COMPOSITIO MATHEMATICA

HELENE ESNAULT

ECKART VIEHWEG

Effective bounds for semipositive sheaves and for the
height of points on curves over complex function fields

Compositio Mathematica, tome 76, n° 1-2 (1990), p. 69-85.
<http://www.numdam.org/item?id=CM_1990__76_1-2_69_0>

© Foundation Compositio Mathematica, 1990, tous droits réservés.

L’acces aux archives de la revue « Compositio Mathematica » (http:
//http://www.compositio.nl/) implique 1’accord avec les conditions gé-
nérales d’utilisation (http://www.numdam.org/legal.php). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une in-
fraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=CM_1990__76_1-2_69_0
http://http://www.compositio.nl/
http://http://www.compositio.nl/
http://www.numdam.org/legal.php
http://www.numdam.org/
http://www.numdam.org/

Compositio Mathematica 76: 69-85, 1990.
© 1990 Kluwer Academic Publishers. Printed in the Netherlands.

Effective bounds for semipositive sheaves and for the height of
points on curves over complex function fields*

HELENE ESNAULT! & ECKART VIEHWEG?

!Max-Planck-Institut fiir Mathematik, Gottfried-Claren-Str. 26, D-5300 Bonn 3, FRG; *FB6,
Mathematik, Universitit-G H-Essen, Universitdtsstr 3, D-4300 Essen 1, FRG

Received September 1988; accepted 20 July 1989

In this note we prove an effective version of the positivity theorems for certain
direct image sheaves for fibre spaces over curves and apply it to obtain bounds for
the height of points on curves of genus g > 2 over complex function fields. Similar
positivity theorems over higher dimensional basis and their applications to
moduli spaces [13] were presented by the second author at the conference on
algebraic geometry, Humboldt Universitit zu Berlin, 1988.

Let X be a complex projective surface, Y be a curve and f: X - Y be
a surjective, non isotrivial morphism with connected general fibre F. In 1963
Y. Manin [6] showed that the number of C(Y) rational points of F is finite if the
genus g of F is larger than 1. A C(Y) rational point pe F gives rise to a section
o:Y— X of f. If one assumes that the fibres of f do not contain exceptional
curves the height of p with respect to wr is h(p) = h(a(Y)) = deg(c*wx/y).

It is well known that Manin’s theorem “the Mordell conjecture over function
fields” can be proved by bounding h(¢(Y)) from above for semistable morphisms
f. The main result of this note is:

THEOREM 1. Assume that f: X — Y is relatively minimal. Let q be the genus of
Y, g = 2 the genus of F and s the number of singular fibres of f. Then for all sections
o of f one has

h(a(Y)) < 2-(2g — 1)®-(2q — 2 + 2s).
If moreover f is semistable, then

ho(Y)) <2:(2g — 1)*-(2q — 2 + ).

In fact, if f is not semistable, a closer look to the semistable reduction of f gives
a slightly better bound (see Corollary 4.10).

*Supported by “Heisenberg Programm”, DFG.
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Effective bounds for the height were first given by A. Parshin [8] and, in
arbitrary characteristics, by L. Szpiro [9]. In [15] A. Parshin announced that,
using H. Grauert’s proof [4], it is possible to bound h(c(Y)) by a polynomial of
degree 13 in g. As S. Lang and Y. Miyaoka pointed out, one can use the
Miyaoka-Yau inequality to get a bound, linear in g.

The proof of Theorem 1 presented in this paper is given in two steps: First we
show, that the sheaf f, w%y(a(Y)) can not have an invertible quotient sheaf of low
degree, if h(o (Y)) is large. Then, in Section 4, we use the Kodaira-Spencer map to
show that this sheaf always has a quotient of degree 2q — 2 + 2s. The existence of
global one forms is only used in this second step. Of course, it would be quite
interesting to get along without using Q% at all. May be, combining methods from
P. Vojta’s proof of Manin’s theorem in [14] and from this paper, this could be
done. In fact, the methods used in the first part are overlapping with those used in
[1] to prove Dyson’s lemma in several variables. Hence the relation between [14]
and this paper might be quite close.

The experts will see immediately that the second step in our proof is not too
different from the arguments used by Y. Manin [6], H. Grauert [4] and L. Szpiro
[9]. The “Parshin-construction” used in [8] and [9], however, is replaced by the
effective bounds on the “positivity of certain direct image sheaves”. This part (see
2.4 for the exact statement) is presented in the first two sections of this article.
Without having any other application, we took Theorem 1 as a pretext allowing
us to work out for fibre spaces over curves an effective version of the results of
[11]. The reader not familiar with the notations used there should have a look to
S. Mori’s survey article [7].

In Section 3 we just evaluate the constants obtained for general fibre spaces in
the special case of families of curves and we verify the assumptions made in 2.4 in
this special case.

The motivation to write this note grew out of discussions with A. Parshin
during his and our stay at the Max-Planck-Institute for Mathematics in Bonn.
The details were worked out during our stay at the TATA-Institute in Bombay.

1. The lower degree of direct images of sheaves

Let Y be a nonsingular compact curve defined over C and & be a coherent locally
free sheaf on Y.

DEFINITION 1.1. (a) The lower degree of & is defined as

1d(#) = min{deg(#"); 4" invertible quotient sheaf of #}.
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(b) The stable lower degree of F is

1d(@*F)
deg(7)’

sld(#) = inf { 7: Y' - Y a finite map of non singular curves}.
If # = 0 we put 1d(F) = sld(¥) = 0. '
(c) & is called semi-positive if sld(#) = 0 (Fujita, [3]).

1.2. Some properties

(a) If & is an invertible sheaf of degree d, then

d(F ® £)=1d(F)+d and
Sld(F ® &) = sld(#F) + d.

(b) If p: Y" > Y is a non singular covering then
sld(p*#) = deg(p)-sld(F)

(c) & is ample if and only if sld(%#) > 0.
(d) The following three conditions are equivalent:
@) sld(#)=0.
(i) & is weakly positive over Y (see [11]).
(iii) If »# is an ample invertible sheaf on Y then for all y > 0 the sheaf
SUF) ® H# is ample.
(e) Forall y > 0 1d(®'(¥F)) <1d(S"#) < y-1d(#) and

sld (R(F)) < sld(S'F) < y+sld(Z).

Proof. (a) and (e) follow directly from the definition. (c) If # is ample then
SNF)® #~! will be ample for some y> 0 and sld(F) > 1/y-deg(s#). If
sld(#) = ¢ > 0 then Op(1) on P = P(¥) satisfies the Seshadri criterium for
ampleness (see for example: R. Hartshorne, Ample subvarieties of algebraic
varieties, Lecture Notes in Math. 156, springer 1970, or [3] §2). The proof of (d) is
similar. In [11] Section 1 and [13] Section 3 the reader can find some
generalizations for higher dimensional Y.

In (b) it is obvious that sld(p*%) > deg(p)+sld(%#). On the other hand, if
1: Y’ — Y is another nonsingular covering we can find 7': Y” — Y dominating
both, 7 and p. One as

4E*F) _1d@F)-deg(Y" > Y') _ 1d@*F)-deg(p)
deg(Y” > Y") ~  deg(Y"—>Y")  deg (1)

sld(p*#F) <
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(1.3) In our estimations of the stable lower degree we will frequently use
vanishing theorems for integral parts of Q@ divisors. Let g: Z — X be a morphism
of complex projective manifolds. For a normal crossing divisor D = Xv;D; and
ec Rwe write [e* D] = Z[e-v;]*D; where [e-v;]is the integral part of e v;. Recall
that an invertible sheaf . on Z is called numerically effective if deg(.#|¢) = O for
all curves C in Z. We will say that & is g-numerically effective if deg(Z|¢) = 0 for
all curves C in Z with dim(g(C)) = 0. k(Z) denotes the litaka dimension of & (see
[7] for example) and wzx = w; ® g*wx ! the difference of the canonical sheaves.

LEMMA 1.4. (a) Assume that there exists an effective normal crossing divisor D
on Z such that #™(—D) is g-numerically effective. If for a general fibre G of g
K(Z(—[D/N]) ® 0g)=dim G then for i >0, R'g,(wzx ® £(—[D/N]))=0.

(b) Assume that g is birational.

If T is an effective divisor on X, D = g*I" a normal crossing divisor and N > 0,
then Rig,wzx ® Oz(—[D/N]) = 0 for i > 0. If moreover I is a normal crossing
divisor then g,wzx ® Oz(—[D/N]) = Ox(—[I'/N]).

Proof. (a) The assumptions imply that #¥(— D) ® g*s#" will be numerically
effective and k(Z(—[D/N]) ® g*#’) = dim Z for all “very very” ample invertible
sheaves # on X. Asin [10], 2.3, the vanishing theorem due to Kawamata [5] and
the second author ([10] and [2], 2.13) implies (a) by using the Leray spectral
sequence. (b) Is shown in [10], 2.3.

(1.5) Let in the sequel Y be a nonsingular compact curve, X a projective
manifold of dimension nand f: X — Y a surjective morphism. The general fibre of
f will be denoted by F. Let .# be an invertible sheaf on X.

All estimates of sld(f, (£ ® wyx,y)) will follow from the following corollary of
Fujita’s positivity theorem [3] (see [11] 5.1):

LEMMA 1.6. Let D be an effective normal crossing divisor on X and N > 0 such
that £~ = Ox(D). Then f,(wxy ® L(—[D/N))) is semi-positive.

Proof. The case & = 0y is Fujita’s original theorem. It may be easily obtained
by Hodge theory on cyclic covers ([12], 6 and 8).

The general case follows from this one, applied to the cyclic cover given by
#N = 0x(D) (as in [2], 2.7 or [11], 2.2).

Recall the following notation: If U = X is open, we call & very ample with
respect to U if HY(X, #) ®. Ox — & is surjective over U and the natural map
U - P(H°(X, %)) is an embedding. Correspondingly we call ¥ ample with
respect to U if for some a>0%* is very ample with respect to U (see [13], 1.16).

We will call & numerically effective with respect to U if there exists a birational

morphism g: X’ — X, isomorphic over U, and an invertible numerically effective
sheaf #’ and an inclusion ¥’ — g*.%, isomorphic over U.
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Obviously, if . is ample with respect to U it is numerically effective with
respect to U. Moreover, if 5 is ample with respect to U and ¥ numerically
effective with respect to U then # ® £ is ample with respect to U, for all a > 0.

COROLLARY 1.7. Let D be a normal crossing divisor on X and N > 0, such that
#N(—D) is numerically effective with respect to a neighbourhood of F and
K(ZM(—D)) = n. Then f (wxy ® L(—[D/N])) is semi-positive.

Proof. By 1.4(b) the statement is compatible with blowing ups. As
K(&N(— D)) = n, we may assume (for example as in [2], 2.12) that there exists an
effective divisor I on X such tha D + I' has normal crossings and such that
#N(—D —T) is ample. Then for M > 0 ¥ M(—M-D — I') will be ample with
respect to a neighbourhood of F. Replacing N,D and I" by some common
multiple we can find a divisor H, smooth on F such that (blowing up a little bit
more) D' = H + M+D + T has normal crossings and #¥™ = (4(D’). For M big

[ ]
F N

b
M-N
and therefore 1.7 follows from 1.6.

DEFINITION 1.8. Let Z be a manifold .# be an invertible sheaf and I" be an
effective divisor.

(a) Let t: Z' > Z be a blowing up such that I" = t*I" is a normal crossing
divisor. We define

e(I') = min {ee N — {0};1*(‘)2"2(_[2]) - @z}.

(b) e(#) = max{e(I'); T zero divisor of se H(Z, .#)}.

F

H+M:-D+T
M-N

F

By 1.4(b) the definition of ¢(I') is independent of the blowing up choosen. In
Section 2 we will give upper bounds for e(I').

1.8.1. Especially one obtains e(#) < oo.

For e > ¢(I') and 7 as above one has 1, wz,z(—[I"/e]) = Oz. f T = Tv;T'; is
a normal crossing divisor, then ¢(I') = max{v;} + 1.

COROLLARY 1.9. Assume that & is numerically effective with respect to some
neighbourhood of F and k(&) = n. Assume moreover that for some invertible sheaf
H# on Y of degree h and some N > 0 one has an inclusion ¢: f*# — ¥N. Then

L)1 1
Sld(f*(g ® wx/y)) = h-mm{ﬁ, W}
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Remark. Especially, if h > 0 the sheaf f, (£ ® wy,y) will be ample by 1.2(c) and
1.8.1. A similar result for higher dimensional Y can be found in [11] 54.

Proof. Let M = max{N, e(¥"|r)} (1.8.1). We can choose a cover ¢: Y’ — Y of
degree M such that the fibres of f over the ramification locus are non singular.
Then X' = X xy Y’ is non singular and

P"z*(l’rfg ® wxy) = ¥ (£ ® wxyy).
By 1.2(b)it senough to show 1.9 for X’ — Y’. Hence, by abuse of notations we may
assume that M divides h. Let 4" € Pic®°(Y). One has for example by Seshadri’s
criterion k(& & f*4°) = k(&). Using 1.2(a) we may replace ¥ by £ ® f* A
and 5 by # ® AN Therefore we may assume that # = Oy(h- p) for some point
pe Y. Let T be the zero divisor of ¢ and let t: X’ — X be a blowing up such that

(I + h-f ~!(p)) becomes a normal crossing divisor. Let /" = fo7,I” = t*I"and
&' =1*%. Since M > e(I'|f) the inclusion

f; <-7'< - [%]) ® CUX’/Y) = fo(&L ® (UX/Y)

is surjective at the general point of Y. This implies

sld(f«(Z ® wyyy)) = Sld(f ;<$ '<— [%]) ® wxw)) .

One has M(—TI" —h-f""Y(p) = L™ ¥ and by 1.6 (if M =N) or 1.7 (if
M > N) the sheaf

r(2(-[5] -5 0) @onr)
I h
() oer) oo 5r)

is semipositive. From 1.2, a we obtain sld(f, (£ ® wyy)) = h/M.
2. Bounds for ¢(.#) and the main theorem

(2.1) Consider acomplex projective manifold ¥ and an effective divisor I on V.
We write # = 0,,(') and choose a blowing up 7: V' — Vsuch that t*I" = I'"" has
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normal crossings. Let us write ¢(e) = coker(t, wy.(—[I"/e]) = wy ). By 1.4(b) €(e)
is independent of the blowing up choosen.

LEMMA 2.2 Let H be a smooth prime divisor of V which is not a component of T'.
Then Supp(€(e)) " H = @ for e = e(l'|y).

Proof. We may assume by 1.4(b) that I"’ intersects the proper transform H’ of
H transversally. Then [I"/e]|y = [T |4 -/e]. One has a commutative diagram

‘c*a)y(——[g-] + H’) 2 r*wH,<—|i£;|2£]> ﬁ’-»w,,

T CUV'<— |:—l;—/:|> ® O(H) 2, wy(H) ——— oy

By the vanishing Theorem 1.4(b), « is surjective. If e = e(I'|y), By is surjective.
Then B has to be surjective in a neighbourhood of H.

PROPOSITION 2.3. Let Z;, i = 1,...,r, be projective manifolds, 5; be a very
ample invertible sheaf on Z; and m, d > 0 such that c, (#,)*™%) < d/m. Let V be the
r-fold product Z, x --- X Z, and M = Q[_, priHT. Then e(M) <d + 1.

Proof. Consider first the case r = 1. Set Z = Z,, o = #,. We prove 2.3 by
induction on dim Z. If Z is a curve I' is an effective divisor on it of degree <d.
Therefore [I'/d + 1] =0. Assume dim Z > 2. Choose, I',7 as in 2.1 and
H a smooth hyperplane section with # = O(H). Then c¢,(#|g)*™? "' < d/m. If
H is not a component of I', then by induction and 2.2 Supp %(d + 1) does not
meet H. As we may find such a H containing any given point, we obtain
%d+1)=0.

We proceed by induction on r. We assume that 2.3 holds for T = Z; x --- x
Z,_,and £ = ®Z{priAT

If Z, is a point, then 2.3 holds by induction. Assume that Z, is a curve. Choose
I' and 7 as in 2.1. Take a point pe Z,, and define D = T x p ~ T. Let v be the
maximal integer such that v- D < T'. Asdeg #," < d,one has 0 < v < d. We may
assume that the proper transform D’ of D in V' meets A'=T"— v-t*D
transversally. From the inequality

A>T —@d+1)@*D—D)—vD=A—(d+1—1v)@*D - D)

one obtains —[A’/d + 1] + D’ < — [I"'/d + 1] + t*D. The multiplicity of D’ is
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one on both sides of the inequality. One has thereby a commutative diagram

A AN|p
T*wV'<_[m] + D') -a—vr.wp(—lid -||-Dl:|> ﬁ» wp

uw(—[%]) ® (D) L 0, (D) —————— wp

By the vanishing Theorem 1.4(b) « is surjective. As Op(I' — v*D) = Op(I') ~ &,
Bp is an isomorphism by induction. Therefore Supp ¢(d + 1) does not meet D.
Moving p, we obtain 2.3 for dim Z, = 1. Assume dim Z, > 2. Choose F a general
hyperplane section in Z, with O(F) = 5#,. As c,(#,r)"™F < d/m, we have
e(M)g) < d + 1 by induction for H = T x F, and 2.2 implies that for all I" with
M = 0y (), supp ¥ (d + 1) does not meet H. As we may find such a F such that
H =T x Fisnotacomponent of I" and contains any given point, we obtain 2.3.

The main result of this note is the following theorem, which for & = w),! isan
effective version of a special case of [11], 6.2.

THEOREM 2.4. Let Y be a nonsingular compact curve; X be a projective manifold
of dimensionn and f: X — Y be a surjective morphism. Let & be an invertible sheaf
on X with k(&) = dim X. Assume that for some N > O the sheaf ¥"|y is very ample
on the general fibre F of f and that £ is numerically effective with respect to some
neighbourhood of F. Write d = c,(Z|¢)"~!. Then for all m > 0

deg(f4(£™™)

sld(fy (& ® wyy))(m-N""1-d + 1) > WS'

Proof. Let us start with the case m = 1:

Let r = rank(f,, #V), X" the r-fold product X xy X --- xy X and f": X" > Y
the induced map. If 4" is any locally free sheaf on X we obtain by flat base change

W®i=,priN)= @ f A f is a flat Gorenstein morphism and wy,y the same
as the dualizing sheaf of f. Therefore wy-y = ®-; pr¥wyy (see [11], 3.5, for
similar constructions). Let 6: X — X" be a desingularization, isomorphic on the
general fibre F x - x F, and f® = f"og. For M = ¢*(®-,prf ¥) we have
inclusions ®";, pr¥¥"N > o, M" and

O'*(,/f/ ® wX"'/Y) = <® pr:" g) ® e}fomgy(a'*(oX(rl, (I)Xr/y) -

i=1

—’<® Pr?-g))@wxr/y = ® Prf(eg’@w,\'/y)-
i=1

i=1
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The induced inclusions
® £ 2" QMY and [9(M B oxos) > R [(£ ® wogy)
are both isomorphisms at the general point of Y. Especially one has
sid ® [+(Z ® wyyy) = sld fQ(M ® wxeypy).

One has k(#) = dim X and .#" is very ample on the general fibre F x --- x F
of f®. We have a natural inclusion

det(f, &M > Q [, L~ - fQ.M"
and fO* det(f, L) > fO*fOMN - M".

By 1.9 (applied to fQ(# ® wxwy) and # = det(f, L") one has

.1 1
sl(fQ(M @ wxeyy)) = deg(f, _g)N)-mm{N, W}

Up to now we did not use that £~ is very ample and the last inequality holds for
all exponents. Especially replacing N by m+N we find that (using 1.2(¢))

1 1
m-NY), > mNYyemind ——— —
rank(f, (L™ M) sld(f (£ ® wyyy)) = deg(f(L™) mm{m.N, e(«g""Nlp)}'
On the other hand we have shown in 2.3 that

(L" M) <mocy(LYE) P+ 1=m-N"1-d+ 1

COROLLARY 2.5. Under the assumptions of 2.4 let £ be even numerically
effective on X. Then

(&)
sld(fy (&£ ® wyyy)) = m

Proof. If & is numerically effective, the dimension of the higher cohomology
groups of #™ " is bounded from above by a polynomial of degree n — 1 in m.
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Since the Leray spectral sequence gives an inclusion
HY(Y, fo &™) > H(X, &™),

the same holds true for h'(Y, f,, &™M).
The Riemann-Roch-Theorem for vector-bundles on Y and for invertible
sheaves on X implies that

;ll—!'cl(,Z’)”'N”'m" = hO(X, =glv-m) + O(mn—l) = hO(Y, f*gN‘m) + O(mn—l)

= O(m"™") + deg(f, £"™) — rank(f, £"™)(q — 1).

Then, using in the same way the Riemann-Roch on F and taking the limit over
m we get 2.5 from 2.4.

REMARK 2.6. Especially for those, mostly interested in the case that f is
a family of curves, it might look quite complicated that the proof of 2.5 and 2.4
forced us to consider higher dimensional fibre spaces. In fact, if one is just
interested in 2.5 this is not necessary and we sketch in the sequel a proof which is
avoiding the products in 2.3 and 2.4: If p is a point on Y the Riemann-Roch
theorem shows that h%(Y, f, #"'™® Oy(—h-p)) is larger than or equal to
deg(f LN™) — rank(f, V™) (h + q—1). Therefore, whenever we have

h < deg(f, £V™) rank(f, V™)' —q + 1,

we will find an inclusion of Oy(+h-p)in f, LV ™

Applying 1.9 and 2.3 (for r = 1) we obtain the same inequality as in 2.4, except
that we have to add a — g on the right hand side. Since in the proof of 2.5 we were
taking the limit over m anyway, this is enough to obtain 2.5.

3. Examples and applications

The first application of 2.4 is not really needed in the proof of theorem one and it
is just added for historical reasons.

THEOREM 3.1. Let f: X — Y be a surjective morphism with general fibre F,
where X is a projective manifold of dimension n and Y a non singular curve, and let
v > 1. Assume that for N > 0 w} is very ample and that f is non isotrivial. Then,
for all multiples m of v — 1

deg(fy 0X;7)

sld(fy@¥y):(m*(N-ci(wp))" ' + 1) > m~
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Moreover for v > 1, f wyy is ample, (if it is not trivial).

Proof. Results due to J. Kollar and the second author show that w(wy,y) =
dim(X) (see [7] or [13], §l(c) for example). In fact, one first shows that
deg(f,w¥;7') > 0form > 0and then one uses methods similar to those used in the
proof of 2.4 to show that f, w4,y is ample for u > 0. Then wy,y will be ample with
respect to a neighbourhood of F and the inequality follows then from 2.4 for
& = wyy'- By 1.4(a) f,wky will be ample whenever it is not trivial.

EXAMPLE 3.2. Assume that X is a surface, and moreover that f is a non
isotrivial family of curves of genus g > 2.

(@)For N > 1 one hasrank f,w¥y = 2N — 1)-(g — 1). Applying 3.1 forv = 2,
one obtains

sld(fy0%y)*(N*(29 — 2) + 1)*(2N — 1)*(g — 1) > deg f,0¥r.

(b) Letf: X — Y be the relative minimal model of f. By definition the fibres of
f do not contain any (— 1)-curves and wgy is fnumerically effective. On the
other hand, if B is a curve on X which dominates Y, then f*f, wgy — wgy —
wg)y|, is non trivial. Since the sheaf on the left hand side is the pullback of
a semipositive sheaf, deg(wg/y|,) > 0. Therefore wg,y is numerically effective.
From 2.5 we obtain that sld(f, w%y)* (29 — 2)* = icy (wgy)*

(c) Onehasc;(wgy)* > 0ask(wg)y) = 2 and since wg,y is numerically effective
(see [10], §3). If one does not want to use this non trivial fact, one can get along
with ¢, (wg,y)* > 0 if one replaces all strict inequalities in the sequel by “>". The
weak inequality follows directly from (b).

(3.3) From now on f: X - Y will denote a non isotrivial family of curves of
genus g >2 and o: Y —» X a section. Let C = ¢(Y) and let f: X > Y be the
relative minimal model. The image C of C in X intersects the fibres of f in smooth
points. Therefore we may assume that all fibres of f are normal crossing divisors,
and that C does not meet any exceptional divisor contained in the fibres. Of
course, h(C) = ¢;(wzy)*C is the same as ¢, (wy,y)* C under this assumption.

LEMMA 34. For N > 1 one has

deg(fyxy(C)Y) = deg(fy @Xy) + 3N(N — 1)-h(C).
rank(f,0xy(C)') = N+(2g — 1) — (¢ — 1).
Proof. We may assume here that f is relatively minimal, ie. X = X. Then

wxy as well as wy,y(C) are f-numerically effective (see 1.3). Then by 1.4(a) we have
for 0 < u < N exact sequences

0 fewXiy(u: €)= fyafy(p + 1)C) = 0y (1 + 1)C)lc 0.
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Since wyy(C)lc = Oc, the sheaf on the right hand side is
Oc(—(N — p—1)-C) = o¥3* Y.
Adding up we obtain

1

N
deg(f, 0xr(C)Y) — deg(fy@Xy) = 3 (N — u—1)*h(C).

n=0
The second equality is trivial.

COROLLARY 3.5. Under the assumptions made in 3.3 we have for N > 2

sld(f, 0%y (C)*(N* (29— 1)+ 1) (N (29— 1) — (g — 1))
N(N — 1)

7—HO)

> deg(f,0¥)y) +

and

sld(f, @%v(C))* (29 — 1)* = 3(c1(@gx)* + H(C)) > FH(C).

Proof. Since wy/yis numerically effective, the same holds for O)X/y(é). More-
over, if i(C) # 0, ¢, (wg,y(C))? = c1(wgx)* + A(C) > 0 and hence k(wgy (C)) = 2.
The first inequality follows from 3.4 and 2.4 applied to £ = wg;y(C) and the
second one from 2.5 applied to £ = wg,y(C).

REMARK. Since the arguments used in 3.4 also show that wyx,yc is a quotient of
f,,0%¢(C) we can state as well h(C) > sld(f, w},v(C)) and

COROLLARY 3.6. Using the notations and assumptions made in 3.3

hO)+(2:(29 — 1)* — 1) = ¢y ()™

4. Effective bounds for the height

We want to finish the proof of Theorem 1.

(4.1) Let f: X - Y be a family of curves. Let S = {ye Y; f ~*(y) singular} and
D = f*(S). We assume that D is a normal crossing divisor (i.e. an effective divisor,
locally in the analytic topology with nonsingular components meeting trans-
versally). Recall that f is called semistable when D is a reduced divisor.

Let Q4<D) = Q4{(D,.q> be the sheaf of differential forms with logarithmic
poles along D. The natural inclusion f*Q}(S>—QL(D) splits locally. In fact,
f is locally given by t=x*-y#, where x and y are parameters on X and



Effective bounds 81

t a parameter on Y. Then dt/t =« dx/x + f-dy/y is part of a local bases of
Qx{D>. The quotient sheaf, denoted by Q}y<D), is therefore invertible.
Comparing the highest wedge products one finds

Q}r/y<D> = Wx(Dyeq) ® f*oy(S)” = wX/Y(Dred — D).

As C = o(Y) meets D only in points which are smooth on D, the cokernel
Q% y<D + C) of f*Q3<{S) - Q<D + C) will be invertible as well and one has
Q<D + C) = Qxy<{D> ® Ox(C).

LEMMA 4.2. Iff is non isotrivial, there is a nonzero map
y: f*(wX/Y ® QJIK/Y<D>) - Qy(S).

Moreover, if C is a section y factors through
V' faloxy ® Qiy<D + C)) - Qj(S).

Proof of Theorem 1. If f is semistable then Q} (D) =wy,y. 4.2 implies that
sld( f*(w,zg/y(C)) < 29 — 2 + s. In general one has an inclusion

[@%y(C) = frlwxy ® Qxy<D + C)) ® Oy(S)

and using 4.2 and 1.2(a) one obtains sld(f, w%;y(C)) < 2-q — 2 + 2-s. In both
cases 3.5 gives (2-g — 1)72-h(C) < 2-sld(f, 0%y (C)).

The construction of y': (4.3) We have a commutative diagram of exact
sequences:

0 0

|

0= f*Qi(S> - QDY —— Qxy(D) >0

]

0 f*QI(S) > (D + C) > Qy<(D +C)—>0
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(4.4) Applying Rf, to the diagram 4.3 we obtain

£, Qky (DY —2, RIf,0, ®Q}(S)

|k

£ Q<D + € -2, RYf, 0, ® QIS

d is the Kodaira-Spencer class and, since f is not isotrivial, both ¢ and ¢’ are non
zero. If we tensorize 4.3 with wy,y and apply Rf, again we get

4.5)
f*((DX/Y ® Q;(/Y<D>) —r le*wX/Y ®Q}<S>

fulwxy ® Qxy<D + C)) a R'f,oxy ® Q<S> = Qy(S)

Since the left vertical arrow is injective 9’ cannot be zero if y is non zero.

LEMMA 4.6. There is a commutative diagram

f*wX/Y ® f*Qi’/Y<D> —Mf*wxn' ® le*@x ® QKS)
T
f*(wX/Y ® Q}(/Y<D>) —‘y—’ le*wX/Y ® 911'<S>

where m is multiplication and U the cup product.
Proof. One has a natural map f*f, wyy — wx,y and taking the tensor product
with the first row of 4.3 we get a commutative diagram

0 —’f*f*CUX/Y ® f*QKS) I f*f*wX/Y ® Q)lr<D> —’f*f*wX/Y ® Q,{’/Y<D> -0

0 - wxy ® f*Qy(S) — oxy ® QD) — wx;y @ Qi y(D)—— 0
Applying Rf, we obtain the diagram in 4.6.

Proof of 4.2. Tt is enough to show that y is non zero. Let U be some open

subvariety of Y such that Q1{S) is generated by a differential form a. Since
0 is non zero we may choose se f,Qy,y<(D)U) with &(s) # 0. For some
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0 # Ae R, 04(U) we can write §(s) = A ® a. Since U induces a perfect pairing
there is some p e f wy,y(U) with u U A #0. Then pu U A ® a # 0 and by 4.6 this
is the same as y(m(u @ s)).

(4.7) Of course, 4.2 also implies that for non isotrivial families
sld(fy(@xy @ Qi y<{D))) <29 —2 +=.

If f is semistable and minimal this together with 3.2 shows (see [9] for better
bounds):

COROLLARY 4.8. If f is semistable, relatively minimal and non isotrivial and if
q is the genus of Y and s the number of degenerate fibres of f, then for N > 1

(29 =2 + s)(N+(2g — 2) + 1)2N — 1)(g — 1) > deg(f, @Fy)
and

(29 — 2 + 5)(29 — 2)* = 3¢y (wxy)* > 0.

If f is not semistable let 7: Y — Y be a non singular Galois cover such that the
ramification index of se Yis divisible by the multiplicities of f ~!(s). Let 6: X’ —
X xy Y’ be the normalization, f' = pr,cd: X' > Y and t = pry0d: X' - X. If
the fibres of f are normal crossing divisors, then X' has at most rational
Gorenstein singularities. Especially oy is invertible and, if 7: X" —» X' is
a desingularization, then 7,y =y . Moreover X' is non singular in a neigh-
bourhood of a section C'. In fact, under the assumptions made, we may choose X"
such that X” — Y’ is semistable.

LEMMA 49. Let £ be an invertible sheaf on X and ¥’ = t*%. Then there
is an inclusion (L' ® wxy) = 1* fo(£ @ wy,y) isomorphic in the general point
of Y.

Proof. As in the proof of 2.4 one obtains by duality theory an inclusion

0,(Z' ® g y) = ri(¢® Wx)y)-

4.9 follows by flat base change.

COROLLARY 4.10. If f: X - Y is not semistable, then the bound for h(a(Y))
given in Theorem 1 can be improved to

ho(Y)) <229 —1)*-(2g — 2 + 5) + s.

Sketch of proof. If f:X — Y is any morphism, not necessarily relatively
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minimal, and C=0(Y), then h(C)<c,(wyy):C. Let 1: Y'—Y be a nonsingular
Galois cover with Galois-group G, such that X xy Y’ — Y’ is birational to
a semistable family of curves ¢: T — Y’, relatively minimal over Y’. Let B be the
image of the section of ¢ lifting o. The action of G on Y’ extends to an action of
G on T, such that X is birational to 7/G.

CLAIM 4.11. There exists a sequence of at most s+ ord(G) blowing ups of points
n: X” — T such that G acts on X" and such that the quotient X”/G is non singular
in some neighbourhood of C”/G, where C” is the proper transform of B.

Using the notations from 4.11 one has ¢y(wx~y-)* C” < s+ deg(t) + h(B). We
choose X to be a desingularisation of X”/G, isomorphic to X”/G near C"/G, such
that f: X — Y has fibres with normal crossings. As above, let f': X' — Y’ be
a minimal desingularization of X xy Y’ — Y’,7": X’ - X the induced map,
C' =1v"YC)and D’ = v~ }(D). One has t*Q},y (D' + C')> = Qyy<{D' + C">
and, since f’ has a semistable model, both f,wx,y-(C’) and

[eQxy (D" +C") ® wyy)

are independent of the model chosen for f'. Especially both sheaves coincide.
Using 3.5, 4.9, 1.2(b) and 4.2 one obtains

329 — )72+ h(C') = 3(2g — )7+ h(B) < sld(f @k y(C))
sld(fy0x/y ® Qkjy(D + C))-deg(7)

(2g — 2 + s)-deg(7).

N NN

On the other hand, near C the sheaves Q},y{D) and wy,y coincide and, using the
notations introduced above, one has

1
h(C) < ci(wxyy)* C = ¢1(Qx¥<{D)): C = mcl(a’x’/}”)‘ c’
1 h(B
deg()cl( X/y)C”\ +—'(—(25\2(2 1)2(2q—2+s)+5.

Proof of 4.11. The question is local in Y and we may replace G by the
ramification group of some pe Y’. Hence we assume Y to be a small disk and
G = {a) to be cyclic of order N. Let Q = Bn ¢~ !(P)e T. We can find local
coordinates x and y near Q, such that x is the pullback of a coordinate on Y’, and
such that the zero set of y is B. Moreover we can assume that o(x) = e*x and
o(y) = e*-, where e is a primitive Nth root of unit and O < u < N. Blowing up
Q we obtain T’ and local coordinates x” and y' near Q' = ¢’ ~}(p) n B’ with x’ = x
and y' = y/x. Therefore a(x’) = e*x’ and o(y’) = e* 'y’ for ' = pu — 1. After at
most N blowing ups we may assume that ' = 0. Then, however, the quotient
is non singular.
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COROLLARY 4.12. Assume that f is not isotrivial. Let q be the genus of Y and
s be the number of degenerate fibres of f. Then one has

0< Sld(f*(wx/y ® Q}{/y<D>)) < 2q -2 + s.

4.12 implies the well known fact that a non isotrivial family of curves of genus
g = 2 over Y must have at least three degenerate fibres, if Y = P, and at least
one degenerate fibre, if Y is an elliptic curve.

(4.13) If f: X - Y is a family of higher dimensional canonically polarized
manifolds with deger}?rate fibres one can consider the iterated Kodaira—Spencer
map f, Qi (D> T (@IKS))"" ® R""!£,0x and

Fuloxy ® QDY) L2 @ISy,

With 3.1 and the same arguments we used above one obtains
PROPOSITION 4.14. Assume that 5" is non trivial then 2q — 2 + s) > 0.

However, we do not know any reasonable criterion implying that 6"~ # 0.
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