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1 Introduction

T. Fujita, Y. Kawamata and the author showed that direct images of powers
of dualizing sheaves have a certain positivity property, called now ”"weak pos-
itivity”. For families of compact complex manifolds with non trivial moduli,
one hopes that those sheaves satisfy stronger positivity properties (see [4]
or [8] for the exact statements and references). If the fibres are of general
type or if they have minimal models this has been shown by Y. Kawamata,
J. Kollar and the author (loc.cit.)}, and in those proofs, global or local mod-
uli or Hodge theoretic estimates of the kernel of the multiplication map
played a central role.

It turned out, however, that for families of manifolds of general type, one
can avoid those methods by some universal bundle construction and Plicker
coordinates on Grassmann manifolds. May be, it is not too surprising that
the better understanding of positive sheaves, induced by families of man-
ifolds, had also some implications for the construction of moduli schemes

(see [9]):
Theorem 1.1 Let h be a polynomial of degree n and
My, : Schemes/C — Sets

be one of the following moduli functors:
a) The moduli functor of compact complex canonically polarized manifolds
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F with Hilbert polynomial h, up to isomorphisms.

b) The moduli functor of compact complez inhomogeneously polarized man-
ifolds (F, L) with Hilbert polynomical h and wr numerically effective, up to
isomorphisms and linear equivalence. (i.e.: (F,L) ~ (F',L') if there exist
isomorphisms 7 : F — F' and 7L’ ~ (.)

Then there exists a quasi-projective coarse moduli space My, for My,

(Here we are cheating a little bit, see 5.3 for the exact definition of the
moduli functor M), in case b).

Of course, the moduli functor considered in b) is not the "right” one.
One wants usually to classify polarized manifolds (F, £) up to Q - numerical
equivalence, as explained in [6] or [7]. (i.e. (F,L) ~ (F',L’) if there is an
isomorphism 7 : F — F' such that 7*£’® is numerically equivalent to £°
for some a,b € ZZ). Those two moduli problems coincide only if one has
RO(F, QL) = 0.

In fact, in Theorem 1.1 one can allow F' to have normal rational Goren-
stein singularities, as long as the moduli functor stays bounded and sepa-
rated. Since this holds true for n = 2 (see [2] for other cases) we obtain as
a corollary:

Corollary 1.2

a) (D. Mumford, D. Gieseker) There erist quasi-projective moduli schemes
for curves and surfaces of general type.

b) (I L. Pjatetskij-Sapiro, I. R. Safarevich ) There exist quasi-projective
moduli spaces for polarized K3 surfaces.

However, we have to confess, that the ample sheaves obtained by the au-
thors quoted in 1.2 are much nicer and more natural than the ones obtained
in [9)].

The proof of 1.1 uses D. Mumford’s geometric invariant theory. A sec-
ond possible approach, due to J. Kollar, consists in constructing M} as an
analytic space first and then to use the positivity theorems mentioned above
to construct an ample sheaf on M, (see [3], [9],1,5.18 and IL§5 ). The am-
pleness criterion, used to this aim, is quite close to the methods which will
be discussed in §3. However, one can only apply it if the moduli problem
has a reasonable compactification or if M}, is normal.

In this survey, we will try to work out in §2 and §3 the stability criterion
used to prove 1.1. Hence the formulation of 2.8 and 3.2 will be new, but not
their proofs. In §4 we present the two "hard positivity theorems” (4.1 and
4.4) and sketch the minimizing principle used to obtain ”weakly positive
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polarizations”. Then, §5 gives a short outline, how to finish the proof of
1.1.

So, §4 and §5 are just supposed to be a very coarse guide- line to [9] and
the word "proof” just means ”idea of the proof” in both sections. Neverthe-
less we hope that the slightly more general point of view will help to clarify
some parts of [9] and convince some of the readers to use similar methods
for different moduli problems.

We keep the conventions from [9], II. Especially the reader should keep
in mind that all schemes are supposed to be separated and of finite type
over €. Moreover, locally free sheaves are always supposed to be of constant
finite rank (It seems however, that the stability criteria of §1 and §2 work
as well in characteristic p > 0).

We refere to the three parts of [9] by I, IT and III.

I would like to thank the organizers of the conference in honor of Prof.
A.IL Maltsev for the invitation to participate.

2  Stability and weak positivity

Notations 2.1 Let G = PGI(r,C) be acting properly on a scheme H.
Hence we have maps 0 : G x H — H and pr; : G x H — H such that

(o,pr2):Gx H— HxH

is proper. Recall that a locally free sheaf £ on H is called G-linearized, as in
[5], Def. 1.6, if one has an isomorphism ¢*L — priL. Let £ be an invertible
G-linearized sheaf on H. In fact, it will be enough, if £? is G-linearized for
some p > 0. We will not destinguish those two cases. If z € H, then H,
will denote the G-orbit of z in H.

Definition 2.2 ({5], Def. 1.7).

i) A geometric point z € H is called stable (with respect to £ and o) if
there exist for some N > 0 a G-invariant section s € H°(H, L") such that:
H —V(s) is affine, z € H—V(s) and G acts on H — V(s) with closed orbits.
ii) We write H(L)* for the set of stable points with finite stabilizers.

Assumptions 2.3 Let Lo and N be invertible sheaves on H, both G-
linearized. Assume that Lo is ample. We write £, = LoQN™. If j : H — H'
is a projective compactification, we will write H., for the closure of the orbit
H,. Let us assume that GG acts with finite stabilizers.
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Stability criterion 2.4 Let x be a point of H. Assume that there is a
projective compactification j : H — H’ and for some a > 0 a coherent
subsheaf L' of j.(L,)* such that:

a) The sheaf L’ is generated by some subspace V C H°(H',L'), one has
L' |g= (£,)* and the induced mophism H — P(V) is an embedding.

b) There is an effective Cartier divisor D, on H with H, — D, = H, and
an inclusion Op;(D,) — L' |g; surjective over H,.

Then z € H(L,)".

PROOF.  We may assume « = 1. By [5],]1,§1, we can find a G-invariant
subspace V' of H°(H,L,) which contains V. Choosing L’ even bigger we
may assume that V is G-invariant. Replacing H' by the closure of H in
IP(V) and £’ by Op(v)(1) |u» we may assume that G acts on H’ and that £’
is G-linearized. Moreover we can choose D, in b such that £’ | 1= On(D;).
Then = € H (L' |i:)°. In fact, since (D;)req is G-invariant, some sum over
finitly many conjugates of D, will be G-invariant. Hence, the corresponding
section satisfies the assumptions asked for in 2.2 By {5], Prop. 1.18, we have

z € Hy(L' |m) = H'(L') N H,
and hence by [5], Prop. 1.19,
ce H(L')YNnHCH(L,).

Remarks 2.5

a) Assume that for all z € H we can find some 7 such that the assumptions
made in 2.4 hold true for all multiples 5 of no. Then, since H(L,)* is Zariski
open, we will get H = H(L,)* for some n >> o.

b) By [5], Prop. 1.16, we know that H,.q(L,)* = (H(L,)*)req. Therefore we
may assume in the sequel that H is a reduced scheme.

In order to be able to formulate a second stability criterion we have to
introduce some more notations:

Definition 2.6 Let Y be a quasi-projective reduced complexe scheme, and
7 :Yo — Y a dense open subscheme. Let F be a coherent sheaf on Y such
that Fo = j*F is locally free. Then we call F weakly positive over Yy if for
all (or one) ample invertible sheaves H on Y and all @ > 0 there is some

b > 0 such that the sheaf G = $%*%(F) @ H?® is globally generated over Yp.
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Recall that G is globally generated over Y if the map

H°(Y,G)®c Oy — G

is surjective over Y.

Moreover, we will use the convention that for all finite dimensional rep-
resentations T the tensor bundle T'(F) is the reflexive hull of T(F i), where
U is the largest open subscheme where F is locally free.

Convention 2.7 In this note we will call Fy weakly positive over Y; in a
bounded way, if we can find some Y projective compactification Y of Y,
and some extension F of Fy to Y and F satisfying 2.6.

The boundednes will be needed later in order to get H' and some extension
N’ of N to H. However, in order to prove that the sheaves considered in
the proof of theorem 1.1 have this property one better uses a more explicite
definition "weakly positive with respect to some desingularization of Y.

Since we will not carry out all the nescessary calculations we will not use
this definition (see II, 2.2).

Let us return to the situation considered in 2.1 and 2.4:

The group G is an open subvariety of IP = IP(@"C"). Let H’ and Y be
projective compactifications of H and G x H respectively, such that the
three morphisms o, pry and pr; extend to

0:Y—>H p:Y—>H andp,:Y - P.

Let us write U = o~}(H),V =p;'(H) and Yo =U U V.
Since we assumed G to act properly we have UNV = G x H. Let L'
and N’ be invertible sheaves on H’ such that L'y |lg= LY and such that

N' |lg= N We will assume that L; is ample on H’. Again we write
L,n = L’O ®Nln-

Stability criterion 2.8 Assume that:
a) N is weakly positive over H,.s in a bounded way
b) There exist an invertible sheaf M’ on Y which satisfies:
i) M' is weakly positive over (Yp)eq.
ii) For some effective Cartier divisor D’ on Y with Y — D' = p;*(H) and
for some g > 0 one has

M’(_D’) |sa‘1(H)= ‘P*NH‘ lw‘l(H)



504 ECKART VIEHWEG

and MI |p;-1(H)= p;N’# |p2_1(H) .

Then, for all multiples n of some given 7o > 0 one has H = H(L,)".

PROOF Since 2.8, without being stated, is proved in I §5 and III, §4 we
just sketch the arguments needed:

First of all, as we remarked in 2.5, we can assume H to be reduced and
we will just show that some given z lies in H(L,)*. We can assume that
a=1and g =1in 2.8, b), and that H' — H is the support of some effective
Cartier divisor I'. Replacing N’ by AN’(p - T') we can assume that N’ is
weakly positive over H and that there is an inclusion M’ — pi N’ surjective
over p; ' (H).

For u,y >> 0 one can find, blowing up Y if necessary, an ample in-
vertible subsheaf H' of p{Op(p) @ p3L'], such that both sheaves are iso-
morphic over G x H. If we choose H' small enough, then the inclusion
H'P < prOp(u- B) ® piL'Y” will induce an inclusion.

P !pz*Hlﬁ ®Nm-ﬁ = HO(]P,OP(,U - B)) ®c ﬁ/g-ﬁ ®Nm'ﬁ

for all 8 > 0.

Let U, = ¢7(z) and U, = U. N G x H. Then, for some Cartier divisor
A, we will have H' |y:= Oy:(A;). By b,ii) the sheaf M’ |y; has a section
whose zero set D, is exactly supported in U, — U,. Hence, if we choose
n >> 0 the sheaf H' ® M' |y, will have a section ¢ whose zero locus
A, + n - D, will be effective and exactly supported in U, — U,.

Since M’ is weakly positive over some neighbourhood of U, one can lift
for some B8 > 0 the section o? to a section s of H"* @ M"™? using I, 3.2 for
example. In fact, we can as well assume that H'® @ M'™? |y, is generated
by sections lifting to H°(Y, H"® ® M'™?). Let us consider the "trace map”

H°(IP, Op(p - B)) = p2uOuy(* - Dy) = Oy (% - T)

where I'; = H, NT. The image will be in some subsheaf of Oy: (-6 -T';)
for some 6 independent of 3.

On the other hand the sections of H'® ® M'?" generate under the com-
posed map

P H? @ MP" — HY(P,0p(i- B)) ®c LTP @ N'™P —

— p2, Oyt (% - Ag) — Opr (x - T'z)
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a subsheaf of Op (% - T';) which contains On: (¢ - T'z) where ( is rising like
n - B. This can only happen, if for n >> 0 the subsheaf G of £77* @ N'"°
which is generated by global sections satisfies the assumption 2.4.b. The
assumption 2.4.a is obvious, since N is weakly positive over H.

3  Applications to special group actions

We want to apply 2.8 to group actions induced by coordinate changes in
some free bundle. To this aim it is more convenient to lift the action of
PGI(r, T) to the group Si(r,C). Hence in this section we write

G = Sl(r,C) .

Correspondingly the map p; : Y — P in 2.7 will now be an extension to
Y of the composed map

GxH— G — PGI(r,C) .

We keep the other notations and assumptions from 2.3 and 2.8. So G
acts properly on H with finite stabelizers and £y and N are G-linearized
invertible sheaves, Lo ample. Let us assume that we have a G-linearization

:0"d" N > pr; @ N.
® allows to lift the G-action o to
o' :GXxHXxP ' =P(e*@® N)~P(pr; @ N) —» H x P2,
The G-linearization ® induces a G-linearization @' of Op(,+gra)(1).
Assumption 3.1 ¢’ is induced by ¢ : G x H — H and the usual G-action
T:Gx P P

(i.e: o'(g, h,p) = o(g,h)x7(g,p)), and & is induced by the G-linearizations
of Opr-1(1) and V.

For ¢,p1,p2,U,V and Y; as in 1.9 the sheaves ¢*(@"N) and p}(d™N)
coincide on UNV = G x H, using ®. We can glue them together to obtain
a locally free sheaf F; on Yj.

The main assumption, replacing b) in 2.8, is just the weak positivity of Fo:
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Theorem 3.2 Let G,H,Ly and N be as above and ® a G-linearization of
"N satisfying 3.1. Assume moreover that N is weakly positive over H,oq
in a bounded way and that Fy is weakly positive over (Yp)rea in a bounded

way. Then, for all multiples  of some o > 0, and L, = Lo @ N one has
H=H(L,)".

PROOF. (see also I, §5 and III, §4). Again we can assume that all the
schemes are reduced. Let us write By = (pz |v)*N. Then we have an
inclusion By — &"Fo |v, induced by @By — Fo |v. Blowing up Y, if
nescessary, we can extend By to a subbundle € : B — &"Fo.

Let s : ®"B — F, be the induced map. If D is the degeneration divisor of
s, then B" = det(Fy) ® Oy,(—D). The dual of ¢ induces a surjection

STOTATIF = ST Fy @det(Fo) — BT ®@det(Fo)” = det(Fo) @Oy, (D).

Since weak positivity is compatible with quotients and positive tensor bun-
dles (1,83), the sheaf M = det(Fo)"~! ® Oy, (D) is weakly positive ove Y in
a bounded way.
Blowing up again, we can assume that there is some invertible extension M’
of M to Y, weakly positive over Yy. Let D’ be the closure of D in Y, enlarged
by the components of Y — Y;. Then we have M(—D") |v= (¢ |v)*N"-D
and M |y= (pz |v)*N7~1). Hence, in order to be able to apply 2.8 we just
have to show that Y — D' =V or, Yo, - D =V.

In fact, it is enough to show this equality on U, = ¢~ (z) for all z. We
have a map p; : U, — P, and

8|y @B |up— & Ovr = Fo lue
is nothing but the pullback of the universal bases on PP, i.e. of the map
®"Op(~1) = Op ®c T,
induced by the tautological map
®"Op @¢ €7 — Op(1).
Hence, D N U is the pullback of P — G.

Remarks 3.3

a) Up to now we did not really use that we are working over C. I think one
should be able to prove 3.2 in characteristic p > 0 in a similar way.

b) If H is an open subscheme of some Hilbert scheme or of some scheme
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parametrizing quotients of locally free sheaves, one will get some " A and
some ® such that the assumptions made in 3.1 hold true. Hence the cruical
assumption in 3.2 is the one, asking Fy to be weakly positive over Y.
Without refering to some geometrical situation which allows some ”nat-
ural choice” of Fj, there seems to be no way, to find some A such that F,
satisfies this assumption.

4 Examples of weakly positive sheaves

The starting point is the

Theorem 4.1 Let g : Y — S be a smooth surjective projective morphism
of reduced quasi-projective schemes. Then gwwyys is weakly positive over S
in a bounded way.

This theorem, due to T. Fyjita, if S is a smooth curve, and to Y. Kawa-
mata, if S is any smooth quasi-projective scheme, is quite difficult to prove.

One has to find an extension of g,wy/s to some compactification S’ of
S, such that over a desingularization of S’ this extension pulls back to some
canonical extension, coming from Hodge theory. This crucial point in based
on an extension criterion of Ofer Gabber, which is reproved in I in a slightly
different set up.

We will need a stronger version of 4.1. To this aim, let us introduce
some number which is a measure for the singularities of a divisor (see [1]):

Definition 4.2 Let Z be a manifold, M an invertible sheaf and T" an ef-
fective divisor.

a) Let 7 : Z' — Z be a blowing up, such that IV = 7*T is a normal crossing
divisor. Then  ¢(T') = Min{N € IN — {o}; nwzz(~[%]) = Oz}.
b) e(M) = Maz{e(T);T zero divisor of s € H*(Z, M)}.

Of course, one has to show that e(T') is independent of Z’ and that e(M)
is finite, at least if Z is compact. The main observation taken from [1] is:

Lemma 4.3 If M is very ample and Z compact, then
(M) S v-e(M)¥mZ 41,

Moreover, if X = Z x ... x Z and H = @_, prt M, then
e(H") S v-e (M) ™2 41

as well.
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Theorem 4.4 Let g: Y — S be a smooth surjective projective morphism,
and I' an effective Cartier divisor and e € IN such that for all fibres F of
g one has FNT # F and e(T' |r) < e. Assume moreover, that L is an
invertible sheaf such that L5(—T') is semi ample and g.(L ® wy/s) locally
free and compatible with arbitary base change.

Then g.(L @ wyys) is weakly positive in a bounded way.

If ' = 0, then 4.4 follows directly from 4.1, applied to finite coverings
of Y. In general, one has to repeat part of the proof of 4.1 in this more
general set up (see III).

The ”minimizing principle” 4.5 which will appear in the proof of 4.6
and 4.7 is based on the following quite simple observation (I, 3.4 or II, 2.4):
If F is a locally free sheaf on S and if for some constant g , for all finite
covers 7 : S’ — § and all ample sheaves H' on S’ one knows that 7*F Q@ H'*
is weakly positive over S’, then F is weakly positive ( In fact, this was used
several times during the last couple of years to show that direct images of
powers of dualizing sheaves are weakly positive over some non empty open
set ).

In order to find such u one starts with some minimal number m such that
™F @ H'™ is weakly positive. If F is some direct image sheave one tries to
use 4.4 to get another number m' , depending on m , such that r*F @ H'™
is weakly positive as well. If one is lucky, the corresponding inequality
m’ > m — 1 gives some bound for m , independent of 7.

Theorem 4.6 Let g : Y — S be a smooth surjective projective morphism
of reduced quasi-projective schemes and assume that for some N > 0 the
map g*g,,w{)’ls — w{}’s s surjecitve.

Then 9wy g is weakly positive over S in a bounded way for all v > 0.

Theorem 4.7 Let g : Y — S be a smooth surjective projective morphism
of reduced quasi-projective schemes , M an invertible sheaf on' Y, relatively
ample for the morphism g. Assume moreover that

a) r = h*(F,M |g) and e = c1(M |p)" + 1 are the same for all fibres F of

g.

b) 9" 9«(M @ wi5) = M @uwy, 5 is surjective.

c) g.(M ®wy/s) and g. M are both locally free and compatible with arbitary
base change.

Then (® (M ® wf,/s)) ® det(g.M)™? is weakly positive over S in a
bounded way.
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Let me sketch the proof of 4.7. The proof of 4.6 is similar. Replacing S
by some finite cover one can assume that det(g,M) is an r — th power and
then we can assume as well that it is Og. For simplicity, let us drop the
"bounded way”. If H is any ample invertible sheaf on S, define

m = Min{p € N; H**' ® g.(M ® wy/s) is weakly positive overS}.

Then for some N > 0 the sheaf SN(H™*! @ g,(M @ wy/s)) ® HY will be
generated by global sections over S and, by b we find M ® wy/s @ gTH™*
to be semi-ample.

Consider the r-fold product

f:Y(’)zYxs...steSandM(’)=®pr;'M.
i=1

Then M) @ Wy (r) /5 ® f*H™*T is semi-ample as well. One has a section

Os = det(g. M) — ®g*M = fiM®D,
Let T be the zero divisor of the induced section of M), If we write
L= M('r) ® w}e,?rl)/s ® f*Hm(e—l).r

then £¢(—T') is semi-ample and 4.3 allows to apply 4.4 in this situation.
Hence

Fil @ wy(y s = (® gu(M @ wi5)) ® H™MEDT

is weakly positive over S and therefore g.(M ® w§/s) ® H™1) as well.
This is only possible by our choice of m, if

m(e—1)>(m—-1)-e—lorm<e+1.
Therefore, independently of H, we get that g,(M ® wy/5) ® Hle+1)e-1 §g
weakly positive over S and by 4.5 g,(MQuws / ) will have the same property.
5 Moduli functors and Hilbert schemes

In this last chapter we just want to sketch how to use 3.2, 4.6 and 4.7 to
prove 1.1.
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Let h be a polynomial of degree n and M’} the moduli functor of inhomoge-
neously polarized compact complex manifolds (F,H) with Hilbert polyno-
mial h. let M), be any submoduli functor. Recall that (¢ : Y — S, H) and
(¢’ : Y = S,H') € My(S) are equivalent if one has an invertible sheaf B on
S an a pair consisiting of an S-isomorphism 7 : Y — Y” and an isomorphism
T*H' ~ ¢*B @ H. We need, first of all, some kind of rigidification:

Assumption 5.1

a) Assume that for all (g : Y — S, H) € M;,(S) one has a unique "good”
(9:Y > S, H,) € My(S) such that (¢:Y - S;H) ~(g:Y — S,H,).

b) If { : ' — S is any morphism,then prjH, is the "good” polarization of
pr1: 8" xsY — §'.

c) Forall (9 : Y — §,H) € Myp(S) and all v > 0 the sheaves g.H! are

weakly positive over S in a bounded way.

Example 5.2 If M,;, is the moduli functor of canonically polarized man-
ifolds, then 4.6 tells us that for g : ¥ — § the sheaf wy/s is a ”good”
polarization satisfying b) and c).

In the situation considered in 1.1.b) we do not know how to choose a good
polarization, and in fact, we do not believe that it exists. Therefore we
proceed in a slightly different way:

Example 5.3 Let M’; be the functor of inhomogeneously polarized com-
pact complex non uniruled manifolds . If (¢: Y — S, H) € M'(S) we can
find some v >> 0, independent of (g,H) such that H* is very ample on
the fibres. Replacing v by v - (n + 2), we can assume that H* ® £ @ wys
is relatively very ample for all invertible sheaves £ which are numerically
effective along the fibres (III, §1).

Hence, for e = ¢;(H” |F)" +1 , we can choose H” Q w$, ¢ as a new polariza-
tion, if wy;s happens to be numerically effective along the fibre. Let us take
M,, to be the subfunctor of all families (¢ : Y — S, H) such that H” Qwy/s
is relatively very ample.

Then for r = rank(g.H"). , we define the new good polarization for

(9:Y — S,H) to be (H” ® wy5)" ® g*det(g.H")™".

During this process we changed the Hilbert polynomical. May be, we have
to decompose M}, into a disjoint sum of moduli functors to get r and the
new Hilbert polynomical constant.
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It is easy to see that this manipulations still allows to define a Hilbert
scheme. Hence the following observation will finish the proof of 1.1 in both
cases:

Observation 5.4 If M, is a bounded and separated subfunctor of the
moduli functor M'jand if M, satisfies the assumptions made in 5.2 (may
be after the change of polarization explained in 5.3), then there exists a
coarse quasi-projective moduli scheme M.

PROOF. As explained in [5], [6]. or [7] we have a Hilbert scheme H and a
"universal family”

(f: X > H,H) € M,(H) and an embedding X — P(f.H") = P! x H.

We may assume that H is the good polarization. If we write f,H* = ®r’ N,
then N is weakly positive over H. The group G = PGI(r',T) acts on
H by change of coordinates and 3.1 and 3.2 hold. If, as in 2.8, Y is a
compactification of G x H, V = p;'(H) , U = o™ (H) and Y, = U UV,
then we can use the group action and 5.1,b) to extend both pullback families
to obtain some

(f' : X' > Yo, H']) € My(Y0). By 5.1,¢c) we know again that f{H'; = Fo is
weakly positive over ¥ in a bounded way and by 3.2 we obtain H = H(L,)®
for some sheaf £,. By [5], Th. 1.10 we are done.

Remarks and open questions 5.5

a) Find "good polarizations” for other moduli problems. For example, it
would be nice to understand projective bundles over some manifold X in this
language or, more generally, to construct quasi-projective moduli schemes
for uniruled varieties.

b) If A°(F, Q%) > 0 for (F,L) € M,(C), then, in order to get the "right”
moduli scheme one still has to divide out the Pic?(F)-part of the equiva-
lence relation. How can one descend ”quasi-projectivity” in this step?
c)Of course, one could dream of a classification of all birational equiva-
lence classes of manifolds. Regarding Mori’s results on minimal models of
threefolds, it would be necessary to allow the varieties considered to have
canonical singularities. The first main problem seems to be, that we do not
know, wether the corresponding moduli functor is bounded and separated.
d) It is quite unsatisfactory that we do not know any bound for the n occur-
ing at the end of the proof of 5.4 or, in different terms, that we are unable
to say exactly, how the ample sheaves on M), look like. To be more precise:
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Let Lo be the sheaf coming from the Plicker embedding of H. If we
consider canonically polarized manifolds, then, for g >> 0, write

Ly = det(f,w;,"/‘H)T(") ® det(f*wfv/H)_“'r(”"‘),

where r(v) = rank(f.w), /n)- In the case of curves and surfaces the Hilbert-
Mumford Criterion shows that £, gives an ample sheaf on My. If one can
compactify the moduli problem the method of J. Kollar in [3] shows that
det(f.w3y) is the right sheaf to consider. Here we only get that for some
n >> 0 the sheaf

L,, = det(f*w;‘/‘H)"(") R det(f,wfv/H)"‘“"("'“)

induces an ample sheaf on M;. It would be nice to have an explicite bound
for n. There are two possible starting points:

i) One might be able to use one parameter subgroups of G to bound the
poles of an ample extension of £y to some compactification H’' of H. Then
n will depend on those bounds.

ii) Or, one could hope to start with any 7 >> 0 and to use methods similar
to those sketched in I, §1 D, to get other ample sheaves on M}, which are
of the form det(f.wy g). Theorem 1.12 ii) in I and theorem 3.1 in [1] give
some hope.

Notes added in proof

I. This note was written about two years ago and since then the questions
raised in 5.5, b and d, have been settled:

In [10] we prove the existence of a coarse quasi-projective moduli scheme for
polarized manifolds X with wy numerically effective, up to isomorphisms
and Q-numerical equivalence.

In [11] Hélene Esnault and the author construct "nice” ample sheaves on
the different moduli schemes mentioned in this note. For example, if Mj
is the moduli scheme for canonically polarized manifolds, then the sheaf
det(fuwy ) on the Hilbert scheme descends to an ample sheaf on M.

If M}, is the moduli scheme of polarized manifolds X with w§ = Oy, then
(independently of the polarization) f.w}, /H will give the ample sheaf on Mj,.

Il. In [9), II, 2.2, we claim that the proof for the bound of e¢(H*) for
non-singular varieties remains valid if one allows rational Gorenstein sin-
gularities. Unfortunatelly this is ‘wrong, one has to use a slightly stronger
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condition on H, as explained in [11], section 2. This condition is satisfied if
one chooses the number v in section 1 of [9], IIL, in a slightly different way.
The exact statement can be found in [11], 2.12.
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