisfied. Good-dihedral primes play an important

role in Khare and Wintenberger’s proof of Serre’s conjecture.

We now collect some very simple lemmas that will afterwards be applied in order toexclude

nontrivial inner twists.
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4.2 Lemma. LetK be a topological field,q a prime andn > 2 an integer coprime toq(q − 1). Let

ǫ : Gal(Qq/Qq) → K× andψ,ψ′ : Gal(Q/Qq2) → K× be characters. Suppose thatψ andψ′ are

both of ordern.

If Ind
Qq

Q
q2

(ψ) ∼= Ind
Qq

Q
q2

(ψ′) ⊗ ǫ, thenǫ is unramified.

Proof. It follows directly that the order ofǫ|Gal(Qq/Q
q2 ) dividesn. If ǫ were ramified, then the

order of ǫ restricted to the inertia group atq would divideq − 1 times a power ofq. But, this is

precisely excluded in the assumption. 2

4.3 Lemma. LetK be a topological field. Letq > 2 be a prime,ǫ : Gal(Qq/Qq) → K× a quadratic

character andρ, ρ′ : Gal(Qq/Qq) → GL2(K) representations such thatρ′ ∼= ρ ⊗ ǫ. If ρ(Iq) and

ρ′(Iq) can be conjugated to lie in the upper triangular matrices such that all elementson the diagonal

have odd order, thenǫ is unramified.

Proof. The oddness of the order of the elements on the diagonal forces the quadratic characterǫ

to be unramified. 2

4.4 Lemma. LetK be a topological field. Letq be a prime,ǫ : Gal(Qq/Qq) → K× a character and

ρ : Gal(Qq/Qq) → GL2(K) be a representation. If the conductors ofρ and ofρ ⊗ ǫ both divideq,

thenǫ or ǫdet(ρ) is unramified.

Proof. By the definition of the conductor,ρ restricted to the inertia groupIq is of the form
(

1 ∗
0 δ

)

with δ = det(ρ)|Iq . Consequently, the restriction toIq of ρ ⊗ ǫ looks like ( ǫ ∗
0 ǫδ ). Again by the

definition of the conductor, either the restriction ofǫ to Iq is trivial or the restriction ofǫδ is. 2

Our main result for controlling inner twists and CM is the following theorem.

4.5 Theorem. Letf ∈ Sk(N,χ) be a normalized Hecke eigenform.

(a) If χ only takes real values, then any inner twist off is at most tamely ramified at any odd prime.

(b) Supposeχ = χtriv. Let q | N be a prime such that for someι : Qf → Qℓ with ℓ 6= q the image

ρf,ι(Iq) can be conjugated to lie in the upper triangular matrices such that the diagonal elements

have odd order. Then any inner twist off is unramified atq.

(c) Letq || N be a prime and suppose thatχ is unramified atq. Then any inner twist off is unramified

at q.

(d) Letq be a prime such thatq2 || N andf is tamely dihedral atq of odd ordern ≥ 3 such thatn

andq(q − 1) are coprime. Then any inner twist off is unramified atq.

Proof. (a) If χ only takes real values, any inner twist is necessarily quadratic (see Section 2),

whence it is at most tamely ramified away from2.
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For (a-c) we letǫ be an inner twist with corresponding field automorphismσ : Qf → Qf . We

include the caseσ = id, whenǫ comes from CM. For allι : Qf → Qℓ, we then have

ρf,ι ⊗ ǫ ∼= ρf,ι◦σ,

since the traces of any Frobenius element at any unramified primep are equal:

tr((ρf,ι ⊗ ǫ)(Frobp)) = ι(ap(f)ǫ(p)) = ι(σ(ap(f))) = tr(ρf,ι◦σ(Frobp)).

(b) If ρf,ι(Iq) can be conjugated into the upper triangular matrices such that the diagonal elements

have odd order, then it follows that the Weil-Deligne representationrq = (ρ̃, Ñ) (in the terminology of

[T], 4.1.2) is such that̃ρ also can be conjugated into the upper triangular matrices with only odd order

elements on the diagonal. Hence, this property also holds forρf,ι◦σ(Iq). Consequently, Lemma 4.3

yields the statement, asǫ again has to be at most quadratic in this case.

(c) The conductors atq of bothρf,ι andρf,ι◦σ divide q. From Lemma 4.4 it hence follows thatǫ

is unramified atq, since the determinant of the representation is unramified atq.

(d) If rq is tamely dihedral of ordern as in the assumption, the restriction ofρf,ι toDq is of the

form Ind
Gal(Q/Qq)

Gal(Q/Q
q2 )

(ι ◦ ψ), and similarly forρf,ι◦σ. By Lemma 4.2,ǫ is unramified atq. 2

4.6 Corollary. Letf ∈ Sk(N,χtriv) be a Hecke eigenform such that for all primesq | N

• q || N , or

• q2 || N andf is tamely dihedral atq of some ordern ≥ 3 such that(n, q(q − 1)) = 1, or

• ρf,ι(Iq) can be conjugated into the upper triangular matrices such that all the elements on the

diagonal have odd order for someι : Qf → Qℓ with ℓ 6= q.

Thenf does not have any nontrivial inner twists and no CM.

Proof. By Theorem 4.5, any inner twist (or character corresponding to CM) is everywhere un-

ramified, hence trivial. 2

The next proposition will be essential in the application of modular forms to the inverse Galois

problem in the horizontal direction.

4.7 Proposition. Let f ∈ Sk(Nq
2, χ) be a Hecke eigenform which is tamely dihedral of some or-

dern > 2 at q such that(n, q(q − 1)) = 1. ThenFf containsQ(ζn + ζn).

Proof. LetKΓ be the field defined in Section 2. From Theorem 4.5 it follows that all inner twists

are unramified atq. Hence, the inertia groupIq can be considered as a subgroup ofGal(Q/KΓ). Let

Λ be any prime ofOQf
not dividingnq. By assumption, the imageρf,Λ(Iq) contains an element of

the form
(

ζn ∗

0 ζn

)
. By Theorem 3.1,Ff,λ contains its trace, i.e.ζn + ζn, whereλ = Λ ∩ Ff . This

immediately implies that the field extensionFf (ζn + ζn)/Ff is of degree1, as almost all primes are

completely split in it.

Alternatively, one could also derive this proposition by similar arguments directly from the Weil-

Deligne representationrq at q. 2
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5 Constructions of newforms that are tamely dihedral at some prime

In this section we collect tools for constructing newforms and consequentlyGalois representations

which are tamely dihedral at some prime.

5.1 Theorem. (Diamond, Taylor:Level Raising) LetN ∈ N, k ≥ 2 and letp > k + 1 be a prime

not dividingN . Letf ∈ Sk(N,χ) be a newform such thatρf,P is irreducible withOQf
� P | p. Let,

furthermore,q ∤ N be a prime such thatq ≡ −1 mod p andtr(ρf,P(Frobq)) = 0.

Then there exists a newformg ∈ Sk(Nq
2, χ̃) such that

(i) ρg,p
∼= ρf,P for some primep | p ofOQg

.

(ii) g is tamely dihedral of orderpr for somer > 0 at q.

Proof. This is easily deduced from Theorem A of [DT], using the local Langlands correspondence.

For details see Corollary 2.6 of [Wi]. 2

A very elaborate possibility of prescribing a tamely dihedral prime is Theorem5.1.4 of [KW1],

which does not need the modularity assumption.

To our knowledge, the best result for prescribing the local behaviourat ramified primes for mod-

ular Galois representations is the following theorem by Jared Weinstein, which actually holds for

Hilbert modular forms. We only formulate it overQ. A global inertial typeτ is a collection of local

inertial types(τν)ν (or equivalently - by the local Langlands correspondence - inertial Weil-Deligne

parameters) forν running through the places ofQ. For the precise definitions we refer to [We]. We

just say that the local inertial type at a finite placeν determines the restriction of anyΛ-adic repre-

sentation to the inertia group atν uniquely forOQf
� Λ ∤ ν. Any newformf uniquely determines a

global inertial type, which we denote byτ(f).

5.2 Theorem. (Weinstein)Up to twisting by one-dimensional characters, the set of global inertial

typesτ for which there is no newformf with τ = τ(f) is finite.

Proof. [We], Corollary 1.2. 2

This means that by making the weight big enough, for any global inertial typeτ there is some

newformf with τ = τ(f). Alternatively, there is always some newformf of a chosen weight with

τ = τ(f) if enough primes ramify. Weinstein’s result is extremely strong and could be used in several

places in this article. We, however, chose more classical arguments like level raising.

For the construction of tamely dihedral modular forms via level raising we need the following

lemma.

5.3 Lemma. Let p1, . . . , pr be primes and letp be a prime different from all thepi such thatp ≡
1 mod 4. Letρproj

p : Gal(Q/Q) → PGL2(Fp) be an odd Galois representation with imagePSL2(Fps)

or PGL2(Fps) such that the image of any complex conjugation is contained inPSL2(Fps).

The set of primesq such that
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(i) q ≡ p− 1 mod p2,

(ii) q splits inQ(i,
√
p1, . . . ,

√
pr) and

(iii) ρproj
p (Frobq) lies in the same conjugacy class asρproj

p (c), wherec is any complex conjugation,

has a positive density.

Proof. The proof is adapted from [KW1], Lemma 8.2, and closely follows the proofof Lemma 3.2

of [Wi]. Let L := Q(ζp2 , i,
√
p1, . . . ,

√
pr) and letK/Q be such thatGal(Q/K) = ker(ρproj

p ).

Conditions (i) and (ii) must be imposed on the fieldL and Condition (iii) onK. If Gal(K/Q) is

PSL2(Fps), then the lemma follows directly from Chebotarev’s density theorem, as the intersection

L∩K is Q, sincePSL2(Fps) is a simple group. IfGal(K/Q) is PGL2(Fps), the intersectionL∩K =

M is either trivial or an extension ofQ of degree2. By assumption the image of any complex

conjugation lies inGal(K/M) ∼= PSL2(Fps). Hence anyq satisfying Condition (iii) is split inM/Q.

As p ≡ 1 mod 4, complex conjugation fixes the quadratic subfield ofQ(ζp2), whence any primeq

satisfying Conditions (i) and (ii) is also split inM/Q. Hence, we may again appeal to Chebotarev’s

density theorem, proving the lemma. 2

In the next proposition we show that in certain cases we can ’add’ tamely dihedral primes to

newforms in such a way that all the local behaviours at the primes dividing the conductor remain

essentially the same. The idea behind this proposition is that for a given newform f we choose a

newformg such that the compatible systems of Galois representations off andg are linked modp for

a primep that is big enough to preserve all essential local properties.

5.4 Proposition. Letf ∈ Sk(N,χtriv) be a newform with oddN such that for allℓ | N

(i) ℓ || N or

(ii) ℓ2 || N andf is tamely dihedral atℓ of ordernℓ > 2 or

(iii) ℓ2 | N and ρf,ι(Dℓ) can be conjugated to lie in the upper triangular matrices such that the

elements on the diagonal all have odd order for someι : Qf →֒ Qs with a primess 6= ℓ.

Let{p1, . . . , pr} be any finite set of primes.

Then for almost all primesp ≡ 1 mod 4 there is a setS of primes of positive density which are

completely split inQ(i,
√
p1, . . . ,

√
pr) such that for allq ∈ S there is a newformg ∈ Sk(Nq

2, χtriv)

which is tamely dihedral atq of orderp and for all ℓ | N we have

(ii) ℓ2 || N andg is tamely dihedral atℓ of ordernℓ > 2 or

(iii) ρg,ι(Dℓ) can be conjugated to lie in the upper triangular matrices such that the elementson the

diagonal all have odd order for someι : Qg →֒ Qs with a primes 6= ℓ.

Moreover,f andg do not have any nontrivial inner twists and no CM.
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Proof. By Theorem 4.5,f does not have any nontrivial inner twists and no CM. Forp we may

choose any primep ≡ 1 mod 4 which is bigger thanN , bigger thank + 1, coprime to allnℓ and such

that there isP | p with the property thatρf,P is irreducible (see Corollary 3.2).

AsS we take the set provided by Lemma 5.3. Note that the assumptions of the lemma are satisfied,

as complex conjugation necessarily lies inPSL2, as there are no nontrivial inner twists and−1 is a

square inF×
p .

For anyq ∈ S, Theorem 5.1 provides us with a newformg ∈ Sk(Nq
2, χ) which is tamely dihedral

at q of orderpr > 1. In fact,r = 1 andχ = χtriv. For, asp2 does not divideq2 − 1, it follows that

there is no niveau1 or niveau2 character of the inertia groupIq of orderp2. Thatχ is unramified

at q is clear, since the determinant of the restriction to inertia atq is ψψq = ψψ−1 = 1 (see also the

discussion following Definition 4.1). Hence,χ is a character(Z/NZ)× → C×. As there is a prime

OQg
� p | p such thatρf,P

∼= ρg,p, the order ofχ is a power ofp. As p is bigger thanN , it can only

be the trivial character.

Next we check that conditions (ii) and (iii) persist forg. This follows again fromρf,P
∼= ρg,p,

sincep is ’big enough’. More precisely, we argue as follows. Letℓ | N be a prime and denote by

(ρ̃f , Ñf ) be the Weil-Deligne representation attached tof at ℓ.

We now assume that the order ofρ̃f (Iℓ) is divisible by an odd prime. Note that this condition

is satisfied at all primesℓ in (ii) and (iii). We first claim thatρf,P|Dℓ
is irreducible if and only if

ρf,P|Dℓ
is irreducible. Since the other direction is trivial, we now assume thatρf,P|Dℓ

is irreducible.

This implies that the representatioñρf of the Weil group ofQℓ is also irreducible and consequently

Ñf = 0. It follows that the projectivization ofρf,P|Dℓ
is IndQℓ

K (ψ) with K/Qℓ of degree2 andψ

a nontrivial character ofGal(Qℓ/K) which is different from its conjugate by the nontrivial element

in Gal(K/Qℓ). Our assumption now means that the order ofψ restricted toIℓ is divisible by an odd

prime. Local class field theory moreover yields that this prime dividesℓ(ℓ2 − 1) and is thus different

from p, sincep > N . This implies that the projectivization ofρf,P|Dℓ
, which isIndQℓ

K (ψ) (with ψ the

reduction ofψ moduloP), is actually isomorphic to the projectivization ofρf,P|Dℓ
. Consequently,

ρf,P|Dℓ
is irreducible as claimed.

Now we consider a primeℓ satisfying (ii). In that case we have thatρ̃f
∼= IndWℓ

W
ℓ2

(ψ), whereψ is

a niveau2 character ofGal(Qℓ/Qℓ) of ordernℓ. Hence,

ρf,P|Dℓ
∼= IndQℓ

Q
ℓ2

(ψ) ∼= ρg,p|Dℓ

with ψ the reduction ofψ moduloP. Consequently, we find for the Weil-Deligne representation

(ρ̃g, Ñg) of g that ρ̃g
∼= IndWℓ

W
ℓ2

(ψ′) andÑg = 0, whereψ′ is a character ofGal(Qℓ/Qℓ2) reducing

to ψ modulop. This means thatψ′ = ψα with some characterα of order a power ofp. As p does

not divideℓ(ℓ2 − 1), it follows thatα is unramified and is hence already a character ofGal(Qℓ/Qℓ).

It follows that ρ̃g
∼= IndWℓ

W
ℓ2

(ψ) ⊗ α. As, however,f andg both have trivial nebentype and the same

weigt, the determinant of̃ρg is the same as the determinant ofρ̃f and thusα2 = 1, whenceα is the

trivial character. Consequently,ρ̃f
∼= ρ̃g, proving thatg is tamely dihedral atℓ of the same order asf .

We have thus actually proved that the Weil-Deligne representations atℓ of f andg are the same.
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Now we consider a primeℓ | N in case (iii). Asρf,P|Dℓ
can be conjugated to lie in the upper

triangular matrices, the same holds forρg,p|Dℓ
by the above discussion on the irreducibility. Let

(φ1, φ2) and(ψ1, ψ2) be the characters on the diagonal ofρf,P|Dℓ
andρg,p|Dℓ

, respectively. As under

reduction moduloP (respectively,p) only p-power orders vanish, it follows from the orders ofφ1 and

φ2 being odd, that this is also the case forψ1 andψ2.

That g does not have any nontrivial inner twists and no CM again follows from Theorem 4.5.

2

5.5 Remark. At two places in the proof of Theorem 1.1 of [Wi] it is implicitly used that the newformsf

andg do not have any nontrivial inner twists, namely for havingρf,p(c) ∈ PSL2(Fpr) (in Lemma 3.2)

and for ρproj
g,l (Frobw) ∈ PSL2(Flt) (last line but one of the proof of Theorem 1.1). This is easily

remedied by excluding inner twists with the help of Proposition 5.4 and a suitablechoice of the starting

formf . If ℓ 6∈ {3, 5, 7, 13}, we can just takef ∈ S2(Γ0(ℓ)), in the other cases we choosef of level a

suitable power ofℓ such thatρf,ι(Dℓ) can be conjugated into the upper triangular matrices such that

the elements on the diagonal all have odd order.

6 Construction of eigenforms without exceptional primes

The aim of this section is to construct families of Hecke eigenforms without exceptional primes and

without nontrivial inner twists. They also give a uniform way of reproving (a slightly weaker form

of) the main result of [Wi], i.e. an application of modular forms to the inverse Galois problem in the

verticaldirection.

6.1 Proposition. Let p, q, t, u be distinct odd primes and letN be an integer coprime topqtu. Let

p1, . . . , pm be the prime divisors of6N . Let f ∈ S2(Nq
2u2, χ) be a Hecke eigenform without CM

which is tamely dihedral of orderpr > 5 at q and tamely dihedral of orderts > 5 at u. Assume

that q andu are completely split inQ(i,
√
p1, . . . ,

√
pm) and that

( q
u

)
= 1 (and, hence,

(
u
q

)
= 1 by

quadratic reciprocity).

Thenf does not have any exceptional primes, i.e. for all maximal idealsΛ of OQf
, the image of

ρf,Λ is PSL2(Fλ) or PGL2(Fλ) in the notation of Theorem 3.1.

Proof. The argument is similar to that used in [Wi], Theorem 1.1, and was inspired by[KW1].

Let Λ be any maximal ideal ofOQf
and suppose it lies over the rational primeℓ. Due to the tamely

dihedral behaviour,ρf,Λ is irreducible. For, ifℓ 6∈ {p, q}, then alreadyρf,Λ|Dq is irreducible. If

ℓ ∈ {p, q}, thenℓ 6∈ {t, u} and alreadyρf,Λ|Du is irreducible.

We now suppose that the projective image is a dihedral group, i.e. it is the induction of a character

of a quadratic extensionR/Q, i.e.ρproj
f,Λ

∼= IndQ
R(α) for some characterα of Gal(Q/R). A priori we

know from the ramification ofρf,Λ thatR ⊆ Q(i,
√
ℓ,
√
q,
√
u,

√
p1, . . . ,

√
pm).

Assume first thatℓ 6∈ {p, q}. In that case we have

ρproj
f,Λ |Dq

∼= Ind
Qq

Q
q2

(ψ) ∼= Ind
Qq

RQ
(α)

12



for some primeOR � Q | q, whereψ is a niveau2 character of orderpr. From this it follows thatq

is inert inR. By assumption,q is split inQ(i,
√
u,

√
p1, . . . ,

√
pm), whenceR ∈ {Q(

√
ℓ),Q(

√
−ℓ)}

andℓ ∤ 6Nu. As ℓ is bigger than3 and does not divide the level off and the weight is2, the fieldR

cannot ramify atℓ either. This was proved by Ribet (see the proof of Proposition 2.2 in [R4]), using

results of Raynaud implying that the Serre weight is2 and thus that the projective image of inertiaIℓ
is cyclic of orderℓ+ 1 or ℓ− 1. We thus obtain a contradiction showing thatℓ ∈ {p, q}. In particular,

ℓ 6∈ {t, u}. Exchanging the rolesq ↔ u, p ↔ t andr ↔ s, the very same arguments again lead to a

contradiction. Thus, the projective image ofρf,Λ is not a dihedral group.

By the classification of the finite subgroups ofPGL2(Fℓ), it remains to excludeA4, S4 andA5

as projective images. This, however, is clear, since there is an element oforder bigger than5 in the

projective image. 2

6.2 Theorem. There exist eigenforms(fn)n∈N of weight2 with trivial nebentype and without non-

trivial inner twists and without CM such that

(i) for all n and all maximal idealsΛn � Ofn
the residual Galois representationρfn,Λn

is nonex-

ceptional and

(ii) for fixed primeℓ, the size of the image ofρfn,Λn
for OQfn

� Λn | ℓ is unbounded for runningn.

Proof. Start with some newformf ∈ S2(Γ0(N)) for squarefree levelN . It does not have any

nontrivial inner twists and no CM by Corollary 4.6. Letp1, . . . , pm be the prime divisors of6N .

LetB > 0 be any bound. Letp be any prime bigger thanB provided by Proposition 5.4 applied

to f and the set{p1, . . . , pm}, so that we getg ∈ S2(Nq
2, χtriv) which is tamely dihedral atq of

orderp and which does not have any nontrivial inner twists and no CM, for some choice ofq. Now

we apply Proposition 5.4 tog and the set{q, p1, . . . , pm}, and get a primet > B different fromt

and someh ∈ S2(Nq
2u2, χtriv) which is tamely dihedral atu or ordert and which is again without

nontrivial inner twists and without CM, for some choice ofu. By Proposition 6.1, the formh does not

have any exceptional primes.

We obtain the family(fn)n∈N by increasing the boundB step by step, so that elements of bigger

and bigger orders appear in the inertia images. 2

6.3 Remark. Theorem 6.2 specializes to the following slightly weaker version of Theorem 1.1 of [Wi]

concerning theverticaldirection of the inverse Galois problem for projective linear groups:

For every primeℓ, there is an infinite set of natural numbersr such thatPSL2(Fℓr) or

PGL2(Fℓr) occurs as a Galois group overQ.

The new part here is that the same family(fn)n∈N can be used for all primesℓ. Theorem 1.1 of[Wi]

is stronger in the sense that it only concernsPSL2 and that it contains a ramification statement.

6.4 Remark. Note that many choices were made in Theorem 6.2 and that one can imaginemany

variations in the proof, resulting in many different families.
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7 Application to the inverse Galois problem

In this section we prove our main result in thehorizontal direction, i.e. Theorem 1.1. We make use

of the only way known to us to impose some condition on the coefficient field of anewform, namely,

by prescribing certain local ramification conditions. They allow us to have a suitable real cyclotomic

field inside the twist invariant coefficient field. Such a result is provided by Proposition 4.7, when

there exists a tamely dihedral prime. Another such theorem is the following oneby Brumer. In [Di2]

the first author already observed its usefulness in applications to the inverse Galois problem.

7.1 Theorem. (Brumer) Letf ∈ S2(N,χ) be a newform without CM. Ifprp || N , let sp be the least

integer bigger than or equal to
rp
2

− 1 − 1

p− 1
.

ThenQ(ζpsp + ζpsp ) is a subfield ofFf .

Proof. [B], Theorem 5.5 (b) and the introduction. 2

We could also give a straightforward argument forrp = 3 along the lines of the proof of Proposi-

tion 4.7. The existence of a real cyclotomic field inside the twist invariant coefficient field will allow

the application of the following proposition.

7.2 Proposition. LetF/Q be a finite field extension which contains a cyclic fieldK/Q of degreen.

Then the set of primesℓ such that there is an idealλ�OF dividingℓ of residue degreen has a positive

density.

This proposition follows very easily from the following well-known number theoretic statement.

7.3 Proposition. LetG be the Galois group of a normal extensionL/k of number fields,ℓ be a prime

in Ok which is unramified inOL, φ be any Frobenius automorphism ofℓ in G, H be an arbitrary

subgroup ofG, andF be the subfield ofL fixed byH. Suppose that the right action of the cyclic

subgroup〈φ〉 of G partitions the setH\G of right cosets ofH into r orbits with f1, . . . , fr cosets

respectively. Thenℓ splits intor primesλi in OF , for which the residual degreesf(λi/ℓ) are given

by the numbersfi.

Proof. [M], Theorem 33, p. 111. 2

Proof of Proposition 7.2. Let L be the Galois closure ofF overQ with Galois groupG. LetH

be the subgroup ofG such thatF = LH . By assumption, there is a surjection of groupsG
π−→ Z/nZ

such thatH is contained inker(π).

Let g ∈ G be any element such thatπ(g) = 1 ∈ Z/nZ and letr ≥ 1 be the minimum integer such

thatgr ∈ H. Then{Hgi | i ∈ N} ⊂ H\G consists ofr elements. Moreover, asgr ∈ H ⊆ ker(π),

it follows that0 = π(gr) = r ∈ Z/nZ, whencen | r, say,r = nm. Putφ = gm. Then the minimum

s ≥ 1 such thatφs ∈ H is equal ton. Consequently, the set{Hφi | i ∈ N} ⊂ H\G consists ofn

elements.
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By Chebotarev’s density theorem, the set of primesℓ such that the conjugacy class of the Frobenius

elements atℓ is in the conjugacy class ofφ in G has a positive density. By Proposition 7.3, every such

ℓ has the property that there is an idealλ� OF dividing ℓ of residue degreen, as desired. 2

Proof of Theorem 1.1. We first prove (a) for evenn and (b) for oddn together. Then we prove

(a) for oddn.

We choose a primep which is1 mod 2n. We also choose an auxiliary primeN > 13 different

from p. By Proposition 5.4 there exists a primeq (in fact, q can be chosen from a set of primes of

positive density) such that there is a newformf ∈ S2(Γ0(Nq
2)) without CM and without nontrivial

inner twists which is tamely dihedral of orderp > 1 at q. Further, by Proposition 4.7, the field

Ff = Qf contains the maximal totally real subfield of the cyclotomic fieldQ(ζp).

As p ≡ 1 mod 2n, the number of elements in the groupGal(Q(ζp + ζp)/Q) ∼= (Z/pZ)×/{±1}
is divisible byn. Hence, there exists a Galois extensionK/Q with Galois groupZ/nZ such that

K ⊆ Ff = Qf .

By Proposition 7.2, the set of primesℓ such that there isλ�OFf
dividing ℓ of residue degreen has

a positive density. For almost all suchλ, Ribet’s big image theorem (Corollary 3.2) now implies that

the projective image of the residual Galois representationρf,λ is equal toPSL2(Fℓn) or PGL2(Fℓn).

Assuming thatn is even, every determinant (an element ofF×
ℓ ) is a square inFℓn . Consequently,

the projective image is equal toPSL2(Fℓn), proving (a) for evenn. Assuming, on the other hand, that

n is odd, the same reason shows that the projective image isPGL2(Fℓn), proving (b).

Now we prove (a) for oddn. We choose a primeN ≡ 1 mod 2n. We also choose an auxiliary

primeq1 6= N and an auxiliary primeq2 ≡ 3 mod 4 different fromq1. Letχ : (Z/q2Z)× → {±1} be

the unique odd Dirichlet character. Letf ∈ S3(q1q2N
3, χ) be a newform (the space is nonempty, as

one can deduce from dimension formulae). The auxiliary primeq1 ensures thatf does not have CM.

For, by the definition of the conductor, the image of inertiaρf,Λ(Iq1
) contains (after conjugation) an

element of the form
(

1 b
0 1

)
with b 6= 0. Moreover, we know that[Qf : Ff ] is a power of2, asχ only

takes real values (see Section 2).

By Theorem 7.1, the maximal totally real subfield ofQ(ζN ) is contained inFf . As above, this

implies that there is a fieldK ⊆ Ff ⊆ Qf such thatK/Q is a cyclic extension of ordern. This time

we apply Proposition 7.2 with the fieldQf . We get that the set of primesℓ such that there isΛ �OQf

dividing ℓ of residue degreen has a positive density. Note that the residual degree ofλ = Λ∩Ff is also

equal ton due to the oddness ofn. For almost all suchλ, Ribet’s big image theorem (Corollary 3.2)

yields that the image of the residual Galois representationρf,Λ is equal toPSL2(Fℓn) or PGL2(Fℓn).

Note that all determinants are of the form±F×2
ℓ . Hence, in order to obtainPSL2(Fℓn) as projec-

tive image, it suffices and we need to imposeℓ ≡ 1 mod 4. This is possible. For, ifQ(i) is disjoint

from the Galois closure ofQf over Q, the condition onΛ is independent fromℓ ≡ 1 mod 4. If,

however,Q(i) is contained in the Galois closure ofQf overQ, thenQf containsi. Asn is odd, anyℓ

such that there isΛ | ℓ of odd residue degree must be≡ 1 mod 4. 2

7.4 Remark. We point out that in the proof of Theorem 1.1 we made many choices. By varying these
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choices, the density of the setℓ such thatPSL2(Fℓn) occurs as a Galois group overQ will certainly

increase. Up to this point, however, we were unable to prove a nontrivial result in this direction.

Moreover, by Weinstein’s Theorem 5.2, the auxiliary primeN in (a) for evenn is not necessary.
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