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A FANSY DIVISOR ON M,

KLAUS ALTMANN AND GEORG HEIN

ABSTRACT. We study the relation between projective T-varieties and their affine
cones in the language of the so-called divisorial fans and polyhedral divisors. As
an application, we present the Grassmannian Grass(2,n) as a “fansy divisor” on

the moduli space of stable, n-pointed, rational curves Mg ,,.

1. INTRODUCTION

Varieties X with torus action can be described by divisors S on their Chow quotients.
However, this requires the use of rather strange coefficients for S. These coefficients
have to be polyhedra if X is affine, and they are polyhedral subdivisions of some
vector space in the general case. Outside of a compact region, these subdivisions
all look alike — they form a fan which is called the tail fan of §. Moreover, this
structure also gives § its name: We will call it the “fansy divisor” of X.

This method was developed in [AlHa] and [AHS] — it provides an extension of the
language of toric varieties and gives complete information about the arrangement of
the T-orbits. In Section 2, we begin with a review of the basic facts of this theory.

We present our main result, how to obtain this description for projective T-varieties,
in Theorem 5.4. As an application, in Theorem 4.2, we present the Grassmannian
Grass(2,n) as a fansy divisor S = >, S ® Dp on the moduli space My, of sta-
ble rational curves with n marked points. Here, Dp stands for the prime divisor
consisting of the two-component curves with a point distribution according to the
partition B. The polyhedral subdivisions Sg look like their common tail fan — only
that the origin has been replaced by a line segment whose direction depends on B.

In general, when replacing Grass(2,n) by an arbitrary generalized flag variety G/ P,
it is difficult to obtain the Chow quotient Y where the fansy divisor is supposed to
live. However, one can always determine the tail fan. It is a coarsified version of the
system of Weyl chambers associated to the semi-simple algebraic group G.

2. POLYHEDRAL AND FANSY DIVISORS

Let T be an affine torus over an algebraically closed field K of characteristic 0.

It gives rise to the mutually dual free abelian groups M := Homyjzrp (7, K*) and
1



2 K. ALTMANN AND G. HEIN

N := Hom,ecp(K*, T), and, via T" = Spec K[M], the torus can be recovered from
them. In [AlHal|, we have provided a method to describe affine T-varieties X by so-
called pp-divisors on lower-dimensional algebraic varieties Y, i.e. by divisors having
polyhedra from Ng := N ®z Q as their coefficients. We would like to recall some
details.

Definition 2.1. If 0 C Ny is a polyhedral cone, then we denote by Pol(Ng, o) the
Grothendieck group of the semigroup

Pol™(Ng,0) := {A C Ng| A = 0 + [compact polytope]}

with respect to Minkowski addition. We will call tail(A) := o the tail cone of the
elements of Pol(Ng, o).

Let Y be a normal and semiprojective (i.e. Y — Yj is projective over an affine Yjp)
K-variety. We will call Q-Cartier divisors on Y semiample if a multiple of them
becomes base point free.

Definition 2.2. An element D =) . A;® D; € Pol(Ng, 0) ®zCaDiv(Y') with prime
divisors D; is called a pp-divisor on (Y, N') with tail cone o if A; € Pol*(Ng, o) and
if the evaluations D(u) := ), min(A;, u) D; are semiample for u € ¢V N M and big
for u € into¥ N M. (Note that the membership u € ¢¥ := {u € My| (o,u) > 0}
guarantees that min(A;, u) > —o0.)

The common tail cone of the coefficients A; will be denoted by tail(D). Via
Oy (D) := @®uecovam Oy (D(u)), a pp-divisor D gives rise to the affine scheme X :=
X (D) := SpecI'(Y,O(D)) over Yy. The M-grading of its regular functions translates
into an action of the torus 7" on X, and tail(D)" becomes the cone generated by
the weights. Note that the modification X := X (D) := Spec, O(D) of X (D) is a
fibration over Y with TV (tail(D), N) := Spec K[tail(D)¥ N M| as general fiber.

X X
| !
Y Yo

This construction is, in some sense, functorial. If f € K(Y) ®z N is a “polyhedral,
rational function”, then D and D + div(f) define isomorphic graded Oy-algebras.
Up to this manipulation with “polyhedral principal divisors”, morphisms of affine
varieties with torus action are exclusively induced by the following morphisms D —
D' of pp-divisors (cf. [AlHa, §8] for details):

Let D=3, Ai®@D; and D' = } . AL@ D} be pp-divisors on (Y, N) and (Y, N') with
tail cones o and o, respectively. If ¢ : Y — Y is such that none of the supports of
the D] contains ¥(Y), and if F': N — N’ is a linear map with F'(0) C ¢’, then the
relation

ST AL @ ¢t (D) = ¢ (D) < Fu(D) = 3 (F(A) + ') @ D,

inside Pol(Ng, 0’) @z CaDiv(Y') gives rise to an equivariant (with respect to T =

N @z K* 2 N @, K = T") morphism X (D) — X(D'). In particular, there are

adjunction maps ¢*(D') — D" and D — F,.(D).
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In [AHS], polyhedral divisors on (Y, N) have been glued together to obtain a de-
scription of non-affine T-varieties in terms of so-called divisorial fans. To define
them, we first have to broaden our previous notion of pp-divisors by allowing the
empty set () as a possible coefficient for D:

Definition 2.3. Let Y be a normal and semiprojective variety over K.
(1) D = >.;Ai ® D; is called an (enhanced) pp-divisor if Z(D) = (J,._y D;
is the support of some effective, semiample divisor on Y, and if D|y\z :=
> a0 Di ® Dily\z is a pp-divisor in the usual sense.

2)If D => A, ®D; and D = > Al ® D, are (enhanced) pp-divisors on
( i i A
(Y, N), then we denote DND" :=> (A, NA])® D,. It is here that empty
coefficients have their natural appearance.

(3) A finite set S = {D"} is called a divisorial fan on (Y, N) if its elements
and all their mutual intersections are (enhanced) pp-divisors on Y, and if
X(D*ND") — X(D*) is always an open embedding.

Note that in (1), one still needs to know about the tail cone of an enhanced pp-
divisor. The easiest possibility to keep it as part of the data is to ask for at least
one non-empty coefficient A;. This is not a restriction at all, since one can always
add additional summands with the neutral element o as coefficient.

The conditions of (3) can alternatively be presented in an explicit way. However,
they then turn out to be very technical, cf. [AHS, 5.1 and 5.3]. Hence, we will
restrict ourselves to a special case:

First, if D, D’ are pp-divisors on (Y, N) with coefficients A; C Al then, by [AHS,
3.5], a necessary condition for X (D) — X(D’) becoming an open embedding is
that the A; are (possibly empty) faces of Al implying that tail(D) < tail(D’). In
particular, the coefficients AY of the elements D* of a divisorial fan S form polyhedral
subdivisions S; of Ng, their cells are labeled by the v’s or D"’s, and their tail cones
fit into the so-called tail fan tail(S).

Definition 2.4. A “fansy divisor” is a set of pp-divisors S = {D” = " AV ® D;}
on (Y, N) such that for any p, v there are
(1) a u* € M and, numbers ¢ with max(A! uw*) < " < min(A?, u") and
A O e ut) = Y] = AV 0 [(o, ut™) = ], and
(2) an effective, semiample divisor E* on Y \ Z(D¥) with |{D;| Al N A? =
0} = supp E* and kD" (u*") — E* being semiample for k > 0.

Proposition 2.5 ([AHS, 6.9]). Fansy divisors generate (via taking the finitely many
mutual intersections of the pp-divisors) divisorial fans.

3. THE TAIL FAN OF G/P

Let G be a semi-simple linear algebraic group; we fix a maximal torus and a Borel
subgroup T C B C . Denoting by M and N the mutually dual lattices of char-
acters and 1-parameter subgroups of T', respectively, these choices provide a system
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of positive roots Rt C R with basis D. We denote by Ap := ZR := span, R C M
the root lattice, by W = N(T)/T = (so| a € D) the Weyl group, and by
f:= (NRT)¥ C Ng the cone of fundamental weights of the dual root system R*.
Note that (RT)Y := (NR')Y means the dual of the cone generated by R', but,
alternatively, we use the symbol a¥ € R* C N to denote the co-root assigned to a.
See [Spr] or [FuHa] for the basic facts concerning root systems and algebraic groups
or Lie algebras; see Section 4 for the special case of G = SL(n, K).

We would like to describe the T-action on generalized flag varieties. Hence, we fix
a subset I C D and denote by P; O B the corresponding parabolic subgroup, cf.
[Spr, §8.4]. Tts weights are R* U (—R}) with R} := Rt NZI and R; := RN ZI,;
in particular, Py = B. Considering the subgroup W; := (s, | a € I) C W, the set
W .= {w € W] w(l) > 0} provides nice representatives of the left cosets of W7,
hence giving a bijection W’ x W; = W. This splitting satisfies £(w) + £(ws) =
((wiwsy) with £(w) referring to the length of a minimal representation of w € W as
a product of s, with & € D. Both W and W; contain longest elements w® and w?,
respectively. This gives rise to w! := w'w?9 € W1,

Eventually, each w € W provides a set R(w) = {a € R"| w(a) < 0} and

:c(;l
Uy := HaER(w) Xa H—N> K#E®)  where X, is the 1-parameter subgroup character-

ized by the isomorphisms z, : K! = X, C G with x,(a(t) - &) = tx, (&)t for
t € T. Note that #R(w) = {(w). After choosing, for each w € W, a representative
w € N(T') € G, this leads to the Bruhat decomposition G = U, cpyr Uw-—1wPr.
The special choice w := w! yields the dense, open cell, and we denote by A :=
(w!) " Uqpry-1w! P a shift of it — considered as a T-invariant, open subset A C G/P.
Note that A is then an affine space.

Lemma 3.1. The open subsets {w - A|w € W'} cover G/P;.

Proof. Tt is sufficient to have the inclusion w™'U,-1w C (w')"'Uy,n-1w’ for arbi-
trary w € W', and this means to check that vR(w™') C R((w?)™!) with v := wlw™".

If « € R(w™'), then, the essential part is to see that v(«) € RT. If this were not true,
then w! would preserve the positivity of —w=!(a), i.e. —w™(a) € RT N (w!) 'R,
However, since Wi (R*\ Rf) = RT\ R} and w°(R*) = —R™, this would mean that
—w~Ya) € RY, i.e. that —a € w(R}). On the other hand, w € W’ means that w
preserves the positivity of I, hence that of R;. Hence, the negative root —a cannot
belong to w(R;). O

Note that, since w! € W, the original open Bruhat cell w/A belongs to the open
covering provided by the previous lemma. Moreover, the fact that W acts via
conjugation on 7" implies that this canonical covering is T-invariant. Hence, it makes
sense to ask for the fansy divisor S on some Y describing the T-variety G/P;. As
usual, the underlying variety Y is not uniquely determined, but there is a minimal
choice — the Chow quotient of G/Pr by T.
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Proposition 3.2. Assume that I N (RT\ Rf)* = 0. Then, the tail fan of the
T-variety G/ Py is a coarsened system of negative Weyl chambers:

tail(S) = —W! (Wif) :== {—wW;f| w € W'}

in Ng. The lattice associated to S is A D N; it equals the weight lattice of the dual
root system R*.

Proof. The torus T acts on sets like U, via the weights R(w). Hence, the weights
of the affine T-space A are

()7 R((w")™) = () 'RTN(=RT) = —(R"\ (w')'RY) = —(R"\ R),

where the last equality follows from R* N (w!)"'R™ = R} which was already used
and shown in the proof of Lemma 3.1. Thus, to get W;f as the tail cone of the
pp-divisor describing A, we have to make sure that W;f = (R* \ R;)", which, in
the special case I = (), is exactly the definition of f.

Since, for an element w € W;, one has (w(f), R™ \ Rf) = (f, w Y (RT \ R})) =
(f, R\ Rf) > 0, we easily obtain the inclusion W;§ C (R* \ R})¥. On the other
hand, let ¢ € N with (¢, R" \ R}) > 0. If an o € I C D fulfills {¢,a) < 0, then, for
any 0 € D,

I
-
D

c,—a) >0 if f=a
<$a(c)>ﬁ> = <Cv Sa(ﬁ» = { (<)ne ou>t zf <C,D \ {Oé}) 1f/6 7é x.

Hence, s,(c) has a better performance on D than the original ¢ on D. Since s, € W7,
induction shows that there is a w € W; such that w(c) € f.

Eventually, to describe the whole tail fan for G/ P, we just have to apply the elements
of W1 on the tail cone for A. However, we should also remark that the cones of tail(S)
do not contain any linear subspaces. This, together with the claim concerning the
lattice structure, follows from the fact that Z(R*\ R}) = Ag. To see this, let us take
an arbitrary a € I. By the assumption of the proposition, there is a 8 € (RT\ R})
such that (3, ") # 0. Using [Spr, Lemma 9.1.3], we obtain that then at least one of
the possibilities v := 3 £ « belongs to R, hence to R\ R;. Thus, we may conclude
that o € spany(3,7) C Z(R* \ RY). 0O

Remark. Tf the assumption of Proposition 3.2 is not satisfied, i.e. if I’ := I N (R \
Rf)* # 0, then the T-action admits a non-discrete kernel. This is reflected by
the fact that the weight cones are lower-dimensional or, equivalently, that their
duals W;f contain a common linear subspace, namely spang{a"’| a € I'} C Ng.
Then, dividing this out, i.e. replacing A}, by the corresponding quotient, the claim
of Proposition 3.2 remains true.

Now, there is a standard procedure (cf. [AlHa, §11]) to establish the pp-divisor D
for, say, the affine chart A C G/ P;.

Recipe 3.3. Setting ¢ := {(w') = #(R* \ R;), one has the two exact sequences
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d oc . .
0—M —7¢ Bloe Ar — 0 and, more important, its dual

N

£ —(s, RT\RT) o
0 A% Lt N’ 0.

The scheme Y’ carrying the pp-divisor D for the standard big cell is the Chow
quotient A //"T. By [KSZ], it equals the toric variety associated to the fan ¥ arising
from the coarsest common refinement of the 7f,(Q% -faces) in N, := N' @z Q. To
determine D itself, we need to know, for every (first integral generator of a) one-
dimensional cone ¢ € ¥V the polyhedron A(c) := (7'('(/@_1(0) NQ%,) — s(c), where
s: N’ — Z' is a pre-chosen section of " which does nothing but shift all the “fiber
polytopes” into A}, ® Q. Then, D = ) A(c) ® orb(c) with orb(c) C Y’ denoting
the 1-codimensional T-orbit corresponding to the ray ¢ € ¥’ o)

However, there are two problems. First, every chart wA leads to another Chow
quotient Y/ = wA J"T. They are all birationally equivalent, with w;A /*"T being a
blow up of (w;A Nw;A) /T, and they are dominated by Y = (G/Py)//*T. Hence,
one has to pull back all the pp-divisors D,, from Y, to Y before glueing them.
Second, while the Y are at least toric with an explicitly computable, but rather
complicated fan, their common modification Y is not. Hence, one should look for
those situations where Y is already somehow known. This leads to the case of
G/Pr = Grass(2,n) where the Chow quotient has been calculated in [Kap].

4. THE GRASSMANNIAN AS A T-VARIETY

Here, we describe the special case of the Grassmannian Grass(k,n) for G/P;. We
begin with transferring notation and results from Section 3 to this special case. With
G = SL(n,K), the subgroups 7" C B consist of the diagonal and upper triangular
matrices, respectively. In M = Z"/Z - 1, we denote by L; the image of the i-
th basic vector e; € Z". Then, D = {a; == L; — Liy1| i = 1,...,n — 1} and
R* ={a;; == L; — Lj| i < j}. For each root a;;, we have the 1-parameter family
Xij = {I, + ¢E;; | € € K}. Analogously, if ' € Z" denotes the dual basis, then
af; == €' —el € N =ker(1) C Z" are the co-roots. Thus, root and weight lattice are

Ap=(Li—Lj) = M = (L) = (¢ —¢)" = Aw (with L +... + L, = 0),

satisfying Ay /Agr = Z/nZ. The root system of SL(n) is self dual. Hence, if ¢;
denotes the equivalence class of ¢’ in Z"/Z - 1, then

ANy =0;—1l;)=N—=({l;) =(L;,— Lj)" = Ay, (with{; +...4+ ¢, =0)

looks similar to the line above. Since (ay, Y P_, £,) = d;p, the standard Weyl chamber
is f = (01,00 + Ly, ..., 3" 0). The embedding &, < GL(n) via permutation
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matrices yields an isomorphism &, — W such that the W-action becomes w(L;) =

a'34
ay, BT\ Rp for Grass(2,4)
[ ]
Q14
a2 04-13 Qo3
The Grassmannian Grass(k, n) is obtained via I := D\{a,} = {aq, ..., a5, ..., @n 1}

In particular, P; = {A € SL(n)| A;; =0fori >k, j <k} and W; = &), x 6, C
S,. Moreover, W! = &;,, 1 = {w € &, w(l) < ... < wk), wk+1) <
. < w(n)} is the set of (k,n — k)-shuffles with #W! = (?) and w! = (17 -

(11{.'.'.];) (ZHHT{) = (12 ... n)7". Eventually, we have —(RT \ R}) = {L;, — L; |1 <
Jj <k <i<n}, and the k(n — k)-dimensional charts wA turn into the usual ones

with coordinates a;; where i ¢ w(1,...,k), j =1,...,k and weights L; — L.
Proposition 4.1. The tail fan of the T-variety Grass(k,n) equals
tail(S) = {(£l1, £0o, ..., £l,) C Ng| the negative sign occurs exactly k times}

consisting of (Z) cones, and the associated lattice is A}, = (¢;).

Proof. By Proposition 3.2, it remains to show that Wif = (€1, ..., b, —lrs1, ..., —Ln).
The left hand side is (not minimally) generated by the elements £; := . ; {; with
J CA{l,...,k} or J DO {1,...,k}. While the first type does already fit into the
claimed pattern on the right, we use £; = —{;; )\ to treat the second. O
Remark. Via the projection Z" —» A%, €' +— (;, one obtains tail(S) as the image of
the (Z) (out of 2") coordinate orthants with sign pattern (n — k, k).

In the case of k = 2, Kapranov has shown in [Kap] that Grass(2,n) /T = M.,
where the latter denotes the moduli space of n-pointed, stable, rational curves. For
every partition B = [B’ U B" = {1,...,n}] with #(B’), #(B"”) > 2, there is a
distinguished prime divisor Dg on Mo,n — it is the closure of the set of curves with
two (mutually intersecting) components and point distribution according to B.

Theorem 4.2. The T-variety Grass(2,n) corresponds to the fansy divisor S =
> 5SE® Dg on (Mo, A = (€;)) where Sp is the polyhedral subdivision arising
from tail(S) = {(+f,...,£l,) C Ng| two negative signs} by replacing the ori-
gin with the compact edge C'g bounded by the vertices #5'-1 po and % lp =

n—2
#B'—1
n—2

lp —lp.
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One of the three fansy coefficients Sp C Q? of S on M4 = P! describing Grass(2,4)

Remark. 1) Replacing B' by B” does not alter the edge C'p. Its center is 227‘7(&5_,;)" b =

2;72522_)" (pr, and, as a vector, it equals £¢p = F¥p~. In particular, it is the balanced

partitions B that lead to edges being centered in the origin.

2) In Recipe 3.3, we mentioned the non-canonical choice of a section s : N’ — Z*.
Different choices lead to different fansy divisors — but then their elements do only
differ by a polyhedral principal divisor as was explained in Section 2, right after
Definition 2.2. Nevertheless, all ocurring polyhedral coefficients in the pp-divisors
of § are lattice polyhedra. This makes it possible to encode S by even choosing a
rational section s : N@ — @Q°. Among those, there is one that is canonical — and
this was used in the previous theorem.

The proof of Theorem 4.2 does not involve a glueing of the affine charts and their
corresponding pp-divisors as mentioned at the end of Section 3. Instead, we will treat
the affine cone over Grass(k,n) with respect to its Pliicker embedding. Hence, we
will take a short break and proceed with a chapter addressing the relation between
fansy divisors of projective varieties and the pp-divisors of their affine cones in
general. Then, the proof of Theorem 4.2 will be given in Section 6.

5. AFFINE CONES OF PROJECTIVE T-VARIETIES

Let Z C P be a projectively normal variety and denote by C(Z) C KN *! its
affine cone; let them be equipped with compatible actions of an n- and an (n + 1)-
dimensional torus 7" and T, respectively. These actions may be described by ex-
hibiting the degrees of the homogeneous coordinates 2o, ..., zy or of the coordinates
20/Zu, - - - 2N/ 2y of the affine charts U(z,) j= P¥ in the character groups M and M,

respectively. Eventually, denoting by p : N — N the projection corresponding to
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T—T , leads to the following commutative, mutually dual diagrams:

0 0 0 0

0 M ker 1 dee M——=0 Z Z

| L
K\
O M// ZN—‘,—I ng M . O O - N - ZN = N// 0
l p |

Z Z 0—=N—=ZN+1/1 = N7 — =
0 0 0 0

The Chow quotients do not distinguish between a projective variety and its affine
cone — we have Y = ZJ/T = C(Z)//™T, which is a closed subvariety of Y” :=
PN b = KN+ /b Similar to the local situation at the end of Section 3,
the latter equals the toric variety TV(X”, N”) associated to the fan X" arising
from the coarsest common refinement of the 7 (Q2 N -faces) or, equivalently, of

mg(cones of PN-fan) in Nj = N" ®z Q. From [KSZ] and [Kap|, we know that
¥" is the normal fan of the secondary polytope Sec(A) of A := conv{degz,| v =

0,...,N} C ]\7(@. The faces of Sec(A) or, equivalently, the cones of ¥” correspond
to the so-called regular subdivisions of A. This can be made explicit by assigning
toa ¢ €71 €Y the normal fan

N(%// 1( )ﬂ @N—i-l) < ./\/(kerNN N @N—i-l)

with “<” meaning “is a subdivision of”. Since the latter fan equals the cone over
A, the first provides a subdivision S(7) of the original A, cf. [KSZ, Lemma 2.4].

Lemma 5.1. Let 7 € ¥ be a cone and y € orb(1) C TV(X", N”) = PN J"T. Then,
y corresponds to a cycle Y. N\, Z, with certain T-orbits Z, C PN, and their images
w(Z,) under the moment map p : PN — My yield the subdivision S(T).

Proof. This follows directly from [KSZ, Proposition 1.1], its reformulation in [Kap,
(0.2.10)], and the Sections [Kap, (1.2.647)] dealing with the moment map. O

Following Recipe 3.3, the pp-divisor D = > . A;® D, on (Y, N) that describes C/(Z)
is built from A, = (74 () NQYF") — s(¢) and D; := orb(c?)|y with ¢ € E”(l
browsing through the rays of X”. As before, s : N” — ZN+1 denotes a section of 7.

Definition 5.2. Denoting by {Fj,..., Ex} the canonical basis of Z¥*! in the left
diagram, we define, for v =0,..., N, the faces 9,(A;) := A; N (B — s(c")) of A;.

Remark. 1) Let face(A, E,) := {a € A {(a,E,) = min(A, E,)} C NQ denote the
A-face minimizing the linear form FE,. Then,

9y (A) = face(A;, E,) if min(A; + s(¢%), E,) =0, but
e 0 if min(A; + s(¢), E,) > 0.
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The union of these A;-faces is |, 9,(A;) = 9(A;) = (7' (c)) N 0QY") — s(c?).
2) To decide whether 9,(4;) is empty or not might be a cumbersome question.

However, if, for v = 0,..., N, the cones face(tail A, F,) are mutually different facets
of the cone tail(A), then one always has 9,(A;) # 0.

Example 5.3. Let N = 2 and consider the action of T' = (K*)2 on K* = C/(P?) that
is given by the weights deg 2y = [a, 1], degz; = [b, 1], deg z2 = [0, 1] with relatively
prime integers a > b > 1. Choosing A, B € Z with 0 < A <band 0 < B < a and
Aa—Bb=1yields Y =P, 7 = (b, —a,a —b), s = (—B,—A,0)T, and Ey, E,, E,
acting on N = Z? as [a, 1], [b,1], and [0,1], respectively. Hence, with ® := 1 and
c® = —1,

D = (conv{(£5}, 1), (£,0)} +0) @ {0} + ((=2,0) + o) ® {oo}

with tail cone o := {(1,0),(—1,a)) € Q*. We obtain the following picture of p :
N —» N which equals the projection Z? —» Z onto the first summand:

The action of the three linear forms Ey, E;, E is reflected by the three different
slopes of 9Ay. However, it requires a closer look to realize that 0; A, = () instead

of 1A, = {(‘TZB,O)}.

Theorem 5.4. The projective T-variety Z C Py is given by the fansy divisor
p(OD) :={> AV ®@D;|v=0,..., N} with A} := p(0,4;).

Proof. The inclusion of the two Chow quotients Y C Y may be obtained by convert-
ing s into a section M — ZN+! and using this to interprete the original equations of
Z CPEor C(Z) C K™ as elements of K[M"]. This leads to a closed subscheme of
the dense torus Spec K[M"] C Y”, and Y arises as the normalization of its closure
in Y”. Anyway, this procedure keeps the polytopal part unchanged, and we may
assume, without loss of generality, that Z = P%, C(Z) = K" and Y = Y.

Let S = {D"| v = 0,...,N} be the fansy divisor describing PV as a T-variety
and denote by E° ..., EYN ¢ Z"*! the dual basis of E,. Then, up to the s
shift, we have 9,(4A;) = 74~ () N (E°,.. L EY,...,EN) C QM. On the other
hand, the polyhedral cone representing the v-th affine chart of P¥ equals o, :=
(p(EY),... ,]@T), ., p(EN)) € QN*T/1. Hence, up to the same s shift, the i-th
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summand of the pp-divisor D" equals Wé_l(ci) No, € QV*1/1. Now, the claim
follows from the fact that p : Q¥ — Q! /1 induces an isomorphism from 3, (4A;)
to 7~ () N 0. O

Problem 5.5. If, as in Example 5.3, the assumption of the second remark after
Definition 5.2 fails, then one can, nevertheless, still consider the polyhedral subdi-
visions S; := p(0A;) of Ng. To turn the formal sum S = >, S; ® D; into a decent
fansy divisor S, we just need to know about the labels as explained at the end of
Section 2. Is there an easy, direct way to find out about them, i.e. to decide about
the emptiness of the 0,(A;) or their images A}?

6. THE AFFINE CONE OVER Grass(2,n)

This section consists of the proof of Theorem 4.2. Since we are going to use the

affine cone over the Pliicker embedding Grass(2,n) C P(g)_l, we will specify the
situation of the previous section into

deg ~ deg”

Q—)M//_>Z(g)—>M—>() and O—)N—>Z(g)ﬂ]\p/_}0’
Eij —e; t+ € B — i
where M = {u € Z"| 2| > ;u;}. Note that we wrote Z(3) instead of A2Z" —
the reason being that its basis elements represent the exponents of the Plicker
coordinates z;;, i.e. we have zj; = —z;;, but Ej; = Ej;. Moreover, N = Z"+ (5 +7Z)",

and there is a canonical surjection N —» A% with €’ — /;, and e := %l generating
the kernel.

In Section 4, we considered partitions B = [B’ UB"={1,... ,n}} Extending the
set of basis vectors B9 € Z(3), we define for a subset B’ C {1,...,n}
B ._ i B'\b
EY = Y EY = g5 ) BV,
i<j,both € B’ beB’

where the second equality requires that # B’ # 2. Thus, the fact deg*(e’) = >
does upgrade to the formula

’ / ..
deg* : e? = g e® — 2E8 + E EY.
be B’ i€B) jeB”

In particular, deg*(e? — eB") = 2(EP — EP"). Defining ¢? := n(EP") € N”, this
implies that ¢ =", Bl jepn €0 = cB" and this element will be just called ¢”.

ji BV

Lemma 6.1. With o := NgN @(220) = cone(A(2,n))Y, the “positive fiber” of ¢P is

()N ngo) = EBP'EB" +o.

In particular, cP induces the subdivision A(2,n) = A(2,n)5 U A(2,n)% with the big
cells A(2,n)y = conv{e; +¢;|i € B'} and A(2,n)}; = conv{e; +¢;|j € B"}.
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Proof. Let P € 7w 1(c®) N @(;2;)’ ie. P = EP 4+ deg*(v) with v = Y,_p A€’ +
ZjeB,, pie? and A\, + A, +1> 0, \,+p. > 0, and p, +p, > 0. If the minimal value of
A+, is negative, then we denote it by —c > —1. Then, F := (1— c)EB/—I—cEB” sits
on the line segment and P = E+deg” (v) with v having the coordinates X = Ai+c/2
and fi; = p; — ¢/2, hence satisfying )\ + )\ >0, )\ +pu, >0, and g, +p, > 0. O

Since the decompositions of A(2,n) induced from partitions with #B’, #B" > 2 are

proper and the coarsest possible, it follows that the associated elements c? are rays

in the fan " hence, they provide divisors orb(¢B) C TV(X", N") = P(g)_l//ChT.
Moreover, these decompositions are “matroid decompositions” in the sense of [Kap,
Definition 1.2.17]. Thus, they correspond to 1-codimensional so-called Chow strata
in Grass(2,n)//®T which are, by Lemma 5.1, the restrictions of orb(c?) via the
Pliicker embedding.

Eventually, [Kap, Theorem 4.1.8] tells us that Grass(2,n)//*T = M. Under this
isomorphism, by [Kap, Corollary 4.1.12], the Chow stratum orb(cB)|GraSS(27n) jeh

corresponds to the divisor Dg C MO,n introduced right before Theorem 4.2.

Proposition 6.2. The affine Tv-vam'fty cone(Grass(2,mn)) corresponds to the pp-
divisor D =", Ap ® Dp on (Mg, N) with b := #B’ and
b—1 o (b—1)b 1

A B A g =y oy
B 0T3¢ Tam—gmon el —eM)to

Proof. The Pp- divisor in question is the restriction of the pp-divisor describing

the affine T—space c®), Hence, for every ray c¢ € UL , we have to determine
the shifted “positive fiber” via 7 — yielding the coefficient of orb(c) restricted to
Grass(2,n) /T = M.,

First, the choice of a section s : N — 7(3) is equivalent to the choice of a retraction

.70 & N of deg®. Moreover, according to a remark right after Theorem 4.2, we
prefer to preserve symmetries, hence we would rather choose a rational retraction

t :Q(;O) — NQ. Defining t(EY) := ﬁe" 4 ﬁej _ ml’ one obtains
/ B —1 4 B' —1)-#B
t(EB ) — # B (# ) #

n—2 ¢ " 2m-2)n-1)

which does nicely fit with the previous formula e?" — 5" = 2(EP" — EB"). Now, we
use t to shift the “positive fiber” of ¢ = ¢? from Lemma 6.1 into Ng. Since t|, = id,
hence t(0) = o, and the result is

Ap =t(r(P)n @Q) =t(EB)(EB") + 0o

=t(EF)+0(EB" — EB) + 0.
On the other hand, if ¢ is not of the form ¢, then Lemma 5.1 implies that, inside
TV(X"”, N"), the divisor orb(c) is disjoint to the closed subvariety Grass(2,n) /.
O
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e? @ e—el
® ¢3
e—el Cone(G(2,4))
e
1
e 2° S)

o Ay Cube = crosscut of o

o e/Q—J 3 N in height 1
- o Central edges = compact part

elb a 6—62 OfAB+%€

Now, we can finish the proof of Theorem 4.2. According to Theorem 5.4, it remains
to project the facets of the polyhedra Ap along the map ]VQ — A% with e’ — ¢; and
el el = > icp li- The relation ¢ + ... + ¢, = 0 translates into {pr = —{p/ in
A%,. Hence, the vertices of the compact edge of Ap turn into % g and ”n_—fgl lpn =
%EB/. Its center is %53/, and, as a vector, it equals g := +lp = Flpn.
The tail cones of the Apg-facets yield the tail fan which was already described in
Proposition 4.1. (O)

7. APPENDIX: THE GLOBAL/LOCAL COMPARISON

As additional information, a comparison of the global situation with that of the
affine chart A = Grass(2,n) N [z12 # 0] might provide some further insight. While
the Pliicker embedding does not go along with accompanying maps between the

lattices A% and N (it is not equivariant with respect to some map T’ — ((C*)(g)),
the retraction behaves well. The expression of the local coordinates in terms of the
quotients z;;/z12 leads to the following commutative diagram which connects the
exact sequences of the beginning of Section 6 (first line) and those of Recipe 3.3 at
the end of Section 3 (second line with ¢ = 2(n — 2)).

We have used the symbols f* (i = 1,2) and ¢’ (j = 3,...,n) to denote a basis for
Z? and Z"~?, respectively. The latter elements satisfy ). ¢’ = 0 in N’. Moreover,
for a subset J C {3,...,n}, we define g7 :=>7._; ¢7.

In the local chart A, only special partitions B are “visible” — the elements 1 and 2
are not allowed to sit in a common set B’ or B”. This is reflected in the rightmost
vertical map of the above diagram: If B is “invisible” in A, then ¢” maps to 0. If
B does separate 1 and 2, then we mean with “B \ 2” the set among B’ and B”
originally containing 2, but removing it then.

Applying the functor TV(.) of toric varieties to the map (N”, ¥") — (N', %) yields
Y" —Y'. Composing this with the Pliicker embedding Y < Y yields the birational
modification My, =Y — Y’ mentioned at the end of Section 3.
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Z& et Do BT

\T deg” n mi=7"
0— (N=2"+ (} +2)") ——=—>7(5) N 0
el (] e flg gl B - gB\2
612 — _Zf.®go
degf,. Toe:=7"
0—— (A*R = <€1, ,€n>) &l Z2 ® Zn—2 1—> (Z”_2/l — N/) ——
liz12 —f'® Zj g’

0 lizs————— '@ ¢ + @ ¢

flog g’

fPeg —g.
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