WEAK POSITIVITY AND THE ADDITIVITY OF THE KODAIRA

DIMENSION, IT : THE LOCAL TORELLI MAP

Eckart Viehweg

Let f: V—— W be a fibre space of projective varieties, defined
over the field of complex numbers € . That means that £ is a surjec-
tive morphism between projective varieties with connected general fibre
Vw = waSpec(ETW)). The canonical sheaves of V and W are denoted by

1

* -
Wy and Wy and wv/w = wvef Wy

In [13] and [15] we started to study the "positivity” of the sheaves
f*ms/w , building up on Y. Kawamatas results [5] and using several alge-
braic constructions. Most of the results of [15] are proved for all fibre
spaces. Just in § 8 we had to restrict ourselves to the special case,that
Vw is a curve or surface of general type, in order to apply methods
coming from "Geometric Invariant Theory".

The aim of this article is to replace the arguments of [15], § 8 ,
by a careful study of local Torelli maps for cyclic coverings of varieties

of general type. This allows us to obtain the following generalization of

[15), Theorem I :

Theorem I. Let f: V —— W be a fibre space of projective varieties.
Assume that the Kodaira dimension K(Vw) = dim(Vw) > 1 and that for

some birational model V& of Vw and some U > O the sheaf ws, is
w
generated by its global sections. Then, if k(W) # -» , we have

k(V) 2 Max{x(W) + K(Vw) , Var(f) + K(Vw)} .

So, the generalized Iitaka conjecture C: o is true for this type
r

of fibre spaces. Recall, that Var(f) is defined to be the minimal num-
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ber k , such that there exists a subfield L of C(W) of transcendental
degree k over € and a variety F over L with

F Spec(C(W)) ~ Vw ( ~ means birational ).

xSpec(L)
We will see in (3.8) ( or [15] ) that Theorem I follows from:

Theorem II. Let f: V —= W be a fibre space of projective varieties,
var(f) = dim(W) . Assume that K(Vw) = dim(Vw) > 1 and that for some
birational model V& of Vw and some p > O the sheaf wsé is generated
by its global sections. Then, for all n of the form n = a-b.u+a+1,
b>1, bu2>a>>o0,

i) K(det(f*wg/w)) = dim(W)

ii) There exists an ample invertible sheaf H , some v » O and an

: R oV n . . .
inclusion G)H — 8 (f*wv/w) , isomorphic over an open subvariety.

In fact, since the assumptions made in theorem II are compatible
with replacing W by W' , generically finite over W , and V by any
desingularization V' of waw' , we see from (3.5) and (3.6) that

i) and ii) are equivalent. In (3.7) we discuss the statement of

Theorem II and other cases forwhich it is true.

In (4.5) we use the assumption that Vw is of general type. This
is just done to keep the argument as simple as possible and it would be
possible to get along without (4.5) by modifying the construction in § 4.
We have to use it again, however, together with the"nasty" condition,
that ms, is generated by its global sections, in order to apply (1.5).
There wewstudy the local Torelli map for finite coverings,‘and we do not

know at the moment, how to obtain similar results for a wider class of

fibre spaces.

Nevertheless, we hope that the methodéldeveloped in [15] and this
article are a good approach toward the solution of S. Iitaka's conjec-

ture. Also it seems, that behind theorem II there are hidden relations
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between (global) moduli theory, local Torelli maps and weak positivity
of direct images of powers of dualizing sheaves, which one should try to

understand in a better way.

We use the definitions and notations introduced in [15]. The basic
facts about the Kodaira dimension and the classification theory can be
found in [11], [5] and [12]}. A survey of the known results is given in

[11.

§ 1 contains just an application of the Lieberman-Peters-Wilsker
spectral sequence ( see [9] ), combined with some easy calculations
of the behaviour of the tangent sheaf under a cyclic covering. In § 2
we consider the period map and the Kodaira-Spencer map in order to com-
pare the variation of a certain fibre space with the dimension of the
images under these maps. We use freely ideas due to Y. Kawamata ,
[6]. In the next section we just recall the main results from [15] in a

slightly modified way, and § 4 finally contains the proof of theorem II.

The author would like to thank Mr. Taniquchi and the foundation
bearing his name for promoting the symposium at Katata and for the invi-
tation to Japan. The results described in this paper were presented
during this symposium, results, which build up on the work of japanese

mathematicians, especially S. Iitaka, T. Fujita, Y. Kawamata and K. Ueno.

§ 1 _Cyclic coverings and the local Torelli map

Let X be a non singular variety of dimension k and [ any in-

N

vertible sheaf. Assume that L has a global section s for some

N > O . We write the zero~divisor of s in the form

D=B +E | E.
V=2 vJ i’
3
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where B is the reduced part of D ( the sum over all components
occuring with multiplicity one ), and Ej the other irreducible compo-
nents. We assume that all components of D are non singular varieties,
intersecting each other transversally, or - as we are going to say

shortly: D is a normal crossing divisor.

The section s defines a OX ~algebra structure on A = @ Lt

where the sum is taken over i =0,...,N-1 , Choose 71: Y ———— X to be

any desingularisation of Spec 0 (A) such that T—1(D) is a normal
X

crossing divisor too. We say that Y is obtained by taking the N-th
root out of s. In [14] and [15] it is shown that T,u,=®(ueLt))
L(i)

where is an invertible subsheaf of Li , described there.

Lemma 1.1. There exists a natural inclusion

(MeN-u-NE T+

Tyly, —— 0(w§so

Y
( where the sum is again taken over i = 0,...,N-1)

being an isomorpism outside of the singular locus of D

Proof: The left hand side is torsion free, the right hand side locally
free and hence we may assume that Y is finite over X . Using the

projection formula, it is enough to obtain an inclusion

* N-1 .
— Tt L isomorphic over the regular locus of D . In fact, the

L)

Yy/x

sheaf mentioned above, is isomorphic to L' on the regular locus
of D . In order to obtain this inclusion we might use "duality for

finite morphisms" as in (15], (3.3), or:

D) = Bt +S vj.N-E]  and =0, B o)
-1 - .
where B' = (71 (B))red and Eé = (T 1(Ej))red . By ramification theory

— oY(r‘1(B+:Ej) -B' -3 E) .

Comparing the multiplicities we get (1.1).
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(1.2) From now on we restrict ourselves to the case, that D is

non singular ( especially reduced ). We might choose Y = Spec 0 (A) .
X

Lemma 1.3.

3 -1 = [ 3 3 *_P = p 1
i) (T (D))red =D is non singular and T QX<D> = QY<D > , where
Q§<D> denotes the sheaf of differential forms with logarithmic

poles along D .
N-1 .
i) 0= Qge @ oP<p> o™ | Especially, if G = <o> is the Galois-

i=1 X

group of Y over X , acting on Qg in the natural way
(i.e.: c(f-dx1A...Adxp) = Gf-d(dx1)A...Ad(0Xp) ), we have
PG _ P
(T*QY) Qx .
111) 1f T, = (@)Y is the tangent-sheaf and T,<-D> = (94<p>)¥ , then

e
(1,7 )¢ = Ty<=D> .

Proof: i) and ii) are just a simple exercise and proved in [14],

§ 1 , in a much more general situation. Especially from i) we obtain

* Ne
for p = k again that mY/x =T LN 1 . The automorphism o acts on

1

: 1
T40y<D'> the same way as idxo on QX<D>@r*0Y . Hence
G _ 1 VG _ 1 G _ -
(14Ty<=D"'>) 7 = (T4 (Qy<D'>) )7 = (Hom(Q,<D> » Tx0g)) T = Ty<-D>
The inclusion of Q; in Q;<D'> induces TY<-D‘> —_— TY , compatible

\ ; R v R
with the G -action. The description F' = Ham(mY/X@F,wY/X) and duality
theory for finite morphisms give

Nzl .
TuTy<-D'> = Hom (LY 1®T*ﬂ;<D'> r 0y) = EB'TX<—D>9L N+1+1 and
i=0

~N+1+1

N=1
TyTy = Hom(LN‘TQT*Q; L0 = TXQL-N+1O$§2TX<—D>@L Hence the

inclusion T,<=-D> — 71,7, splits and Ty<~D> must be the G -invari-

ant part,

(1.4) 1In addition to (1.2) we assume from now on that X and Y
are projective of dimension k > 1 . Recall that a problem of local

Torelli type consists in studying the cup-product map
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e HUY,T) — Hom(r®(v,2%) , ' (x,0k7y) .

k .
Of course @, and w. just denote the same sheaf. The image of

Y Y

1 G 1
H (Y, Ty)" = H (X,TX<-D>) under A 1is contained in

k-1))G -

wom (1 (¥,0%) , 1’ (v,0

Y
Hom (H® (x, 2X) ,H’(x,n§‘7))ej;:ﬂom(n°(x,n§<o>eL‘i) 8 ek el L
Hence A% = ) H1(Y,TY)G can be described as direkt sum of {Ai}i=0,.,N-1
where A _: H1(X,TX<-D>) —_ Hom(Ho(X,Qi) ,H1(X,O§_1)) and
Ayt g (X, Ty<=D>) — Hom(Ho(X,Q§<D>@L_i) 1 (x,n§'1<u>cL'i))

are the cup~product maps. The main result in this section is:

Theorem 1.5. Using the assumptions and notations introduced above, we

assume that for some ie{t,...,N-1} we have

2i-N

-1 . -1 - .
K(X,wx -73 ) = dim(X) = k and that [ 1&9§<D> = waLN 1 is generated

by its global sections. Then Ai and hence AG are injective.

Proof: We just have to apply the spectral-sequence descibed in (9], § 2.

Using the notations introduced there, we take

_ ok -i N-i -1
W = afsel™ = w8t . F=Ty<-D> and v =01 (x,05mprel™h) |
The spectral-sequence of hypercohomology
+
HIlzonV(Hq(X’TX<_D>)) = Ep 4
induces the five-term exact sequence
1 o 1 o 1
0 ™ Hyogwy(H (X, Ty<mD>) —> B — Hy,, g (B (X, Ty<-D>) —>
—+ u2 (8% (X, T <-D>)) —» H?
Koz WV X = -
From our second assumption and [9], 2.7, we get §1 =0 ( and in fact
5 . .
H® = 0 ). Moreover, since TX<—D>®Q§<D>9L_1 = Q§—1<D>@L-l we obtain
o 1 - -
HRoz wy (B (X,Ty<=D>)) = Ker (3" (x,T,<-D>) —> H'(x,25 \epret™He vY) =
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_ 2 o T oo 2,72 2 ;
= Ker(xi) and HKonVV(H (X, x< D>}) =K°/1 where K is contained

2

2N-21
in HO(X,TX<—D>@mXeL :

2
ye A VY . If Ker(li) was not zero, we would

24-N _, TX<-D>@wxGLN = ok lep>

obtain an inclusion w;1@L <

Using our first assumption, we would obtain an invertible subsheaf of

ﬂ§-1 of L-dimension k . This is not possible by the vanishing theorem

of F. Bogomolov ( see for example [14], § 2 ).

Remark 1.6. In § 4 we are going to apply (1.5) in the following situa-

tion:

Let X be a projective variety, such that k(X) = dim(X) ,and such that

for some u > O the sheaf m; is generated by its global sectionms.

Let N 2 2.y and w§ = OX(D) for a non singular divisor D . For

L= Wy and i = N-u+1 the assumtions of (1.5) are verified. In fact,

Nal@m = mu .

2i-N _  N-2u+1
X

w;1®L < , N=2u+1 > 0 , and L

(1.7) In order to understand the geometric meaning of (1.5) we

, N=0_ ()

consider quasi-projective varieties and sheaves: xo ' Lo ° X o

and Yo as in (1.2). In addition we assume that there exists a non

singular quasi-projective variety So and a projective smooth morphism

gyt X, — S, with connected general fibre, such that g, D, is

also smooth.Hence

ho = 957 Tpt YO —_— So is again a smooth family of

projective varieties.

Let s € So be a closed point and xs ’ DS . Ys the fibres over s .

Let ts =z be the Zariski tangent space.and
o’S s

1
Pyt ts ~—— H (YS'TYS)

the Kodaira-Spencer map, corresponding to the deformation of Y, .

The deformation XO-D° of the "open" variety XS—Ds defines in the same

way (see [7]) p;: ts —_ H1(xs,TX <-Ds>) .
s
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coincide if we identify
G

Lemma 1.8. The two maps s and pé

1
of H (Ys,TY ).

1 . 1
H (Xs,TX <—Ds>) with the subspace H (YS,TY ) .

s S

Proof: Aan element of ¢_ is a morphism  ¢: spec(€lel) — S .

By base change we obtain infinitesimal extensions of XS—Ds , of Ys
1 1 ote
. If £ €H (Xs,TXS<-DS>) and ¢ € H (YS,TYS) den
and z is invari-

and of T Ys

*
the corresponding cohomology classes, then T E =1z

ant under G .

Corollary 1.9. Using the notations introduced in (1.7) we assume that

= i tions made in (1.5). Let
Xy s Doy Ly Ly X, fulfill the assumpti

1 o k L k-1 denote the local
Agt H (YS,TYS) —— Hom(H (YS,QYS) , H (Ys,ﬂYs )) eno

Torelli map. Then og(tg) NKer(r,) =0 .

§ 2 The period map

In order to interpret (1.9) in terms of "positivity-properties",

we have to consider the period map. Let hO: Yo —_— So be any smooth

projective morphism of quasi-projective varieties with connected general

fibre, n = dim(Yo) , m = dim(so) and k =n - m . For a closed point

s € 85 and Y = h_1(s) we denote again the Kodaira-Spencer map by Pe
o s

(o)
and the local Torelli map by As .

Lemma 2.1. Assume for all s € SO in sufficiently general position we

have o (% ) NKer(i ) = O . Then there exist an &étale open set
1 U —> 8, (i.e.: U is &tale over the open subvariety w(U) ) and

dominant morphisms ¢: U —+ Z and ¢: F —= 2 , such that:

i) st YO o UXZF , compatible with the projections to U .
. [}
*
ii) For u € U rin tU,u =7 ts () the subspaces to-T(c(u)),u

and
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*
T Ker(p )) coincide.

m{u

Proof: Let S be a projective variety, containing So as an open sub-

variety, such that S-so is a normal crossing divisor. The sheaf
k
R hO*CY
o
we take 7 ‘to be the corresponding period domain and T to be the image

carries a variation of the Hodge-structure. As in (2], § 9 ,

of H1(S) in Aut(?) . By (9.3) and (9.10) of [2] we have the period
map p: So —— D/T . There exists a subvariety 5 in S , such that
p can be extended to a proper analytic morphism p: § — 0/r (loc.

cit.).

From [6], § 3 , or [10], we know that p: § — 3(8) is bimeromor-
phically equivalent to a rational map p': So —+ Z between algebraic
non singular varieties. Making So smaller, if necessary, we may assume
that p' is a morphism, dominant, and that % is bimeromorphic to p(So).

Claim 2.2. For s in sufficiently general position in So

It

t Rer(p ) .
p' 1(p'(s)),!s s

Proof: By our assumtion Ker(ps) = Ker(As-ps) . The tangent map
from tS s in the tangent space of ?/r' is given by the cup-product
ol

: 1
in H (Ys,TYs) . Hence Ker(ps) must be

. On the other hand, if

with the images under I

contained in £ _,
p' (p'(s)),s

£ €1 ;, the cup-product with ps(E) is trivial on the

o Tpr(s)),s

whole cohomology of Y, , especially on HO(YS,Qs ).
s

The statments of (2.1) are compatible with replacing So by any

gtale open set and Yo by the fibre-product. Therefore we may assume:

- dim(H1(YS,TY )) 1is constant for all s€S_ .
s

- (2.2) is true for all s € So .
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- p': So —* Z has a section i: Z —— So .

Define ¢ = PIr,: F = Yoxs Z — 2 , where the fibre-product is
)
taken with respect to i . The functor IAomS (YOIFXZSO) is represented
o

by an algebraic scheme j: I ~—— So ( see [3] )}, where the fibre-pro-

duct is taken with respect to % .

Claim 2.3. j is surjective.

Proof: For all points s of So we assumed that g restricted to

-1 is trivial. From [8], Theorem 6.2, we know that for all
p' (p'(s)),s
-1

° (x) are isomorphic. Hence

x in p'-1(p'(s)) the fibres Y = h

i = Teomg (Y. o™ (0" (s))) % 8 .

Now we may choose m: U —— So such that Ixs U has a section
“o
g =p'-7 Now i) of (2.1) is verified by definition of I

and

and 1ii) follows from (2.2) .

(2.4) Let h: Y, — S, be as above and h: ¥ — S a pro-
jective fibre space, such that Yo and S0 are open subvarieties of

Y and S respectively and ho = h v -
o

Lemma 2.5, If for one point s in SO the map As-ps is injective,

then K(det(h*my/s)) = dim(s) .
Proof: ( see also {6] )

The assumption and the statement of (2.5) are compatible with blowing up
Y and also with blowing up S . In fact, if h = §.-h' for some fibre
space h': Y —— 38' and a sequence of blowing up's §: S' —— 'S , then
S*det(h'*mY/s.) and det(h*my/s) coincide outside of a closed sub-

variety of S of codimension bigger than or equal to two.
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Therefore we may assume S—So and Y-YO to be normal crossing

divisors. In [15], 3.2, we have seen that we may replace S by any non
singular finite covering S' —— S and Y by any desingularization

of YXSS' . Using the "covering lemma" of Kawamata ( see [5], Theorem 17,
or [13], 2.1 ) we are able to "kill" the semisimple part of the mono-
dromy around the components of S—SO . Hence we may assume that the local

monodromies of Rkho*cY around the components of S-So are unipotent.

(o]

Under these assumptions Y. Kawamata proved in [5], Theorem 5, that

h, By /s is locally free and semi-positive,and therefore det(h*wy/s)

is an arithmetically positive invertible sheaf (i.e.: for every curve C
in S the intersection number C-c1(det(h*my/s)) =0 ). From {14], 3.2,
or [6] we know that, in order to obtain (2.5), it is enough to show the
following Lemma, due to Fujita and Kawamata:

Lemma 2.6. Assume that for some point s in SO the map As-ps is

injective, then c1(det(h*my/s))m >0 .

Sketch of the proof ( See [6], Theorem 3, or [5],Lemma 21 ):

Let h be the Hermitian metric on h g /s » induced by the inter-
o’ "o

section form of the Hodge-structure. For any tubular neighbourhood Ue

of §-§, of radius ¢ > O we can extend h s-U to a ¢ Hermitian

metric Ee of h,w - Let & and @ be the curvature forms corres-

Y/S
ponding to Ee and h respectively. Then

(( /=T /2-‘!T)Tr®€)m =

cq (det (hyuy )™

(« V=17 2-1T)Tr8€)m + J (( /<77 2-m)7c0)™

€ §-U,

i}
g

Taking the limit ¢ — O , the first term goes to zero since h has
only logarithmic growth along S-So . The second term however is positive.
In fact, ( V-1/2.1)® 1is positive semi-definite. Our assumption and [2],

(2.15) and (5.2), show that ( /=T /2.m)Tr@ 1is in s positive definite.
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Let W be a non singular quasi-projective variety and F a torsion

free coherent sheaf on W . Let i: W —— W be the biggest open sub-

*
variety, such that 1 F 1is locally free. Recall:

Definition 3.1. F is weakly positive, if for every ample invertible
sheaf H on W and every positive number o there exists some positive

0B, * ¥ B s b-
number B , such that § (i Flei f is generated over an open su
variety by its global sections. That means that for
;u-B(F) = i*sa's(i*F) we have a map OOW —_— SG'B(F)GHB , surjective

in the general point of W .

Of course, we may always consider i,F instead of F and assume that

% =W . In {15), § 1, we listed several properties of weakly positive

sheaves. We need in addition:

Lemma 3.2. Let F and G be torsion free coherent sheaves on W .

i) If F is weakly positive, then for every invertible ample sheaf H
and o > O there exists Bo such that for all g8 > Bo the sheaf
ga'B(F)QHS is generated over an open sub-variety by its global

sections.

ii) F is weakly positive if and only if for every non singular finite
covering n: W' — W and every ample invertible sheaf #' on W'
the sheaf n*FQH' is weakly positive.

iii) If F and G are weakly positive, then FeG , det(F) = i*det(i*F

-

and Sv(F) , for all v > 0 , are weakly positive.

Proof: We just have to copy the corresponding arguments for "ampleness".

We may assume, that F and G are locally free sheaves.

i} By definition there exists B8 > O , such that for all y > O
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SZ'O"S'Y(F)EHB'Y is generated by its global sections over an open sub-
variety. H being ample, we can find c¢ > 0 such that SO"’L(F)GHHY'B+1

is generated by global sections for 1= 1,...,2.8 and Yy 2 ¢ . Hence
Su(z'B’YH)(F)@Hz'B'Y+1 is generated by its global sections over an open

subvariety for all vy >c . We may take Bo = 2.c.B .

* *
ii) If F 1is weakly positive, m SG'B(F)GH HB is generated by its
global sections for 8>» O . If o' and H' are given, we may choose

*
Y such that v H is contained in H'Y . For o = o'y we get that

1
s® 'Y‘B(J)GH'Y'B is generated by its global sections over an open sub-

*
variety for J = 7 F .

In order to obtain the other direction, we choose for given H
and a a non singular finite covering m: W' —— W ( see for
example [13], 2.1 ) such that H=n¢ for 4 = 1+2.a¢ . By assumption
there exists 8 > 0 such that Sz'a'e(n*FﬁH')eH'B = Tr*Sz'a'B(F)mT*HB
is generated by its global sections over an open subvariety. Applying

T : we obtain maps, surjective over an open subvariety

*

*
o, HE — w0852 % B (ren? B 52 % B(ryen? B | For g » 0 we
find the sections wanted.

iii) Let H be any ample invertible sheaf and J weakly positive.

For all v > ¢ the sheaf Sv(J@H) is generated by its global sections
over an open set and hence weakly positive ( see {15], 1.4,1) ).

From [4],§ 5, we know that every sheaf T(J®H) corresponding to an
irreducible representation of Gl(rank(J®H)) of large weight is a direct
summand of Sv1(JQH)@ . @Svt(JGH) for some numbers Vi>C o iy,

Ve > ¢ Therefore every T(JeH) of large weight is weakly positive.

If T(JeH) is just any sheaf given by an irreducible represéntation of

positive weight, then SI(T(JQH)) will be a direct sum of bundles of
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large weights for 1 » O . From [15], 1.4,3) , we obtain the weak positi=-
vity of T(JeH) for every bundle coming from an irreducible represen-
tation of positive weight, and hence for every positive representation.
So for example SA(FeG)eH) = (s2(F)e(FsG)es?(6))eH? and (JeG)eH? are
weakly positive. From ii) we obtain the weak positivity of FeG .

Now the other sheaves in iii) are quotients of tensor products.

(3.3) Let f: V—— W be a fibre space of projective varieties.
The following proposition is just a corollary of (3.2,iii)) and [151,

5.4 .

Proposition 3.4. Let H be an ample invertible sheaf and .M any inver-
tible sheaf on W . Let k' be any multiple of k , bigger than one.

If one has an inclusion of H in f*ws/w , then for all y » 0O the
kl

V/W))@’M—1 is weakly positive.

sheaf (§Y(f*w

Proof: Let Wo = {x€W |f smooth along f_1(x)}. Our statement being
compatible with replacing W by the complement of a sub-variety of
codimension two, we may assume that w-WO is a normal crossing divisor
and that f is flat. [15], 5.4 , says that there exist a non singular
finite covering w: W' —— W and an ample invertible sheaf H' on W'
is weakly positive. For all y » O the sheaf

L . * v -
™ M 1@H'Y has a section. So S8Y(m f*wg/weH' 1) is a subsheaf of

h that 7 f,uS ) @'~
suc a ™ *(.l)v/w

1 -
7" (ST (£,0 )M™!)  and (3.4) follows from (3.2,3i1)) and [151, 1.4 .

Theorem 3.5. Let f: V —> W be a fibre space. Assume that for every

non singular W' , generically finite over W and for every desingula-

rization V' of VxWW' the induced fibre space £': V' —— W' has the

property: k{W', det(f'*wé./w.)) = dim(W) for fixed k > 0 . Let M

be any invertible sheaf on W and k' any multiple of k , bigger than

1

- ' -
one. Then for all y » 0O the sheaf SY(f*wé/w)@M is weakly positive.
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For some k' » k this follows from (3.4) and [15], 6.2 . The
proof given in [15] was more complicated than necessary and we sketch

a more direct proof.

Proof: By a wellknown lemma of K. Kodaira ( see for example [15], 6.3 )

the assumption in (3.5) means that for all H' , ample on W' , we find
§ > 0 such that H' 1is contained in det(f'*wg./w,)s . Using this
formulation, we may replace W by the complement of a sub-variety of
codimension bigger than or equal to two. Especially we may assume f to
be flat, Moreover, from [15], 1.4,5) , we know that we may replace W

by any non singular finite covering. Using [15], 6.1 , we may hence
assume that £ is flat with semi-stable fibres. Now let H be an ample
invertible sheaf on W and § > O such that H 1is contained in

k 8 _ k ; ; k
det(f*wv/w) . For r = rk(f*wv/w) we have an inclusion of det(f*wv/w)

into (f*m‘l;/w)er . Hence for s = r-$§ we have H as a subsheaf of
k ®s (s) (s) : 5
(f*mv/w) . Let £ HIY — W be a desingularization of
VXWVXW....XWV ( s times ). In [15], 3.5 , we obtained ( making W
smaller ) the equality £ (5 ¥ = (£,65,)%5 . Applying (3.4) to the
*vs) oy *v /v

fibre space f(s) we know that for some v >0 the sheaf

1 -
SV((f*wg/w)Qs)@M 1 is weakly positive. Hence the quotient sheaf
r -
sV s(f*wg/w)@M ! must also be weakly positive, and we obtain (3.5).

In order to give a simpler interpretation of the statment in (3.5)

we can use:

Lemma 3.6. Let F be a torsion free coherent sheaf on W . Then the
following two statements are equivalent:
i) There exist an ample invertible sheaf H on W , some V >» O and

sV(F) , being an isomorphism over an open

an inclusion &H

subvariety.
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ii) For all invertible sheaves M on W there exists some y » 0 such

1

that 8Y(F)eM~ ' is weakly positive.

Proof: From i) it follows that for all B8 » O there exists a map
from #Pan™ 1 to gs'v(F)GM—1 , surjective over an open subvariety.
Choosing B big enough, we may assume that H‘SQDM_1 is very ample. ii)
follows directly from the definition of weak positivity.

On the other hand, if ;Y(F)@M_1 is weakly positive for some
ample invertible sheaf M on W , then éZ'B'Y(F)sM_2'B®MB is gener-
ated by its global sections over an open subvariety for some B8 » O
and we get a map MB —_— §2'B'Y(F) , surjective over an open set.
Of course we may choose rk(éz'B'Y(F)) copies of M8 such that the
corresponding sections generate the sheaf éz'B'Y(F)@M-S in the gene-

ral point of W and we obtain i) for H = MB and v = 2.v.-8 .

Remark 3.7. Theorem II , (3.5) and (3.6) give some hope that the

answer to the following question might be positive:

Question Qn m Let £ : V-———> W be a fibre space, n = din(V) and
’
m = dim(W) . Assume that Var(f) = dim(W) . Is it true that there exist

an ample invertible sheaf H on W , some numbers n>»0 and v »O0
and an inclusion @ H ——— S“(f*mg/w) , being an isomorphism over an

open subvariety.

We know, that the answer to Qn n is positive in the following cases:
’

1y Vv is a curve ( (3.5) and [15] or [12] ).
2) W is a curve and Vv, a surface ( (3.5) and [12]1 ).

3) For some V¢ , birationally equivalent to Vw , and some u > O

wpe = Oy ([61).
w w
4) For surfaces of general type ( (3.5) and [15] or [12] )} or more

generally under the assumptions made ~in Theorem II .
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Moreover (3.5) and (3.6) say that in order to verify Qn o Ve just
’

: n
have to consider det(f*wv/w).

May be Qn n is the right way to study the generalized Iitaka
’

conjecture C+ ( see Theorem I ). In any case C+ follows from
n,m n,m
a positive answer to Qn _— In fact, Theorem II of [15] can be formu-
’

lated in the following way:

Theorem 3,8, Let f : V ~——+ W be a fibre space.

Assume that for all fibre spaces f" : V" ~——— W" with
C(W") = ¢(W) , Vw ~ waspec(ETWWT)Spec(C(W)) and Var(f") = dim(W")
the answer to Qn" " is positive ( n" = dim(V") , m" = dim(W") ).
r
+ R . : o
Then Cn,m is true, i.e. if k(W) #

K (V) = Max{x (W) + K(V,)) , Var(f) + K(VW)] .

§ 4 The proof of theorem II

Let f: V—— W be the fibre space considered in theorem II ,

u > O such that ms, is generated by its global sections. Choose
w
a>0 and b > 1 such that N = b.yu * a and write n =a.N+a+1 .,

Let H be an invertible ample sheaf on W . As we have seen in (3.5)
it is enough to prove part i) of theorem II and this means, that
we have to show that for some &6 > 0O we obtain H as a subsheaf of

8

det (£,u],,3% ( [157, 6.3 ).

n
V/W
Using this formulation we may replace W by the complement of any
subvariety of codimension bigger than or equal to two and moreover by
any non singular finite covering ( [15], § 3 ). Hence we can restrict

ourselves to the following situation:
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(4.1) £f: V—— W is a flat projective morphism of quasi-projec-
tive non singular varieties with connected general fibre Vw and

ws itself is generated by global sections.
w

Let : P o= P((f*ws/w)v) —— W be the projective bundle such that
N .
pPxlp (1) = (f*wv/w)v is the dual of the locally free sheaf f*wg/w .

v = .
Let V Vx £ and f£' = pry: V! —— P |

Proposition 4.2. If H is an ample invertible sheaf on W , then -

using the notations introduced above - for all v » O the sheaf

v *
s (f'*mg./PQOP(a))Qp T is weakly positive.

Before proving (4.2) we give the proof of theorem II:

In (3.2,iii)) we have seen that the determinant of a weakly positive
sheaf is also weakly positive. Hence for some §, 6", 8" >»> 0 the

S * AN
sheaf det(f'*ms,/p) QOP(G')Qp H 8 is weakly positive. We also may

assume that it has a non-trivial section. Ip fact, OP(1)9HI is ample

for 1 » 0 . Replace § by 6.8, 8" by (8'+1).8 and §" by (§"-1)-8 .

n = % .n
f',.zwv./iP =p f*mv/w by flat base change and hence we obtain a section of
, n 8 —g" _ S N n 8 ~-gn
p*OP(cS )Edet(f*mv/w) @ = Hom(S (f*wv/w) R det(f*wv/w) @H }

By [13] or [15], theorem III, f*ws/w is weakly positive,

and by (3.2,1ii) the symmetric powers of this sheaf are weakly positive.
6"

From [15}, 1.4,1) , it follows that det(f*mg/w)ﬁﬂH_ is weakly
positive and - choosing g big enoughr - we obtain an inclusion of
# "8 ynto det (£,00 008

Proof of (4.2): By construction of f': V' —— P and base change
Hom (£ 0y o E40 ) =Pu(£' 40y, p®0p (1))  and the identity on the left
hand side induces a global section g of mf'*wg./PQOP(T) . Let C be
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the zero-divisor of s in V'

N . :
of wV/W . In fact, if locally in W,

corresponding to a divisor CU in £

Syt OU

-1

. We may call C the universal divisor

N
fay sl

(U) , the dual of s

— 0 determines a section i: U ——

% N v
sy ¢ (f*mv/w) 'U U

The restriction Cl -1
£ (1(U))

is just C

i)

a multiple of u - we obtain from the theorem of Bertini :

is a section

13)

P of p.

. Especially - since N is

Claim 4.3. The restriction of C to a general fibre of f' is non

singular.

For X € P set PX = p_1(p(x)) and V; = f'_1(x) o~ f-1(p(x)) .

The restriction of f' to f'—1(PX)

from V!'xP_ and C, = CI
x T x x

is just the second projection

is just an embedded deformation of

£ (p)
Cx =C V! Cx Vixfx} * Let N \ be the normal sheaf of Cx .
X X C_/V!xp
. b 4
We have an exact sequence
0 — pr 0., — pr, 0, (€) — proN_
2 VXXPX 2 VXXPX X 2 T./V!xp
x"'xx
The cokernel of the first map is nothing but
er, _ in:
coker( s P 0@ —_— (0P (1)) °) = TIP . Hence we obtain:
X X b4 x

Claim 4.4. The infinitesimal deformation of Cx induces an inclusion of

. o
1y % into H (Cx,NC /V‘) .
x %/ 'x

Assume now, that Vé and Cx

general type, we know that HO(V);,TV
from the vanishing theorem of Bogomo

1
LS 1 -
Let SNE t@,x — H (Vx’TV;< Cx>)

ponding to the (open) deformation of

are non singular. VX

) =0
X

being of

( for example this follows

lov, [14], Theorem III ).

be the Kodaira-Spencer map corres-

L%
VX CX

given by f'

( see (1.7)
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and [71). o! t factors over the inclusion (4.4) and the inclusion
X e :
1 i ence
HO(CX’NCX/V;) ——> H (v;'Tv'<_Cx>) coming from the exact sequ .
btained:
0 — Tv.<—Cx> > TV' —_— NC i o) ( see [7]). We obta
x x x/ 'x
Claim 4.5. Pelz is injective.for all x with non singular Vv, .
P_,xX
x

(4.6) Let 8_: S, —— P be an étale open set such that:

9o = PYy: Xo = V'XPSo ——— P is smooth, Do = Cx[PSo is smooth over so
Yo (1) = KN
and there exists an invertible sheaf KO on SO such that 90 p 1 °

and as we did in
o

* N _
Choose L = mXO/So@go K, . We have LO = OX (D)
(1.2) and (1.7) we may take the N-th root out of D in order to

obtain ho: Yo > S0 . From (1.6) and (1.9) we know that - using the

notation introduced there - ps(ts ,S)nKer(As) =0 for all s € § .
o

Claim 4.7. For all s € SO in sufficiently general position the

Kodaira-Spencer map o ( and hence As-ps ) is injective.

Proof: 1If not, by (2.1) ~ after replacing S0 by an étale open set -
morphisms ¢ : SO —> 2 and ¢: F —> 7 would exist

such that dim(Zz) < dim(So) and Yo o SOXZF . By (2.1,ii) the fibres
of o are tangent to the kernel of Py - If p, = p.eO: So _ W,
(4.5) guarantees that the general fibres of Py and ¢ intersect each
other in a finite number of points. Especially, if T, = 0_1(2) for

z in sufficiently general position, po(To) has a positive dimension.

X -1 . . : -1
By construction ho (To) = TOXFZ is a Galois-covering of 9 (To) .
The Galois~group G of T XF, is a subgroup of AutTO(TOXFZ) of finite
order and hence comes from Aut(Fz) . Therefore
-1 _ =
9o (Ty) = (T xF )/G TOX(FZ/G)

in contradiction to our assumption " var(f) = dim(w) ".

Claim 4.10. sV (huuw
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(4.8) Choose now a non singular finite covering €: S —— PP

such that e*op(1) =«

for an invertible sheaf K on S ( For example:
Let H" be an ample sheaf on P such that H"NGOP(1) = OP(E) for a non
singular divisor E and apply [13],2.1 to E ). Moreover we may assume
that the discriminant A(S/P) meets the set of points in ® over which

f' is not smooth in a subvariety of codimension bigger than or equal to

two. From [15], 1.4,5) , we know that (4.2) follows from:

Claim 4.9. For every invertible sheaf H on S and all v » O
* . - . .
the sheaf SV(B f'*wg,/PsKa N)@H 1 is weakly positive.

Proof: 1In order to prove (4.9) we are allowed to choose S smaller,
for example to leave out the points s € S where 6 is not &tale and
£' not smooth along £'”'(6(s)) . Then X = V'xpS is a non singular
variety and for g = pr, : X —— 5 we obtain from {15],3.2 , ( or from

8 LPTEN
flat base change ) that Tay g = 6 £ *0y 1 /p for all § > 0O .

- _ N * N .
For D = CxpS  we have OX(D) = Wy /589 K and,as in (1.1),let

T: Y

+ X be the morphism obtained by taking the N-th root out of
D and h = g.1 . The restriction of D to the general fibre of g is
non singular and from (1.1) we get an inclusion

a+1 a.N~a+1+i

N I\@I a+18( @*K)
Txlyyg L x/s” W /s®9

being an isomorphism along the general fibre of g .

If we apply g, and take the projection to the summand " i = a-1 "

a+1
Y/S

( this is possible since a € N = b.u ), we get a morphism from h,w

a-N+a+1®Ka.N

to g*mx/s

surjective over an open sub-variety.

Hence (4.9) and (4.2) follow from:

1

e ! ig weakly positive for all v » O .

Y/s
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proof: Let h: ¥ — E be any projective compactification of Y and
S and H a prolongation of H . Of course we can find So in S
such that (4.6) is fulfilled. By (4.7), the assumptions of (2.5) are
verified and hence K(det(E*w?/§)) = dim(8) . The same argument remains
true if we replace S by any 35' generically finite over S and Y

by any desingularization ¥' of §'x_Y . Setting k =1 and k' = a+1
s
we obtain from (3.5) that Sv(E*mi+l)ﬁﬁ_1 is weakly positive for all
s

v » 0 and hence (4.10) is true,
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