LATTICE INVARIANTS FROM THE HEAT KERNEL (II)

JUAN MARCOS CERVINO AND GEORG HEIN

ABSTRACT. Given an integral lattice A of rank n and a finite sequence
my; < mg < -+ < my, of natural numbers we construct a modular form Oy, ...,

level N = N(A). The weight of this modular form is nk/2+ Zle m;. This construction
generalizes the theta series © of integral lattices, because ©5 = ©g A.

We give the ¢g-expansions of the modular forms ©,, ., 4, and ©1 1,14 and show that (up
to some scaling) they are given by power series with integer coefficients.

1. INTRODUCTION

For an integral lattice A the theta series ©O5(7) = Y ", _, exp(27i||A||*7) is a first invariant.
Moreover, ©, is a modular form of weight rk(A)/2 and level N(A). Since the vector space
of modular forms of given weight and level is of finite dimension, ©, can be read off from
the first coefficients in its g-expansion. Unfortunately, there are pairs (A, A’) of lattices
which possess the same theta series O, = O, and are not isometric. A first example are
the two unimodular lattices Eg @ Eg and Eig of rank 16 (see page 1243 in [2] for details).
Schiemann constructed in [6] an example of two four dimensional lattices (A, A’) which
are isospectral (i.e. ©y = ©,/) but not isometric.

Spherical theta functions Oy := Y, h(A) exp(27i||A||*) define for homogeneous har-
monic polynomials h also modular forms of level N(A). These modular forms depend
on h and are of weight deg(h) + rk(A)/2. (The term spherical theta functions appears
in [7] whereas Elkies uses weighted theta function in [3].) The authors managed in [1]
to find sums of products of these spherical theta functions which give new lattice in-
variants. These modular forms can be used to distinguish the two isospectral lattices
in Schiemann’s example (see Proposition 4.4 in [1]). In our article [1] we construct an
invariant ¢, m,,..m,.a Which turns out to be a sum of products of modular forms and
their derivatives. Out of these invariants we can sometimes construct invariant harmonic
mx,A Which give invariant modular forms. However, we computed only p; 1.
explicitly for lattices A of arbitrary rank in our article [1].

The aim of this article is a direct construction of the invariant harmonic datum
DPrmima,..muA- 00 take an integral lattice A of rank n, let N be the level of A, and
fix a finite sequence 0 < m; < my < --- < my, of integers. We start with an isometric
embedding A — E™ of A into the Euclidean space. Here we consider A as a distribution
on the Schwartz functions on E”. The heat flux of this distribution is given by a function
fa: RT x E® — R. Using the harmonic Taylor coefficients of fy we obtain the harmonic
invariant system Dy, m,.....m,.aA Which provides a modular form ©,,,, ... .m, A of level N and
weight nk/2 + Zle my, independent from the chosen embedding A — E™ (see Theorem
2.6).

Next we give for all integers m > 0 the g-expansion of the invariant modular forms
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OmmA = 2 ;>0 am,m,kq’“. It turns out that the coefficients a,, , , are given by

k= S puleos(L(o, w)) P P
(v,w)EAZ |2 +|wl|2=k
where p,, is an even polynomial of degree 2m (see Theorem 3.3). We compute these
polynomials in Lemma 5.4. The first ones being
c? 1 ct c? 1

polc) =1, pie) = 5 — o~ and pa(c) = o7 — Mt d) " Bnidmr2)

Knowing these polynomials we can give the modular forms ©,,,, g, for the Ejg lattice
for m < 9 in 3.4. We conclude with computing the triple modular invariant ©1 ;14 in
Theorem 4.5.

Acknowledgment. This work has been supported by the SEFB/TR 45 “Periods, moduli
spaces and arithmetic of algebraic varieties”.

2. THE MODULAR FORMS Oy, k. A

2.1. Notation. We consider a lattice A C E” embedded in the n-dimensional euclidean
space. In [1] we defined the function f, : R x E* — R by

falt,x) = (4mt) =" Zexp (M> .
4t
YEA

As explained in Section 2.1 of [1] this function describes the heat flux of the lattice A.
We call a function ¢y : R™ — R, which we obtain from f,, a lattice invariant if the action
of the orthogonal group O(n) on the isometric embeddings of A — E™ does not change
cp. The first example for such a lattice invariant is coa(t) = fa(¢,0). It was shown in
[1, Section 2.10] that this function ¢y determines the theta series of the lattice A. We
call a lattice A integral if the square lengths ||||* are integers for all ¥ € A. An integral
lattice A has two integer invariants: its discriminant D = D(A), and the level N = N(A).
We recall their definitions. If %A € Mat,»,(R) is a symmetric Gram matrix for A, then
A € Mat,«,(Z) and has even integers on its diagonal. We set D(L) := det(A). The
smallest positive integer N such that N - A~! ¢ Mat,,x,(Z) and N - A~ has even entries
on the principal diagonal is called the level of A.

2.2. Harmonic polynomials. We list some well known properties of harmonic polyno-
mials. For proofs see [4, Theorem 3.1], and [5, Chapter XIII, Exercises 33-35|. The ring
of polynomial functions on E™ we denote by A = R[xy,...,z,]. The ring A has a natural
grading A = @®j>0A, with Ay the homogeneous polynomials of degree k. We define a
pairing on

Ax AR, <g,f>=g(8 a)f\o.

a—xl, Ce ag;n
The orthogonal group O(n) acts on E™, defining an action on the polynomials o(f)(z) :=
f(o7(x)) It is convenient, to recall some well known basic properties of this pairing.

(1) The pairing is a bilinear, symmetric, and positive definite.
(2) For I = (iy,...,i,) € N* we set o/ = [[;_, z)*, and I! = [],_, %!. The normed

monomials {%}Iew form a orthonormal basis.
) P d
(3) For two polynomials P,Q) € A we have (P-Q, f) = (P,Q <8_a:1’ . %> f). In
n o2

particular, the Laplace operator A = — . A, — A,,_o has up to sign

k=1 927
the multiplication with r* = Y7 | 27 as adjoint.
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(4) The infinite dimensional representation O(n)x A — A is compatible with the grad-
ing of A and with the inner product on A. Therefore it defines finite dimensional
representations O(n) — O(A,, (,)) for all m > 0.

(5) The kernel Harm,, of A : A,, — A,,_» is an irreducible representation. The
vector space Harm,, of harmonic functions is of dimension ("Z’f; 1) — (”ZT; 3).

Its orthogonal complement is r* - A,, 5 which is an O(n) invariant subspace. In

consequence, we obtain the decomposition of A,, into irreducible subspaces

[m/2]
A, = @ r?*Harm,,,_ oy, .
k=0

(6) For hy, hy € Harmy,, o, we have the equality
k
(1% h1, 1% ha) = Qg (h1, ha) With ag, = 26k [ [(n + 4m — 2k — 21)
1=1

(7) For h € Harm,,, and natural numbers k,d € N we have
k-1
AR (r2h) = by g h with by g, = H(Ql —2d)(n —2+2d— 21+ 2m).
1=0
Note that by q,, = 1, and by gm =0 <= k > d.
(8) Using the above numbers by, 4, we define for m > 0, and k = 0,..., |m/2] rational
numbers dy, ,, by the assignment ¢ ,, := 1, and

1 d—1

= — Tkmbk,d.m—2q4 for all integers d =1,...,[m/2].
Dd,d;m—2d €=

0

Td,m :

The use of the integers by 4., is not necessary. Using their definition we obtain:

d—1 /[d—1
1
=1 = - E '
T0,m and by Tdm (H (2l _ 2d) (n —24+2m —2d — 2[)) Tkm

k=0 \i=k
From this, we derive in Lemma 5.3 the explicit formula:
k—1
P = 28R [ [ (0 4 2m — 4 — 20).
1=0

However, the first definition implies immediately that for all d > 1 we have:

d
E Tkmbk,dm—2a = 0.
k=0

Therefore we conclude, that the linear map Phapmm = le/g TemT?FAF operates

on A,, as the harmonic projection. Indeed, for a homogeneous harmonic function

d
h of degree m — 2d we find that Papmm(r??h) = (Z Tk,mbk,d,m—zd) r2h,.
k=0
(9) Let us explicitly give the harmonic projections in degree two, four and six:

Pharm,? = id+ %TQA
o 1 2 1 4 A2
Pharm,4 = id + 2(n+4)r A + 8(n+2{(n+4)r A
)T4A2 _|_ 1 ,,,.6A3

. 1.2
Prarme = 1d + 2nt8) A+ 8(n+6)(n18 B+ 4) (n16)(n+8)
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2.3. Harmonic Taylor coefficients. We consider the homogeneous parts of the Taylor
expansion of f) at the point x = 0. Since fj is symmetric in z, only the even parts
appear. We set

I n n
fam = E ar where for [ = (iy,d9,...,1,) I!:= Hzm , fo%” ,
ICN™ | I|=2m ' m=1
ail 8i2 8Zn
I
I-— <'I 7fA> =

ou 07 By TN

The fa,, are homogeneous polynomials of degree 2m in the x; over the ring of functions

in . We may write
I I
x x
= X ()
reriti—am WV

Indeed, the operator f +— ZIcN",\II:%n <IT;,fA> j—% is the identity on As,, the space

of homogeneous polynomials of degree 2m. So we can replace the orthonormal basis

{i} by any other orthonormal basis. If BL™ is an orthonormal basis of
Vi ICN™ | I|=2m

Harms,,, the space of harmonic polynomials of degree 2m, then the projection of fj ,, to
Harms,, is called the harmonic Taylor coefficient of f, and given by

M=) (hfa)h

harm
heBbar

We derive more formulas for fR2™ which we will use in the sequel. Taking any orthonormal
basis B, of A, we obtain fha”n = D seBay, (9> fA) Prarm(g) where Phap @ Ao — Agp,
denotes the orthogonal projection to the space of harmonic polynomials. Therefore, we
conclude fRam =37 p  (PBrum(9): fa) g with B, the adjoint operator of Pyam. Since

an orthogonal projection is self adjoint we find that fka;lm = D ycBy, (Tharm(9), fa) g
Using the formula for the harmonic projection developed in 2.2.(8) we derive the next

Proposition 2.4. Let B be any orthonormal basis of As,,. We have:

W = N (Buam(9). fa) 9= D (9 Prarm(f2)) g =

gEBQm QEBQm

= Z <gazpk,2mr2kAka>g: Z <g7zpk2mr atka>

gEBom k=0 g€Bam,

with the rational numbers Py om = l 0 ( +4m —4—20)71 from 2.2.(8).

Qkk'

Proof. We have shown all equalities but the last one. This is a consequence of the identity

Affy = (=1)F atka (see 2.1 in [1]). 0
2.5. The invariant harmonic system p,,, m,a. We define for any set of integers
mi, ..., mg with m; > 0 the function py,, . m,.a by
harm harm h rm
Pmy,..omp,A = . anml ’ A:rimg ’ anmk
Sn

If ¢ : E® — E" is any isometry, then ¢ commutes with the multiplication with r? as well
as with A. Whence it commutes with the harmonic projection, which can be described in
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terms of 72 and A. In consequence Prms,emisp(A) = Pmay,.omi,A- Using the defining equation
of fam,; we can write

k
Pmq,...omp, A = Z (H <hl, fA>> /Sn1 hl ot hkdﬂ,

hi€BE™ By \1=1

where Bg‘szn is an orthonormal basis of harmonic polynomials of degree 2m,. Since the
f gn-1 h1 ...~ hpdpi are merely real numbers we obtain from this equation and the equality
P so(A) = Dmy,.omy,n fOr all isometries ¢ € O(n), that pm, . m,a is an invariant

harmonic system for lattices A € E™ (see [1, 2.8]). The Proposition 2.9 from [1] implies:

Theorem 2.6. For any integral lattice A C E" the modular form

k
@ml,...,mk,A - Z (H @hl,A) /S B h1 L hkdﬂ

hi€Byi . hp B \I=1

s a modular form of weight %k—i-Q Zle m;. The modular form is of level N, the level of the
lattice A. Furthermore, ©p,, . m,.a @S independent from the chosen embedding A — E". If
k is an odd number, then O,  m, A has character (2) For k an even integer ©p,, . m, A
1s a modular form for the trivial character. O

The functions {i form an orthonormal basis of As,,. Whereas an orthonor-
VI 1o | 1j=2m

mal basis of the subspace Harms,, C A,,, is more difficult. However by Proposition 2.4
we can compute pp,, . m, A in a different manner:

-----

k
Pma,...omp, A = Z (H <Pharm(gl)7 fA)) /Sn_1 gr-... gkdﬂa

91€B2my ...gk€Bam,, \I=1
with the By,,, orthonormal basis of Ay,,,. Applying [1, Proposition 2.9] to this presentation
of Dy ....m,.A We obtain the next

Proposition 2.7. The modular form O, m, s can be computed using orthonormal basis
Bopm, of Aom,, and the orthogonal harmonic projections Pharm @ Aam; — Aam, as follows

k
@m17"'7mk7A = Z (H @Pharm(gl)zA> /S L gr-...- gkdlj’ .
=1 "

91€B2m .9k €Bam), \l=

3. THE MODULAR FORMS ©O,, ,, o FOR INTEGERS m > (

3.1. Definition of O,,,,r. On the real polynomials on E" we have two O(n)-invariant
scalar products. The one defined in 2.2, and the integral scalar product (f,g), :=
fSn_l fgdpn. The first has the advantage that A,, LA, for m # k. However, when we
restrict to the irreducible subspace Harms,, the two scalar products agree up to a con-
stant cop, i.e. (f,g), = cam (f,g) for all f, g € Harmy,,. The formula from Theorem 2.6

yields
Omma = Z Z ®h1,A®h2,A/ hihodfi

-1
h GB}mrm h eBharm Sm
1 2m 2 2m

= Z Z Oy AOhy A (P1, ha2)y

hieBharm p, 685‘2{“1

2m

§ 2

heBharm
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2m—1
A straightforward computation using [1, Corollary A.2] yields ¢o,, = []

m +2 - However,

: . 2
to ease notation we define Oy, 1= >, cpparm OF 5-

Lemma 3.2. Let v and w to vectors in E", Bharm be a orthonormal basis of Harms,,, and

c = cos(L(v,w)) = m be the cosine of the angle between v and w. We have
Y h)h(w) = pu(e) o] flw]*
heBharm

where p,, is the even polynomial of degree 2m from Lemma 5.4.

Proof. We proceed by induction on m. For m = 0 the statement is obvious. Let By,
be a orthonormal basis of Ay,. We want to compute D,,(v,w) = ;5 h(v)h(w).

Since O(n) acts orthogonal on As,, this number is independent of the chosen basis. In
I 2m

particular, we can take B, = {\%}u:m' With this choice we find D,, (v, w) = %2!) :

Another choice for an orthonormal basis is by 2.2.(6)

2m pharm

1
r2Bym - U rm ppam

1
\/al,m \/am,m

where the numbers a;,m are those defined in 2.2.(6). This basis corresponds to the
irreducible decomposition A, = @leo r? Harms,,_o;. Working with this orthonormal

basis we deduce
Z > hlv

harm
h€B2m 2k

/ o harm
2m — BQm U

The defining equation for the polynomials p,,, Lemma 5.4, and the induction hypothesis
yield the stated formula for p,,. U

Theorem 3.3. For an integer lattice A C E"™ the modular form
@m,m,A = Z @]21,/\
heBharm

is of weight 4m + n, has level N(A), and is independent of the chosen embedding. Its
q-expansion is given by

Onma(T) = > Pr(cos(£ (v, w)))[lol*™ [w]*™ | ¢".

k>0 \ (v,w)eA?,||v||2+|lw|>=k

m m—1 —4—
(@m)'2” Hl:22l(n+4m S Om.ma € Z[[q]] where | denotes the minimum

For m > 0 we have,
of [v||* for all nonzero v € A.

Proof. We take the function ©,,,, A = Zhesgarm O} A- As a sum of squares of modular
forms of weight 2m + % it is a modular form of weight4m + n. Let us calculate the
g-expansion:

Omma (T Z Z h(v |””2+”w”2 with ¢ = exp(2miT) .
heBharm (v,w)EAXA

This yields by Lemma 3.2 the stated g-expansion. From the g-expansion we directly
deduce that ©,,, A is independent from the chosen embedding A — E". Likewise we see
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that the coefficients of ¢* in ©,, ,, o vanish for all k < 2I. Now we consider for two vectors
v, w € A the number

m—1

6m (v, w) = (2m)!12%™ H (n +4m — 4 — 2D)p,, (cos(£L (v, w))) ||v]|*™ ||lw]]*™ .

This number is by Lemma 5.4 and the definition of the cosine given by

m 2m)! . . m—1
Om(v,w) = kz(_wmz? * (0, w)* " ol lw]* T (n+ 4m — 4 —21).

0 =k

Since A is integral (v, w) € %Z. Thus, 0,,(v,w) is a sum of integers. This completes the
proof. O

3.4. Example: The modular forms O, ,, g,. Let v € Eg be any lattice vector of length
one. Basic combinatorics yield, that the possible values of (v, w)” for the 240 lattice vectors
w € Eg of length one are: one (2 times), 1 (112 times), and 0 (126 times). This allows by
Theorem 3.3 the computation of the coefficient @y, 2 of ¢* in the g-expansion of ©,, m &,
for all integers m > 1. We list the first:

m Qm,m,2
m € {1,2,3,5} 0
4 3/896
6 7/316293120
7 1/30057431040
8 1/22235892940800
9 1/21727643959296000

Now O,,.m. is a cusp form of weight 4m + 8 for SLy(Z) which starts with Oy, ., g, =
Um.m2q*+. ... Since we know the dimensions of the spaces of cusp forms we can determine
Opm.Es from @, 0 for m < 6, and obtain:

Ommpes(T) = 0 forme {1,2,3 5}

3

Ouap(T) = %Az(ﬂ
7 2
O¢,6,55(T) = 658944G8(T)A (7),

where A(7) = ¢[],5,(1 — ¢")* is the discriminant function, and Gs(17) = %5 +
> o 07(n)g" is the Eisenstein series of weight eight (see Chapter 0 in [7]). The van-
ishing of ©,, .5 (7) for m € {1,2,3,5} can be deduced alternatively: These modular
forms are sums of squares of cusp forms of weight 2m + 4 which do not exists for those
values of m. The same argument can be applied for m € {7,8,9}. Here ©,, , g, is a sum
of squares of cusp forms of weight 2m-+4. Those cusp forms form a one-dimensional vector
space with generator, say Go,,_sA, where G5,,_g is the Eisenstein series of weight 2m — 8.
We deduce that ©,, .z is a scalar multiple of G2, _¢A?. We can use the coefficient a,, ,, »
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to deduce this scalar. After all, this yields:

9 .
O7,7,5(T) mG6(7)2A(7—)2 with G6(7) = 555 + 2y 05(0)q",
1 2 2
Os5.5: (T) 96509952 08 (T) " A(T)"
11 2 2 :

4. THE MODULAR FORM O 1A

4.1. The invariant harmonic datum p; ; ; A. We consider the harmonic Taylor coeffi-
cient fharm of the function f,. By Proposition 2.4 it is given by

R?fm=Z<x __ij,fA>—+ > (i, fa) iz

i=1 1<i<j<n

When introducing the shorthand h; = <nx12 - i J,fA> and b;; = (z;xj, fa) we
obtain
harm th + 2n Z bijrx; .
1<i<j<n

We consider the invariant harmonic datum:

P111,A Z/ ( /}\lirm)?)dﬁ-
Sn—l

We need the following spherical integrals [g, , 2Sdn =

3 2,.2,.2 175 1
n(nt2)(ntd)’ and [g. 4 Ty dn = n(n+2)(ntd)

at least one of the exponents n; is an odd integer (see [1, Corollary A.2]). After these
preparation we compute:

n( n+2 (n+4)? fS” 1 .I' =
Furthermore fS"71 criidp = O When

nn+2)(n+4)2n)3piiaa = nn+2)(n+4) fSn—l 2n( harm)?’d_

= nin+2)n+4) Sy (20 lhx —|—2nzl<z<]<nwaxj) di

_ ZZthlhzgh23+6ZZh 22+8Zh3+12nz > hbh+

i1=11i2=113=1 i1=110=1 i=1 1<j<k<n
2 2 3
1<j<k<n 1<i<j<k<n

Having in mind that > ", h; = 0 we obtain

Lemma 4.2. With the notation from 4.1 we have

ntn+2)(n+4)piia = n'(n+2)(n+4) / ( harm) dfi
Sn—l

= D B30’ > (i +hy)bl 460> > bbby
=1

1<i<j<n 1<i<j<k<n
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4.3. Definition of ©;; . Again we rescale our definition and find by Theorem 2.6 for
any integral lattice A the modular form

@1,1,1,/\:2921.,A+3n2 Z (Ghi,A+@hj,A)®iizj7A+6n3 Z Oz AO 22,0 Oz, A

i=1 1<i<j<n 1<i<j<k<n
where h; denotes the harmonic polynomial h; = naj — 7™ 27, To determine the ¢-
expansion of ©1 114 we need
Lemma 4.4. Let u,v,w € E" be three vectors in euclidean space. We fix with By =
{%} a basis of the homogeneous polynomials of degree 2 on E™. Denote by
D) rener)=2

P = Piarm,2 be the harmonic projection of degree two. Then we have an equality

E(u,v,w) ==n(n+2)(n + 4) Z P(g1(u))P(g2(v))P(gs(w)) / 9192931l =

n—1
91,92,93€B2 o

2 2 2
= 2[lul* ol flwl* = n(llull® (v, w)” + [J]|* {u, w)” + [lwl]* (u, v)7) +n* (v, w) {u,w) (u,v) .
Furthermore, when ||ul?, |[v]|?, and ||[w||? are integers, and the scalar products (v,w),
(u,wy, and (u,v) are in %Z, then 8=(u,v,w) is an integer.

Proof. This is a straightforward calculation along the lines of computing p; ;14 in 4.1. [0

Theorem 4.5. For any integral lattice A of level N and discriminant D, the modular form
O11.1.4 defined in 4.3 has level N, character (2), and weight ”212. ©1,1,1.4 15 independent

Pkt ]

from the embedding A — E™. Its g-expansion is given by

O1114(7) = nz Z E(u,v,w) | ¢

k20 \ (u,0,w)€A3 [|u|2+[|v]|2+[|w]|2=k
Furthermore, %@LLLA(T) € Z[[q]].
Proof. If we define ©; ;14 by

@1,171’/\ = n4(n + 2)(n + 4) Z @hl,A®h2,A®h3,A/

h1,h2,hgeBharm S

hihohsdp,

then we obtain by Theorem 2.6 an invariant modular form of the given weight, character,
and level. Lemma 4.2 show that this definition coincides with the definition in 4.3. By

!

Proposition 2.7 we can use the basis By = {W} . of the homogeneous polynomials
V) rene 11=2
of degree 2 and the harmonic projection P to compute O 14 as
O114 =n'(n+2)(n+4) Z @P(gl),A@P(gg),A@P(gg),A/ 919293dji .
h1,h2,h3 B> sn=t

Now we deduce the g-expansion and 3011, s € Z[[g]] from Lemma 4.4. O

5. SOME COMBINATORICS
Lemma 5.1. We define for all integers d > 1, and w the quantity

o )

k=0

For all integers d > 1, we have qq_1 = 1, and qq., = 0 for w # —1.
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Proof. We consider the formal Laurent series f4, ga—1., € Q((¢)), given by
d d
d t—1 b+k
— —1\k — - k
fa = Z(—t ) (k;) = ( ; > ;and  gep 1= Z < " )t
k=0 keZ

We have gop = t7°(1 —t)~! by definition. From the formula (b:k) = (b_Hk) + (b_Hk) we

a a—1

deduce that g = t(gap + ga—1,). Hence gqp = IL_tga_l,b which gives by induction:
ga7b — ta—b(l _ t)—l—a .

The number gq,, is the coefficient of t% in fd9a—1,0- Eventually, we conclude from the
above calculation that fygq 1., = t'™. O

Lemma 5.2. For all integers w, and r > 0 we have an equality

- _ w w+p—2r—1) {w forr=20
1 —1)"P(w+2p—2r =
RIS () woRrrs

Proof. First we denote the left hand side of equation (1) by &, ,,. We consider the formal
power series f € Z|[[t]] given by:

F=w () =w X ()22 () enewr
p=>0 p>0 p>0
Using the binomial equation (1—#)" =3 (Z) (—t)P, and its derivative with respect to
¢t we obtain »_ -, (;‘:)(—p)(—t)p = (=)o (1 —t)" = wt(l — t)*~*. Therefore we have
f=wl ="+ 2wt(l —t)" ' =wl+t)(1—t)*"".
Next we consider the formal power series h € Z[[t]] which we define to be
—2r—1)+ —w
h = Z ( ) p) tr = Ju—2r—1,w—2r—1 = (1 - t)2 )
p>0

where gy_2,—1.w—2,—1 is the function defined in the proof of Lemma 5.1. Now we are
able to compute &, ,. Indeed, the number &, ,, is the coefficient of ¢" in f - h. Since
f-h=wl+1t)(1—1t)?"" we deduce from the binomial formula that for r > 1 we have

o () o (1)) o

Since for r = 0 the assertion also holds, we are done. O

Lemma 5.3. The rational numbers ry ,, = R 1+2 pRET fulfill the equation
'TIZy (n+2m—4—

d d—1 1
= nd>1.
Z<H 2l—2d)(n—2+2m—2d—21)>rk’ 0 foralld=

0

Proof. We obtain from Lemma 5.1 that g4 ,44—2 = 0 for all integers w > 2 — d. We may

write
k+d—2
1) k

qdw+d—2 = dz m H (w + l)

Considered as a polynomial in w of degree at most d — 1, g4+4—2 can have at most d — 1
zeros. Hence it is identically zero for all w € Q. Setting w = 2—m — 5 we obtain therefore
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that

d

= (=2)7"! kt+d—2
0 = (—2)4 1225 % (n+2m—4-21) Z = k)'k' [T “(w+1)
d
= 1 )’“ k4-d— 2(n+2m—4—2[)

(- 2)dnffj 2(n+2m—4—21) k_o E)k! L=k

Eod
o

(=1)k 1 1

- )d Z (=R TT7E 2 ) (n2m—4—21) [} (n+2m—4—21)

1 1
- )d Z (d— k:)'k' 4t (n—2+2m—2d—20) [1}- (n+2m—4-21)

o 1
= Zk 0 (Hl k (21—2d)(n— 2+2m 2d— 21)) <2kk'l'[l —F(n+2m—a— 21))

This is the stated assertion. O

Lemma 5.4. The polynomials p,, € Q[c?] which are implicitly defined by

m 2m

Pm—k _
agm  (2m)!

k
with the integers — ag, = 2~k! H(n +4m — 2k — 21)
k=0 .

from 2.2 (6) are explicitly given by

( 1)k 2m—2k

2
@ brm 2; (2m — 26)K2F [ (n + dm — 4 —21)

Proof. We take the formula (2) as the definition of p,, and compute the sum s,, =

Doy ’:*’“. By definition s, is a polynomial in Q[c?] of degree at most 2m. We write

S =Y o e 22 VWe find that

r=0 17 (2m—2r)1 ¢

- (=1F

£y =
=0 p!(r = p)! (IT p(w+p—r—l))( Z;é(w+2p—2r—2—q)>

?

with w := §42m — 1. Up to the factor (w+2p—2r) the two products in the denominator
give [[_o(w+p—r—1). So we get

T

B (—1)P(w + 2p — 2r)
=2 e a0t 7 - D)

Multiplying both side with the factor Hj;o(w —q) # 0 we get

(ﬁw - q>) oy EV e = I (o o) Hp(w+p =2 = 1= 0)

p=0

q=0 p=0 p'(r _p)'

As usual, we define for a non-negative integer k for all complex numbers 2z the binomial

' 2y _ lazoz=a) {14 : : :
coefficient (k) = o7— Using this notation we obtain
2r r
w w+p—2r—1
(H@u - q>> =S () (T T -,
q=0 p=0

Both side of this equation are polynomials of degree at most 2r. By Lemma 5.2 the right
hand side is zero for » > 1 and all integers w. So it is zero for all w. We conclude that
t, =0 for all » > 1. We finish the proof by checking ¢y = 1 which is obvious. ([l
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