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CANONICAL DIVISORS AND THE ADDITIVITY OF THE
KODAIRA DIMENSION FOR MORPHISMS OR RELATIVE
DIMENSION ONE

Eckart Viehweg

All schemes, varieties and morphisms are defined over the field of
complex numbers C.

The following conjecture due to Iitaka is a central problem of the
classification theory of algebraic varieties ([21; p. 95], [22]):

CoNJECTURE C,,,: Let w:V > W be a surjective morphism of
proper, regular varieties, n = dim (V) and m = dim (W). Assuming a
general fibre V,, = m~'(w) is connected, we have the following inequal-
ity for the Kodaira dimension:

K(V)=K(W)+ K(V,).

C,, is a corollary of Enriques’ and Kodaira’s classification theory of
algebraic surfaces [21; p. 133]. Recently another proof has been given
by K. Ueno [23]. I. Nakamura and K. Ueno solved C,,, for analytic
fibre bundles 7:V —> W. In this case, V need not be algebraic and
equality holds [21]. In [22], Ueno gave a proof of C;, when 7: V> W
is a family of elliptic curves with locally meromorphic sections. Some
other special cases of C,, are treated in [21; p. 134] and [23].

In this paper we give an affirmative answer to C,,_, (7 need not be
equidimensional).

The case C,; of “families of curves over a curve” is treated
separately (3.7). The proof in this case is rather elementary. In
addition we are able to give an explicite description of the canonical
divisor of V in terms of the Weierstrass points of the regular fibres
and the local behavior of 7 near the degenerate fibres (3.6). The
resulting formulas for the square of the canonical divisor ((3.6) and
(4.13)) generalize the formula given by Ueno (see [16; p. 188] and
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198 E. Viehweg [2]

(4.9)) for families of curves of genus 2. However, as we will see in §4,
the “local contributions’ are not completely determined by the local
invariants of the degenerate fibres ([16], [19]).

In §1 we summarize some known results about the Kodaira dimen-
sion and give the reduction of C,,_, to some statement C,,_; (1.6)
about the “‘relative dualizing sheaf”. §2 deals with stable curves. We
give a description of the relative dualizing sheaf of stable curves
using Wronskian determinants (2.10). In §3 and §4 we handle the
special case “‘families of curves over a curve”. The proof of C;,,_, is
given in the second half of this paper. §5 contains the proof of some
kind of ‘stable reduction theorem” for higher dimensional base
schemes (5.1) and in §6 we use (5.1) and duality theory [6] to reduce
the proof of C,,_, to stable curves. This special case is handled in §7
and §8.

The proven result is slightly stronger than C,,_, (see Remark 1.8).

The author wishes to express his gratitude to the Department of
Mathematics of the Massachusetts Institute of Technology for the
hospitality extended to him.

§1. Kodaira dimension and #-dimension

In this section, X is assumed to be a proper, normal variety and &£
to be an invertible sheaf on X.

1.1. DEFINITION:

(i) We set N(&, X) = {m > 0; dim¢ H'(X, £®™) = 1}.

(ii) For m €N(¥, X), we denote by ®,,,: X »P" the rational map
given by @, o(x) = (@yx),..., ox(x)) where ¢, ...,y is a
basis of H(X, £®™).

(iii) The #-dimension of X is

K(Z X)= {“°° IEN(Z, X) =0
’ max {dim (®,,£(X)); m EN(Z, X)} if N(&, X) # 0.
1.2. DEFINITION: Let X be regular and denote the canonical sheaf
of X by wx. Then K(X) = K(wy, X) is the Kodaira dimension of X.

The reader is referred to Ueno [21] for a general discussion of
Z-dimension and Kodaira dimension. The proofs of the following
statements can be found in chapters II and III of [21].
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1.3. PROPERTIES OF THE $-DIMENSION:
(i) There exist positive real numbers a, 8 and m,, such that for all
m EN(Z, X), m = m,, we have:

a- mK(Sf,X)Sdimc HO(X, ££®M)SB . mK(S’.X)

(ii)) Let f:X’'—> X be a surjective morphism of normal, proper
varieties. Then K(f*%, X') = K(%, X).

(ili) Let £ - £®° a >0, be a non trivial map of invertible sheaves
on X. Then K(¥', X)= K(%, X).

1.4. PROPERTIES OF THE KODAIRA DIMENSION: X is assumed to be
regular.

(i) K(X) depends only on the field of rational functions C(X) (i.e.,
K(X) is an invariant of the birational equivalence class of X).

(ii) For every m € N(wy, X) we denote the closure of the image of
X under &, by X,. The induced rational map from X to X,
we also denote by &,,,,,. Assume K(X)=0. Then there exists a
surjective morphism of regular projective varieties f: X'> Y’
and myEN, such that for every m € N(wy, X), m = m,, the
following conditions are fulfilled:
(a) f is birationally equivalent to @&
1.5).
(b) C(Y") is algebraically closed in C(X) and K(Y') =dim (Y").
(c) There exist closed subvarieties Z, C Y', Z,# Y' for i EN,
such that for every y € Y'— Uy Z; the fibre X;=f"(y) is
irreducible, regular and of Kodaira dimension zero.

(iii)) Let g: X —>Y be a surjective morphism of proper, regular
varieties and X, a general fibre of g. Then we have:

K(X)=K(X,)+dim (Y).

: X - X, (see remark

mwx

1.5. REMARK: Two rational maps (or morphisms) m;: Vi»> W, i =
1,2, are called birationally equivalent, if there exist birational maps
¢:Vi»>V,and n: W,»> W, such that n - 7w, =m, - .

1.4(i) enables us to replace the morphism 7: V> W in C,,, by any
birational equivalent morphism. Of course, to prove C,, we may
always assume that neither W nor V,, is of Kodaira dimension — .
Let C be a curve of genus g. Then

- ifg=0
KKD={ 0 ifg=1
1 ifg=2.
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Hence we may assume, in order to prove C,,_;, that the general fibre
of m is a curve of genus g = 1. The only possible values of K(V,,) are
0 and 1.

1.6. STATEMENT C, . Let m,: V,—> W, be a surjective morphism of
regular, proper varieties with connected general fibre, n = dim (V,) and
m = dim (W,). Then there exists a birationally equivalent morphism
7 :V > W of regular, proper varieties, such that for a general fibre V,,
of m we have the inequality

K(wy ® m*wy, V)= K(V,).

In §8 we are going to prove C,,_,. The special case Cj3, is proven in
§3. The connection with conjecture C,,_; is given by:

1.7. THEOREM: Assume that statement C,,_, is true for all r=n.
Then C,,_, is true.

ProOOF: Let 7r: V- W be a morphism, satisfying the assumptions of
C,n-1-Remark 1.5 enables us to assume that K(wy® 7*wy,V) = K(V,).
We are allowed, of course, to exclude the trivial cases K(V,)=—®
or K(W)=—o. Choose m EN such that m € N(wy, V) N N(ww, W)
fulfills the condition 1.4(ii), and such that (wy ® 7*wy)®" has a non
trivial global section. We have an injection

aF  HA(W, 9™ — HY(V, «2™) for every | EN.
Using 1.3(1) we get K(V)= K(W).

Assume now, that K(V,))=1 and K(V)= K(W). The injection =}
gives a commutative diagram:

where p is a projection. The dimension of the images V,, and W,, are

equal and C(W,,) is algebraically closed in C(W) (1.4(ii)) and there-

fore in C(V). Hence p induces a birational map from V,, to W,,.
We can find ¥« € W,, such that (p - @m,wv)_l(u) and @;}ww(u) are
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birationally equivalent to regular varieties V” and W” of Kodaira
dimension zero (1.4(ii)(c)). Blowing up points of indeterminacy [8], we
may assume that 7 induces a surjective morphism #": V"'—> W". If we
choose u in general position, the dimension and the Kodaira dimen-
sion of a general fibre of 7" are both one. For k € N(ww-, W") # @ the
sheaf w%‘?,'f has a non-trivial section and hence (1.3(iii)) 0 = K(V")=
K(m"* oy ® wy», V"). This is a contradiction to C;,_1, where r=
dim (V").

1.8. REMARK: Let K{W)=0. The argument used at the end of the
proof gives the inequality K(V)=max (K(W)+ K(V,),
K(wy ® m*wyw, V)). In §8 we are going to prove a slightly stronger
statement than C,,_,. Let g be the genus of V,, and M,, the coarse
moduli scheme of regular curves of genus g. The smooth part of
@ : V= W induces a rational map ¢ : W > M,,. We prove that

K(wy ® m*oy)=max (K(V,), dim (¢(W))).
Hence we get in addition: K(V)=dim (¢(W)) if K(W)=0.

§2. Stable curves and Weierstrass sections

The main references for stable curves are [4], [12] and [5], [11]
(genus one).

2.1. DEFINITION: Let S be a scheme and g = 1.

(i) A pseudo-stable curve of genus g over S is a proper, flat
morphism p:C — S whose geometric fibres are reduced, con-
nected 1-dimensional schemes C, of genus g (e, g=
dim¢ H'(Oc,)) with at most ordinary double points as sin-
gularities.

(ii) A pseudo-stable curve is called stable, if any non singular
rational component E of a geometric fibre C, meets the other
components of C, in more than 2 points.

Example: The only singular stable curve over C of genus 1 is a
rational curve with one ordinary double point.

An important advantage in considering stable curves is the exis-
tence of moduli schemes. For the definition of fine and coarse moduli
schemes see [13; p. 99].

Popp gave a definition of level w-structure for stable curves of
genus g =2 in [18; p. 235]. We need only two basic properties:
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2.2:

(i) Let K be a field of characteristic zero and C a geometrically
irreducible, regular curve over K of genus g =2. Then there
exists a finite algebraic extension K' of K, such that C xx K’
allows a level w-structure.

(i) Let C be a stable curve over C. Then there exists only a finite
number of level u-structures of C over C.

2.3. THEOREM (Popp [18)):
(i) The coarse moduli space M, of stable curves of genus g =2
exists in the category of algebraic spaces of finite type over C.
(i) The fine moduli space M;") of stable curves of genus g =2 with
level u-structure (u=3) and a universal stable curve
P ZH > M™ with level p-structure exist in the category of
algebraic spaces of finite type over C.
(iii) M, and M*’ are proper over Spec (C).

Knudson and Mumford obtained a stronger result (see [14]) which
is, however, still unpublished:

2.4. THEOREM: The coarse moduli space M, is a projective scheme
over C.

For simplicity we are going to use this result. It would be possible,
however, to avoid it by working in the category of algebraic spaces in
§2, 85 and §7.

2.5. CorOLLARY: Z* and M are projective schemes.

PrOOF: M is quasi-finite over M, (2.2(ii)) and p’ is a projective

morphism [4].

In the case g =1 Deligne and Rapaport gave a definition of level
p-structure in [5]. It includes the condition that the stable curve is a
generalized elliptic curve [5; p. 178]. For our purpose it is enough to
know that the properties 2.2 also hold in this case and that we have
the theorem [5]:

2.6. THEOREM: The coarse moduli scheme M, of stable curves of
genus 1 and the fine moduli scheme M* of stable elliptic curves with
level w-structure (u =3) exist as projective curves. M* is a finite
Galois cover of M,. The open part of M* corresponding to the
regular curves is affine.
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2.7. LEMMA: Let S be a normal, proper variety. For i =1, 2 let
pi: C; > S be stable curves of genus g =2. For some open set U C S let
piv:Ciu > U be the restriction of p. Then any U-isomorphism
fu:Ciy = Cyy can be extended to an S-isomorphism f:C,— C,.

Proor: The functor Isomg (C,, C,) is represented by a scheme
I4(C,, Cy) which is finite over S [4; p. 84]. f; induces a morphism
U-Is(Cy,, Cy)) over S, which can be extended to S (see [24;
11.6.1.13]).

A pseudo-stable curve p:C — S has an invertible dualizing sheaf
wgs [6].

2.8. LEMMA [4]:
(i) wgs is compatible with base change.
(i) pywgs and R'p,Oc are locally free of rank g and dual to each
other.
(iii) Assume that S is regular and C,C C the open subscheme on
which p is smooth. Let Qs be the sheaf of relative differentials.
Then wcslc,= -Qlcls|q,-

In the second half of this section we are going to describe a divisor
D with &5 = O.(D).
Henceforth let S be a normal scheme and p: C—> S a pseudo-stable
curve with smooth general fibre. Let £ be an invertible sheaf on C,
such that p, % is locally free of rank r > 0. Let S, be the regular locus
of S and C,C C the open part, lying over S,, on which p is smooth.
The restriction of p to C, is denoted by p,.

Since p, is smooth, every point x € C, has a neighbourhood U such
that the restriction of p, to U factors U —£— Spec (A[t'])—~>
Spec (A)— S, where g is etale. Let ¢t be a parameter on U, lying over

t', then .()éo,s0 is generated at x by dt. Let n,, .. ., 0, be sections of p, ¥
in a neighbourhood of p(x) and m a generator of £ in a neigh-
bourhood of x. Locally we can write n; =f; - n for i =1,.. ., r. Define
fio-- e f,
a4,
dt dt
["71, RS ] nr] = det """" * dtr(r—l)/Z * T)r.

.......

d(r—l)f1 d(r—l)f
r
dtc gD

[n,, ..., ] is independent of the chosen ¢t and n and defines a section
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of £"® (2¢ys)®" " over some neighbourhood of p~'(p(x)). Now
assume, that n,...,n, and 70, ..., n, are two bases of p,< near p(x)
such that

r
7,;:24!.}-1,,. fori=1,...,r
i=1

Then

[nio s 1’;-] = det laii, ) [7’19 L) "h]

Hence [91,...,m,]1- (M A ... A7) " is independent of the chosen basis.
Since C — C, is at least of codimension 2 in C we are able to define:

2.9. DEFINITION: Denote £ ®) wcc’b,'s(’_m@(p* A p+L) " by W(L).
The global section s(£)=1[ny,....m]1 - (M A...An,)" of W(F) over
C is called the Weierstrass section of <£.

p4w¢s is locally free of rank g and hence we have a Weierstrass
section s(wgs). If, for example, S = Spec (C), then the divisor of this
section is just the usual divisor of Weierstrass points.

wgs and s(wgs) are compatible with base change, as long as the
assumptions of this section are fulfilled.

For simplicity we use the following notation: Let D be a divisor
and £ an invertible sheaf such that £ = O.(D). Then we write &£ ~ D.

The general fibres of p:C — S are regular. We define Wps to be
the closure of the divisor of the Weierstrass points of the general
fibres of p.

2.10. THEOREM (Arakelov [2; p. 1299]): Let p:C — S be a pseudo-
stable curve of genus g =1 and S a normal scheme. Let U ={s € S; s
regular point and p_l(s) regular curve}. Let d be a divisor on S such
that A¢p,wgs~d. Then there exists a positive divisor Egg with
support in p~"(S — U) such that

(g+1)/2
wEEE VR ~ p*d + Wpgs + Egs.

Proor: For a (local) base w;,...,w, of p,wgs the section
[@i,...,w,] does not vanish identically on a smooth fibre of p.
Therefore, the divisor of this section is of the form Wpgs+ Egs.

2.11. REMARKS:

(i) In the case g =1, there are no Weierstrass points and it is
possible to show that Eys is the zero-divisor if the curve is stable
[5; p. 175]. Hence in this case 2.10 reduces to p*p,wgs = wgs-



91 Kodaira dimension 205

(ii)) If dim (S) =1, the support of Wpgs is finite over S. This is
unfortunately no longer true for dim (S)=2 and g = 3.

§3. The canonical divisor of families of curves over a curve

In §3 and §4 we make the following assumptions:

3.1: Let W be a regular, proper curve of genus p, let V be a regular,
proper surface and mw:V —> W a surjective morphism whose general
fibre is a regular curve of genus g =1.

It follows, that = is flat. A fibre V,, = = '(w) is “degenerate”, if it is
not reduced or if it has singularities.

A={w€ W, V, degenerate fibre} is a finite set of points. Let
wyw = oy ® T*oy be the dualizing sheaf of 7 ([6] or §6). We want to
describe wy. If g: V¥ - V is the proper birational morphism obtained
by blowing up a closed point of V and F the exceptional divisor, it is
well known, that wy«= g*¥wy ® Ov+(F). Therefore we may assume
that for all wE€ A (7 '(W)).s has only ordinary double points as
singularities.

3.2. LocaL DEScRIPTION ([11] for g =1 and [19] for g =2): For
wEA let p:I'=V Xy, Spec (0, )= S = Spec (O, w) be the induced
local family of curves (“* denotes the completion with respect to the
maximal ideal).

There exists a cyclic covering S’ of S with Galois-group {o) such
that the normalization I'" of I' XgS' is birationally equivalent to a
stable curve p”":I"— S’. The group (o) operates on I, compatible
with the operation on S’. Let’s call the tuple (p":I""— S’, o) a stable
reduction of 7:V —> W at w. Denote the closed point of S also by w
and the closed point of S’ by w'.

Assume that every multiplicity occurring in I, = V,, divides n =
ord (o). The special fibre I',,, of I is reduced and has singularities of
the (analytic) type u -v—1t, rEN (see [12]). Hence the minimal
desingularisation I'; of I also has a reduced special fibre and is
pseudo-stable over S’. The natural maps are denoted by:

I, h rr_f I ! v
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Let E; = Er,s be the divisor defined in 2.10. Let /; be the number
of double points of the special fibre (I'y),,. Define 8,, =X (ec.— n)C'
where the sum is taken over the set of irreducible components C’ of
I'), and e is the ramification index of C' over I.

3.3. DEFINITION: Using the notation of 3.2, we define on I' (resp.
on V):
E,=n""f h E; (E,=n""i,fhE,)
I,=n""l
8, =n""f, 81 (8, =n""i fy8)).

E,, may have rational coefficients and [/, may be a rational number.
The definition is independent of the chosen S

3.4. LEMMA:

(i) 6,=2(1—mult(C)) - C where the sum is taken over all ir-
reducible components C of I', =V, and mult(C) is the mul-
tiplicity of C in V,,

(i) E,, l,, and 8, are independent of the chosen stable resolution.

Proor: The description of 8, in (i) follows from [19, Lemma 7.2].
To prove (ii) we may assume that I' is already pseudo-stable over S.
In this case, however, I is the fibre product I' X3S’ and has sin-
gularities of the type u - v —t" lying over every double point of I,.
The second statement follows from the compatibility of Weierstrass
sections with base change and [3; Theorem 2.7].

3.5. REMARK: A stable resolution (p”":I"" > S’, ) of 7 in w is called
minimal if ord (o) = ord (o,) where o, is the restriction of o to I',.
Such a minimal stable resolution always exists [19]. It is unique up to
isomorphism and determines p:I"— S. Lemma 3.4 just says that E,,
8, and I, depend only on the minimal stable resolution.

3.6. THEOREM: We use the notations and assumptions made in 3.1
and 3.3. Let Wp be the closure of the Weierstrass points of the general
fibre of w. Then there exists a divisor d on W such that: (We denote the
intersection numbers by (-) or ( )%

() o$is™ ~m*d + Wp + 2, (E, —1g(g + 1)8,)(up to torsion)

wEA

(i) (wy)’=8(p — (g — 1)+ (wyw)’

(iii) (@yw)*=12deg(d)— >, (I, +2k(8,)+(8,))

weEA
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=12deg(d)— Y, [l +k(d,)+2-g" - (g +1D)(Wp - 8,)
weA
+2- g_l(g + 1)—1(Ew : aw)]
where k(D) = (wy - Oy(D)).

(iv) Define y = x(Oy,)+ (g’ —g)(p — 1). Then we have
[12-g°(g+ 1) +24-g(g+1)—8- (g’ — 1)] - deg(d) =

~8-y+ X [(g g +1)’+2-g(g+1)- I, +4Wp - E,) +

weEA
(2-8°+2-g+4) - k(E,)+4Wp -8,)+(2-g*+2-g+4)(E, - 5,)]
(v) deg(d)=0, and deg(d) =0 if and only if there exists a finite
cover W' of W such that V Xy W' is birationally equivalent to

a trivial family of curves over W'. In this case we may assume
d=0.

3.7. CorOLLARY: Cj, is true.

Proor: If deg(d) >0, the divisor d is ample on W and hence Cj,
follows from 3.6(i) and 1.3. If deg (d) = 0 it follows from 3.6(v) and 1.3
that

K(oyw, V)= K(Oy(Wp), V)= K(V,).

3.8. REMARK: Using the Nakai-Moisezon criterion for ampelness,
1.4(iii) and 3.6 we get more exact results:
K(V)=2if g=2anddeg(d)>—-(p — 1)(g + g,
K(V)=1ifg=2anddeg(d)=—(p —1)(g + 1)g and
K(V)=1ifg=1anddeg(d)>-2-(p—1).

Proor oF THEOREM 3.6: Using the same kind of construction as in
3.2, we can find a Galois cover W' of W such that the desin-
gularisation V, of the normalisation V' of W’ X,V is a pseudo-stable
curve of genus g. The natural morphisms are denoted by:

|7 L] L,V L,V
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Let n be the degree of W’ over W and d'~ A mpwvyyw. Define
d=n""fpud'.

Statement 3.6(i) is true for pseudo-stable curves (2.10). We know
[3; Theorem 2.7] that h,wy,w = @yu is an invertible sheaf. By
definition of 8, and wyy, we have:

(3.8 Oy w =f*www ®f*0v(2 3w)

weEA
and 3.6(1) follows directly from the definition of the local terms.
oy = oyw ® 7*oy and from 3.6(i)) we get

(@yw * T*ow) =227 (g + 1) (O (Wp) - m*wy)=4(p — 1)(g — 1)
and hence 3.6(ii).

3.9. LEMMA: Assuming V is pseudo-stable, we have:

(i) x(Oy)=(p —1)(g —1)+deg(d)
(i) Let e(V) be the Euler number of V. Then

e(V)=4(p—-g-D+> I,

weEA

(iii) (wyw)’ = 12deg(d)— D, I,.

wEA

Proor: The Leray spectral sequence HY W, R’7m,0,)=>
H*?(V, Oy)and 74Oy = Oy gives us x(Oy) = (1 — p) — x(W, R'm, Oy).
Hence (i) follows from 2.8(ii) and the Riemann Roch formula for locally
free sheaves on curves. Statement (ii) is proven in [9] and (iii) follows
from Noether’s formula 12x(Oy) = e(V) + (wv)” and 3.6(i).

Back to the proof of the Theorem: In general, 3.6(iii) follows from
3.9(iii)) and 3.8. To get 3.6(iv), one must simply compare the two
equations for (wy,w)’ you get from 3.6(i) and 3.6(iii). The term (Wp )
can be eliminated using the genus formula for curves on surfaces.

3.10. LEMMA: Assume that V is pseudo-stable over W and that the
Welierstrass points of the generic fibre of = are C(W)-rational. Then
we have:

(a) Wp =Z[_, k;D, where D; are prime divisors and the support of D,
is isomorphic under w to W.

d Z_ i k(02

B o S T (D, - D;
io1 8(g + 1)+ 2k =i 8(g+1)+2k ( 2
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4 2(ki — k;)
ot wea 8(g + 1)+ 2k;

(c) deg(d)=0 and deg(d)=0 if and only if w:V > W is smooth
and (Wp),.q without singularities.

(E, - D).

PROOF: (a) is proven in [17; p. 1148].

(b) follows from 3.6(i) and the genus formula for curves on sur-
faces. To prove (c) substitute 3.10(b) in 3.6(iv) and check that the
coefficients are positive for g =1.

PRrROOF OF 3.6(v): From the definition of d and 3.10, it follows, that
deg (d)=0. If deg (d) = 0 we know that 7;: V,—> W' is smooth. From
[17; Prop. 5] for g =2 or 2.6 for g = 1, we find that we may assume,
that V, is trivial over W', and therefore d'=d = 0.

§4. Calculation of the local terms

To calculate the square of the canonical divisor of V using 3.6, we
have to know the local contributions. That means: let 7w : V—> W be as
in 3.1 and let w € A. The special fibre of = at w can be written
V., =2, vC, where v, EN—{0} and C, is a prime divisor of V. We
already know (3.4) that 6, =2_,(1—,)C;. Hence we have to cal-
culate E, =3[_, u;C;, (C; - Wp) and [,. The remaining term k(C;) is
determined by x(Oc,) and the intersection theory of the fibre.

4.1: By assumption (V,).q has only double points. Let ( , ) denote
the smallest common divisor of two natural numbers. Define A(x) =
(v, v)* - vi' - vi,if xE€ C;NC;for i j,and A(x) =0, if x is regular on
(Vu)red- Then it easily follows from [12; p. 7] and [19; §6] that
I, = 2 A(x) where the sum is taken over all closed points of V,.

4.2. REMARK: If we know for all j, except j = i, the multiplicity w;
of C; in E,, we are able to express u; in terms of (C; - Wp) using 3.6(i)
and the genus formula for curves on surfaces. Therefore the remain-
ing problem is to calculate either the multiplicity in E, or the
intersection number for “‘enough” components. We may assume that
p:I'> S is pseudostable and I, = V,,.

4.3. TWISTING wps: Let A(o) =2[_, n,C; be some positive divisor,
e=max{n;;i=1,...,r} and define for j=1,...,e A@()=
i max (n;—J,0) - C;, £(j) = wps ® O(A())) and £,(j) = £() ® Or,.
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Assumption (%):

(a) For j=1,...,e we have dim¢ H'(T,, £,()) = &.

(b) For some component of I, (let us say C,) the canonical map
HT,, £,0)— HT,, £.(0) ®or, Oc,) is an isomorphism.

It follows for j=1,..., € that p,#(j) is locally free of rank g.

Now let 7{",...,n? be a basis of p,Z(j) and E(j) the part of the
divisor of the section [n?,.. .,ng)] of W(Z£(j)) with support in the
special fibre.

Let o@():£(G+1)>Z() be the canonical map and
e.(G):H'T,, £, + 1)-> HYT,, %,(j)) the induced map. d(j) is de-
fined to be the dimension of the image of ¢, (j).

44. LemMA: EG)=E(+1)+g-(A(G)—-AG+1)+dG)—g)..

ProoF: Let E* be the part of the divisor of the section
oMM, ..., e(N(MI*)] of W (L(j)) with support in the fibre. Then
E*=E(j+1)+g-(A()—A( +1)). We may assume, that the first d(j)
sections n¢*" generate the image of ¢,(j). The rest of the sections
vanish on the special fibre with order 1 and the lemma follows.

4.5. REMARKS:

(i) If the assumption (*) is fulfilled for some A(0) and some C,, we
are able to calculate u, using 4.4. It is always possible to find
such a divisor for every component, if the graph of I',, is simply
connected and if the double points of I, are in general position.
In this case E, is uniquely determined by the isomorphism-
class of T,.

This, however, is no longer true in general. A counter-
example is given by a fibre I', with three components and two
double points, if one of the double points is a Weierstrass point
of one component.

(ii) Under the assumptions and notations of 4.3, the isolated zeros
of the Weierstrass section of £,(0) outside the singular points
of V, are (with multiplicity) intersection points of V,, and Wp.

4.6. EXAMPLES:

(a) Assume V,=C,UC,U---UC, where C; is a regular rational
curve for i=2,...,r and C, is a curve of genus g — 1. Assume that
the double points are in general position on C,.

For C, we can take A(0)=0. We get w; =0 and there are g’—g’
intersection points of C, and Wp outside the singular points of V,.
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Hence g’ — g intersection points must lie on CU---UC.If g=2,it
is easy to show (using 4.3 and 4.4) that the remaining 2 intersection
points lie on C},,,, if 2 divides r.

(b) Assume V,=C,U---UC,UC,,;UC,,, where C,,...,C, are
regular rational curves and C,,; is a regular curve of genus g, i = 1,2
and assume that the double points are in general position.

C/ Cr+ 2

Then g =g,+g, Take A(0)=Z2]_,g,-i-Ci+(r+1)-g,-C,,,. From
44 we get w,,,=(r+1)-g, and there are g°-g,—g, intersection
points of C,,; and Wp outside the singular points of V,. By symmetry
and 4.2 we find:

E,=(r+1)g, - C,y+(r+1)g,- Cop+ 2, (r+1-i)g,+ig)C.

i=1

4.7. THE CASE g = 1: (w: V> W as in 3.1) In this case we already
know (2.11(i)) that Wp = E, =0 for stable curves, and hence 3.6
reduces.

Let nw be the maximal multiplicity occuring in = (W) and define
Sw=0—nw) - nw * 7 (W). Then:

wyw ~ m*d — Y, 8 and deg(d)=12""- D (lw +(Ew * w))

wEA wEA

4.8. THE CASE g =2: Using the methods from 4.6, one is able to
find E, for every stable curve of genus 2. It is important, that the
components of a singular stable curve of genus 2 are at most of
geometric genus 1 and hence “all points are in general position”. Let’s
make the following definition:
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Let (p":I""— S’, o) be a minimal stable resolution (3.5) of 7 in w.
Then let n, = (ord (¢))"' - #{x €I'"; x singular and I'%,—{x} con-
nected} and m,, = (ord (o)) ' - #{x € I'l); x singular and I'l,—{x} not
connected}.

Using that definition one gets (E,, - W,) = 6m,, +n,, and k(E,) =2m,,
if V, is pseudo-stable. The fact that Wp has no singularities outside
the degenerate fibres of 7 (every fibre is hyperelliptic) yields:

4.9. THEOREM (Ueno; see [16]): Let #: V> W be as in 3.1, g =2.
Then we have (wy)’=8(p —1)+=,cam, Where 7, depends only on
the local invariants [19] of 7 in w and

Nw = l52 ‘m, +§ tny, lw _2k(6w)_(8w)2-

4.10. ExaAMPLE: One possible fibre is of the form [19; Ex. 8.4]:

N
}k
N
(&N
VAR

2 | L ____________ e '
(-1 2
_‘_L_ |2

where all components are rational. Using 3.4(i) one gets k(8,,) = 0 and
(8,)* = —4. The description in 4.1 yields I, = v +2. The fibre of the
minimal resolution (see [19; 8.4]) is simply connected and we have
n,=0 and m, =v—+. The local contribution in this example is

therefore n,, =1- v +3.

4.11. REMARK: The fact that for g >2 the local contributions E,
are not completely determined by the local invariants, defined in [19],
of the degenerate fibres can be explained in the following way: Let
M?* be a fine moduli scheme of stable curves of genus g with some
suitable additional structure (for example: The Hilbert scheme of
three canonical embedded stable curves [4] or M;"’ (see 2.3)) and
p:Z%— M% the corresponding universal curve. Let M%, be the open
subscheme of M%, corresponding to regular curves. Then M% —M?%,
is the union of irreducible closed subschemes S,,.. ., S, of codimen-
sion 1 (r =g or r =g — 1)) with the following property [4]: S, X msZ%
is a family of irreducible curves with one double point. S; X, Z% has
two components Z” and Z® which are families of curves of genus i
and g —i.
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The arguments of 4.4 and 4.6 give the description of w = wzyus:

g r
w®ég(g+l) ® (p* A p*w)_l -~ WPZ;/M; + E ((g - l) . Zgl) + l . Zl('Z))‘
i=1

Let w:I'>S be a pseudo-stable curve over a local scheme. The
corresponding divisor Epg+ Wpps is then the pullback of the right
hand side, but Wpps is not the pullback of Wpzims. One of the
reasons is that for g > 2 the support of Wp zsuy is not finite over M.

4.12. AppENDUM: The situation is much better if we restrict our-
selves to families of curves with hyperelliptic general fibre. In this
case, the number y occurring in 3.6(iv) is zero and hence deg(d)
depends only on the local behaviour of the family near the degenerate
fibres.

Now let HY be the subscheme of M* for some g>2 cor-
responding to hyperelliptic regular curves, H =H§‘” the closure in
M;“) and p:C — H the corresponding family of curves. If #: V> W
is a family of stable curves with hyperelliptic general fibre and level
p-structure let ¢ : W — H be the induced morphism. deg (d) is nothing
but the intersection number of ¢(W) and Afp,.wqy In this case
3.6(iv) means that A¢p,wqyy is numerically equivalent to a divisor
with support in H — H;‘;). Therefore Theorem 4.9 can be generalised:

4.13. THEOREM: Let w:V > W be as in 3.1, g =2, and assume that
the general fibre is a hyperelliptic curve. Then we have: (wy)* =
8(p — 1)(g — 1)+ 2,4 m,, where 1, depends only on the local invariants
[19] of = in w.

The numbers 7, can be calculated using 3.6, 4.1, 4.6(a) (the remain-
ing 2 intersection points of multiplicity ¥g>—g) lie on Ciyy if 2
divides r) and 4.6(b).

§5. “Stable reduction” for higher dimensional base-schemes

In this section we are going to prove the following theorem:

S.1. THEOREM: Let 7,: V,— W, be a surjective morphism of proper,
regular varieties such that the general fibre of m, is a connected curve
of genus g = 1. Then there exists the following commutative diagram
of morphisms of proper varieties:
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v h ViV,

having the following properties:

() m: V> W is a surjective morphism of regular varieties with
connected general fibre and is birationally equivalent (1.5) to
. V,> W,

(i) h:V'>V and g: W'—> W are flat covers and V' is birational
equivalent to W' X, V. The only singularities of W' and V' are
quotient singularities [20].

(iii) 7,: V,—> W' is a stable curve of genus g with level w-structure,
w=3, and f:V'> V, is a birational morphism.

(iv) Every morphism and every scheme occurring in the diagram is
projective.

PRrooF: The smooth fibres of #, induce a rational map ¢,: W, > M,
(see §2). M, is proper and hence after eliminating the points of
indeterminacy [8] and replacing the pullback of V, by a regular model
[8], we may assume that ¢, is a morphism. Using Chow’s lemma we
may also assume that 7,, W, and V, are projective.

For w =3 we are able (2.2(i)) to find a finite Galois cover g,: W|—
W, such that the generic fibre of V,xy Wi over Wi has a level
p-structure. Let A(W{/W)) be the ramification locus of W} in W,. By
“purity of the branch locus” A(W}{/W)) is of codimension one. Using
“embedded resolution of singularities” [8] we find a sequence of
monoidal transformations 7n: W - W, such that n '(4(W}/W,)) has
regular components and at most normal crossings as singularities. Let
W’ be the normalization of W Xy, Wi and g: W'—> W the induced
morphism. Since A(W'|W)C n '(A(W}/W)), it follows from [20;
Lemma 2] that g is flat and W’ has at most quotient singularities.

Let M* be the fine moduli scheme of stable curves with level
w-structure (2.4). Then the generic fibre of W'Xy, V, induces a
rational map ¢': W’—>M§“ ) which is compatible with the morphism
¢ =¢,-n:W->M,. Since M is finite over M, it follows that ¢’ is a
morphism [24; II, 6.1.13] and induces a stable curve m,: V,—>W'.

The morphism 1, is projective [414] and hence V is projective. Let G
be the Galois group of W’ over W. By definition of V; we have an
operation of G on the generic fibre of .
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5.2. LEMMA: The operation of G on the generic fibre of m, extends
to an operation of G on V,, compatible with the operation of G on W'.

Since V| is projective, the quotient exists. The universal property
of quotients gives us a morphism V,/G—> W'/G = W. If we look only
on the generic fibres, we have just made an extension of the base field
and then divided by the Galois group of this extension. Therefore
V,/G is birationally equivalent to V,. Using resolution of singularities,
Chow’s lemma and embedded resolution of singularities again, we
find a regular projective variety V and a projective birational mor-
phism V — V,/G, such that: Let V'’ be the normalization of V X, W’
and h:V'>V the induced morphism, then A(V'/V) has regular
components and only normal crossings as singularities. Hence [20;
Lemma 2] h is flat and V' has only quotient singularities.

Finally the birational morphism f: V'— V, over W’ exists, since V’
is also the normalization of V, Xy V.

ProoF oF LEMMA 5.2: Every o € G induces an isomorphism o of
W' and there exists a o invariant open subscheme U C W' such that

(V)

LA (00 I N

is commutative. We denote by ¢’ the isomorphism induced by o on
a;'(U). For g =2 it follows from 2.7 that ¢’ can be extended to an
isomorphism of V,. For g =1 we know that M* is a curve and it
follows directly that there is an isomorphism o” of M* such that

W__¢ | M®

w’ P m»)

is commutative. Therefore in this case the Lemma follows directly
from the definition of V.
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5.3. CoroLLARY: Under the assumptions and with the notations of
5.1
(1) V', W' and V, have rational singularities [20] and are Goren-
st)én schemes [6; V§9].
(i) Rf,O0,. =0 for i#0 and f, O, = O,

Proor: (ii) follows from (i) and [20; Lemma 1]. We know from [20;
Prop. 1] that V' and W’ have rational singularities. To prove that V,
has rational singularities we may assume (using “flat base change™)
that W' is regular. Then from [4] or the deformation theory of
ordinary double points of curves, it follows that the completion of a
singular local ring of V| has the form

Cllty,.. ,t,u, o)) (u-v—g(t,....t,), glt,,....t)EC[t,... t]1]

and the rationality follows from [20; Prop. 2]. V, is locally a complete
intersection over W'’ and hence it remains to show that V' and W' are
Gorenstein schemes. Both are flat, finite covers of regular schemes.
The question is local and hence it is enough to consider the following
situation: Let A be a local Gorenstein ring, B a local ring and a free,
finite A-module [1; p. 60]. There exists n, such that Ext’, (A/m ,, A) =
0 for i=n, [10; p. 163]. Hence Ext (A/m ,, B)=0 and from [7; p.
164] we get Exty (B ® A/m 4, B) =0 for i = n,. Since B is free over A
we get Exty(B/m g, B)=0 for i =n, and B is a Gorenstein ring.

§6. Duality theory

In order to compare the Kodaira dimensions of the varieties oc-
curring in 5.1 we need some results of Grothendieck duality theory.
Let f:X > Y be a projective embeddable morphism of noetherian
schemes of finite Krull dimension. This is the case if Y is a projective
variety and if f is a projective morphism [6; p. 206].

Let D, (X) be the derived category of quasi-coherent sheaves on X
[6; p. 85] and D;'C(X ) (resp. D,(X)) the full subcategory of complexes
bounded below (resp. above). Then there exists a functor [6; p. 190]
f':D;(Y)- D;(X) with the following properties:

6.1: (We denote the derived functors Rf,, Lf* and %)

f g
(i) For every composition X —> Y — Z of projective embed-
dable morphisms there is an isomorphism of functors (g - f)'=

f'g'
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(i) For every flat base extension u:Y'—Y there is an isomor-
phism v*f'=g'u* where v and g are the two projections of
XXy Y.

(iii) Let DZC( Y)ra be the subcategory of D, (Y) generated by the
bounded complexes of finite Tor-dimension [6; p. 97]. There is
a functorial isomorphism f'(F)® Lf*(G)=f'(F ®G) for
F €D,(Y) and G € Di(Y )4 [6; p. 194].

(iv) Let FED(X) and G € D;'c( Y). There exists a duality
isomorphism [6; p. 210]:

O Ext(F', f'G) > ExtyRf ,F', G

(v) Assume that f is a flat morphism of Gorenstein schemes of
relative dimension m. Then there exists an invertible sheaf wy;y
such that f'(Oy) is isomorphic in D,(X) to the complex
wyy[m] (see 6.2(1)) [6; p. 298 and 388].

(vi) Under the assumptions of (v), wyy is compatible with arbitrary
base change [6; p. 388].

6.2. REMARK:

() Let [m]:D,(Y)— D,(Y) be the functor defined by (G [m])" =
G, then [m] is compatible with derived functors. Let G be an
invertible sheaf on Y, considered as the trivial complex having
G at the 0™ place. Then Lf*(G[m]) = (Lf*G)[m]=(f*G)[m]
and for FED;(Y) we have F ®G[m]=F ® G)[m]=
(FF® G)Im] where (F®G) =F ®G. Under these con-
ditions the isomorphism in 6.1(iii) reduces to (f(F) ® f*(G))m] =
f(F ® G)m].

(ii) If Y = Spec (C) and X is a regular and projective variety, then
wyyy, defined in 6.1(v), is the usual canonical sheaf on X.

We extend the definition of wyy given in 6.1(v).

6.3. DEFINITION: Let f: X - Y be a surjective and projective em-
beddable morphism of irreducible noetherian schemes whose general
fibre is of dimension m. If f(Oy)= G[m] in D,(X) for an invertible
sheaf G, we say that the dualizing sheaf of f exists and denote
wyy = G.

Statement C,,, just says, that the Kodaira dimension of the general
fibre is smaller than the #-dimension of the dualizing sheaf.

6.4. LEMMA: Let h: X —> S and g: Y — S be surjective and projective
embeddable morphisms of irreducible noetherian schemes of finite
Krull dimension and let | (resp. m) be the dimension of a general fibre
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of h (resp. g). Assume that the dualizing sheaves wy;s and wyg exist.
Let f: X > Y be a surjective and projective embeddable morphism over
S. Then wyy exists and is isomorphic to wys ® f*oys.

PRrOOF: We have (6.1(1)) h'=f'g' and from 6.2(i) we get: h'(Os) =
fi(g'(0s) = f(Oy®oy,8'0s) = f(Oy)Roxf*g'(0s) or wxsll] =
(Oy) ®oy f*(wys)[m]. Hence f(Oy) = (wxs® f*wys)l — m].

6.5. COROLLARY: Using the notations from 6.4, we assume that
I=m, f(Ox)= Oy and R'f(Ox)=0 for i#0. Then there exists an
injection f*wy;s > wxs.

ProoOF: The duality isomorphism (6.1(iv)) for i =0 gives you:
Homy (Oy, f'Oy) = Homp,_(y, (Rf ,Ox, Oy) = Homy (Oy, Oy). There-
fore there is a non trivial morphism Oy = f'Oy = wys ® f*wy/s.

6.6. COROLLARY: Using the notations from 6.4, we assume | = m
and f finite and birational. Then there exists an injection

Wy y g Ox.

PROOF: We know that R'f,G =0 for j# 0 and any invertible sheaf
G on X. The duality isomorphism for i = 0 gives Homy (wyy, wxy) =
Homy (f swxy, Oy). Therefore 0# Homy (fewxy, f+Ox) =
Homy (f*f,wxy, Ox). Since f is affine and birational there is a sheaf €
with support in codimension 1 such that 0> € - f*f wyy = wyy =0 is
exact. We have Homy (€, Ox) =0 and hence

0 # Homy (f*f ywxy, Ox) = Homy (wxy, Ox).

We want to apply these results to the situation described in §S.
Remember, in the conclusion of 5.1 we got a diagram of projective
morphisms of projective Gorenstein schemes (5.3):

Vo n Vi1 LV,

We ¢ W

From 6.1(v) and 6.4 we know that for every morphism of this diagram
the dualizing sheaf exists. The following proposition reduces the
proof of C,,_, to the case of stable curves.
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6.7. PrROPOSITION: Using above notations we have:

K(ovyw, V) = K(oyw, V)= K(oyw V).

Proor: Using 5.3(ii) it follows that the assumptions of 6.5 are

fulfilled for
|4 f V,
WI

and hence the first inequality follows from 1.3(ii) and (iii). The left
hand side of the diagram can be written as:

V(__hl____V1=waW’(—h2_V’
™ P -
W, 2 w’

Where h = h; - h,. Since g is a flat morphism of Gorenstein schemes
(5.3) we know from 6.1(vi) that wy,;y = p*wy,w. The assumptions of
6.6 are fulfilled by h, and we get: wy;y ® 7' *wyyw= wyyy,—> Oy and
therefore wy,w = éyy @ T* 0w ® h*wyw — h*wyy. Now the se-
cond inequality holds by 1.3(ii) and (iii).

§7. The dualizing sheaf for stable curves

For g=1 and p =3 let M = M®* be the fine moduli scheme of
stable curves with level w-structure and p:Z — M the corresponding
universal curve. Let M, C M be the open subscheme corresponding to
the regular curves, o = wzy and 9 = A¥p, 0.

7.1. PropPOSITION: K(9, M) =dim (M) and for some m >0 we
have (see 1.1) @, |y, is a finite morphism of M, on a subscheme of

PN

PRrROOF OF 7.1 FOR g = 1: We know (2.6) that M is a curve and that
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p:Z—->M is not smooth. From 3.6 we get deg & >0 and hence @ is
ample on M.

7.2. REMARK: As far as the author knows, proposition 7.1 for g =2
will follow from the announced proof of the projectivity of M, by
Knudson and Mumford (see [14]). In §3 we have already seen, that @
behaves like an ample sheaf: Every curve in M whose general point
is contained in M, has a positive intersection number with &. It seems
reasonable that 9 is a good candidate (after some correction along
the boundary of M,), if you are looking for an ample sheaf on M.

Nevertheless, we give the outline of a proof of the weaker state-
ment of 7.1, using analytic methods which can be found in [2] and
[15]. Namikawa constructed in [15] a holomorphic morphism from M,
into a projective space, which is an injection on M,,. We just have to
show that the induced morphism of M is given by global sections of
2®™ for some m. This follows, however, from the methods used by
Arakelov to prove [2; Theorem 1.1]:

PROOF OF 7.1 FOR g =2: Henceforth we will use the complex
topology of M and Z. For sufficiently small U C M, we can find
cycles a,..., &, and Bi,.. .,Eg in Rlp*Z such that for every t€ U
the induced cycles (via duality) a,,..., oy Bi,..., By in H(Z,2Z)
have the property:

(ay - )= (B - By) =0 for 1 =i, j=<g and (ay, Bi) = 8.

We may assume that p, is free over U. Let w,,.. ., », be a basis of
ps@ on U and define:

Ot wy,...,0) = f (w,),l and
Bit 1=k, I=g
Oz(t, Wi, ..oy wg) = J’ (w,),
aj 1=i, j=¢
Both are holomorphic in ¢, and by replacing w,,..., w, by another
basis of p,o we may assume that 2,(t, w,, ..., ®,) is the unit matrix

for all t € U. Then 2,(t) = Q,(t, wy, . . ., w,) is called the period matrix
of the fibre Z,.

For m>0 let s,,...,5, be a basis of the vector space of Siegel
modular forms of weight m and define n =(w A" - - A wg)®'". Then
5:(24(1)) - n defines a section of @®™ on the open set U.

If we choose a second system of cycles aj, . . ., dg, Bi,....B,and a
basis of p,w, normalized as above, it follows easily that the section
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5;(2,(t)) -n remains unchanged. Hence we get global sections
Yis-- - Y¥r of @ on M, which don’t vanish simultaneously. The cor-
responding holomorphic morphism M,—P"' is the same as con-
structed in [15]. Hence it factors through the coarse moduli scheme
M,,, and the induced morphism Mg(,—ﬂP”_l is an embedding.

It remains to show that the sections v,, ..., vy, extend to sections of
@®™ over M and are not simultaneously zero on the boundary of M,.
Let U’ be a small neighbourhood of a point y € M — M, in M. Since
the sections v; are locally obtained from sections of the cor-
responding sheaf on the Hilbert scheme of three canonically em-
bedded stable curves [15] we may assume that U’ is regular. Using
Hartog’s theorem it is enough to show that the y; extend to holomor-
phic sections of 2®™ along a general line through y. This, however, is
proven in [2; proof of 1.1]: Arakelov applies the same construction to
abelian varieties over a curve, but [2; Lemma 1.4] gives the con-
nection to the case we consider.

§8. The proof of C,,_, and 1.8

Let m:V,> W, be a surjective morphism of proper, regular
varieties, n =dim (V,) and n—1=dim (W,), such that the general
fibre of #, is a connected curve of genus g =1.

Choose a diagram of morphisms of proper schemes as in 5.1. Let
¢ : W—> M, be the rational map induced by the general fibres of 7 (or
7). Let o, : W' > M;") be the morphism corresponding to =, : V, > W',
Then dim (¢(W)) = dim (¢,(W’)). We have to prove (1.8):

8.1 K(wyw, V)= max (K(V,), dim (¢,(W").
8.2. LEMMA: (8.1) follows from K(wy,y, V)= dim (¢,(W").

Proor: The above inequality and 6.7 give us K(wyw, V)=
dim (¢,(W')) and hence we have only to consider the case g =2 and
dim (¢,(W")) = 0. This, however, means that there is a regular curve C
of genus g over C such that V, = C Xg,.., W' and 1.3(ii), 1.5 and 6.7
give us the inequality we need.

Now mawy,y and hence Afw.wyy are compatible with base
change. Therefore (using the notation of 7.1) Af7mawyw = ¢%9D.
Since ¢, maps an open subscheme of W’ into M,, 7.1 yields
K(At mpwy w, W') = dim (¢,(W’)). In 2.10 we proved that there is an
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injection
+1)/2
mF A T vyw S 0P,

and 1.3(iii) and (ii) prove K(wy . V;)=dim (¢,(W").
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