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Whereas in the first and second part of this paper ([13] and [14]) we studied
moduli of canonically polarized manifolds, we will regard here complex compact
manifolds with an arbitrary polarization. Roughly speaking, we will show that,
replacing the given polarization by another one, the Hilbert points obtained
are stable for the action of the projective linear group, provided that the canoni-
cal sheaves of the manifolds considered are numerically effective.

By [7], we obtain a quasi-projective coarse moduli scheme M parametrizing
pairs, consisting of a manifold F with a numerically effective canonical sheaf,
together with some ample invertible sheaf # with given polynomial, up to
isomorphisms respecting the ample sheaf.

This however is not the moduli functor of polarized manifolds considered in
[7] or [9]. There one allows isomorphisms respecting the maximal rank one
Z-submodule of NS(F) containing the polarization. To get a moduli scheme for
this functor one still has to divide M by the Pic*-part of the equivalence relation,
or replacing the polarization by some power, by the Pic®-part. Unfortunately
we have not been able to construct this quotient as a quasi-projective scheme.

Therefore we can only state the existence of coarse quasi-projective moduli,
in the sense of [7], if in addition the irregularity of the manifolds considered is
zero. Especially we reprove the quasi-projectivity of the moduli scheme of polar-
ized K 3-surfaces, established by LI Pjatetskij-Sapiro and I.R. Safarevich in [8].

Of course the results of this paper apply again the quasi-projectivity of moduli
schemes for canonically polarized manifolds. However the proof is more compli-
cated than the one given in [14] and the ample sheaf constructed even worse
than the one obtained there.

As in [13] and [ 14] the same results hold true for normal Gorenstein varieties
F with at most rational singularities, provided that the moduli functor is
bounded and separated. By [3], this holds true for surfaces, for threefolds with
p, larger than zero or for manifolds in any dimension.

The reader finds the exact assumptions made for the moduli functors consid-
ered and the main results on stability and the existence of coarse quasi-projective
moduli schemes in §1.
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In § 2 we recall some notations introduced in [1] and [14] and we formulate
the positivity Theorem 2.6 needed in the sequel. This positivity theorem together
with estimates on the singularities of certain divisors, taken from [1], allows
to use again the mysterious minimizing principle (in 2.11) to prove the weak
positivity of certain polarizations (see 2.7).

The proof of 2.6 is given in § 3. It is based again on our version of O. Gabber’s
extension theorem (§1 of [14]) and on the nilpotent orbit theorem of W. Schmid.

Finally, §4 contains the prove of the results stated in §1. We took the oppor-
tunity to reformulate and to simplify some of the basic constructions from [13],
§5, in the more general set up needed here. It will be obvious for the reader,
that we took a lot of ideas from D. Mumford’s geometric invariant theory [7].

I would like to express my thanks to Héléne Esnault for her helpful comments. The main new
ingrediant, the proof that 2.7 follows from 2.6, was found regarding similar constructions in our
common paper [1].

I thank the University of Essen for allowing me to take a sabbatical term and the LH.E.S,,
Bures sur Yvette, for inviting me during this time.

Conventions. We keep the conventions from part two [ 14]. Especially the reader
should keep in mind, that all schemes are supposed to be separated and of
finite type over €, and that all points are C-valued points.

If % is an invertible sheaf on Z and I' a divisor, we write Z(I') instead
of ¥ ® 04(I"). For example L*(I')=%*® Oy(I').

We refere to [13], n.m, by I, n.m, and to [14] by II, n.m.

§1. Discussion of the main results

1.1. Let h be a polynomial of degree n and .4, the moduli functor of pairs
of complex compact normal varieties with at most rational Gorenstein singulari-
ties, and ample invertible sheaves with Hilbert polynomial h(v). Hence
M (C)= M, (Spec(D)) is the set of isomorphy classes of pairs (F, #°) where:

a) F is a projective, non uniruled, normal Gorenstein variety with at most
rational singularities.

b) A is an ample invertible sheaf on F, and y(F, #")=h(v).

¢) (F, #) and (F', #’) are isomorphic in #;(C), if there are isomorphisms
1: F>F and # —1* 4.

Correspondingly, for any scheme S, defined over €, we write .#;(S) for the
set of isomorphy classes of pairs (f: X — S, #), where f is flat, projective and
surjective and # an invertible sheaf on X such that (F, 5 p)e.#;(C) for all
fibres F of f. Isomorphisms are S-isomorphisms 7: X — X’ such that s and
* ' differ by the pullback of some invertible sheaf on §.

1.2. Let .4, be a subfunctor of .#; which is a bounded and separated moduli
functor and given by a locally closed condition. For example, by [3], we may
take
for n=2: M, =M,
for n=3: M, (S)={(f: X > S, #)eM(S); h°(F, wp)+0

for all fibres F of f}
forn23: 4, (S)={(f: X - S, #)e.M;(S); f smooth}.
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Since #, is supposed to be bounded, we can find some v>0 such that
for all (F, #)e.#; (C) the sheal #" is very ample and H!(F, #")=0 for i>0.
Replacing v by v(n+2) we can as well assume that #'® ¥ ® wy is very ample
for all numerically effective invertible sheaves & on F. In fact, we have

Lemma 1.3. Let F be a normal compact variety with rational Gorenstein singulari-
ties, # a very ample invertible sheaf on F and ¥ a numerically effective invertible
sheaf on F. Then

a) I @ P @ wy is generated by its global sections.
b) # U2 Q) P ® wy is very ample.

Proof. By the Grauert-Riemenschneider vanishing theorem one has a surjection
HO(F, %dimF+l RF ®CL)F)—>HO(H, %dimF®$®wH)

where H is a smooth zero divisor of a section of #. By induction on dim(F)
one obtains a. b follows directly from a.

1.4. Let ¢ be the highest coefficient of # and v as above. Let us write
e=(n!)-c-v"+1. In other terms, e=c,(#")"+1 for (F, #)e.#, . If o happens
to be numerically effective then by our choice of v the sheaf #* ® w§ is very
ample and, by the Grauert-Riemenschneider vanishing theorem
H{(F, #*® w¢)=0 for i>0. Since we do not want to consider the problem
whether the condition that wy is numerically effective is open, we take instead
M, to be the moduli functor given by

My (C)={(F, #)e My (C); A @ wi
is very ample and H'(F, #” ® w§)=0 for i>0}.
In general the polynomial h'(n)=y(F, (#* ® wf)") will not be the same for
all (F, #)e,(C). However, since our moduli functor is bounded, there

will be only finitely many A" occuring, and h' is constant for the fibres of
(f: X -8, #)e M, (S) as soon as S is connected. Therefore, if .#, , is given by

My w(C)={(F, H)e M(C); I (n)=x(F, #* ® wf)")}
then 4,(S)=\) 4, ,(S) for connected S. Therefore, instead of constructing a
by

coarse quasi-projective moduli scheme for .#, it is enough to construct one
for each .4, .

By abuse of notations we will assume in the sequel that .4, = .4, , for some
K, ie.: that y(F, (#° ® w§)" is independent of (F, #)e #,(C). The same argu-
ment allows to assume that the polynomial
W' ()= y(F, "' @ wf™)

is constant for (F, #)e 4, (C).
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Claim 1.5. Let ¢ be the highest coefficient of h and v, .#, as above. Write
e=(n!)-c-v"+1. Then one has for all (f: X — S, #)e.#,(S):

a) A" ® wys is relatively very ample for f and f, #" ® wg/s is locally free
of rank r and commutes with arbitrary base change.

b) f, " is locally free and commutes with base change.

c) For all fibres F of f one has e=c,(#"|¢)"+ 1.

d) There exists some separated scheme H of finite type over € and
(g: ¥ - H, #)e M,(H) together with an isomorphism

@ ]P(g*(wif/H(@”V))“"]Pr_l x H
such that for all
(f: XY, Ledy(Y) and p: P(fy(w5y®L)->P 7 1xY

there exists a unique morphism Y— H such that (f, %, p) is obtained from
(g, #, @) by pullback.

¢) The action of G= Sl(r, €) on H obtained by “change of coordinates in
P!~ is proper.

Proof. By assumption, £ is very ample for (F, #)e.#, (C). Let # ilb, be the
Hilbert scheme of subschemes F of P ~! with Hilbert polynomial h(v-t) carrying
an invertible sheaf % with y(£ ® Op(t))=h(t-v+1). Obviously the condition
that #¥= (1) defines a closed subscheme. The points corresponding to .#; (€)
are a locally closed subset, as in [7] V, §2 or [9], 2.9. In fact, if Fe.#; (C)
is allowed to have rational Gorenstein singularities one has to use in addition,
that a small deformation of such singularities is again a rational Gorenstein
singularity. The additional condition posed for .#,(C) is open and hence we
find some Hilbert scheme H' and a universal family (g': Z — H', #’) parametriz-
ing the (F, #)e .4, (C) with F ->P(H°(F, #"))~IP" 1.

Let us consider now the Hilbert scheme # ilb, parametrizing subschemes
F of IP"~! with Hilbert polynomial A'(f) together with an invertible sheaf %
such that y(Z ® Op(t))=h"(t). Again the points corresponding to .#, will form
a locally closed subscheme H of s ilb,. For example, one can consider the
P Gl(r, €) bundle on H' given by

B, =P Gl(g,(#" ® wg/n)

and the induced map I, — # ilb,. and take H to be the image.
Since .#, is separated the action of G on H will be proper.

1.6. Some G-linearized sheaves

Let 0: Gx H— H be the group action considered in 1.5, iii). Recall that in
[7], Definition 1.6, a) G-linearization of a sheaf 4 is defined to be an isomorphism
o* Axpr¥ A. Moreover, if A is invertible, there is at most one G-linearization
([7], Prop. 1.4).
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a) The G-action lifts to ¢': GxZ =% and obviously wgy is G-linearized
on Z. If & is the polarization of g: & — H, then ¢'*3# and pr}s# can differ
by (id x g)* A" for an invertible sheaf 4" on G x H. Hence

0% gy H' =(id X g), 6'* # =((id x g),, pr} #)® N/ =(pr} g, #) @ N
and, for r' =rk(g, "), we have
o*det(g, #”) ' =pridet(g, #") QA

Then 6 =((X) g, (#” ® 0fx) @det(g, #*) ™" and A=det(&) are both G-linear-
ized.
b) for u> 0 the multiplication map

m: $*(g, (A" ® 0 ) > 84 (A" ® wify)
will be surjective and ker(m), will generate the ideal of g~*(x) in P"~ 1. If

r(W=r1k(g, (" @ wFfy))
then
Lo =det(g,(# ® wyp) * P @ det(g, (#* @ wi )

will again be G-linearized and ample. In fact, m induces a morphism from H
to some Grassmannian, quasi-finite over its image, and %, is nothing but the
pullback of the tautological bundle.

¢) Let us consider for # >0 the sheaf

L= 2 ® N=det (g, (#"" ® wify)) @ det(g, (#” @ win)"™ @ det(g, #")"™

1

where a(n)=r-r"~'-y—pu-r(u) and b(n)= —r"-n. This sheaf is of course again

G-linearized.

Theorem 1.7. Under the assumptions made in 1.5 and using the notations introduced
above one has for n>0
H=H(%).

Recall that, as in I, H(%,)’ denotes the stable points of H under the G-action
and with respect to .%,, which have finite stabelizers. As in [7], Thm. 1.10,
iii) and V, Prop. 5.4, or [9], § 2, we obtain

Corollary 1.8. The geometric quotient H/G exists and, for p> 0, >0, G-invariant
sections of £} define an embedding of H/G into some projective space.

Corollary 1.9. Let #; be as in 1.1 and 4, the submoduli functor considered in
1.4, then there exists a coarse quasi-projective moduli scheme M, for M,

Remarks 1.10. a) If Hy< H is a closed G-invariant subscheme, then the quotient
H,/G exists as well (I, 5.5, a), or [7], Prop. 1.18). Therefore, 1.7 implies the
existence of coarse quasi-projective moduli schemes whenever for each
(f: X8, #)e#,(S) we can choose some natural polarization numerically
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equivalent to the given one. This is the case for abelian varieties, as explained
in [7], VI, §2. For canonically polarized varieties, we can, of course, assume
that we take ¢ = wy,s. Therefore we can state the known (see II).

Corollary. i) There exist coarse quasi-projective moduli schemes for polarized abe-
lian varieties.

ii) There exist coarse quasi-projective moduli schemes for canonically polarized
manifolds.

b) The moduli functor .#; considered in 1.1 is not the moduli functor %/
of polarized complex compact normal varieties with at most rational double
points and with Hilbert polynomial k(v). &, (C) is the set of isomorphy classes
of pairs (F, 5). But, if

NS (F)=Div(F)/(numerical equivalence)

and #;, a generator of the maximal rank one Z-submodule [#] of NS(F)
containing #, then y(F, #,)=h(v). Moreover, one allows all isomorphisms
1. F— F', with [ ]=[t*s"].

For singular varieties this is however not the “right” definition. As J. Kollar
pointed out, the sheaf #, can jump in families. Therefore one either takes
4" to be the subfunctor of smooth families or one considers the slightly different
functor considered in [3]. Let us restrict ourselves to the smooth case:

Applying the same constructions as in 1.1-1.4 one ends up with the functor
&%, where

Z(C)={(F, #)e R (T), #,, @ wiis very ample and H'(F, #;, ® w§)=0 for i>0}.

By [7] or [9], 2.10, each element of £,(S) is in the étale topology locally defined
by pairs (f: X — S, #) such that #|r=(H#{p);,. As in 1.5 one can consider the
Hilbert scheme H and by 1.7 the quotient scheme H/G. Let B, be the analytic
coarse moduli space for &, (see [7] p. 172 or [3]). Then the fibre of the natural
map H/G — B, over the point corresponding to F is nothing but Pic*(F). Unfortu-
nately we were not able to divide out this part of the equivalence relation
in the category of quasi-projective schemes.

¢) If however the irregularity h°(F, Q) (or h'(F, 0p) in the singular case)
is zero for all (F, #)e Z,(C) then for v sufficiently big the map

H(O): A(C) > M.y With G(C)(F, #)=(F, #7)

will be injective. In fact, since &, is bounded, we can find some v such that
v-Pic*(F)=0 for all F. Again ¢ extends to a natural transformation, at least
if we sheafify %, and .#,,,., with respect to the étale topology (see [7] or [9]
p. 20). Then however, 1.7 implies the existence of a quasi-projective B;:

Corollary. Let 2" be the moduli functor of polarized compact complex manifolds
with Hilbert polynomial h and %, the submoduli functor considered in b). If for
all Fe?,(C) one has h°(F, QL)=0, then there exists a coarse quasi-projective
moduli scheme E, for %,.
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d) In general one is not interested in our moduli functor .#,(C) defined
in 1.4, but rather in .4 given by

MPE(C)={(F, #)e M, op numerically effective}.

By our choice of v and 1.3 we have .43 (C)< .#,(C). Therefore 1.9 shows
the existence of some quasi-projective scheme M,, some of whose points parame-
trize .4t (C). We do not know, however, whether .#7° (C) defines a subscheme
of M,. For n=2, this is obviously the case and we can state

Corollary. There exist coarse quasi-projective moduli schemes for non singular
complex compact, non uniruled and minimal
1) surfaces of general type.
ii) polarized surfaces with irregularity zero.
iii) polarized abelian surfaces.
iv) pairs of surfaces, consisting of a surface S and an ample invertible sheaf #.

Corollary 1.11. Let .#, be one of the moduli functors considered in 1.9 or 1.10
and M, the corresponding coarse moduli scheme. Then there exists some u, #,
p>0 and an invertible ample sheaf ¥ on M, with:

For (f: X =8, #)eM,(S) let ¢p: S —> M, be the induced morphism. Then

@* L =(det(f, (" ® %K) @ det(f,(#” ® 0§5)"™ @ det(f, #) ™)
Jor
r=rk(f,(#" @ ws), ' =tk(f #7), alm)=r"-r" "y —p-r(p) and b(n) = —1"-n.

Needless to say that this ample sheaf is not the best possible one and that
it would be nice to bound # and u. In the case of canonically polarized varieties,
the sheaf obtained in II is already nicer, not talking about the one obtained
by D. Mumford or D. Gieseker in the curve or surface case (see II, 6.2 and
6.4).

§2. Weak positivity, continued

Let us recall the following definition from [1]:
Definition 2.1. Let Z be a normal variety with rational Gorenstein singularities,

r
# an invertible sheaf and I' an effective Cartier divisor on Z. As usual, [»Z—V—]

denotes the integral part of the @-divisor N r

a) Let ©: Z' > Z be a blowing up, such that I"=1*I" is a normal crossing
divisor. Then
. I
e(I')=Min {NEIN~ {0}; 14 0z )z (——[—]—V— =@Z}
b)
e(M)=Max{e(I); I' zero divisor of se H*(Z, .#)}.
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In the situation of a)

FV
Ty Wzyz (_[ﬁ]) =Ty Wz yz= Oz,

for N» 0, since Z has rational Gorenstein singularities. Moreover, e(I') does
not depend on the blowing up t: Z’' — Z choosen (see [12], 2.3).

Properties 2.2. a) If .# is very ample and Z compact, then
e(M)Sv-c(M)™2 41,  for v>0.

Moreover, if X =Z x ... x Z (r-times) and # = (X)prf 4, then

i=1

e(HV)<v-c (M)H™Z 41
as well.

b) Let f: X —» Y be a morphism of schemes, all of whose fibres are normal
Gorenstein varieties with at most rational singularities and assume that Y is
non singular. Let Z=f"1(y) be given and let I be a Cartier divisor on X,
not containing Z. Then there is some open neighbourhood U of y with
e(l'p-1w)=e(l'lz) and e(I'| ;-1 () Se(l'],) for all ueU.

Proof. The proof of a) is given in [1], 2.3. We assumed there that Z is non
singular, but in fact we only used that 7,w, =w, and (see [12], 2.3) that

. r’
R'1, wg (—[—1\7])=0 for N, i>0. Both remain true under the weaker assump-

tions made in 2.1.

We prove b) by induction on dim(Y). Let D be any reduced divisor on
Y which contains y. Let n: X’ — X be a desingularization such that I"=n*TI"
has normal crossings. Again, by [12], 2.3,

% (e)=coker <n* Wy (——[fe-,]) - cox)

is independent of X’. Let H=f ~*(D). If D is non singular H — D satisfies again
the assumptions made in ¢. By induction we find some U such that
e(llgns-1a@)Se=e(I'|y). By [1], 2.2 (again this holds under the weaker assump-
tions made here) we find that

Supp(€(e)nHnf ™1 (U)=0.

Since H contains Z we can make U a little bit smaller and we get e(I'|;-: ) Se.

The inequality e(I'|;-1(,)<e holds obviously for all u in some open dense
subscheme U’ of U. Let D a component of a divisor containing Y— U’. It can
happen that D is singular. Let §: D”"—D be a desingularization and
H"=D" x ,H. By induction, again, we can find some neighbourhood V of 1 (y)
such that e(pr} I'|,, ;) =<e for all ueV. Repeating this for a finite number of
divisors we find a smaller neighbourhood of y such that b holds.
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2.3. Let Yo—— Yl Y be morphisms of quasi-projective reduced schemes,
let #, be a locally free sheaf on Y, of (constant) rank r and &' a coherent
torsion free sheaf on Y’ of the same rank r. Assume that j is a compactification
and ¢ a desingularization and that for all v>0 one has inclusions

§'(Fo) = J* 0, SN (F).

Recall that, for U< Y, open, we called in II, 2.2, %, weakly positive over U
with respect to (Y', %) if for all (or one) ample invertible sheaves s on Y
and for all a>0 one finds some b>0 such that $°°(%,) ®j* #* is globally
generated over U by

HO(Y, 6, S**(F)®@ #") N H® (Yo, S (Fo) ® j* H”).

Let T be a finite dimensional representation. As we did in I, 2.1 and 1,8,
ii), we consider the induced tensor sheaves T(%,) and T(¥'). The second one
is the reflexive hull of T(F'|y), if V is the largest open subscheme of Y’ where
' is locally free.

Lemma 2.4. i) The following two conditions are equivalent:
a) F, is weakly positive over U with respect to (Y', F').

b) For some n>0, é()(?o) is weakly positive over U with respect to (Y, ()bﬁ .
Morveover, if T is a positive representation (see 1, 2.2), then a implies that:

¢) T(&,) is weakly positive over U with respect to (Y', T(F")).

i) If &, and %, are weakly positive over U with respect to (Y', F') and (Y', ¥')
respectively, then F, ® %, is weakly positive over U with respect to (Y', %' @ ¥').

Remark. In [11], T and II, I used ii) several times assuming the proof to be
obvious. Y. Kawamata pointed out, that the arguments needed are more compli-
cated than I thought.

Proof. To see that b) implies a), one just has to use the natural maps

R(Fo) > S"(Fo) and  Q(F) - S"(F).

Therefore we just have to show that a) implies c). Using II, 2.4, b), this follows
exactly by the same argument used in I, 3.6.
Before proving ii) we remark, that one can replace the words

“some b >0 such that”
in 2.3 by
“some b, > 0 such that for all b> b, the sheaf™.

In fact, this is shown in [11], 3.2 i).

Let 5 be any ample invertible sheaf on Y, 5, =j* # and #' = * £ Using
II, 2.4, we may replace %,, %, # and ¥’ by F, ® #,, % Q Hy, F' @ H' and
%' ® . Hence we can assume that for some b, >0 and all b> b, both sheaves,
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S*(%,) and S%(%,) are globally generated over U by sections coming from global
sections of S®(#') and S*(¥') respectively. For a, ¢ >0 one has

S"(Fo ® %) @ Hs =D S F) @ 5" (%) ® A5
d

If ¢ is large enough, we may assume
S'(Fo)®@ H5 and  §'(%) ® A5

to be globally generated for v=0, 1, ..., b, by sections living on Y. If a-¢>2-b,
all direct summands of

5 (Fo @ %) ® H

will be generated over U by sections, coming from global sections of the corre-
sponding sheaves on Y.

Assumptions 2.5. Let

Xg— s X2 X'
Yo—— Y ¥’

be a commutative diagram of morphisms of reduced quasi-projective schemes
such that

a) i and j are compactifications and ¢ and é desingularizations.

b) f and f’ are surjective and Xo=f " !(Y,).

¢) f, is flat and all fibres of f, are reduced normal varieties of dimension
n with at most rational Gorenstein singularities.

d) Notations. If (...) is a sheaf or a divisor on X then (...), will always
denote the puliback under i and (...)" the pullback under o.

The main technical tool which will be proved in §3 using “our version
of O. Gabber’s extension theorem” (IL, 1.7) is:

Theorem 2.6. Using notations and assumptions from 2.5, let ¥ be an invertible
sheaf and I’ an effective Cartier divisor on X. Let eeIN be a number such that
for all fibres F of f, one has FnIy+F and e(I|p) Se. Assume moreover, that
(Ze(—T)Y is globally generated over X, by H°(X,, (£ (—L)")
NHY (X', (L' (—T")N), for some N>O0, and that fo, (% ® wx,y,) is locally
free and compatible with arbitrary base change (see however 11, 4.3). Then
Jox(F ® wy,y,) is weakly positive over Y, with respect to (Y', fu (L' ® wxy).
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Corollary 2.7. Using the notations and assumptions stated in 2.5, let .# be an
invertible sheaf on X. Assume that:

a)y My is very ample for each fibre F of f,.

b) ¥ =h°(F, #\p) and e=c (M |)"+ | are the same for all fibres F of f,.

©) [0 fo 5 (Mo ® @ yv,) = (Mo @ 0%, v,) IS surjective.

d) fou(My® 0%,y,) and fo, My are locally free and compatible with arbitrary
base change.

Then

() fos (Mo ® 0, v,) @ det(fo, M)~

is weakly positive over Y, with respect to

(Y, (RS (M ® 0y ) @ det(fy 4) 7).
Example 2.8. Let us return for a moment to 1.5, and assume that
(fo: Xo— Yo, Mo)e My(Yy).

Assume moreover that .#, has the properties #° should have in 1.5. Then
the assumptions we made in 2.7 hold true.

Proof of 2.7, assuming 2.6. For n>0 let us consider the n-fold products
Xb=Xo Xy Xyo X, X=X Xy...xyXand X""=X" Xy ... Xy X".

Let y: X™ — X'" be a desingularization.

Claim 2.9. The induced diagram

X'(’) in X" a(m X(")
fZ fm Fsdd
Yo —— ¥ —— Y’

satisfies again the assumptions made in 2.5.

n
Proof. a and b are trivial and since Wxmyy,= X pr¥ wx, v, the morphism f7 is
v=1
again Gorenstein. To see that the fibres of fJ have rational singularities one
just has to apply flat base change (as we did in [10], 3.6):
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If ~ denotes a desingularization and if F and F’ have rational singularities
consider

&

FxF——F

x F
Py lﬂx
F

F —£ 5

' ’ Y FXF’

FxF
[nz p2
F, Y FC
Then
. , 0 for v>0
R'e, Opxp=nfR 8*0F={(9in?' for v=0
and
0 for v>0
R'(Y &), Upup=R"Vy Opxp=p5 R*, Op. =
(V&) O x# Ve Orx k=P R T4 OF {(ﬁpw for v=0.

n
Now let ./ be any invertible sheaf on X and write A{"= X)pr¥ 4, and
n n v=1

N = p* (@prf /V’): Pl (@pr’vk M) Similar to 3.6 in [10] we have:

v=1 v=1

Claim 2.10. a) There are natural maps

(®f*" /V’)** - (f*("l) ./V("))**

and
(DN @ @y )** (R f (N @ oy ™.
b) ,,
SE N @ ey = B for (o ® Wiy
for all e20.

c¢) If f' is semi stable in codimension one (i.e.: if /* ~!(y) is a reduced normal
crossing divisor for all general points y of components of Y’'—4&~'(Y,) which
are of codimension one) then for all e=0

n
(RSN ® 0%y )V * = (£ (N @ Doy ))**.

Proof. Since we are taking reflexive hulls in a and ¢, we may as well replace
Y’ by the complement of a codimension two subscheme and assume thereby
that f’ is flat and Gorenstein. Then, by flat base change, the maps in a are
just the natural maps

n n
iy (®pr? N ) > L7 (@pr:" N )
v=1 v=1

and

n n
ey (wm,y ® 7 (@m m)) fn (wm ® (@pr:“ /V)) .
v=1 v=1
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b follows directly by flat base change and induction on #. Finally in ¢ we may
assume, making Y’ smaller again, that /'~ 1(Y'— 6~ (Y,)) is a reduced relative
normal crossing divisor and Y’'—47!(Y,) smooth. Then, as in [10] p. 338, one
finds that X" has rational Gorenstein singularities. The equality in c¢ is induced
by

n n n
e (wim/r ®y* (®pr;“ N )) =Yy Oy ® QPI¥ N =% nyy ® Xpr N7

v=1 v=1 v=1

In order to prove 2.7 we are allowed to replace Y’ by some finite cover.
To be more precise, if we have a diagram

T 4 W Y Tl
Y, Y Y’

where 75, 7 and ¢ are finite, 1 a compactification and y a desingularization,
and if the trace map from 17,, 0y to the integral closure of Oy, has its image
in Oy, then, using II, 2.4, a), and II, 2.5, b), it is enough to verify 2.7 for
the pullback family.

Let us first choose W, such that 7§ det(f,,.#,) becomes an r’-th power
of some invertible sheaf. To this aim we can write det(f,,.#,) as the difference
of two very ample sheaves #, and J#, on Y. Then we take non singular coverings
Zi—;»lP(HO(Y; ) such that the pullback of the tautological bundle is an

r'-th power. Then we can take for W and W, the pullback of Y and Y.

In the same way, we may assume that det(f,.#’) is an r-th power. Here
we have to use II, 1.10, to enforce the condition on the trace map. Moreover,
as in [6], 4.6, or [10], 6.1, we can make semi stable reduction in codimension
one.
Alltogether, we can assume thereby that det(f,, .#,)=0y, and det(f,.#")
= (. and that the assumption of 2.10, c), holds true.

Let # be an ample invertible sheaf on Y, s#,=j*# and #' =0*# Let
us consider

m=Min{ueN; HE ' @ fou (Mo @ Oxov,)
is weakly positive over Y, with respect to
(Y, 71 [y (M ® 0%y )}
Claim 2.11. m<e+ 1.

The proof of 2.7 ends by the usual argument: #5 "' ® fo, (Mo ® 05yv,)
is weakly positive over Y, with respect to (Y, #'¢ ' ® Jo (A @ 0% y)). The
exponent e?— 1 is independent of Y and # and remains the same for all cover-
ings. By I, 2.4, b), and II, 2.5, b), we obtain that f,, (4, ® wk,y,) is weakly
positive over Y, with respect to (Y’, f, (4’ ® wk.y)) and, using 2.4, we are done.
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Proof of 2.11. For some N >0 SY(AF" ™' ® fou (Mo ® 0, y,) @ Ay will be
globally generated over Y, by sections belonging to

HOY', SY (A7 @ fu( M @ gy ) @ H'™).

By assumption ¢) in 2.7 we can find some effective divisor E on X’, with
codimy. (f"(E))Z 2, such that (4, ® wk,yv, ® foF #3°)" is globally generated by
sections lying in

HOX', (M@ sy @ f* H™ W @ Uy (E)).

Replacing .#' by .#'(E) we may assume that E=0.
Let us return, for =+, to the diagram considered in 2.9, and write .#§"
and .4 for the induced sheaves on X}, and X"". Write

Lo M @ S, ® S AT
and
L= M@ fhy @ fO A me D

By 2.10, b) and a), we have

Po: Oy, =det(fo, Mo) = RfosMo=15s M5
and

@2 Oy =det(fy M)~ (QRf MYV* > (fO0 M T)**,

For some divisor E on X" with codimy.(f"(E))=2, the right hand side will
be £ M (E).

Let I and I be the zero divisors induced by ¢, and ¢’ on X% and X",
Then the N-th power of

L (— )= (M ® 0%y, @ f5 " A )™
= ®prf(ﬂo ® Wkyvo ®fo"‘=}%m'e)e_1

v=1
is globally generated over X§ by sections belonging to
HO(X(r’)’ (gle(e'E—F))N)=HO(X(r,), ('/%(r)(E)® w;(ﬂ)/y[ ®f(r’)* %lm.e-r')(e— 1)-N)’
at last if we choose E large enough. In fact, this vector space contains, by

2.10, c,

®prf HO(X/, ('//[l®wx’/Y’®f,* ”/m'e)(e—l)-N).
v=1

By construction Iy can not contain a whole fibre F* of f§ and, by 2.2, ¢),

e(ly|p) Se( MY \p) Sy (Mlp)' +1=e.
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By assumption d) of 2.7 and 2.10, b), the sheaf fy, (% ® wyry,) is locally free
and compatible with base change. Hence we can apply 2.6 and find

r

P54 ( 2 ® 0 17) = @ o (Mo ® ) ® A ™)

to be weakly positive over Y, with respect to (Y, (¥ (E) ® wyey). Again,
by 2.10, c), the reflexive hull of the last sheaf is

(M @ 5 yy) @A™ D)*H,
By our choice of m as a minimum, this is only possible if

m—1)-e—l<m(e—1) or m<e+1.

§ 3. The proof of 2.6

The strategy of the proof of 2.6 will be similar to the one used in II, §3 in
order to prove II, 2.10. First we choose a section and consider the problem
locally (using II, 2.11) and then we construct a category & of compactifying
triples which covers Y, and an extension 4 of %=/, (% ® wx,y,) to Z. The
reader finds this terminology in II, 1.5. Let us start with some preliminary
remarks.

3.1. We can replace in 2.6 e by N-e and I" by N-I" in order to get N=1.

Let yeY, be a point. By 11, 2.11, we are allowed to replace Y, by some
neighbourhood of y, whenever it is convenient to do so.

Let F,=f, '(y) and A, the image of

A=H’(Xo, L5 (— L) nH (X', £"*(=T")

in H° (F,, Z5(—Io)lr,)- Let us choose a general section of 4, and lift it to se A.
We denote by D, and D’ the zero divisions of s on X, and X' respectively.

If g: F'—>F, is a desingularization such that y*(Ig|r ) has normal crossings
then y*(Dy|r,) will be a smooth divisor which intersects y*(I|r,) properly. There-
fore e(Iglr,) =€ (T3 + Do)lr,)

Claim 3.2. Replacing Y, by some neighbourhood of y we may assume

a) D, does not contain any fibre of f;.
b) e((Iy+ Dy)lp)Se for all fibres F of f,.
¢) For Y;=6"1(Y,) consider the fibre product

Xy ——X;

J,U

!
Yo —— Y

fo

and Ij=c} I, and Dy=0% D,. Then e(Iy+ Dy)<e.
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Proof. Evidently we may assume a) to hold true. Let us consider the morphisms
and divisors given in c). By 2.2, b) we can find some neighbourhood of d4 1(y)
such that both, b) and ¢) hold true over this neighbourhood. Shrinking Y,
we are done.

Claim 3.3. We may assume that %5 (—I5)= 0y, and £'¢(—I")=0y..
Proof. By 3.2 D,+ I will again satisfy the assumptions made in 2.6. Therefore
we can replace I by Iy +Dg and I by I'" + D',

As in II, 3.18, let us consider some kind of basic diagram. It will serve
to define a Schmid extension of f, (wx v, ® %) and it will at the same time
reappear when we formulate the main implication of II, 1.7, in our situation.

Statement 3.4. There exists a second diagram

Vo —— Ve—"xo V'

g0 g g

wW,— L w2 W

satisfying the assumptions made in 2.5 and morphisms

g Wo= Yo, t: W Y, . W Y, y0: Vo= Xg,7: V- X, 9: V' - X’ such that

a) all possible diagrams commute and

VO_LO_.,XO

Wo—7 Yo

is a fibre product.

b) =, is finite dominant and the trace map from ny, Oy, to the integral
closure of Oy, factors over Oy, .

Let us denote y*.% by .# and y*I' by 4. We use the convention made
in 2.5, d). Recall that .#5=0y (4o) and 4’ °=0y.(4"). Let ¢: T— V' be the
normalization of the covering obtained by taking the e-th root out of 4’ and
let &: T'—> T be a desingularization. Write ¢'=¢o¢ and h'=g'c¢": T'> W'
Then we want in addition:

¢) 4’ is a normal crossing divisor.

d) There exists some open dense subscheme W, of p~ ! (W,) such that W' — W,
is a normal crossing divisor and the induced morphism Ak;: T,=h"~1(W,) > W,
is smooth.
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3.5. We have
e—1 '
, , v-4
Oy O =P (,j{ Y (—[—e“ ® CUV’/W'>
v=0

and for v=1 we obtain

A
y/:g;k (,/fl’ (__I:?:I)®wyflwr)

as a direct summand of h, .

By 3.2 and 3.3 the divisor I does not contain any fibre of f, and e(l3|)<Ze
for all fibres F of f,. Therefore e(4’|p) <e for all fibres F of g’ lying over p~ 1{W).
By 2.2, b) and sine we assumed f; . (%, ® wy,y,) to be compatible with arbitrary
pullbacks, we find that #* and p* B, 2o, (#, ® wyw,) coincide over p~ 1 (W,).

Definition 3.6. We say that %, =g, (#,® wy,w, has a Schmid extension, if
the monodromies of R" h. €, around the components of W’ — W, are unipotent.

1

A4
In this case we call #'=g, <,jz/ (_I:?jl)®w;/r/w/) the Schmid extension of &,

to W’ (or if we want to indicate the role of 4; with respect to A).

Lemma 3.7. Assume that we have a Schmid extension F' of F, to W'. Then
' is locally free and weakly positive over W'. Moreover &' is compatible with
pullback under generically finite morphisms.

Proof. As in II, 3.1 and 3.3, hy w1,y is locally free and weakly positive over
W'. Moreover, h;, w1,w, is compatible with pullbacks and, since the canonical
extension behaves nice under generically finite morphisms 4}, . - is compatible
with pullbacks for those morphisms. Everything carries over to the direct sum-
mand &

Lemma 3.8. Let Z be a smooth irreducible divisor in W' such that Zy=WinZ
is the complement of a normal crossing divisor and let n be the restriction of
g to the closure R’ of g ~'(Z,) in V'. Assume that n,(wg,;z ® M)z, has a Schmid
extension &, with respect to 4'|g.. Then F'|,=%.

The proof of 3.8 is exactly the same as the proof of 3.22 in II: #'|, = F;|,,
and by II, 3.11, this isomorphism extends to a surjection #' — ;.

Lemma 3.9. Under the assumptions made in 2.6, 3.2 and 3.3 we can always find
morphisms as in 3.4 such that g, (My® wy,w,) has a Schmid extension F' to
W’ with respect to A.

Proof. For ny=1id we can find those morphisms. Just, the local monodromies
of R"hg, Cr, will be only quasiunipotent. As in II, 3.23 we may use [6], 4.5
to find a finite non singular covering of W’ where the monodromy condition
holds for the pullback of h;. By II, 1.10 we get the corresponding covering
of W, which satisfies 3.4, b). Then, we just have to desingularize to get the
morphisms wanted.

Theorem 3.10. Under the assumptions made in 2.6, 3.2 and 3.3 we can find morph-
isms as in 3.4 and a locally free sheaf # on W such that p* # =% is the Schmid
extension of go (Mo ® wyw,) With respect to A.
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Proof. We construct a category of compactifying triples which covers Y, (see
II, 1.5 for the definition): If S, is a closed subscheme of Y, we can use 3.9
to get morphisms as in 3.4 (for Y,, X, replaced by S,, fo ' (So)) such that the
Schmid extension &' exists. We may assume that in addition W'—p~ 1 (W,)
is a normal crossing divisor. Then we take 2 to be the smallest complete catego-
ry containing all those W’'=(W", p =" (Wo), pl,-1(wy))-

An extension ¥ of f,,(wx v, ® %) to & is given by: %, is the Schmid
extension of g, (wy,w,® #,). By 3.7 we get &, for all ZeZ which are generi-
cally finite over I¥'. Then, by 3.8, those sheaves are compatible with inclusions
1: Z—Z' and, by induction on the codimension and 3.7, with all morphisms
in . By II, 1.7 we are done.

Proof of 2.6. As mentioned already we can assume that 3.2 and 3.3 hold true.
By II, 2.5, a), we can blow Y’ up. Hence we may assume in 3.10 that the
ramification locus of #': W' — Y’ in Y’ is a normal crossing divisor. Since, by
[6], 4.7, every finite cover, whose ramification divisor has normal crossings,
is dominated by a non singular cover, we may even assume that 7' is finite.

Since 0* F =" is weakly positive over W', & is weakly positive over W
with respect to gi(wy w & #’) by 11, 2.4, ¢). Using II, 2.4, a), and II, 2.5, b),
we find fo,(0y,y,® %) to be weakly positive over Y, with respect to
(Y, fe(wxy & L)).

§4. The proofs of 1.7 and 1.12

The proof of 1.7 is similar to I, 5.7-5.17. However, there we only considered
canonically polarized varieties and therefore we should indicate the necessary
modifications of the proof. A good oportunity to try to present I, 5.17, in a
more readable way.

Let H be the Hilbert scheme considered in 1.5 d) and G=SI(r, €). As in
I, §5 we can use [7], Proposition 1.16, and replace H by H 4.

Claim 4.1. The stabelizer S(x) of xe H is finite.

Proof. S(x) is a subgroup of Sl(r, €) and of .« ut(g~'(x)). Since Fe.#,(T) was
supposed to be non uniruled, .« ut(g~*(x)) can not contain a linear subgroup
and S(x) must be finite (see [5]).

Claim 4.2. Let .%,= %, ® A" be the sheaf considered in 1.6, ¢). Then for all =0
&, is ample.
Proof. We just have to recall that

J=det(®) for €=(R)g,(#" @ vy p) @ det(g, #")

where (g: & — H, #)eM#,(H) is the universal family considered in 1.5, d).
Especially (see 2.8 and 2.7) § is weakly positive over Y, and, by 2.4, c¢), 4 as
well. Hence 4.2 follows from I, 3.2.

The main technical tool is (as in I, 5.9).
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Propeosition 4.3. For xeH let H, be the G-orbit. Then we can find some projective
compactification 1. H— H' and some n,>0, such that we have for the closure
H of H inH':

a) There is some effective Cartier divisor I, with on H', with (I.),.q=H',—H..

b) For all multiples n of no, we can find some a>0 and a coherent subsheaf
L of 1, (L) such that:

i) £ is generated by its global sections.

ii) There is an inclusion

Oy (L) > LPIH,

isomorphic over H .

4.4. Now the proof of 1.7 is easy: First, replacing « by some multiple, we can
assume that for some Ve H°(H', %) the morphism H — IP(V) is an embedding.
Moreover we can assume that V generates . By [7], Chap. 1, §1, we may
assume as well that Vis a G-invariant subspace of H°(H, (%,)"). Finally, replacing
H' by the closure of H in IP(V), G will act on H' and %® = Op.(1) is G-linearized.
We still have a section of Oy, (1), whose zero divisor is exactly supported in
H'.—H,. Hence by I, 5.4 we have H, < H, (0, (1))* and by I, 5.5

H (Oy (1) =H " H Oy (1)}
and
HnH' Oy ()Y <H(Ox(1))=H(ZL).
Since “stable” is an open property we can choose # big enough such that
H=H(%})
Proof of 4.3. The group IP Gl(r, C) is an open subvariety of P=P(PT). Let
us choose a projective compactification H' such that H'— H is exactly the support

of some effective Cartier divisor I" and such that H’, is non singular.
Choose Y to be a compactification of G x H such that the three morphisms

6: GxH->H pr,: GxH—-H pri: GxH->PGI(r, )
extend to morphisms
¢: Y>H p,: Y>H p;: Y-P

Let us write U=¢ ~ '(H) and V=p, !(H). Then, since (g, pr,): Gx H—>HxH
is proper, we have U n V=G x H. We can consider the pullback of

(g:Z - H, H)eM,(H)
under ¢y and p,|y. Over UV both are isomorphic. In fact, for yeG, h and

yoh parametrise the same subvariety of PP"~!, up to change of coordinates.
Therefore we can glue both pullbacks together and obtain for Y,=UuV
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some (fo: Xo— Yo, Mo)eMy(Yy). Let us write Uj=¢ '(y) for yeH and
U,=U, nV=0""(y). For our given point x we can assume that U, is non singular,
as well as H.

4.5. Compactifying and desingularizing we find a diagram

X, X X'
lf o lf Jf '
Yy —— Y V"

as in 2.5, and we may assume that .#, extends to some invertible sheaf .#
on X. As in II, 2.3, we can assume that we have choosen Y such that Oy
=5* (91/! ﬁj* (QYD'

Let us write

g F'=(RQfx (M ® 0%y ) @ det(fy M)
an

Fo=(Xfos (Mo ® 0sov,) @ det(fo, Mo) ™"

where e is as in 1.5, and ' =r1k(fy, #o). By 2.8 and 2.7 again, we know that
F, is weakly positive over Y, with respect to (Y’,#’). By II, 2.3, the sheaf
F =j, Fond, F will be weakly positive over Y. Blowing up again, we can
assume that % is locally free. Therefore we extended p,|§ & to some locally
free sheaf # on Y which is weakly positive over Y.

Of course by 2.4, c) we know that det(#) is weakly positive over Y, as
well. May be, the main idea behind 1.7 is, that the group action enforces some
stronger statement:

Claim 4.6. Blowing up Y, if necessary, we can find some effective Cartier divisor
A4 on Y with

a) Ared=pg(r)red'

b) Oy(4)® det(F) "~ ! is weakly positive over Y.

c) For yeH let mn,: Uj—P be the restriction of p;: Y- and 4,=A4|y,.
Then (4,),.a=U, — U, and 7} Op(r-r'?)= 0y, (4,).

Proof. & is the direct sum of several copies of some invertible sheaf. Therefore

rr r
we can write F|,=@A,. In fact, if g, (# Qwyy=EEPA; we obtain
No=Dyl§ N7 @det(g, #)~'. Let A" be some extension of A4 to Y, such that

rer r-r
the induced inclusion A, — P F|, extends to &: A —@PF Blowing up Y,
we may assume that 4" is invertible and splits locally. ¢ induces an inclusion
s PN >F
Let us choose 4 to be the zero divisor of det(s)e HO(Y, det(F)@ 4 ")
Let us prove c) first:
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The morphism 7,: U, —IP maps (y,y~'-y)eU, to y. Hence yly, is finite
over PGl(r, €) and U;~G. p, induces the inverse action of G on H,. The

trivialization (—B./Vl R g, (H# ® wg ) gives under pullback to U,~ G, the “univer-
sal basis” PO~ T @ Og. This morphism is induced by

§”: @(OP(_ 1)-’“:’@(9]’

and corresponds to the tautological map

Up(—1) > DT @ p.

Taking the r'-th tensor product we find

s C‘B@P(-r,)_’®6‘>cr®@l>'
Since our morphism f is trivial over Uy, the pullback of the right hand side

is # |y, and that of the left hand side is Py |y, and 73 (s') =5y, . Therefore
Oy, (A4,)=N"" |y, =1} Op(r-r'?).

Moreover, 4, is the pullback of the locus of degeneration of 5" and (4,),.q must

be the pullback of the degeneration locus of s which is just IP—IP Gl(r, T).
Since we can add to 4 divisor supported in Y— Y;, and since Yo=Vu (| Up),

¢) implies a). yeH
To prove b) we consider the dual of ¢ and its symmetric product

Sr-r’(@g;v) — /V-—r-r’
and

ST (@D @det(F)) > 477 @ det(FY ™ = 0y (4) @ det (FY ™.

The sheaf on the left hand side is nothing but S”"(@P 4" "~ ' #) and b) follows
from 2.4, c).

4.7. To prove 4.3 we just have to descend the “weak positivity” in 4.6, b) to
H'. By abuse of notations we replace G by the P Gl(r, €). Replacing I" by
some multiple we can assume that 4 <p%(I') and, if p: U; » H, is the restriction
of p,, that p*(I;) = 4,. Therefore we have a trace map p* Oy, (4,) = Oy, (I).

For some >0 the ample sheaf %, will extend to some ample invertible
sheaf % on H’, may be after further blowing ups. Then, for some x>0, divisible
by r-r'?, the sheaf

£ =prt Op(n) @ prt £P
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will be ample on P x H'. The natural map (p,, p,): Y>IPx H' is isomorphic
over G x H and, blowing up Y, we find some exceptional divisor F such that
Oy(—F) is (p;, py)-ample and (p,, p,), Oy(—F) contained in Op, .. Choosing
B and p large enough,

L'=0y(=F)Q(p, p2)* &

will be ample on Y.
By 4.5 and 1, 3.2, the sheaf

F=L' @det(F)" """ VR Oy(y- 4)

is ample with respect to Y, for all # =0 (see I, 1.16 for this notation).
Claim 4.8. There is some %, >0 such that for all # =#{ one can find an inclusion

2. - L
Oy, (r—};#? p* 1;) — Z,|v,. which is surjective over U,.

Proof. As we have seen in 4.6, ¢), p¥ Op(1)=0y, (—#2 Ax). Moreover F meets

’

rer
U; at most in U,— U, and %P |,_=Oy_. Hence for some divisor 4 with support
in U; — U, we will have #’|,, = Oy, (4). Since det(F)|y, = O, we can find 7,.

4.9. Let us choose some multiple # of f-7}. Since Uy is compact and contained
in Y, we can find some N>0 such that H°(Y, &") generates #"|;,. Then the
subsheaf of @, (*4,) which is generated by H°(Y,%") will contain

2-u-N . L . .
@U;c< rﬂr’z -p* 1;) and this inclusion is an isomorphism over U,.

By our choice of F we have
(P> P2 B — PN =pr} Op(N- ) @ pri (1, L N @ A7 7= D),
Hence we obtain a morphism from
HPxH, Z*)Q@ Upxy to Oy, (x4,)

2-u-N .
whose image still contains Oy, ( rﬂr’z p* I‘x> Applying pr,, and the trace map

we find

HOBOp(u- N)@HH, LI VM@ Oy = py Oy, (+4,) > O (- T)

. . . 2.
and the image of the composed map will contain O, —7&~—2—1"x> As we have
-N
seen in 4.6, ¢), H°(B Op(u- N)) generates Oy, (f—ra— 4,) and, under the trace
N .
map, they end up in Oy, (%,7 1}). Therefore, the subsheaf of Oy, (+I7) which
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. , . N
is generated by H°(H, £f'¥ @ A" "~ V"V) contains O, (“—,2 I}), and of course
r-r

also Oy, (I7), isomorphic over H,. Hence, in 4.3, we just have to choose
No=Ho (¥ -r—1)and a=pf-N.
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Oblatum 6-1V-1989

Notes added in proof

(a) A. Fujiki and G. Schumacher study in their article “The moduli space of extremal compact
Kéhler manifolds and generalized Weil-Petersson metrics” natural Kéhler metrics on analytic moduli
spaces (to appear in Publ. RIMS, Kyoto Univ.). Especially they prove, that compact analytic subspaces
of the moduli space of canonically polarized manifolds are always projective. A better understanding
of the relations between their methods and ours should clarify the properties of line bundles on
moduli spaces.

(b) It seems that in remark 1.10 I overlooked some quite simple argument, which allows to descend
“quasi projectivity” from M, to P,. A short proof of the second corollary in 1.10 without the
assumption on the irregularity is in preparation.







