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1 Introduction

In [9, IIT], we tried to construct quasi-projective moduli schemes M, for certain
moduli functors .4, of polarized compact complex manifolds X with Hilbert
polynomial h. However, being unable to handle the compact part of the
equivalence relation, we could achieve our aim only after changing the definition
of the moduli functor [9, I11, 1.10]. Instead of considering the functor of polarized
manifolds up to @Q-numerical equivalence, as it was done in [6] and [7], we allowed
only isomorphisms of the invertible sheaves giving the polarization. In this article
we want to show that our “cheating” was unnecessary and we will prove:

Let A, be the functor of compact complex polarized manifolds X,
as defined in [6] or [7], with wy semi-ample. Then there exists a
coarse quasi-projective moduli scheme N, for N,

Infact, asin [9, III], we will replace “semi-ample” by some other condition which is
certainly satisfied for X with wy numerically effective. As Kollar pointed out, the
functor .4}, is not the right one for singular varieties. Since we want to allow X to
have rational double points, as long as the functors considered stay separated and
bounded, we will work with the functor #,, parametrizing pairs (X, 5#) up to
numerical equivalence (as in [4]). The reader finds the definitions and main results
on moduli in Sect. 4.

To fix ideas, let us assume for the moment that M, and P,, the coarse moduli
spaces of .#, and %, exist in the category of analytic spaces (which in fact is true,
due to the work of Artin [1], as explained in [6, p. 172] or [4, 4.1.1]). M, is a
quotient of some Hilbert scheme by a reductive group and, in certain cases it is
quasi-projective as shown in [9, III], using geometric invariant theory. We have a
natural morphism = : M,— P, whose fibres are quotients of Pic* of the correspond-
ing varieties. In fact, some easy manipulations allow to replace Pic® by Pic®.
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If = were flat, then 2.6 would give a quite simple argument to descend quasi-
projectivity from M, to P,. If the equivalence relation in M, x M, given by
numerical equivalence were flat over M,, one could use 2.5 to construct P, as
quasi-projective scheme. Even if we do not believe that either one of those flatness
condition holds true in general, we include in Sect. 2 the arguments one could use
in those cases.

If for (X, ) and (X', #’)e #,(Spec(C)) with X + X’ the abelian varieties
Pic®(X) and Pic®(X") were different, then P, should be a subvariety of the moduli
space of polarized abelian varieties and hence quasi-projective.

Both remarks indicate possible ways to handle %, in general. The first one, not
followed in this article, would be to consider moduli of polarized manifolds with
some level structure and to hope that this enforces the flatness condition of 2.5.
Since quasi-projectivity descends under quotients by finite groups, this should be
enough. The second approach considers P, as part of a “moduli space of polarized
abelian varieties together with a morphism to M, finite over its image”. Instead of
trying to define the corresponding moduli problem and to apply geometric
invariant theory as in [9] or [10], we will construct P, directly as a quotient of
some subscheme of a Hilbert scheme in Sect. 3. As in [10] for the quotients by
IP GL(r, €), we will try to formulate the result on the quasi-projectivity of quotients
by compact equivalence relations in 3.2 in a more general set-up (even if the
statement obtained is quite monstrous).

After a first version of this paper was finished, Héléne Esnault and the author
succeeded in [2] to obtain quite natural ample sheaves on M,. Building up on
those results (see 5.1 and 5.2) we are able now to make the construction in Sect. 3
effective and to give in Sect. 5 a description of a reasonably looking ample sheaf on
P, as well.

We keep the notations and conventions from [9]. Especially, all schemes and
morphisms are supposed to be of finite type and separated and everything should
be defined over €. Points are always closed. An analytic space Z should be Zariski
open in some compact analytic space Z' of finite type. We fix a bimeromorphic
equivalence class of such compactifications Z' for each Z and we assume that all
morphisms and coherent sheaves extend as such to some compactification in the
equivalence classes choosen.

2 Compact flat equivalence relations

Definition 2.1. Let M be a quasi-projective scheme and 7:R—-M x M a closed
embedding. We call R a compact connected equivalence relation if
i) R is an equivalence relation,
i) p, =pr, o7 is proper,
) p14On=Cu o
We will call R a flat compact connected equivalence relation if in addition p, is
flat.

Definition 2.2. Let 7: R—M x M be compact connected equivalence relation and
P a scheme (or analytic space). We will say that n: M — P is a quotient of M by R if
a) = is a surjective proper morphism,
b) n&, =0 P>
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c) there is a commutative diagram

P2=praet

R—M

ml ln

M—- ., p

and the induced morphism é: R—M X, M is bijective.

Remarks 2.3. a) If R is flat we even obtain in 2.5 that J is an isomorphism of
schemes.

b) The assumption 2.1iii is not really necessary if one is willing to weaken b
in 2.2

c) To prove the existence of quotients one may assume that M is connected. In
fact, R contains the diagonal and the fibres of p, are connected.

Lemma 2.4. Let 1: R—M x M be a compact connected equivalence relation and P a
quotient of M by R. If ¢: M —Z is a morphism of schemes (or analytic spaces) with
gop,=E&op,, then there exists a unique morphism y: P—Z such that e=yomn.

Proof. For xe P the morphism ¢ maps n~!(x) to some point y(x)e Z. Hence
there is a unique map of sets y: P—Z. If UCZ is open then ¢~ !(U) is open
in M. It is of the form, n~}(V) for some subset V of P and, since = is proper V
is open. Hence y is continuous. We have maps 0;—¢,0y=7,7,0y=7,0p.

Unfortunately, the equivalence relations we are interested in do not seem to be
flat. Nevertheless, we include the following criterion whose proof may serve as an
introduction to the methods employed in Sect. 3.

Proposition 2.5. Let t: R—M x M be a flat compact connected equivalence relation.
Then there exists a quasi-projective quotient n: M—P of M by R.

Proof. Assume that M is connected and i: M—IP* an embedding. Since i-p,
embeds all fibres p; !(y), the sheaf # = p¥i*Op«(1) is very ample with respect to p,.

By [3] R—»M x M—M x IP* induces a morphism from M to some Hilbert
scheme. If H' denotes the image and g': s#'— H' the restriction of the universal
family we have a diagram

pr2

R 2, s H' xP* 22
I’llv g'l Pl.‘/
M-S H,
where the left square is a fibre product. Of course, pr, o 10 @ is nothing but
R M-S P

Hence @ and ¢ are proper and, replacing H' by its Stein factorization, we may
assume that ¢,0, =0y.. Since R is an equivalence relation we have a diagonal
embedding A MR

and p,o4 as well as p, o4 are isomorphisms. By flat base change we have
?,0p,=0,4 and hence pr,,1,P,0r=pr;,1,0s =i, 0. Since the fibres of g’ are
disjoint subschemes of M the morphism pr, o1 is injective and 4" — M will be an
isomorphism.
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Since p, o 4 and @ - 4 are isomorphisms we can identify g’ and ¢ and we have
constructed the quotient H'=P.

If f: X —» Y is a morphism of schemes or analytic spaces and X quasi-projective,
then Y may be non-quasi-projective and even not a scheme. However, we have

Proposition 2.6. Let f: X — Y be a surjective proper morphism of schemes or analytic
spaces. Assume that one of the following conditions holds:
i) X and Y are reduced and f is flat.
ii) f,O0x=0y and f is flat.
iii) Y is normal and f is finite.
Then Y is quasi-projective.

Prodf. iii is well known. Replacing X by its Galois closure over Y we can assume
that Y is a quotient of X by a finite group.

ii is a special case of 2.5. In fact, if R=X x, X ¢, X x X, then the assumptions
of 2.5 hold true. However, the quotient is uniquely determined by 2.4 and Y must
be the same as P. For i we follow the same line as in 2.5. We may assume Y to be
connected and we choose an imbedding i: X —IP*. The graph of f induces
embeddings over Y

X-oYxX-YxP*

and hence again a morphism from Y to some Hilbert scheme. If H' is the reduced
image one has ° . pr2
X — % — HxP—
s l v l oy
Y - H.
Again pr, o 1o @ is an open embedding and @ an injection on points. Hence ¢ must
be an isomorphism. Since g’ is flat and surjective and the square a fibre product, ¢
must be an isomorphism as well.

3 Compact equivalence relations lifting to smooth families

Definition 3.1. Let 7: R—M x M be a compact connected equivalence relation, see

2.1. We will call f:Y—H a good smooth lifting of R if we have a commutative

diagram p
Y— R

S l Ptl

HY M

such that ¢(H)=M, ¢'(Y)=R and:

a) Thefibres of ¢ are connected and, if { : H— M’ is a morphism contracting all
fibres of ¢ to points, then there is a unique morphism ¢: M —M’ with {=¢ ¢ (for
example: M is the quotient of H by a connected group).

b) f is surjective, smooth and proper and the fibres of f are connected.

¢) For all xe H the morphism ¢'| -, is smooth onto its image and the fibres
of the Stein factorization of

ST~ (%)

are all isomorphic.
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d) ¢’ has equidimensional fibres of constant dimension.
€) Wyuls-1(x is numerically effective for all xe H.

Theorem 3.2. If 1:R—M x M is a compact connected equivalence relation which
has a good smooth lifting, then there exists a quasi-projective quotient n: M— P of M
by R.

Let us recall the following well-known lemma. It will allow in 3.4 to replace the
good smooth lifting h by one, for which ¢’ is finite. If fact, since in the situation of
Sect. 4 h will be a family of abelian varieties and the fibres of ¢’ subgroups, 3.3 and
3.4 are not really needed in the proof of our main result 4.6.

Lemma 3.3. Let

be a commutative diagram of surjective morphisms.
i) If g and h are flat then f is flat as well.
ii) If h is smooth and f unramified then g is smooth and f étale.
ili) If g is unramified, and if h and f are smooth with equidimensional fibres of
the same dimension, then g is étale.
iv) If his smooth and if all fibres of f and g are smooth and equidimensional (of
dimension m and r, respectively ), then f and g are smooth.

Proof (see also SGA 1). Since g and h are faithfully flat i is obvious. For ii consider
the commutative diagram of fibre products

pr2

YD xx ¥ 25y

A

pr2

X5 X xX 2 x

L
!
X — 8,
where 4 is the diagonal and I the graph of the S-morphism g. Since f is unramified
A is an open immersion and hence I" as well. As pullback of h the middle vertical
morphism pr, : X xgY— X is smooth and hence g=pr,oI': Y- X as well. By i f
will be flat and hence étale. ~
In iii we have to show that g is flat. Since h and f are smooth, this can be done
for h=1(s)—f ~(s). However, an unramified morphism between smooth varieties
of the same dimension is flat.
For iv we fix some ye Y, x=g(y), and s= f(x) and, whenever it is necessary we
may replace Y, X, and S by neighbourhoods of y, x, and s. By assumption we find a
commutative diagram

h™Ys) =g~ Y(s) — s

| |

A"xU,— A™
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with u, and g étale and U,C A™ open. In fact, since g~ 1(s) and h~1(s) are smooth
and g, a morphism with smooth fibres g, will be smooth. This diagram extends to

y xLs

SN

A" xU — AT
p2

for some open subscheme U of AF. Choosing U, S, X, and Y small enough p and g/
will be unramified. Since p - p, and h are smooth iii tells us that x' is étale. By ii g is
smooth and p étale and hence f is smooth as well.

Lemma 3.4. Under the assumption made in 3.2 we can find some good smooth lifting
f: Y- H such that the morphism

¢":Y—H xR
induced by ¢' and f is finite.

Remark 3.5. We will obtain in the proof of 3.4 as well that for all x e M the reduced
fibres p; !(x),.q and hence p; '(x),.q are non-singular.

Proof. Let f: Y- H be a good smooth lifting of R and ¢”: Y- H X R. Since f is
proper ¢" is proper as well. Let

Y- v Hx,R
be the Stein factorization of ¢” and f'=pr, ch: Y'— H. We claim that f’ is againa
good smooth lifting.
For xeH we write Y,=f"x), Y,=f""'(X);eq» and R,=({x} Xy R)eq
=p1 Y(P(x))req. We have morphisms

gx

Y, Y R,

By condition ¢ in 3.1 h, o g, = ¢'ly, is smooth. Since Y, is non-singular g, must be
smooth and h, étale. Hence the assumption c and d in 3.1 hold true for f”. Since all
fibres of g, are isomorphic and since wy_ is numerically effective, g, will be
isomorphic to a product Z x F if we pull it back to some Z generically finite over
Y;. We may choose Z in Y, and have wy.|;=g*wy|,. Hence wy, must be
numerically effective and 3.1e holds true.

Next, we claim that the fibres of f are reduced and hence Y, = f"~!(x). To this
aim we may replace H by the normalization H of H,_,and Y by the normal scheme
Y=Y x,Hand Y’ by Y=Y’ x,H and assume thereby that H and Y are normal.
Since g: Y—Y’ has smooth connected fibres, g must be smooth and Y’ normal
under this assumption. Since f has reduced fibres f’ must have reduced fibres.

Hence f’ has smooth fibres as well as g. By 3.3ii we find f’ to be smooth. The
other assumptions in 3.1 obviously hold for f’ and pr, - h: Y'—~ R if they hold true
for f and ¢'.

Remark 3.6. The arguments used in 3.4 do not seem to imply that R is flat over M
or that H x ,, R is flat over H. Since the fibres of ¢” are not necessarily connected it
might happen that R— M has non-reduced fibres, in spite of the assumption 3.1¢c
and 3.5
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Remark 3.7. In Sect. 5 we want to describe explicitly some ample sheaf .#® on H
such that the morphism

HS M ISP PY)

is given by a subspace V of H(H, #®) for some p>0. To this aim we will include
several “Addenda”, which are not needed in the proof of the quasi-projectivity of P
and which will only be used in Sect. 5.

Proof of 3.2. Let us assume that M is connected and, using 3.4, that f: Y—>H is a
smooth good lifting of R with ¢”: Y— H xR finite. Let M —IP* be an embedding
and y the composition of

YLR;»MXM——»MX]P"——»]P“.

Since y|,-1, is finite over its image for all xe H the sheaf ¥ =y*Op(1) will be
relatively ample for f. Using [9, I11, 1.3], we can find some x> O such that #* @ w§ 4
is very ample on the fibres of f and without higher cohomology for all ¢’ = 0. Hence
& =f (9" @wy,y) will be locally free.

€1(&¥]- (X)) 11

is independent of xe H and we choose ¢’ to be larger than that number (see
Remark 4.4i). We have an embedding over H

1:YSIP(6) x g H x M x P*=P(6) x P*.

Remark 3.8. If ((1,1) denotes the sheaf pr{@p)(1)@pr3Op(1) on IP(&) x IP* and
p:IP(&) x P~ H the projection, then the map

o PO, )= £,(*0(1, 1))
is nothing but the map

O =" [ B0y p) (9 ®wi )

given by the pullback under y of the linear forms on IP*. Especially, knowing : we
can reconstruct 4.

Addendum 3.9. For >0 the morphism
P+0(0,6 - p)—f,(1*0(6,6 - )

will be surjective and its kernel spans the ideal sheaf of «(Y). Hence locally on H, if
one considers the induced morphism to the Hilbert scheme of subschemes of
IP"~! x P* and the Pliicker embedding, it is given by sections of

&L =det(f(¥* " @y R)) @det(f (9 @wFx) "
for ry =rank(f(9*®w$y)) and r,=4-rank(f(¥* * *Qw} #)). In fact,
P+0(3,0 - ) =S(f (9" @ 0f ) ®S* HT**)

and 4
L1*06,6- ) =1,(F* " *@wid).

Let usreturn to the proof of 3.2: Let r=rk(&)and IT'=P(d"&") ., H.Asin 9,1,
2.5], the tautological map

a*®' 8" »0p(1)
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induces a “universal basis”
S®Op(—1)—»a"*8.

If we write II=1IT'— V(det(s)) and 6=0'|; then 6*€ =D "Oy(—1) and
OxyP(&)~IT xPr 1.
Pulling back f and 1 to IT we obtain
Y - Ix Pt x P*
~

II.

By [3] we obtain a morphism & from IT to the Hilbert scheme of subschemes of
P~ 1 x IP*. Let H’' denote the image of & in the Hilbert scheme and

¥ L B x P x P

0\‘ l pri
HI
the morphisms obtain by restricting the universal family to H'. By definition of the
Hilbert scheme (f”,1') are the pullback of (g’, j) under @.
In [9, I11, 1.5] we considered the Hilbert scheme H” parametrizing pairs

(g: X-8,4)
together with an embedding '

X-PE (V'@ s)~P ! xS.
By 3.8 (g":%'—H', (pr3°j)*Opd1)) and pry ,0j:%'—>H xIP'~* give raise to a

morphism ¥:H'—-H".

Let UCH be an open subscheme such that &|,=@®" 0. In a natural way the
group G=PGI(r,C) acts on II;=0"(U)=G x U. Moreover, G acts on the
Hilbert scheme of subschemes of IP"~! x IP* by change of coordinates in the first
factor. Since @ is compatible with this action H’ is G invariant. G also acts on H”,
on %', and on f'~(IIy) and ¥, g, and f'|-(ITy) are G-linear.

In [9, 111, 1.7], we obtained some invertible sheaf £ on H” such that all points
of H" are stable with respect to £ under the G-action. In our notation, since the
stabilizers of points of H in G are finite, this means H” = H"(#)*. Proposition 2.18
of [6] tells us:

Claim 3.10. If G operates on the quasi-projective scheme Z, if Z has a G-linearized
ample sheaf and if 6:Z—H" is a G-linear morphism, then there exists some
G-linearized sheaf % on Z with Z = Z(#)". Especially, the geometric quotient Z/G
exists as a quasi-projective scheme.

Proposition 2.18 in [6] is obtained as an application of the Hilbert-Mumford-
Criterion. Since in [9] and [10] we replaced this criterion by some condition on the
boundary behaviour of certain G-linearized sheaves on orbits it is not surprising
that we can show 3.10 directly. In [9, I11, 4.2 and 4.3] we showed the existence of
some G-linearized invertible sheaf 1" on H” which satisfied

Assumption 3.11. Let ¥; be G-linearized and ample on H”. Then
Ly =L@
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is ample for all §=0. Moreover, let xe H” and H’;, be the G-orbit. Then there is
some projective compactification i: H’—H and some f,>0, such that for the
closure H, of H} in H one has:

a) H,—H/, is the exact support of some effective Cartier divisor I.

b) For all multiples § of B, we can find a>0 and a coherent subsheaf £} of
i,(Zp)", generated by global sections, and a inclusion

O0p L)%\,
isomorphic over HY.

Proof of 3.10. Obviously, for d asin 3.10 and A’ =§*1", Assumption 3.11 lifts to Z,
since the G-orbits in Z are finite over those in H”. On the other hand, we have
shown in [9, I and III] (see also [10] for a more general point of view) that 3.11
implies that H” = H"(#p)* for some > 0. Hence we obtain 3.10 again.

Addendum 3.12. By the choice of the sheaf .# in (3.9) 6'*(¥)|z is the pullback of the
ample sheaf ¥’ on H’ induced by the Pliicker embedding. If 4" and % are
G-invariant sheaves on H", 3 ample and A" the sheaf satisfying Assumption 3.11,
then for all aeZ one can find some y> >0 such that for

=L QVHN @ L DA")

onehas H'=H'(¥, ; ). Since &, , ,is G-invariant it is again coming from a sheaf
on H which we will call &, ; , in the sequel.

Claim 3.13. Let G act on Z and Z’ and let §’': Z—Z’ be a G-linear morphism. If
there exist geometric quotients Z/G and Z'/G and if §,0,= 05, then 6,06=07 ¢
for the induced morphism

§":Z/G—~Z'/G.

Proof. 6,0, consists of G-invariant functions on Z, coming from functions
onZ'.

Let us return to the proof 3.2. We had obtained a commutative diagram
Yo=f""\Uly) —— @' 2220, g -

f’l o y’l {
Iy

(4

> H — H"

of G-invariant morphisms and 3.10 allows us to divide out G:

02 e L pxp
fl ( n’l pr/
U -5 P=H/G— H'[G.

The points of P parametrize the fibres of f with the polarization given by #*®@w§ 4
and with a fixed morphism to IP* given by sections of #. If for x, x’ € H one has ¢(x)

= ¢(x’) then ¢'(f ~(x))=¢'(f ~*(')) in R. Since f~(x)~¢'(f ~'(x)) is étale and

since f~!(x) and f ~!(x) are fibres of the smooth family

(@~ (@)=~ (Px)
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one finds an isomorphism

f7H0 = f7H)
respecting the polarization and the morphism to P*. Hence {; and &} glue

together and give morphisms @”: Y-%'/G and {:H—P. Moreover, since { is
constant on the fibres of ¢: H— M, we obtain by 3.1a morphisms

H2 M P
with {=¢o ¢.

Addendum 3.14. If %, 5 , is the sheaf on H constructed in 3.12, then for some p>0

its p-th power descends to some ample sheaf £} , on P and we found the sheaf
Z® asked for in 3.7.

To finish the proof of 3.2 we still have to show that P is really the quotient of M
by R:

The morphism jo®”:Y—P xIP* is obtained by glueing quotients of the
G-invariant morphisms

Yoy x P~ x P*» 1, x P*» H' x P*
for different U C H and hence it factors over
Y2 Hxy R — MxP*,
i.e. over the image R of Y in M x IP*. Alltogether we obtain
Y 5 RS px P22 pr
fl Pll prnl
HS M-S P
and
Yy o6 L px P
with ¢ o @' =j" o D",

By construction #’/G is the image of %’ and hence of Y. Therefore, the image of R
in P x IP* is the same as that of Y and we denote it by M.

Claim 3.15. pr,|p.: M'—IP* is an isomorphism of M’ and M.

Proof. The fibres of R for p, are embedded by pr, - & into M and M is the union of
those fibres. Therefore, M’ and M are isomorphic as sets. We have

Pr24Op & P26, O0r=D2,Or=0)y.

On the other hand, M is the image of Y in IP¥ and hence of M’, and pr,, 0,
contains @,,.
From 3.15 we get a second morphism 7= pr, o (pr,|p-) ! : M—P and a diagram

R M— w/G

"’l nl Yz
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Since R contains the diagonal of M x M the morphism & must be the same as 7.
Claim 3.16. n: M— P is a quasi-projective quotient of M by R.

Proof. By construction = is surjective and proper. Since n’ is the quotient of the
smooth morphism g': %'~ H' and g, 04 = Oy., we have n, 04, = Op by 3.13. Since
M is the image of #'/G we have

Op & 1,0y & W 0g)g=0p

and 7,0, =0p. Let :R—-M x,M be the induced map. § must be a closed
embedding. If xe M is a closed point then p;'(x) consists of those points
equivalent to x and p, maps p;!(x) onto m !(n(x)). Hence R contains
n~ }(n(x)) x n~!(n(x)) and & is bijective on sets.

Remark 3.17. Theorem 3.2 can be applied to quotients by the action of an abelian
variety on a quasi-projective variety, as studied by Seshadri in [8].

4 Moduli of polarized manifolds

Let us return to the discussion of different moduli functors of polarized varieties,
started in [9, III, Sect. 1]. For a complex scheme S we consider

r'S)={(f:X-S, #); f flat proper and surjective, s invertible and
relatively ample for f; all fibres of f are normal
irreducible varieties with rational Gorenstein singularities,
not uniruled} .

There are several ways to define isomorphisms for objects in I''(S).

Definition 4.1. Let (f: X—8S,5) and (f': X'— S, /#’) be elements of I"'(S).

a) (f, #)~(f", ') if there exists an invertible sheaf # on S, an S-isomorphism
7:X—X' and an isomorphism 1*#' ~ # ® f*%A.

b) (f, #)=(f", #') if there exists an S-isomorphism 7: X — X' such that for all
s€S the sheaves #’|,-1, and 1*#”| -1, are numerically equivalent.

) (f, #)=q(f’, ") if there exist a,be N—{0} with (f, #°)=(f", #").

Let(f: X -8, 5#)be an element of I''(S) and F a smooth fibre of f. 3| defines a
class [5#]7] in the Neron-Severi group NS(F). Let us denote by (5#|z),, an ample
sheaf on F which generates the maximal free rank one Z-submodule of NS(F)
which contains [#|;]. This construction behaves nice in families: If f is smooth
we can find some étale neighbourhood S’ of S such that on f ~!(S’) one has a sheaf
'”;n With (.#'f— 1(x))in = ‘”}nlf' 1(x) for xX€e S,.

Definition 4.2. We define functors 4;, %, and A}’ by
a) (see [9])
M(S)={(f: X -8, #)eI'(S); h(v)= X(H#|y) for
all v20 and all fibres F of f}/~
b) (see [4])
Zi(S) = #,S)/ =
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c) ([6, 7D
M) ={(f: X>S,#)eI"(S); f smooth, for all fibres F of f
and all v20 h(v)=X((#|p)n)}/ =¢-

d) We have a natural transformation X: #,—%,.
As in [9, III, Sect. 1] we consider a subfunctor .#; of .#; which satisfies
Assumptions 4.3. a) .#, is bounded and separated. For (f: X -8, #)e #,(S) the

subset
So={s€S; (f ~1(s), #|y- 1) € My (Spec(T))}

is locally closed in S.
b) For example, we can take

M(S)={(f:X—S8,5#)e MS); f smooth},

but [4] gives some results allowing to consider larger .4}, if n < 3. We do not know
what is the best possible choice for .#;. In any case, the assumptions made in 4.3¢
are enough for our construction.

c) Let u>0 be an integer such that s#* is very ample for all
(X, #) e #; (Spec(T)). In fact, as we pointed out in [2, 2.12], the property 2.2a in
[9, IIT] only holds true for manifolds. Otherwise, in order to have the bound given
in [9, I1I, 2.2a], for e(s#*) one even has to choose x>0 such that:

For all (X, #)e #,;(Spec(C)) there is a desingularization v:X'—>X and an
effective exceptional divisor E on X' such that t*#*® 0y —E) is very ample.

By the boundedness of .#} such a u exists.

d) Let ¢ be the highest coefficient of h and u as in ¢. For v=pu(n+2) and
e=(n!)-c-v"+1 we consider the subfunctor .#), of .#, given by

M(Spec(C)) = {(X, #) € M, (Spec(T)); #*Q@w§ very ample} .

Correspondingly, we have the subfunctor &, of &, with Z,(S) = Z(#,(S)) and, if we
choose u such that 5 is very ample for all (X, #) e A4} (Spec(C)), the subfunctor
N, of A with
Hi{Spec(D) = {(X, #) e A;/(Spec(D); H®wy very ample} .
Remarks 4.4. i) In [9, IITI], we had chosen e=(n!)-c-v"+1, but we only used
e=(n!)-c-v"+1. In fact, this freedom to choose e slightly larger than in [9, III] is
necessary for the description of an ample sheaf in Sect. 5. Moreover, we added in
[9, IIT], in the definition of .#, the condition that #*®w% has no higher
cohomology. Obviously, this is always true by Kodaira’s vanishing theorem.
ii) By [9, I11, 1.3], the condition in the definition of .4} is independent of the
sheaf 3¢, chosen. Moreover, it follows that .#;(Spec(C)) contains all
(X, #) e A5 (Spec(D)
with @, numerically effective. The same holds for #, and .#, and we have
inclusions
M (S)C M (S)CMYS),
FHS) CHHS)CS),
N S) C AT (S)CAH(S), -




Quasi-projective quotients by compact equivalence relations 309

where “sa” stands for the condition “wy,s|r semi-ample for all fibres F of f, and
“nef” for the condition “wy | numerically effective for all fibres F of f”.

By [5] we know that the condition “semi-ample” is Zariski open. One hopes
that A3 = A, but even for n=3 this is unknown. The main result of [9,1II]
gives:

Theorem 4.5. For the functors #, and M3 considered above there exist coarse
quasi-projective moduli schemes M, and M3*.

The additional information obtained in this article is:

Theorem 4.6. a) We have coarse quasi-projective moduli schemes P, and P;* for the
functors P, and P;.

b) We have coarse quasi-projective moduli schemes N, and N;* for the functors
Ny, and N2,

Remark 4.7. We have natural morphisms

M — M,
Jsa l b l
PP — P,
and N;? J, N,. The square is a fibre product, i, 1, and j are open embeddings and
Z is proper an surjective with Z,0,,, = 0p,, as we will see in the proof of 4.6. For

A2 (and in a similar way for 2P, #2") we only known that ;" (Spec(C)) is
parametrized by some subset N2 with

NP CNCN,,
but we do not know whether N3*f is a subscheme.

Proof of 4.6a. #,is bounded and hence we may choose some # > 0 such that for all
(X, ) e M,(Spec(T)) we have

n - Pic*(X)=Pic®(X).
If W (t)=h(n - t) replacing ) by #" gives natural transformations

M, M,
z 5
L, =l
y (e g ()
where @'(S) is an isomorphism. The image of &(S) is
{(f: X8, #")e M(S); #' =" for some invertible sheaf # on X}.

By the choice of 7 the fibres of Z'(SpecC) restricted to this image are quotients of
the connected scheme Pic®. Since Im(®P(S))C.#,(S) is given by a constructible
condition we may replace .#, by this image and assume that the same
connectedness holds for the fibres of

Z(Spec(C)) : #,(Spec(C))—Z,(Spec(T)) .
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As in [9, III, 1.5], one has a quasi-projective Hilbert scheme H and a universal
family
(g:%—H,#)e M,(H)

together with an isomorphism
P(g, (" ®@wg )P~ xH.

On H x H we have two equivalence relations, the one given by the G=IP Gl(r, C)
action

GxH-HxH,

and the one given by numerical equivalence

?i» HxH
with

Y={(hy, h,,0); :g" }(h;)—>g~ '(h,) an isomorphism
and 0’*.#|g-1(,,2)59f|g—1(h)} .

By [9, I1I, 1.8], there is a quasi-projective quotient ¢ : H— M with respect to the
G-action. ¢ satisfies the condition asked for in 3.1a. Using the description of ¥
given above we have a morphism from ¥ to Pic*(%/H) given by

(h1sh2s0) > 6*H |- 13y @ H ™ Hg-1nyy -

Since we assume that the kernel of Z(Spec(C)) is connected the image of this
morphism is Pic®(%/H). Let us write

? s Y=Pic®@/H) 2> MxM

| o

HxHZZ H 2 M
for the corresponding morphisms and R for the image of ¢’ in M x M. Obviously,
R is an equivalence relation and f satisfies the assumptions made in 3.1b and e.

As shown in [4, 4.1.4], ¥ has equidimensional fibres of constant dimension
over its image in H x H. Since this image is G x G invariant and Hx H->M x M
the quotient by G x G, ¥ must have equidimensional fibres of constant dimension
over R. Since the fibres of y are just given by different choices of coordinates in
IP"~! the same holds for Y over R.

The image of Y in H x M is again G-invariant and R is the quotient of this
image by the G-action on the first factor. Hence R will be proper over M and, by
3.13, (pry|g)4Or = 0. Hence R is a compact connected equivalence relation as
defined in 2.1.

It remains to verify 3.1c. For x € H the scheme f ~!(x) is an abelian variety and
the morphism f ~*(x)—R is just obtained by dividing f ~!(x) by some subgroup
and 3.1c is obvious.

By 3.2 we obtain a quasi-projective quotient 7: M—P of M by R. Since M is a
geometric quotient of H by G and since we have the universal property 2.4 for
n: M- P, P is a coarse moduli scheme for %,.

As already mentioned the condition “w, semi-ample” is an open condition by
[5] and we obtain both parts of 4.6a.
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It is well-known, that b follows from a: Let us consider the subfunctor 2" of
2, given by 2i*(Spec(T)) = {(X, #) € Z,(SpecT); X smooth and # = i#,,}. Since
both conditions are constructible we obtain a coarse moduli scheme as subscheme
of P,. On the other hand, sheafifying .4, and &, with respect to the étale topology
[7] we obtain an isomorphism

A N> PR,

Since sheafification does not effect coarse moduli schemes we finished the proof
of 4.6.

5 Ample sheaves on P,

The aim of this section is to find a reasonably natural ample sheaf on P,, or, in the
notations of 3.14 a natural candidate £} ,. Since we have to use the results from
[2], as recalled below, we have to choose e=(n!)-c-v"+2 (see 4.4i).

Theorem 5.1 [2, 5.6]. Let .#, be the moduli functor considered in Sect. 4 and M, the
coarse quasi-projective moduli scheme for M,. Then, for v as in 4.3d,
e=(n!)- c-v"+2, and for some p >0 there is an ample invertible sheaf AP on M, with
the following property:

For (f:X-S,#)eM(S) let ¢@:S—M, be the induced morphism,
r' =rank(f, (")) and r =rank(f, (" @w§/s)). Then

P*AP = (det(f, (" ®ws) ®det(f, ()™ .

If for some >0 and all (F, ) € #,(Spec(CC)) one knows that w? = Oy, then for all
(f: X8, #)e M,(S) one finds some sheaf §¢)s with f*6¢)s=w},s. Hence, using
the notations from 5.1, p*A%® =(8¢))**™ """ ' and by (5.1) we have:

Corollary 5.2 (see [2, 5.10]). Keeping the assumptions from 5.1, assume that for
some >0 and all (F, #) € M,(Spec(C)) one has v = Op. Assume, moreover, that e is
divisible by 8. Then, for some p >0, there is an ample invertible sheaf 6 on M, with:
For (f: X8, )#)e M,(S) and the induced morphism ¢:S—M,

f*(p*g(p) = w‘)’(/s .

5.2 implies that M, cannot contain a projective curve on C such that all ce C
correspond to (F, i) € #,(Spec(T)) for the same F. In other terms, the assump-
tions of 5.2 imply that the fibres of the proper morphism ¢ : M,— P, induced by
X M,—P,, see 4.2d, are zero-dimensional. Since, as in the proof of 4.6a, we can
even assume ¢ to be an isomorphism, and since, as in the proof of 4.6b, we can
assume that N, is a subscheme of P,, we obtain

Corollary 5.3. 5.2 remains true, if we replace (M, M}) by (P, P}) or (A}, Ny).

Let us return to the general case, i.e. to the functor #, defined in 4.3d. Asin [2]
and as in the proof of 4.6a let us assume:

Assumption 54. Let v=0 satisfy the assumptions made in 4.3 and assume,
moreover, that for all (F, #)e .#,(Spec(C)) one has v- Pic*(F)=Pic(F). Let us
assume that in 4.3d we have choosen ex(n!)-c-v*+2.

In order to find a sheaf on P, which is a candidate for an ample sheaf, we have
first to define natural sheaves on S for (f: X — S, #) € Z,(S), which are independent
of the sheaf J# choosen in the numerical equivalence class.




312 E. Viehweg

Constructions 5.5 (of 0y;s). For (f:X—S,#)e #,(S) let n: Y=Pic®(X/S)—>S be
the connected component of the relative Picard scheme of Y over S, which
contains the zero-section. Let 4 =Aut®(X/S) be the connected component of the
zero section in the scheme of automorphisms of X over S.

For o€ outys(T) we have H*@c*# ~" € Picy;s(T) and we obtain thereby
a S-morphism 4.

The image of g is independent of v. Let n': Y’'— S be the quotient of Y by g(4).
Since n’: Y'—S is again a family of abelian varieties, we can find an invertible
sheaf 0y/5 on S with 7'*0y 5= wy/s.

Constructions 5.6 (of x%s,»)- Let us keep the notations from 5.5.

If f:X -8 has a section s:S— X, then Grothendieck’s theorem on Zecy s, see
[6, 0, Sect. 5], shows that Pic(X/S) represents the functor Pccys. Especially, we
have a universal bundle % on Y xgX.

Let us writt X' =YxgX, #n'=pr,:X'->X, f'=pr;:X'->Y and
H'=LRn*H. For r=rank(f(#"@wk y) and r' =rank(f,(3#")) we define

o =det(fy(H" @) @det(fy(£™) ™"

</ remains the same, if we replace J#' by ' ® f'*%#' for some &' on Y. Especially, if
So:8—X is a second section of X and if %, is the universal bundle with
(idy X so)* £, = Oy, then the sheaf #;=L,@7'*# and " give rise to the same
sheaf of. Moreover, &/ does not depend on the choice of 5 in the equivalence class
with respect to ~ (see 4.1a).

For n>0let us write xJ)s, »=det(rn,o/").If f: X -8 does not have a section we
consider

(pry: X xg X - X, pris)e Zy(X).

The diagonal 4: X —>X x¢X is a section and

27 =% sX/X,prio
is defined. Since our construction of x™ is independent of the section, y™ must be
constant on the fibres of f: X x S and therefore, we find some invertible sheaf on S,
called x)s, » again, with P—
Lemma 5.7. If for i=1,2 we have (f:X-S,#)e #,(S) with
(f: X8, H)=(f:X>8,),
then x)s, 0, = X)s,

Proof. Asin 5.6 we may assume that f has a section s. Let us write 5 and </, for
the sheaves constructed in 5.6 starting from 5#,. We can assume that s*#, =s*5%,
and hence #, @ #, " lies in Picys(S). If o:S—Y is the section corresponding to
H'RH, ® and T,: Y-Y the S-morphism “translation by ¢”, then

(T, xidy)*#," =(T, x idy)* L Qn'*H, = L Q' *H = A7’
and T*«/,=of,. This implies 5.7 since
N =m0 T,) A~ H].

Theorem 5.8. Under the assumptions made in 5.4 and using the notations of 5.5 and
5.6, let P, be the moduli functor of polarized varieties considered in Sect. 4. Let P, be
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the coarse quasi-projective moduli scheme for &, constructed in 4.6a. Then for some
integers p>q>n>0 there exists an ample invertible sheaf ¥ =%"%P on P,
satisfying:

For (f: XS, #)e P,S) and the induced morphism ¢ : S— P, one has

p*pmar = (qu/s®X§?/)s, »F.
Repeating the argument used to prove 4.6b we get as well:
Corollary 5.9. 5.8 remains true if one replaces (%, P;) by (N}, N)).

Proof of 5.8. In order to prove 4.6a we considered the equivalence relation R
together with the good smooth lifting f given by

Y=Pic®(@/H) 25 M, x M,

1 I
H 2, M,

and R= ¢'(Y). For n>0let A be the ample sheaf on M, considered in 5.5. We may
assume A™ to be very ample.

Obviously, ¢'* pr¥ A" is nothing but the sheaf «/" considered in 5.6 and, if
(g:Z—>H, #)e M, (H) denotes the universal family we have

A9)m, & =det(f,¢"* priA®).

Since all (f: X -8, ) € #,(S) are locally obtained by pullback from (g: Z - H, i)
it is enough to prove that for p>g>n> 0 the sheaf

(0% g‘/H® X(Q'";H, »)Y

descends to an ample sheaf on P,, or, in other terms, that we can take the sheaf
7P 5,y in (3.14) to be of that form.

In 3.4 we replaced Y by some quotient Y’, such that ¢’ factors like

Y 5y 2R
and such that ¢” is finite and 7,0y =0y..

Let he H be a point and let (F, 5¢) € #,(Spec(C)) be the pair corresponding to
@(h). If ye f ~Y(h)=Pic® (g~ *(h)) corresponds to the sheaf %, then ¢'(y)=(¢p(h), m)
where m corresponds to (F, # ® £)e #(Spec(T)).

Hence ¢'(y)=¢'(y') if and only if there is an isomorphism t:g~'(h)—g~!(h)
such that t*.% is the sheaf corresponding to y'. In other terms, Y’ is just the
quotient Y/6(A4) considered in 5.5. Obviously, if f’ is the induced morphism from
Y’ to H, then det(f,¢"* pr3 A®)=x$)y, o again. Hence, if we write ¥ =¢"* pr§ A
and Oy, g =04y, we have f"*0y, y=wy, y and 5.8 is just saying

Claim 5.10. We can choose the sheaf Z, ;. in 3.14 to be of the form
(6% n@det(£L9")) .

Proof. In order to prove 5.10 we can assume, as in the proof of 3.2 that Y is already
the good smooth lifting of R with ¢’ finite. Since f is a family of abelian varieties,
the sheaf .# of 3.9 is nothing but

£ =det(f (42" ) @det(f,(¥") "
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for r, =rank(f,(%")) and r,=¢-rank(f,(¥**%). In the same way, we have the
equality

N =L @det(f,(9") "2 =det(f(* Qw7 ) @det(f(F Qwim) T .
If one considers the embedding
prioi: Y-P(8),

then A" locally corresponds to the pullback of the ample sheaf on the
Hilbertscheme H” of subschemes of IP"~!, which is given by the Pliicker
coordinates. Hence, in the notations of 3.12 ¢'*(A")|; is the pullback of some sheaf
A" on H".

Let (g":%"—>H",9") and (g': %' —>H',¥’) be the universal families. Then, as
shown in [9, III, 4.3], we can choose in 3.11

1= det(gy(@ " @) @t (gy(¥™) ™"
for
r=rank(g(#" ®wy ).
Again, since

— ol
Wy g =8 *0g g »

we have ry=r; and
2

"__ oy
=6y

Moreover, by [2, 5.5], A" is ample on H” and we can choose #;=41" in 3.12.
Finally, for a= —1, the sheaf considered in 3.12 is

Ly py=det(gy (@) @p*A* 7 = det(g, (9™ @O% 1) ¢
and the sheaf #_, ,, on H, considered in 3.12 and 3.14 is

det(f(9"))* @0 /u
for some ¢> 0.

References

1. Artin, M.: Versal deformations and algebraic stacks. Invent. Math. 27, 165-189 (1974)

2. Esnault, H., Viehweg, E.: Ample sheaves on moduli schemes. Proc. of the conf. Algebraic and
analytic geometry, Tokyo, 1990 (to appear)

. Grothendieck, A.: Technique de descente et théorémes d’existence en géomeétrie algébrique.
IV. Les schémas de Hilbert. Sém. Bourbaki 221 (1960/61)

. Kollar, J.: Toward moduli of singular varieties. Compos. Math. 56, 369-398 (1985)

. Levine, M.: Pluri-canonical divisors on Kéhler manifolds. Invent. Math. 74, 293-303 (1983)

. Mumford, D., Fogarty, J.: Geometric invariant theory. Second Edition. (Ergebnisse der
Math,, vol. 34) Berlin Heidelberg New York: Springer 1983

7. Popp, H.: Moduli theory and classification theory of algebraic varieties. (Lect. Notes Math.,
vol. 620) Berlin Heidelberg New York: Springer 1977

. Seshadri, C.S.: Quotient spaces by an abelian variety. Math. Ann. 152, 185-194 (1963)

. Viehweg, E.: Weak positivity and the stability of certain Hilbert points. I. Invent. Math. 96,
639-667 (1989); 11. Invent. Math. 101, 191-223 (1990); II1. Invent. Math. 101, 521-543 (1990)

10. Viehweg, E.: Positivity of sheaves and geometric invariant theory. Proc. of the “A.L. Maltsev

Conf.”, Novosibirsk, 1989, to appear

(75

[ ¥

O oo




