KOSZUL ALGEBRAS AND THE QUANTUM MACMAHON MASTER THEOREM

PHUNG HO HAI AND MARTIN LORENZ

ABSTRACT. We give a new proof of the quantum version of MacMahon'’s Eiasheorem due to Garoufalidis,
Le and Zeilberger by deriving it from known facts about Kdsalgebras.

1. INTRODUCTION

In [3], Garoufalidis, Le and Zeilberger prove a quantum i@r®f MacMahon'’s celebrated “Master The-
orem” [6, pp. 97-98]. As stated in [3], the generalizatioswaotivated in part by considerations in quantum
topology and knot theory, and it also answers a long-standpen question by G. Andrews [1, Problem
5]. An abundance of different proofs of the original Mastdéredrem can be found in the literature; the
guantum-generalization in [3] is proved by an adaptatiothef‘operator-elimination” proof given in [10].
Our goal here is to derive the quantum MacMahon Master TimeoféSaroufalidis, Le, and Zeilberger from
basic properties of Koszul algebras which fairly efforslgdead to a generalized MacMahon identity. This
identity is stated as equation (8) below; the quantum MaawWaWlaster Theorem is the special case of (8)
where the Koszul algebra in question is the so-called quastffinen-space. Thus, neither the main result
of this note nor the methods employed are ours but we belf@tgte connection between Koszul algebras
and the quantum Master Theorem deserves to be explicitiydstand fully exploited. This connection was
in fact already briefly mentioned in the last section of [3]{ the proof given here appears to be new.

We have tried to keep this note reasonably self-containdéeacessible to readers unfamiliar with Koszul
algebras. Sections 2 and 3 serve to deploy the pertinengbaokd material concerning Koszul algebras
and cocharacters, respectively, in some detail. The dperegchnicalities for our proof are collected in
Lemmas 1 and 2 below; they are presented here with full pfoofack of a suitable reference. The quantum
MacMahon Master Theorem [3, Theorem 1] is then stated angegrim Section 4. The short final Section 5
discusses certain modifications of the MacMahon identity.

Our basic reference for Koszul algebras are Manin’s notg<¢7 bialgebras, our terminology follows
Kassel [5]. We work over a commutative base fiklexcept in 3.1 and 3.2 whekecan be any commutative
ring at no extra cost. Throughout, will stand for .

2. KOSzZUL ALGEBRAS

2.1. Quadratic algebras. A quadratic algebrds a factor of the tensor algebiid V) of some finite-dimen-
sional k-vector spacéd/ modulo the ideal generated by some subspatd) C T(V), = V&2 Thus,
A=T(V)/(R(A)). The natural grading of (') descends to a grading = @ ,-., Aq of A with 4g = k

andA; = V. In practise, one often fixeslabasisz, . .., Z, of V. ThenT (V) can be viewed as the free
algebrak(z,,...,Z,) and the images; = Z; mod R(A) of the elements; in A form a set of generators
for A.
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Example (Quantum affinen-space) This is the quadratic algebrd = AZ}'O that is defined, for a fixed
0 # q € k, as the factor ok(z,...,%,) modulo the ideal generated by thehomogeneous elements
;& — q¥;@; for1 < i < j <n. Thus, the algebra,’;IO is generated by elements, . . ., z,, satisfying the
relations

(1) xjx; = quix; fori < j.
2.2. Quadratic dual. Given a quadratic algebrd = T(V')/ (R(A)), consider the subspadyA)* of the

linear dual(V®2)" consisting of all linear form o2 that vanish onR(A). Identifying (V®2)" with
V*©2in the usual way, we may viel(A)+ C V*®2 and hence define a new quadratic algebra by

A'=TV")/(R(A)™) .

The algebrad' is called thequadratic dualof A. If Z,,..., %, is a fixedk-basis ofV/, as above, then one
usually chooses the dual bagis, ..., z" for V*: (&%, %;) = &; ;, where(.,.) denotes evaluation. This
yields algebra generator$ = #* mod R(A)* for A'.

Example (Quantum exterior algebra)XConsider the algebrd = AZ‘O as above. The quadratic dudl
is denotedAS'" in [7]. The above procedure yields algebra generatdrs. ., z™ for AS'" satisfying the
defining relations:‘2* = 0 for all ¢ andz’2? + qa’z* = 0 fori < j.
2.3. The bialgebra end A. Given quadratic algebras = T(A;)/ (R(A)) andB = T(By)/ (R(B)), one
defines the quadratic algebrae B = T(A; ® By)/ (Se3(R(A) ® R(B))). Here,Sa3: AP? @ BY? —
(A; ® B1)®? switches the second and third factors.

The algebrand A = A' e A is particularly important. Identifyingl; with V' as above, we have

end A =T(V*@V)/ (S23(R(A)" ® R(A))) .
Fix generatorsr; = #; mod R(A) for A andz® = #' mod R(A)* for A' asin 2.1 and 2.2. Then the

elements?! = i/ ® #; form a basis of/* ® V and their images! = 7/ mod R(end A) form algebra
generators foend A. The algebrand A is endowed with a comultiplication

2) ArendA —endA®endA, A(Z)=) 26®z)
14
and a counit _
e:end A —k, e(z]) = d;,; (Kronecker delta)
which make it a bialgebra ové: see [7, 5.7 and 5.8]. Furthermore, defining a coaction
(3) Sa: A—endA®A,  Salw) =) 2@,
J

the algebrad becomes a leftnd A-comodule algebrai 4 is ak-algebra map that makesa comodule for
end A; see [7, 5.4].

Example (Right quantum matrices)Returning to the casd = AZ]‘O, we describe the algebm_ldAZIO.

Using the notation and the relations of the Examples in 2d. &8, the foregoing leads to the following
generators foRR (end AZ}'O) C (V@ V)®* forall £ andi < j we have a generatéf- ®z—qzf®zt, and
foralli < jandk < (thereiszl @ zf — q 2} ® 2! + q 2% @ zF — ¢* Z] ® ZF. After multiplying the second

set of generators with~!, we obtain the following relations between the generaztgjltsf MAZIO :

(@)  zlzf =qzz) forallfandi < j (column commutation relations)
(6) aFal —2laf =gl 2bal — g2zl fori<jandk < ¢ (cross commutation relations)

Thus, using the terminology of [3], the x n-matrix Z = (z-ij) is aright-quantum matrix
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2.4. TheKoszul complex. For any quadratic algebr4, one can define Koszul complexes
Kie(4): 0— A A 04 — - —A"®A4,1— A —0

as in [7, 9.6]. The quadratic algebrhis called aKoszul algebraf all complexesk®*(A) for ¢ > 0 are
exact. It is known that ifA and B are Koszul then so ard' and A e B. Moreover, if A has a so-called
PBW:-basis consisting of certain standard monomials, thés Koszul; see, e.g., [8, Theorem 4.3.1]. This

applies in particular to the algebras= AZ}'O [8, 4.2 Example 1].

Lemma 1. Let A be a quadratic algebra. Then all; and all A;* are (left) comodules ovamd A, and
hence so are the componeitsi(A) = A,*, ® A; of the Koszul complex. Moreover, the Koszul differential
is anend A-comodule map.

Proof. We will write B = end A for brevity; soB; = V* ® V. Equation (3) shows thaty sends/ = A; to
B, ®V. Thus,A; is mapped tadB; ® A; CB® A;, and so eachl; is a{B-comoduIe._ Moreover, as is shown
in[7, 5.5], the map 4 comes fromamap: T(V) — T(B1) ® T(V), 6(2;) = >_; #] ® &;, which satisfies
5(R(A)) C R(B)®T(V)+T(B1)®R(A). Followingé by the canonical map(B,) - B = T(B1)/R(B)
tensored withdry), we obtain a map

(6) §:T(V) = BaT(V), &@)=> o

J
satisfyingd’(V®%) C B; ® V¥ andd’'(R(A)) € B ® R(A). Therefore, allv®? are B-comodules and
R(A) a B-subcomodule of/®2. More generally, the subspacts’’ @ R(A) @ V¥m=2-ifor( < i <
m — 2 are B-subcomodules of ®, and hence so are the subspaegs,” V' ® R(A) @ V™2~ and
R (A) == Y72V @ R(A) © VO™ 2% Following [7, 9.6], we identify the former with the lineaual
of A, = V*&m/ BVl @ R(A)L @ V*Em—27 50

m—2
@) A= V@ RA) @ Ve
=0

Also according toipid, 9.6], the diagram
A!w;k-q—l ® V®n-1 — A!m* QR Ven
AL @R,1(A) — A ®R,(A)

induces the Koszul differential

PR W E R A PP A (L P
N — _— _— n
m+1 n—1 m+1 Rnfl(A) m Rn(A) m
Since all spaces here aBecomodules, the differential is B-comodule map. O

3. BIALGEBRAS AND COCHARACTERS

3.1. The Grothendieck ring. For now, letB denote an arbitrary bialgebra over some commutative base
ring k. We letR g denote the Grothendieck ring of all (lefJ-comodules that are finitely generated (f.g.)
projective ovetk. Thus, for each sucB-comodule,V, there is an element’] € Rz and any short exact
sequencd) — U — V — W — 0 of B-comodules (f.g. projective ovék) gives rise to an equation
[V] = [U]+ [W]in Rp. Multiplication in R g is given by the tensor product &-comodules; see [5, 11.6].
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3.2. Cocharacters. Continuing with the notation of 3.1, 18t be aB-comodule that is f.g. projective over
k. The structure magy : V' — B®V is an element oHomy (V, B® V). Using the standard isomorphisms
Homy (V,BeV) = BV ®V* (see, e.g., [2,11.4.2]) and letting, . ): V ® V* — k denote the evaluation
map, we have a homomorphism

dp ®(. ..
Hom(V,Bo V)= BaVev: 2% pog~p.

The image oy under this map will be denoted by, . If V is free overk, with basis{v;}, anddy (v;) =

Zi bi_’j X v; then
Xv = Z bi,i .

Lemma?2. The magV] — xy yields a well-defined ring homomorphism Rz — B.

Proof. The assertion is equivalent to the identitiessw = xvxw for any two B-comoduleV and W

(f.g. projective ovelk) andxy = yu + yw for any short exact sequente— U -~ V " W — 0.
Both are easy to check; we sketch the proof of the secondiidemix k-linear splittingse: W — V
and7:V — Uwithrtopu = Idy, oo = Idy ando o7 + o7 = Idy. Under the canonical
isomorphisml” @ V* = Endi(V), evaluatiory.,.) becomes the trace mapacey : Endy(V) — k. For
any ¢ € Endyg(V), we havetracey (¢) = tracey (7 o ¢ o u) + tracew (7w o ¢ o o). The equationfy o
p = (Idp ®u) o oy givesdy = (Idg ®7) o dy o u. Similarly, dy = (Idp ®7) o dy o 0. Therefore,
xv = (Idp @ tracey ) (0v) = (Idp ® tracey ) (0v) + (Idp ® tracew ) (dw) = xv + xw, as desired. [

3.3. Application to Koszul algebras. Returning to the case of a Koszul algebtraver a fieldk, we apply
the foregoing to the bialgebia = end A. By Lemma 1, the (exact) Koszul complex-*(A) for ¢ > 0 gives
an equation ik g :

D (LA A = 0.
Equivalently, defining the Poincaré seri@s(t) = > ,[A;]t' andPy- (t) = >,[A} *]¢, we have
Pao(t)Py-(—t) =1

in the power series rin® [t]. Applying the ring homomorphism[t]: Rz[t] — B][t] (Lemma 2), this
equation becomes the following equationZjt]:

(8) S oxatt | Do (D) xant™ | =1,
>0 m>0
Since the coactions,, andd 4: - in (3) and (6) respect the grading, both factors actuallpmgto the subring
1,50 Bnt™ of B[t].
4. PROOF OF THE QUANTUMMACMAHON MASTER THEOREM

The quantum MacMahon Master Theorem [3, Theorem 1] is the das- AZ}'O of equation (8). In

detail, choose generatoss, ..., x, for A as in 2.1. For each-tuplem = (mq,...,m,) € Z%, put
™ = z"zy? ...z € A. Then the homogeneous compondnthas ak-basis consisting of elements

™ with |m| = my +ma + ... + m, = £. (This is the PBW-basis oﬁ,’jlo referred to earlier.) With respect
to this basis, the coactiary of B = end A on 4, in (3) has the form

da(@™) = Sa(@1)™6a(x2)™ - Sal2n)™ = Y brm©a"
rezy,
|r|=¢



MACMAHON'S MASTER THEOREM 5

for uniquely determined, ,, € B,. In particular,G(m) := bm m € B}, has the same meaning as in [3].
Taking the trace we obtain the equality

©) Xa, = Y. G(m).

m: |m|=~¢

In order to deal with the second factor in equation (8), weiile A' * with a subspace of (V),,, = V™
as in (7), andT (V) with the free algebr&(z,,...,4,) asin 2.1. Them! * has a basis consisting of the
elements
NT g = Z (—q)_l(ﬂ)fﬁjﬂ RTjr ®...Q0Tj,..,

TES,
whereJ = (j1 < j2 < ... < jm) IS @anm-element subset dft, ..., n}, &,, is the symmetric group and
I(m) denotes the number of paifs j) with 1 < i < 7 < m andni > wj. Indeed, recalling the fact that
R(AY) = R(A)* is generated by the elemenit&i’ for all ¢ andi’3? + ¢#/3* = 0 fori < j (see 2.2),
it is straightforward to check thatz; vanishes onR,,,(A'). Hence,AZ; belongs toA! *. Furthermore,
the elements\z ; are obviously linear independent ovieland their number QZ) which is equal to the
dimension ofA!,,. We claim that the coactiosf of B = end A on A * in equation (6) has the form

(10) 8 (AZy) =dety(Z;) ® ATy + otherterms

where

(11) detg(Z)) = > (—q) "™l 22 2
TES,

denotes the quantum determinant (as defined in [9]) of thenatix Z; = (zf')iyje,] of the generic x
n right-quantum matrix2 = (z]) as in 2.3. In order to prove (10), it suffices to show that, for=
(1,2,...,n) = [1,n], we have

(12) 5/(/\57[17,,‘]) = detq(Z) (%9 /\if?[17n] .

To this end, note that the element; ,,; spans the one-dimension@tsubcomoduled!,* of V", Hence,
8'(AZpm) = D ® Azp ) for some group-like elemend € B; cf. [7, 8.2]. We need to show that
D =dety(2) =Y ce, (—q) 7'Mzt 22, ... 27, But equation (6) readily implies that

T
8 (Fr1 ®@ ... @Fmp) =25 ... 2", @31 ®...® &y, + otherterms

Multiplying with (—g) =™ and summing up om we see thab’ (AZ; ) = dety(2) ® 71 ® ... ® &y +
other terms. This implies (12), thereby completing the paf(10). Therefore, the cocharacter df* is
given by

(13) Xax = Y dety(Z;).

To summarize, we rephrase equation (8) with (9) and (13)gubia notation of [3]:

Theorem 3 (Garoufalidis, Le and Zeilberger) et A denote thék-algebra generated by, , . .., z,, subject
to the relationg1), B thek-algebra generated by;, . .., 27 subject to(4) and (5), and letZ = (zf) denote
the generic right-quantum x n-matrix. Consider the elemeni§; = Zj zf ®z; € BR A=, Boa™,

wherem runs over then-tuplesm = (my,...,m,) € Z%, andz™ = z{" 25" ... z)'". Define power

series inB[t] by
Bos(Z):=)»_ Y Gm)t,

£>0 m: |m|=¢
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whereG(m) is the B-coefficient o™ in X™ = X" X" ... X, and

FermZ):=>_ Y (=1)"dety(Z,)t™

with det,(Z ;) as in(11). Then:
BogZ) -FermZ)=1.

5. MODIFYING THE MACMAHON IDENTITY

Applying endomorphisms oB([¢] to the generalized MacMahon identity (8), we obtain new ioars
of this identity. In this section, we discuss a particulaamyple for the casel = AZ'O. As usual, we let
B =end A.

The algebraic torug’ = (k*)™ acts onB via
(14) 7(2]) = ¢z

3

forr = (c1,...,¢,) € T. Indeed,r respects the relations (4) and (5) Bf and hence defines a graded
algebra automorphism adB. Note however that, unless = 1, the automorphismr does not preserve
the comultiplicationA of B in (2) but rather is a homomorphism of legit-comodules, that isA o 7 =
(Idg ®7) o A. Applying 7 = (c1, ..., c,) to the cocharacters of, and A}, * as determined in (9) and (13),
we obtain

(15) Txaz) = D cs(n)dety(Zy) withes(r) =[] ¢
ng:{ﬁ;;.ﬁn} jed

(16) T(xa,) = Z em(T)G(m)  with e (7) = Hc;”i,
|m[=¢ i

The particular choice

17) =" "¢

leads to the following version of quantum MacMahon Masteotiem:

(18) Bos(Z)-Ferm(Z) =1,
where
(19) EB/S(Z) _ Z Z qf(n+l)—2 > amy G(m)té

£>0 m: |m|=¢

(20) Fermz) = Y ST (g2t et (Z,) T

m2>0 J=(j1<:<jm)

Remark.Let H := gl(A) be the coordinate ring on the quantum general linear groud7c8.5]). Then

H is a Hopf algebra which is in fact coquasitriangular or caded (cf. [5, VIII.5]). Thus for any finite
dimensional comodulé&’, there exists a canonical isomorphism— X** of H-comodules, given in terms
of the braiding. This isomorphism is in general not compatitith the tensor product. We note that the cat-
egory of H-comodules also possesses a ribbon [5, XIV.6]. By compdsieagbove canonical isomorphism
with the ribbon, one obtains a functorial isomorphisgn: X — X** which is compatible with the tensor
product in the sense that

TXRY = TX @ Ty .



MACMAHON'S MASTER THEOREM 7

UsingTx we can defined a new type of cocharacteXofcalled quantum cocharacter, as follows (cf. [4]).
X¢,x is the image ol € k under the map

kX oX C X X" s HeX o X2 H
where db is the “dual base” map— .z’ @ z;. As for the ordinary cocharacter, one can show that the
quantum cocharacter is multiplicative with respect to #esbr product and additive with respect to exact
sequences. Applying the quantum cocharacter to the Kosnuplex in 2.4 we obtain an identity analogous
to (8) for x4,4, andx,, a:- -

Explicit computation shows that, fof = V = Ay, 7 = diag(¢"~*,¢"3,...,¢* ™). Further, one can
check that

Xa,Ae = T(XA);  Xga1: = T(Xax)
This explains the origin of the choice ofin (17).
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