TWISTED CHERN CLASSES AND G,,—~GERBES

JOCHEN HEINLOTH

ABSTRACT. Using the language of stacks one can give a simple definition of
functorial Chern classes for twisted sheaves. Calculating the cohomology ring
of a G, —gerbe we observe that the twisted Chern classes used by Huybrechts
and Stellari are specializations of these classes. We describe explicitely the
relation between the choice of a cocycle in the definition of twisted sheaves
and the 2-categorical structure of G,,—gerbes.

1. INTRODUCTION

Recently, Huybrechts and Stellari defined cohomological Chern classes for twisted
sheaves on smooth projective varieties and used these in the study of derived equiv-
alences on K3 surfaces [5], [6]. In these articles the authors also point out that the
new Chern classes for twisted sheaves do not behave as functorially as one would
expect. We note that these problems disappear if one uses the language of G-
gerbes. In particular, in this setup, Chern classes take values in the cohomology
of a gerbe over a space X, which is a polynomial ring over H*(X, Q) if the class
of the gerbe is torsion. And the choice of a cocycle appearing in the definition
of twisted sheaves in loc. cit. can be explained by the fact that gerbes form a 2-
category, whose structure is given by a truncated cohomology complex instead of a
cohomology group.

These results are probably well known to specialists, but since I could not find
them in the literature I thought that it might be useful to give a short explanation
of these facts.

In the following X is either a variety over C or a differentiable manifold. In
the differentiable setting the results also hold if one replaces the multiplicative
group G,, by S'. We will denote by H*(X,S!) the cohomology of the sheaf of
differentiable functions on X with values in S*.

2. COHOMOLOGICAL CHERN CLASSES FOR VECTOR BUNDLES ON STACKS
Let F be a vector bundle of rank r on X. It defines a map
fe+ X — BGL, = [pt/GL,]
to the classifying stack (or space) of GL,-bundles. Since
H*(BGL,,Z) = Z|cs, - .., ¢/

(cf. [2]) one can define cohomological Chern classes of E as ¢;(E) = fic;. By
descent for vector bundles the same holds for any algebraic stack (in the sense of
Artin) or any differentiable stack M, i. e. any vector bundle F on M defines a
map M — BGL,. To describe this map explicitely in terms of groupoids, one
can choose an atlas m : X — M such that 7*F is trivial. After trivializing, the
descent datum for F is a map X x g X — GL, and thus defines a map of groupoids
(X xm Xz X)— (GL, Zpt) which defines a map M — BGL,..
We can again define cohomological Chern classes ¢;(E) := fr(c;) € H*(M,Z).
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3. COHOMOLOGY OF G,,,-GERBES

Given a class 7 € H%(X,G,,) = H*(X,0%) we choose a G,,-gerbe XT — X
over X in this class (the relation between this choice and the choice of a cocycle
for 7 is explained in the last section). Let d(7) € H?(X,Z) be the Dixmier-Douady
class of 7, given by the boundary of the exponential sequence.

Lemma 1. Let 7 : X7 — X be a G,,-gerbe over a variety and E a vector bundle
of weight 1 on X™. Then

H*(X7,Q) = H*(X,Q)[z],

where z € H*(X™,Q) is the first Chern class of E.
The same holds in the differentiable setting if T € H*(X,SY)ors is a torsion
element.

Recall that a vector bundle E on X7 is of weight 1, if the G,,-automorphisms
of all points act by scalar multiplication on the fibres of E.

Proof. The Leray spectral sequence for m
Ep = HP(X,Rim,Q) = H"M (X7, Q)

degenerates, since 7<°Rm,Q is the same as the cohomology of a projective bundle:
Let E be a vector bundle of weight 1 and rank n > ¢ on X7 (equivalently F is a
twisted vector bundle on X). Then p : E — 50(X7) — X7 is 2n — 2-acyclic (i.e.,
Rip.Q=0for0 <i<2n—1), thus H*(E—s0(X7),Q) & H*(X",Q) for x < 2n—1.
Since F is of weight 1, p: E — s9(X7) — X is a bundle of projective spaces. Thus
R/p,Q are constant sheaves and the spectral sequence for the cohomology of the
projective bundle degenerates, e.g., since the first Chern class of the relative tangent
bundle gives a generator for the rational cohomology of the fibres and we can apply
the theorem of Leray-Hirsch. O

Remark: The class z generating the cohomology of the gerbe as algebra over
H*(X,Q) depends on the choice of the vector bundle E of weight 1 on X7. For
example, if we tensor F with the pull back of a line bundle L on X we change z by
adding 7* (¢ (L)).

Remark on integral coefficients: The lemma does not hold for integral coef-
ficients. It also fails in the differentiable setting, if the Dixmier-Douady class d(7)
of the gerbe is not torsion: The Leray spectral sequence still looks like:

H°(X,R2r,7)

0 D — 0 0

HY(X,Z) HY(X,Z) H%(X,Z) H3(X,Z)

where d3 is the first differential that can be non-trivial. Since the gerbe is neutral
over itself we have 7*(d(7)) = 0, therefore d(7) must lie in the image of d3. Thus
HO(X, RQ’/T*Z) # 0 so that the locally constant sheaf R27,7Z must be constant.

Since the spectral sequence is multiplicative, this shows that for twists such
that d(7) is not a torsion class, the cohomology of X7 only contains a quotient of
H*(X,Z).
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More precisely, the differential d3 maps a generator of H(X, R?m.Z) = Z to
d(7). This can be seen by looking at the exponential sequence:

0—Z 27,7 — Ox Z271,0x- = 0% = mO0%- >0

v v v

0 Rr.Z R, Ox- R, 0%,

0.

The sheaf R'm, 0%, is the sheafification of U — Pic(U xx X7). But for acyclic
open sets U we have U xx X7 = U x BG,,, so that Pic(U xx X7) & Z =
H?(U x G,,,7Z) and the canonical generator is given by (the Chern class of) the
universal line bundle. Thus R'7,G,,, = R?r,Z =2 Z. Furthermore, the differential
dy : HO(X,R'm.0%) — H?*(X,G,,) maps the generator to 7: Choose an acyclic
covering U; of X and universal bundles £; on U; x x X7. Then the differential in
the spectral sequence is given by the obstruction to glueing of these bundles, which
equals the class 7. Applying the morphism of spectral sequences induced by the
exponential establishes the claim.

4. COMPARISON WITH THE TWISTED CHERN CHARACTER OF HUYBRECHTS AND
STELLARI

In [5], Huybrechts and Stellari define a twisted Chern character for a twist 7 €
H?(X,G,,) depending on the choice of a class B € H?(X,Q) with exp(B%?) = 7.
Twisted bundles on X are the same as bundles of weight 1 on the corresponding
gerbe and their construction gives a specialization of the Chern classes defined
above as follows:

First note that the exponential sequence

HY(X,0x) =5 HX(X,0%) -5 H*(X, Z)

shows that if 7 = exp(B%?2) then the Dixmier-Douady class d(7) = 0. In particu-
lar, the twist 7 is trivial in the differentiable category (the sheaf of differentiable
functions is acyclic).

Thus there exists a differentiable line bundle L of weight 1 on X7 (equivalently a
twisted line bundle L on X). Then for any vector bundle E of weight 1 on X7 the
tensor product £ ® L1 is of weight 0. Therefore E ® £~ descends to a bundle on
X where one can apply the usual Chern character. Call the resulting class chy,(E).

Alternatively, the choice of L defines a class z = ¢;(L) € H*(X",Q) and chy, (E)
is obtained by setting z = 0 in the Chern character of £ on X7 considered as a
powerseries in z (ch(E) = ch(E®L™1) exp(z) and the first factor lies in H*(X, Q) C
H*(X7,Q)).

Huybrechts and Stellari point out that a canonical choice for the Chern class
of L is already determined by B: Indeed, denote by Sl (resp. Raig) the sheaf
of differentiable sections with values in S* (resp. in R). To define X™ by 7 we
have to choose a 3-cocycle 7, € Z3(X, 0%) and since 7 = exp(B%?) we can even
choose 71, € Z3(X, S)s). This can be done through a choice of a cocycle for B in
Z3(X,R). We have:

Z3(X,R) H2(X,R)
v
Z2(X,Rair) — C*(X, Rainr) 45 Z3(X, Raifr) 0

yoxp beo yoxp b
ZQ(X, Scluff) - OQ(X, Sclliff) - Zg(Xa Scluff) - H2(X, Sclliff)~

Since Rg;g is acyclic, the cocycle for B is in fact a boundary. The choice of a lifting
of to an element a € C?(X, Rqig) defines (by exp) a bundle L of weight 1 on X.
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Two such liftings differ by an element of Z2(X, Raig) = d(C*(X, Raig)). Thus the
Chern class of the bundle L does not depend on the choice of a.
Huybrechts and Stellari define the Chern class by chp(FE) := chr(E).

Remark: The Chern character defined on the gerbe X7 has the advantage that
it is compatible with morphisms of gerbes and does not depend on any additional
choices. In the following section we explain how the choice of the cocycle is incor-
porated in the gerbe.

5. CHOOSING COCYCLES AND THE 2—CATEGORY OF GERBES

It is well-known that the set of isomorphism classes of G,,-gerbes on X is natu-
rally isomorphic to H(X,G,,) (e.g., [3], [1]). Stacks form a 2-category, and there
is no canonical choice of such an isomorphism class. Thus, to define twisted sheaves
on X one usually chooses a cocycle for a given cohomology class 7 € H%(X,G,,).
This choice also determines a gerbe and the relation to the 2-categorical structure
can be explained by recalling the proof of the result quoted above (the arguments
work for any abelian group instead of G,,):

Let 0 - Ag — A; — Ay — 0 be a complex of abelian groups representing the
complex T<oRT'(X, G,).

In the same way as a two term complex Ay — A; defines a groupoid (just because
Ap acts on Aj) one can define a 2-category from the above 3—term complex: The
objects are elements in Ay; an object in Hom(z,y) is an element ¢ € A; with
x4 d(¢) = y and a morphism ® : ¢ — 1 is an element ® € Ay with ¢ + d(P) = 1.

Proposition 2. The 2—category of G,,—gerbes is equivalent to the two category
defined by any 3—term complex representing T<oRIT'(X,G,,).

For 2-categories and equivalences between them see [4], Section 1. The proof
below is the standard proof ([1]), keeping track of the morphisms.
Proof. First, we use a particular complex A, as above and construct:

e For any element as in As a gerbe X% — X
e For any as € A, and any element a; € A; a morphism X% — Xa2td(a1)
such that this defines an equivalence of categories

(Ag — ker(A; — Az)) — Isomg, _gerbes/ X (X“27Xa2+d(a1)).

To construct a resolution of the sheaf G,, we choose a contractible covering U; of
X such that all intersections U;, ... ;. = U;, N---NUj;, are also acyclic. We calculate
the cohomology of X by the Cech complex:

el'(U;,Gp,) — @I'(Uij, Gpy) — @' (Uiji, Grm) — @' (Uijri, Gm)
Let a;;, be a cocycle. Define a groupoid:
G, x Uiy —= 11U,
where the source and target morphisms are given by the projection to U; and U;
and the composition
m: (Gm X Uij) ><Uj (Gm X Ujk) — Gm X Uik
is defined as:
m(Sij, T, Sjk, T) = (Sij - Sjk - Gijk, T).
This composition is associative: we drop the point z € X from the notation and
take four indices 7, j, k,! and sections s;;, 5k, Sk

m(m(sij7 5jk)> Skl) = SijSjkSklQijkAikl

m(Sij, M(Sjk, Ski)) = 8i5SjkSkiCjkiGiji-
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Since a;;1 is a cocycle, we know that
aijrag; Ak =0
and the two compositions coincide.
The gerbe X% over X is the stack defined by this groupoid.:

HGm XUij :;]_‘[Uvi*>)(0‘ij’C .
¥ v y
U, Ui ——x

Furthermore, given b;; € [[T'(U;j,G,,) we can define a map of groupoids by:
(sij, x) = (bijsij, ).
This is compatible with m since:
(si30i5) (sjkbjr) (aijuby; birbsy ) = (8158 ki) bik-

Finally, an element ¢; € [[T'(U;,G,,) defines a 2—morphism: U;; — G,,, x U
by x — c¢;c;

It is easy to check that these maps define the claimed equivalences, since any
G-gerbe restricted to the contractible space Uj is trivial and automorphisms of the
trivial gerbe are given by line bundles on the base. Thus the choice of trivializations
of the restrictions of the gerbe to U; and a choice of trivialisations of the line bundles
obtained from the two trivialisations on U,; defines a cocycle a;;;. Similarly one
checks the claim on morphisms.

It is immediate from the definitions that quasi-isomorphic complexes Ay — B,
define equivalent 2—categories. O
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