Vanishing theorems

By Eckart Viehweg at Mannheim*)

Let Y be a regular projective variety of dimension »n over the field of complex
numbers C and wy the dualizing sheaf. The vanishing theorem of K. Kodaira says that
for any ample invertible sheaf % the higher cohomology groups

HP(Y, Y ®@wy)=0 for p>0.
In this paper we want to weaken the condition “.# ample”.

Notation 0. 1. If b is a real number, let [b] denote the integral part of b, i.e.:
[bleZ and [b]=b<[b]l+1. Suppose now that E is an effective divisor and
E=3 v,E; its decomposition into prime divisors. Let .# and & be invertible sheaves
such that for some N>0 we have #"=.# ® Oy(X v;E;). Then we define

PY=-2®0, (-Z[vg,i]E,).

Theorem 1. Using the notations (0.1) we assume that E is a divisor with regular
components intersecting transversally. Let c¢,(#)">0 and c,(#)- C=0 for every curve
Cin Y. Then

HP (Y, #9® wy)=0 for p>0 and i>0.

Remark 0. 2. If one replaces the condition “c,(.#)">0" by “c,(A)"-H"™>0
for some ample divisor H”, one still gets H?(Y, P ® wy)=0 for p>n—m. In fact
one only needs to consider the long exact sequence obtained from

02"y, > LY@, ® OH) > Y@ wy—0
and use induction on n.

As a special case of Theorém I we get the following generalization of the vanishing
theorem of C.P. Ramanujam [9].

Corollary 0. 3. For any invertible sheaf ¥ with ¢,(£)">0 and c¢,(£)-C=20 for
every curve C in Y, we have

H*(Y, ¥ ®@wy)=0 for p>0.
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Of course, the type of positivity of .# that we assume in Theorem 1, is fullfilled
if ./ is generated by its global sections and x(#)=n. Thus the theorem following
is a special case of Theorem I and (0. 2). However we prove Theorem II first (in § 2)
and then in § 3 show that both theorems are in fact equivalent.

Theorem I1. Using the notation (0.1) we assume that E is a divisor with regular
components intersecting transversally. Assume that k(M#)=m and that M* is generated
by its global sections for some u>0. Then

HY(Y, P ®wy)=0 for i>0 and p>n—m.

This theorem is a slight generalisation of the vanishing theorem of H. Grauert
and O. Riemenschneider [4], and (taking E=0) we also obtain a different proof of this
result.

Remark 0. 4. Using the arguments of [9], page 49, one can weaken the condition
“M* is generated by global sections” to “the dimension of the base locus of M* is less
than or equal to n—m”.

The proof of both theorems uses, besides some elementary algebraic arguments,
two analytic results for regular projective varieties:

A) The symmetry of the Hodge numbers.
B) The closedness of global logarithmic differential forms (P. Deligne [2]).

The idea of using B) appears in the paper of F. Bogomolov [1]. In the case of a
surface (n=2) Y. Miyaoka obtained similar vanishing theorems for the “integral part
of divisors” [8].

Important remark. During the CIME-Conference at Varenna the author learned
that Yujiro Kawamata has obtained independently the same results. In fact he found an
elegant and short method to reduce (0. 3) to the vanishing theorem of Kodaira for
ample sheaves. However, using (0. 3) one can also obtain the vanishing theorems for the
“integral parts” (see [7]).

§ 1. Cyclic coverings

Most of the calculations we describe in this section were done together with
Héléne Esnault, who wanted to apply them to Milnor fibres of cones over singular plane
curves. For the results which appear in § 1 of her article [3] we shall only give a sketch
of the proofs.

(1.1) Let D be an effective divisor with regular components intersecting trans-
versally, and D= B+3 v;E; its decomposition into prime divisors. Writing .# = Oy(B),
suppose that for some invertible sheaf .# and some integer N >0 we have

PN = M ® Oy (X v,E})=0y(D).

If s is the section, having D as zero set, s defines a structure of an Oy-algebra on
N-1
A=@ L. Let v':Y =Specy(«) — Y be the natural map, n: Y — Y the nor-

i=0
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malization and t=1"-n. We choose a desingularization d: V — Y” such that for f=1-d
we have: D'=f"'(D) is also a divisor with regular components and transversal inter-
sections.

(1.2) We call f: ¥V — Y the morphism, obtained by taking the N-th root out
of D.

Lemma 1.3 (see for example [10]). Y” has only rational singularities (i.e.: R'd, O, =0
for i>0) and 1 is flat.

Lemma 1. 4. Using the notation (0. 1) one has
N-1
f*OVz-'T*OyN= 6‘) g(l)—l.
i=0
Proof. The Galoisgroup ® of Y” over Y is cyclic of order N and operates on &/
and 7,0y.. We may choose a generator ¢ and a primitive root of unity e such that
o operates on ¢~ as multiplication by e'. Letting #© denote the subsheaf of 7, Oy~
N-1
such that o(6)=¢'- ¢ for any local section J, we have 1,0y.= @ FU.
i=0
The sheaves # must be invertible and so in order to show that F® = g®-1
it is enough to consider regular points of D,4. The result now follows from the
following elementary lemma.

Lemma 1. 5. Let R be a regular local ring, x a regular parameter and u a unit.
Let A=R[{]}/t"—=x"-u and B be the normalization of A. Then B is generated as R
module by

thox TV"], 0<i<N.

Now let QF<(D) (respectively Qp(D’'>) be the sheaf of meromorphic p-forms
having only logarithmic singularities along D, 4 (respectively Dyeq).

Lemma 1. 6. Using the notation of (1.1) we have f*Q§{D> < Qp{D'>, and more-
over this inclusion is an isomorphism at all points v where f'is finite and v ¢ f ~* (Sing (D;eq))-

Remark. A similar statement is true for all morphisms f: V— Y, as long as
D’'=f"1(D) is a divisor with regular components intersecting transversally.

Proof. 1t is enough to consider the case p=1. Both sheaves being subsheaves of
the meromorphic differential forms having poles along D', we may check the statement
locally at ve V. We choose regular parameters x,,...,x, at f(v) of Y, such that D
dx, dx,

—, dX,4qs. .., d%,

is defined by x}'---x=0. Hence Q4 (D) is generated by p .
1 r

over Oy.

Since D’ has only transversal intersections as singularities we may choose regular
parameters z,...,z, of V at v, such that for i=1,...,r and some units u; we have
) ) dx; dz - )
f*x;=T121-u;. One sees immediately that f* —=3 n,-jz—j+ui Ydu, is an element
j i J

J
of Q4(D">. If f(v) belongs to the regular locus of D we have r=1, and if moreover

d. .
f is finite, then f* —fi,f*dxz,. .., f*dx, generates Q},(D') in v.
1




4 Viehweg, Vanishing theorems
Lemma 1.7. With f: V — Y as in (1. 1), we have

S+ QD> =Q4{D> ® £, Oy
and N-1

LD D QD> LI,
i=1

Proof. From (1.6) we know that f, f*Qp<(D>=Q)(D>® f, 0, is a subsheaf
of £, QP<{(D"), isomorphic outside a subvariety of codimension 2. Lemma 1.3 shows
that the former sheaf is locally free and hence it must be equal to the torsion free
sheaf f,QF(D’>. We define

Co=QF '"BAnUEYO®D L 'EnBuUU E)
j i

k*j

and similarly for Cy..

We have the exact (horizontal) sequences

0 > Qf > QKDY —— G
0 > [ 2 > [ (D) —— £, Cp.

Applying (1.6) to the components of D we find that #n is injective, and hence the
second statement of (1.7) follows.

§ 2. The proof of Theorem I1

The following theorem is the main ingrediant for the proof of II. For the con-
venience of the reader we sketch the proof.

Theorem III (F. Bogomolov [1]). Let Y be a regular projective variety, ¥ an in-
vertible sheaf with k(¥)=m and D an effective divisor with regular components inter-
secting transversally. Then

HO(Y, QDY@ F H)=0 for p<m.

Proof. Any section of the above sheaf defines an inclusion of # as a subsheaf of

Qp{D>. Some power #* has m+1 sections s,,. . ., s, such that —ji,. . i—"‘ are algebraic

0 0
independent rational functions. Let f: V' — ¥ be the morphism obtained by taking the
v-th root out of one of the s; (as in (1.2)). Lemma 1.6 gives f*# as subsheaf of
QF<(D"). Repeating this construction we may assume v=1. We denote the p-forms
induced by s; under the inclusion of # in Q§(D) also by s;. From [2] we know that
ds;=0 for i=0,..., m. Hence 0=dsi=soAd(—“v—i). This means that d(—si),...,d(fi"—)
so ! So So
span a rank m subsheaf of Q} over some open set, which sheaf annihilates & under
the exterior product. This is only possible if p =m.
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Theorem IV. Let N, #, &, E and L be as in (0.1). Assume that # = Oy(B) for

some prime divisor B and that B+ E=D is a divisor with regular components and trans-
versal intersections. If k(L Yy=m for i=1,..., N—1, then

HP(Y, 9" H=0 for p<m.
Remark. IV is slightly stronger than II, as sometimes k(Z®)=m without
K(M)y=m.
Proof. Choose f: V— Y as in (1.1). Then the symmetry of the Hodge numbers
on V together with (1. 4) gives

h*(Oy) +N§ WO =h(0y)=h (@),

i=1
where AP( ) denotes the dimension of H?( ). Using (1.7) one obtains the inequality

N-1

RQp <K QP+ X h°Q<KD) L.
i=1
Using Theorem III and the symmetry of the Hodge numbers of Y, we see that the
second number is equal to h*(Oy) if p<m.

(2.2) Proof of TheoremII. We only have to check that the assumptions of
Theorem II imply those of Theorem IV. .#* is generated by global sections. Replacing
£ by #" ' * we may assume p=1. The Theorem of Bertini ([5] III, 10. 9) applied to the
linear systems corresponding to:

H(Y, M)
Im (H°(Y, M4)— H°(E;, # ® OEj))
Im (H°(Y, #) > HY(E;nE,, # ® OEank))

etc. guarantees the existence of some divisor B, such that D= B+ E has regular com-
ponents intersecting transversally. Since .#' is contained in £“¥ we have

mE k(M) S k(LY.
We end this paragraph with the following application of Theorem II which we are
going to use in § 3.

Proposition 2. 3. Let Z be a (not necessarily regular) projective normal variety,
Y a projective regular variety and ¢: Y — Z a birational morphism. Let F be a Cartier
divisor on Z and E=g*F=Y v;E; an effective divisor on Y having regular components
intersecting transversally. If N>0 and i> 0, then

Rig, (w, ® 0, (-z [V}Vl] Ej»:o for ¢>0.

Moreover, if Z is regular and F=Y v,F, is also a divisor with regular components inter-
secting transversally, we have

0 (@,@0, (—2[”’]'\',i]Ej))=wz®oz (-—Z[%] F,,).
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Remark 2. 4. In the special case that E=F=0 this gives the vanishing theorem
of ‘H. Grauert and O. Riemenschneider for the higher direct images of the dualising
sheaf in the projective case. For the application in § 3 it would be enough to show that,
if Z is regular and F a divisor with regular components intersecting transversally, we

have , .
; c)<z[ﬁilp> if g=0,
we (= ]2,

J
0 if g=+0.

This also follows from the argument given at the end of the proof.

Proof of (2.3). We may choose invertible sheaves .# and %, such that
FN=M ® 0,(F). Replacing # by ¥ ® #" for high powers of an ample sheaf #,

we may assume that .# and Rig, (wy ® Oy ("Z {Vj~lj| E, >> ® &' are generated by

N
its global sections for ¢>0 and i=1,..., N—1. Moreover we may assume that for p >0

we have H? <Z, R, (wy ® Oy ( - [V}V l.’ Ej>) ®Z i> =0. The corresponding Leray
spectral sequence is degenerate, and using Theorem II we find that
V.- ;
(a0, (5[ 5]8) o)
for ¢> 0. Hence we have the first statement of (2. 3). For the second we just have to

show, that under our assumptions g* (wZ®OZ (—Z[v"'l]f}‘)> is a subsheaf of

p N
noon (=[5 )2)

Let E, be an exceptional component of Y. If ¢(E,) is contained in the intersection
of r components (say Fi,..., F) of F, then d=dim(g(E,))<n—r. We have

Lvici]. vl'i‘l [vl-i]
- < |2l o1 +n—1—d.
1§1[N:|" [N_ N

On the other hand the general fibre of ¢: E;, — ¢(E,) is P*~* 7% and
*w, ® Oy((n—1—-d)E,)

is contained in w, (see for example [5], II, Ex. 8.5).

§ 3. The proof of Theorem I

Lemma3.1. Let # and # be invertible sheaves over Y such that c¢,(M)-C20
Jor every curve C in V. Then there exist real numbers a,>0 such that
HY, B #")<a;- v for v>0 and i=0,...,n.

Proof. The statement being true if dim (Y)=0, we proceed by induction on
n=dim(Y). Let Y be a regular divisor on Y, such that for s# =0,(Y’) the sheaf
H# ®B Q@ wy' is ample. Using the criterion for ampleness of C.S. Seshadri (see for




Viehweg, Vanishing theorems 7

example [6]), we have that # ® # ® wy' ® 4" is also ample for all v=0. Theorem II
(or the usual Kodaira Vanishing Theorem) shows that H'(Y, # ® #® .#*)=0 for
i=1,...,n and v=0. Let &' =% ® # ® Oy. and consider the long exact cohomology
sequence of

0->BIM > BIN QM —>B QM — 0.

One obtains /' (Y, BQ H*)<h (Y, B ® #") for i=1,..., n and hence (3. 1) follows
for i=1. However y(Y, # ® .#") behaves like a polynomial of degree at most »n, and
we obtain (3. 1) for all i.

Corollary 3. 2. If # is as in Theorem I, then k(M) =n.

Proof. x(Y,#® .#") is a polynominal whose highest term is a-c,(#)"-v" for
some a>0 (see for example [5] appendix A).

(3.3) Proof of Theorem I. From now on we use the notations and assumptions
of Theorem I. Let H be any ample divisor. The exact sequence

0— HO(Y, M ® Oy(— H)) — H°(Y, #*)— H°(H, #° ® Op)
shows that for N’ >0 we have an inclusion of # = O, (H) into .#". In fact h°(Y, .#")
is increasing like v* and h°(H, .#* ® Oy) at most like v* !,

Write 4" =3# ® Oy(3 0 F;). Choose a blowing up 7: Y — Y, such that
™ (X v;E;)+ (X ¢ F,) is a divisor with regular components intersecting transversally.
Allowing the coefficients to be zero, we may write

*(EvE)=LviE and (X eF)=X ok

Let #'=1*M, #' =1*# and ¥ =1*%. For any N’ >0 we know that # ® 4" is
ample, and hence a power of #' @ .#'"" is generated by its global sections. Applying
Theorem II to

NN gV @ H' @ Oy (S (¢ + (N + NV ),

we have that for given i>0, p>0 and all N">0

HP <Y’, Li®wy ® Oy, <—z {QJ;&’, :g))v, . z] E;>>=o.

Qi
N(N/ + Nr/)

However for N”>>0 we have for all j with ¢} 0 that

vi-i _ Q}+(N'+N”)v}., for all i. and
Hence[N] [ NN+ N i| for all j, an

H"(Y’, L@ vy ® Oy, (—Z[@'}E}))ﬂ.

Proposition 2.3 shows that the Leray spectral sequence for t degenerates in our case
and hence that

A
—
hcw
2 —~
T
|
&<\
2 LY
+
.

H (Y, 29 @wy)=0 for p>0.

2
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