UNIQUE RANGE SETS FOR MEROMORPHIC FUNCTIONS
CONSTRUCTED WITHOUT AN INJECTIVITY HYPOTHESIS

TA THI HOATI AN

ABSTRACT. A set is called a unique range set (counting multiplicities) for a
particular family of functions if the inverse image of the set counting mul-
tiplicities uniquely determines the function in the family. So far, almost all
constructions of unique range sets for meromorphic functions are zero sets of
polynomials which satisfy an injectivity condition introduced by Fujimoto. A
polynomial P(z) satisfies the injectivity condition if P is injective on the zeros
of its derivative. In this paper, we will construct examples of unique range sets
for meromorphic functions without assuming an injectivity condition.

1. INTRODUCTION

Let M*(C) be the set of non-constant meromorphic functions defined on C and
F be a non-empty subset of M*(C). For f € F and a set S in the range of f define

E(f,S) = U {(z,m) € C xZ* : f(2) = a with multiplicity m}.
acsS
A set S is called a unique range set counting multiplicity for F, if the condition
E(f,S) = E(g,S) for f,g € F implies that f = g.

The first example of a unique range set was given by Gross and Yang [9], who
considered the zero set of equation z + e* = 0. Note that this set has infinitely
many zeros. Since then, there have been many efforts to study the problem of
constructing unique range sets (for example [1], [5], [12], [10], [13],...). There are
two main problems related to the study of unique range sets. The first problem is
determining the minimum cardinality of a unique range set for entire and also for
meromorphic functions. The second problem is characterizing unique range sets.
In fact, examples of unique range sets given by most authors are sets of the form
{z € C | 2" +az™ + b = 0} under suitable conditions on the constants a and b
and on the positive integers n and m. So far, the smallest unique range set for
meromorphic functions has 11 elements and was given by Frank and Reinders in
[6]. They proved that the set

{ZGC | (n_l)(n_z)zn+n(n_2)zn—l+ (n_l)n
2 2
where n > 11 and b # 0,1, is a unique range set for meromorphic functions.
Fujimoto [8] extended this result to zero sets of more general polynomials satisfying
an injectivity condition. A polynomial P(z) is said to satisfy the injectivity condition
if P is injective on the zeros of its derivative, i.e., for any zeros e; # e; of P'(z),

z”'_Q—l—b:O},
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we have P(e;) # P(e;) (in [8], Fujimoto referred to this as “condition H”). One
can see that the zero set of the polynomial 2™ + az"~! + b = 0 is not a unique
range set for meromorphic functions for any n; see [3]. Therefore, whether or not
the zero set of a polynomial is a unique range set depends not only on the degree
of the polynomial, but also on the form of the polynomial. Note that up to now,
most constructions of unique range sets were zero sets of polynomials satisfying the
injectivity condition made explicit in Fujimoto’s work.

In this paper, we will construct unique range sets for meromorphic functions
that are zero sets of polynomials that do not necessarily satisfy the injectivity
condition. Moreover, for a large class of polynomials we give a necessary and
sufficient condition for the zero set of the polynomial to be a unique range set for
meromorphic functions.

We will let

P(z) =an2" + Zaizi, (1<m < n,a; € Cand a,, #0)
i=0

be a polynomial of degree n in C[z] without multiple zeros. We will denote the
distinct roots of the derivative P’(z) by ai,as,...,a; and use mi,mg,...,m; to
denote their respective multiplicities. The number [ is called the derivative index
of P(z).

A subset S of C is said to be affine rigid if no non-trivial affine transformation
of C preserves S.

Let

I={ila;#0}, A=min{i|icl}, and J={i—A|iel}.
Our main results are as follows.
Theorem 1. Let
P(2) = anz" + amz™ + apm12™ + -+ a0, (1<m<n,a; €C and a,, #0)

be a polynomial of degree n with only simple zeros, and let S be its zero set. If
n > max{m + 4,2l + 7}, then the following statements are equivalent:

(i) S is unique Tange set for meromorphic functions.

(ii) P is a strong uniqueness polynomial for meromorphic functions.

(iii) S is affine rigid.

(iv) The greatest common divisors of the indices respectively in I and J are both
1.

Theorem 2. Let P(2) = ap2"+amz™+am—12"" + - +a,2P +ag withn > m > p,
with a; € C and with amapag # 0 be a polynomial of degree n with only simple zeros,
and let S be its zero set. Assume that n > 8 + 2m and p > 4. Then the following
statements are equivalent:
(i) S is unique Tange set for meromorphic functions.
(ii) P is a strong uniqueness polynomial for meromorphic functions.
(iii) S is affine rigid.
(iv) The greatest common divisor of the indices in I is 1.
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2. SOME STANDARD NOTATIONS IN NEVANLINNA’S THEORY

We recall some standard notation in Nevanlinna’s theory.

Let f be a meromorphic function on D(R), the disk of radius 0 < R < oo centered
at the origin. Denote the number of poles of f on the closed disc D(r), r < R,
by n(f,r) and n1 (f,r), counting multiplicity and without multiplicity, respectively.
The counting function N(f,r) and the truncated counting function Ni(f,r) are
defined, respectively by

N(r) = (o) togr+ [ n(f.0) = (005
and . p
Ni(fr) = m(£.0logr + [ (1.0 = m(£0)F-

Here n(f,0) is the order of any pole of f at z = 0, and ny(f,0) is 1 if f has a pole at
z = 0 and is 0 otherwise. The Nevanlinna characteristic function T(f,r) is defined
by

T(f,r) =m(f,r)+N(f,r),
where m(f,r) is the prozimity function defined by

2 ) do
mif.r) = [ tog* (eI

We will use Nevanlinna’s second main theorem as follows.

Truncated Second Main Theorem. Let ay,as, ...,aq be a set of distinct complex
numbers. Let f be a non-constant meromorphic function on C. Then

1
f—a;

for r — oo, except for r in a set of finite Lebesque measure.

(q_2)T(f’T)SZN1( 77’)+O(10gT(f,7“))7

3. PROOF OF THEOREM 1
To prove Theorem 1, we need the following lemmas.

Lemma 1. Let P(z) = 2"+ Y. a,—iz" " (1 <m < n,a; € C and a,, # 0)
be a polynomial of degree n. Assume that f and g are non-constant meromorphic

functions such that, for some constants co # 0 and cq,
1 Co +
—— == +oc;.
P(f)  P(g)

If n > max{m + 4,7}, then ¢; = 0.
Proof. Assume that c¢; # 0. Consider the polynomial
¢
Q(z) = P(2) + —.
C1

Let Q(z) have k distinct zeros eq, ..., e with multiplicities ny, ..., ng respectively,
ie,Q(z) =(z—e1)"...(z —eg)™. We have
P(g)

) = Plo) + L= Qo) = (g - )" (g~ )™,

aP(f)
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Since ¢; # 0, f and g have no common poles. Therefore, if zy € C is a zero of
g — ¢; for some 1 < i < k, then 2 is a pole of f. Moreover, from (1) we have
n;ord,, (g —e;) = nordy, (%), where the notation ord, f denotes the multiplicity of
z such that f(z) = 0 for a meromorphic function f, with ord, f negative indicating
a pole at z. This implies

n 1 n
(2) ord,, (g —e;) = e ordzo(?) > -

Applying the Second Main Theorem for g and ey, ..., ek, we have

1)+ O(log T(g, 7))

k
(k= 2T(gr) < 3 Ml
i=1 v

k
<>~ "T(g.r) + Ollog T(g,7))
i=1
E?:l T
< TT(g7 r) 4+ O(logT(g,7))
<T(g,r) +O(log T(g,7)),
which implies £ — 3 < 0.

Case 1. k= 1.
We have P(z) = (2 —e1)" — ¢ which contradicts the hypothesis that the coeffi-
cient in front of the term 2"~! in P(z) is zero. Therefore k # 1.

Case 2. k= 2.
We have
P(z) = (z— €)™ (2 — )™ — 2
c1

ni(ny —1 ng(ne — 1
= 2" — (n1e1 +ngen)2" 1t + (nlngeleg + i ; )e% + 2( ; )eg)z"_Q—i—

+ lower degree terms in z.

Therefore, by the hypothesis that P(z) neither has a term of degree n — 1 nor a
term of degree n — 2, we have

nl(nl — 1)62 TLQ(TLQ — ].)
2 ! 2

2
nie| + noes = ningeiey + e; =0,

which contradicts ey, es # 0 and ny,ny are positive. Hence k # 2.

Case 3. k = 3.
We will state this case as a separate lemma to be used again later.

Lemma 2. Let Q(z) = (z — e1)™ (2 — e2)™2(z — e3)™ be a polynomial of degree n
where ninang # 0 and ey, eo and ez are distinct complex numbers. If there exist
non-constant meromorphic functions f and g such that

(g—e1)" (g —e2)"(g —e3)"* = hf",
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for some meromorphic function h which does not vanish on the zero sets of g — e;,
1=1,2,3, then only one of the following holds:
n n n
ny =nNg =N3 = 3 or n1:§andn2:ngzz; or

3
ny = % and ny = %
Proof of Lemma 2. Write n = «;8; and n; = «a;7;, where (8;,v:) =1, 8 > v > 1,
for i = 1,2, 3.
Assume zq is a zero of g —e;, for some i = 1,2,3. By the hypothesis Q(g) = hf™
we have ord., (g —€;) = 7+ ord,, (f) = ’3— ord,, (f) > Bi.

i

We will consider the following cases.

(i) All of 31, B2, 83 > 3 and one of them is at least 4; assume that 33 > 4.
In this case, ord, (g — e3) > O3 > 4, and ord,, (g —e;) > B; > 3 for
i = 1,2. Hence, applying the Second Main Theorem to the function g and
the complex numbers ey, e, €3, we have

T(g.7) < (5 + 5 + )T(g7) + Ollog T(g, 1),

and ng =

SJE

which is impossible.
(i) B = B2 = B3 =3.

Since §; > 7; we have 7; = 1 or 2. Assume that there exists an i, so
without loss of generality ¢ = 1, such that v = 2, then n; = %”, which
contradicts the fact that ny 4+ ny + n3 = n and ningng # 0. Therefore
v = 1 for i =1,2,3 and hence n; =ng =nz = 3.

(iii) There exists at least one 4, so without loss of generality ¢ = 1, such that
B =2.

By 2 = 31 > 71, we have 71 = 1 and hence n; = 7. Since
ny+ng+ns=n and nang # 0,

we have (s, 83 > 3.
If B2, B3 > 5 then the Second Main Theorem implies that
T(9,7) < (3 + 3 + $)T(g.r) + Olog T(g. ).
which is impossible.

If there exists 7, so without loss of generality i = 2, such that G, = 4
then v = 1 or 3. If 75 = 3 then ny, = %" which is impossible since we
would then have ny +mng +n3 >ny +ny = 5 + %T" > n. Therefore v = 1,
which means ng = % and hence nz = 7.

If there exists 4, so without loss of generality ¢ = 2, such that g5 = 3.
Then, similarly we have 72 = 1, and hence ng = %, and hence nz = .

O

We now continue to prove Lemma 1.

When k = 3, by Lemma 2, we only have to consider the three following cases:

The first case is when Q(z) = (z —e1)5 (2 — e2) 5 (2 — e3) 3 which implies P(z) =
(z—e1)" (2 —e2)" (2 —e3)" — ¢=. In this case, e; # 0, otherwise P(z) has a term
of degree n — 1 or n — 2 in z. On the other hand, since P(z) does not have a term
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of degree n — 1, we may assume e; = 1, e3 = —1 — e5. We have
P(2) = (2= 1)" (2 = e)" (2 + 1+ e2) — =2
&1
ni CO
= (23 —(e2+ e+ 1)z +ea(ea + 1)) -
1

In multiplying out the n;-th power, the only way to get a term of degree 3n; — 2
is to multiply the z® term n; — 1 times and the z term once. Since there are n;
ways to do this, after multiplying out, the coefficient in front of 237172 is n; times
the coefficient in front of z inside the product. Therefore, it is —nj(e3 + ex + 1).
Similarly, the only way to get a term of degree 3n; — 3 is to multiply the 2> term
n1 — 1 times and the constant term once. Again, there are n; ways to do this, and
so the coefficient in front of 23”1 =3 after multiplying out is n; times the constant
term inside the product, which is n(e3 + ez). Thus, we have

P(z) =25 —ny(e2 4+ ey +1)25" 72 £ ny(e + ep) 2™ 34+

+ terms of lower degree.
By the hypothesis that P(z) does not have terms of degree n — 2 nor n — 3, we have
e tes+1=ce2+ey=0,

which is impossible.
The second case is when P(z) = Q(2) — & = (2 — e1)?(z —e2)¥(z — e3)” — o,
with v = %. Since P(z) does not have a term of degree n — 1 nor n —2 in z we have

e1 # 0 and we may assume e; = 1, e3 = —2 — e5. Hence, we have

P(z)=(z=1)*(z—e2)"(z+2+¢2)" — Z—j

v
= (z4 — (€2 +2ey +3)2% + (22 +4dey +2)z — €2 — 2@2) - Z—O
1

In multiplying out the v-th power, the only way to get a term of degree 4v — 2 is to
multiply the z* term v — 1 times and the z? term once. Since there are v ways to do
this, after multiplying out, the coefficient in front of 2**~2 is v times the coefficient
in front of 22 inside the product. Similarly, the only way to get a term of degree
4v — 3 is to multiply the z* term v — 1 times and the z term once. Again, there are
v ways to do this, and so the coefficient in front of 24*~3 after multiplying out is v
times the coefficient in front of z inside the product. Thus, we have

P(z) = 2" —v(e3 + 262 + 3)2" 7% + v(2e3 + dez +2)2" 3+

+ terms of lower degree.
By the hypothesis that P(z) does not have terms of degree n — 2 nor n— 3, we have
€2+ 29 +3 = 2€3 +4deg +2 =0,

which is impossible.

The last case is when Q(z) = (2 —e1)? (2 — e3)5 (2 —e3) % . In this case, we have
P(z)=Q(z) — & = (2 — e1)3 (2 — €)% (2 —e3)" — e, with v = §. Similar to the
above case, we may assume with out loss of generality that e; = 1, e3 = —3 — 2es.
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Then, we have

P(z) = ((z — 1)3(2 — 62)2(z—|—3 + 262))1) B %)

_ (26 — (3¢2 4 Ges + 6)2% + (2¢3 + 1262 + 18e5 + 8)23 + ... )”
= 2%% — u(3e2 + 6eq + 6)2°7 72 + v(2e3 + 12e2 + 18y + 8)25v 3
+ terms of lower degree.
Therefore
3e3 + 6eg + 6 = 2ej + 12¢3 + 18e5 + 8 = 0,

which is impossible.
We conclude that & # 3.
Therefore ¢; = 0, and the proof of the Lemma 1 is complete. O

Lemma 3 (Theorem 6.8, [8]). Let S = {a1,a2,...,a,} be a finite set in C and
P(z) =(z—a1)(z—ag)...(z—ay,). Assume that f and g are non-constant meromor-
phic functions such that E(f,S) = E(g,S). If n > 2147 then there exist constants

co € C* and ¢y such that
1 Co

P(f) " Plg) "

A polynomial P(z) with coefficients in C is called a uniqueness polynomial for
F if the condition P(f) = P(g) for f,g € F implies that f = g; P is called a
strong uniqueness polynomial if the condition P(f) = c¢P(g) for f,g € F and some
non-zero constant ¢ implies that ¢ = 1 and f = g. The readers can find some
related results in, for example, [2] and [7] when polynomials satisfies the injectivity
condition and also in [3] when polynomials do not need to hold the injectivity
condition.

The following lemma is implied directly from [3, Theorem 1], [3, Proposition 3.1]
and [3, Proposition 4.1].

Lemma 4. Let

n
P(z) = ap2" + Z Up_iz" " (0<m < n,a; € C and ay, a,, #0)
i=n—m

be a polynomial of degree n. Let I = {i | a; # O}, \ = min{i | i € I} and
J={i—A|i€I}. If n >m+4, then the following statements are equivalent:

(i) P is a strong uniqueness polynomial for meromorphic functions.

(ii) S is affine rigid.

(iii) The greatest common divisor of the indices in I is 1 and the greatest com-

mon divisor of the indices in J is also 1.

Proof of Theorem 1. By Lemma 4, it is enough to prove that (i) is equivalent to
(ii).

Assume that (i) holds, and assume that there is non-constant meromorphic
functions f and g such that P(f) = ¢P(g) for some non-zero constant c. Let
S ={ay,...,an} be the zero set of P(z). For i,1 < i < n, assume that f(z) = a;
with multiplicity « then, by P(f) = c¢P(g), thereis j,1 < j < nsuch that g(z0) = a;
with multiplicity a.. Therefore E(f,S) = E(g,S). By the assumption S is a unique
range set for meromorphic functions, we have f = g. Therefore, P is a strong
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uniqueness polynomial for meromorphic functions.

For the converse, assume that there exists non-constant meromorphic functions f
and g such that E(f, S) = E(g,S5). Since n > max{m+4,20+7} > 214+7, Lemma 3
implies that there exist constants ¢y € C* and ¢; such that ﬁ = % +c¢1. On the
other hand, Lemma 1 and the assumption n > max{m+4,2l+7} > max{m+4,7}
imply ¢;=0. Therefore ¢oP(f) = P(g) which implies f = g because of P is a strong
uniqueness polynomial for meromorphic functions. ([l

4. PROOF OF THEOREM 2
The following lemmas will be needed in the proof of our second theorem.

Lemma 5 (see [14]). Let gj(zo,...,xs) be a homogeneous polynomial of degree d;
for 0 < 5 <'s. Suppose there exists a holomorphic map f : C — P?® so that its
image lies in the curve described by

Zx?_éjgj(a:o,...,xs):Q and n>(5+1)(571)+25j.
§=0 j=0
Then the polynomials

x?ﬂhgl(wo, U 7% 7x?_6sgs(x0, cey X)

are linearly dependent on the image of f.

Proof of Theorem 2. By Lemma 4, it is enough to prove that (i) is equivalent to
(iv).

If the assertion (i) holds then similarly as in the proof of Theorem 1, the asser-
tion (ii) holds. By Lemma 4, it means (iv) holds.

Now, we will prove that (iv) implies (i). Let S = {a1,...,an} be the distinct
zeros set of P(z). Let f = dog= l—l be non-constant meromorphic functions such

2 2

that E;(S) = E,(S), where (f1, f2) and (1, l2) are pairs of entire functions without
common zeros. Then there exists an entire function h such that

(f1 — alfg) e (f1 — anfg) = eh(ll — allg) . (ll — anlz).
Put g; = e%ll7 go = e%lg, and define ® = (f1, f2,91,92). Hence

n n
B HSTTD an Tt — T Y gl 'gh =0,
=n—m =n—m
Applying Lemma 5 in the case s = 3, §o = d2 =0, 61 = 63 = m and n > 8 + 2m,
we may assume without loss of generality that there are constants aq, as, asz, not
all are zero, such that

n
o fi' +asfs™™ Z an—if1 f5 + asgl = 0.
i=n—m

We consider the possible cases:

Case 1: ajagsag # 0.

Using again Lemma 5 (with s = 2, 69 = d2 = 0, §3 = m), we obtain

n
ol f2 Y an i =0,

i=n—m
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where not all o are zeros. This implies that f is constant.
Case 2: ag =0, which implies f must be constant.

Case 3: a3 = 0. Clearly, asas # 0. Then

n

anfy ™ Z an—i [T f5 = —azgt

i=n—m
Dividing the above equation by f3' and recalling that f = %, we have
«@
fnfm (amfm + (Im71fm71 4ot aO) — —73(&)774
Qs fa
Let e1,...,eq be the distinct zeros with multiplicity nq,...,n, respectively of

Q(z) =amz" + 12"+ -+ ag.
Then
_ asz giyn
T —e)" L (f—eg)tt = —— (=) .
P =)™ e = =2 ()
By the hypothesis ag # 0, we have e; # 0, and since m > p > 4, we have ¢ > 2. On
the other hand, by the same argument as in the beginning of the proof of Lemma 1,
we have ¢ < 2. Therefore ¢ = 2. By Lemma 2, if ¢ = 2 then one of the following

cases must hold: n —m = g;n—m= g;n—m = 7; or n—m = ¢. All of these

cases contradict the hypothesis n > 2m + 8. Therefore f is constant.

Case 4: ag = 0. It is clear that a3 # 0. Furthermore,
afl =01,

where a” = %. From (3) we have
’ n n
(L= a)anff+ 137" D anif77 f5—05"™ Y an—ia" 7 g5 =0.
=n—m =n—m
If a # 1, then using Lemma 5 for dp = 0, 61 = d2 = m, s = 2 we obtain that f{’
and f3 "> a; fif3" 7" are linearly dependent, and hence f is constant. This is
a contradiction. Therefore, « = 1 and

n

n
a/nfin + f2nim Z anfifflilfé = angil + 937m Z anflg?ilgé

i=n—m i=n—m
Consider the polynomial

H(z) = aphy + aph! ™" + - 4+ anh i7" + ay.
Divide both sides of the above equation by fi* = g7 to get

1 1
() H () —H () |

f g
On the other hand, since the hypothesis that the greatest common divisor of the
indices in I = {i | a; # 0} is 1, we have that the greatest common divisor of the
indices in K :={n —i| a; # 0} is also 1. From a,, # 0, we have

min{n —i|n—ie K} =0.

Thus, we can apply Lemma 4 with p > 4 to get that H(z) is a strong uniqueness
polynomial for meromorphic functions. Therefore from (4), we have f = g. O
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