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1. Outline of the construction

In his paper [8] Faltings gives a “GIT-free” construction of the moduli space Mx
of semistable vector bundles on a smooth projective curve X. This moduli space
was constructed using Mumford’s Geometric Invariant Theory (see [22]). By con-
struction My is a projective variety when we fix the rank and the degree of the
vector bundles. Thus, we have an ample line bundle £ on Mx.

We next present the central idea of Faltings’ construction. The usual GIT con-
struction of Mx yields the following data:

a quasi projective scheme ()

(ii)  a surjection 7 : Q — Mx with connected fibers
(iii) a ample line bundle £ on Mx
(

iv) global sections {s; € H*(Mx,L)}i—o,...n defining a finite mor-

phism s : My — PV

The idea is to recover these data without assuming a priori that My exists. We
proceed as follows:

(1)

We give a vector bundle £ on P(V) x X parameterizing all semistable E
of rank two and determinant wx on the curve X.

We construct a line bundle Op(y)(©) on P(V') and global sections sz, of
this line bundle.

We identify the open subset @ C P(V) where the global sections {s}
generate Op(yy(©) with the locus parametrizing semistable vector bun-
dles.

We show that the image of s : Q — P defined by the global section
{sr} has proper image.

We analyze the connected fibers of s : Q — PV.

Faltings’ construction uses the data

above the line, to complete the diagram

(to:tll..,:tN)

A sketch of the construction

To simplify the presentation, we discuss this construction only for vector bundles

of rank

two and determinant wx. We indicate in 8.3 the generalization to arbitrary

ranks and degrees.
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2. Background and notation

2.1. Notation

We fix a smooth projective curve X defined over an algebraically closed field k.
As usual the genus of X is denoted by g. For coherent sheaves F' and FE on X we
use the following notations.

k - algebraically closed field

X - smooth projective curve over k

g - the genus of X

wx - the dualizing sheaf wx = Qx/p
tors(E) - the torsion subsheaf of F

EY - the dual sheaf EY = Hom(FE, Ox)
rk(E) - the rank of £

deg(FE) - the degree of E

w(E) = dre%(]f)) - the slope of F

hi(E) - the dimension of the k-vector space H'(E) = H (X, E)
X(E) - the Euler characteristic of E

X(E) = h°(E) — h'(E), and by the Riemann-Roch theorem
X(E) = deg(E) —rk(E)(g — 1)

hom(E, F) - the dimension of the k-vector space Hom(FE, F)
ext'(E, F) - the dimension of the k-vector space Ext!(E, F)
X(E,F) - the difference hom(E, F) — ext!(E, F)

If tors(E) = 0 we say that F is torsion free, or a vector bundle. In general a torsion
free sheaf is not a vector bundle, this is a special feature for coherent sheaves on
smooth curves.

When classifying vector bundles we have two numerical invariants, the rank and
the degree. These invariants do not vary in flat families. Thus, it is natural to
classify vector bundles with given rank and degree. Classifying means to answer
the following questions:

1. Do vector bundles of given rank r and degree d exist?
2. Do they form a family?

3. What is the dimension of this family?

4. Is this family irreducible?

The answer to question 1 is yes. To understand and answer question 2 for the case

of rank two bundles with determinant wx, we consider the following functor from
the category (k — schemes) of schemes over k to the category (sets) of sets

SUx(2,wx) : (k — schemes) — (sets) S +— SUx(2,wx)(S5)
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Here SUx (2, wx)(S) stands for the set

rank two vector bundles £ on S x X

such that for each s € S(k) the bundle

Es = Esl{syxx is semistable and we / N

have an isomorphism '
det(&) 2 priLs @ priwx

for some line bundle Lg € Pic(S).

SUx(Q,wx)(S) =

Here ~ denotes an equivalence relation we discuss in 2.2. It turns out that ~ should
be chosen suitably, and we should restrict to S-equivalence classes of (semi)stable
vector bundles. Now this functor cannot be represented by a scheme. That means
the answer to the second question is no. However there exists a coarse moduli space
which is also called SUx which is an irreducible projective variety of dimension
3g—3. We interpret this coarse moduli space as an affirmative answer to the second
question. This also answers questions 3 and 4.

2.2. The Picard torus and the Poincaré line bundle
Fix an integer d € Z. We consider the Picard functor
Pic% : (k — schemes) — (sets), S — Pick (9)
where Pic% (S) is the set of all line bundles £ on S x X which have degree d on

each fiber over S modulo a certain equivalence relation. Let us explain what the
correct equivalence relation between two such line bundles £; and Lo is next.

’ symbol \ name \ explanation ‘
~1 global equivalence there exists an isomorphism £ 4, Lo.
~g twist equivalence there exists a line bundle M on S and

an isomorphism £, 4, Lo @prgM.
~3 local equivalence there exists an open covering S = J, S;

and isomorphisms £ |, x x ¥ Lols, xx-
~4 fiber-wise equivalence | for all points s € S(k) we have an iso-
morphism 1, : Li|rsyxx — Lal{syxx-
There are some implications among these relations, which also hold when we con-
sider vector bundles on S x X:

~1 => ~9 The strongest equivalence relation is ~; and it implies the others.
~y = ~3 Since for any line bundle M on S we have a covering S = J; S;
such that M|g, = Og,, we deduce that L1 ~o Lo implies L1 ~3 Lo.
~g3 => ~y This implication is obvious.
If there are nontrivial line bundles M on S, then we conclude that ~5 does not
imply ~j.

To see that ~, does not imply ~j3, take S = Spec(k[e]/e?) and £ a nontrivial
deformation. If we were to restrict ourselves to reduced schemes (which we don’t
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do) then ~4 would imply ~s.

Since the local isomorphisms of line bundles form the glueing data for a line bundle
on S we can conclude ~3 = ~o. It is this equivalence which we use for the
definition of Picg( and which guarantees that Pic‘)i( is a scheme (or more precisely:
is a functor which is represented by a scheme which is (usual abuse of notation)
denoted by Pic%).

The equivalence of the relations ~5 and ~3 comes from the following facts

1. If L; and Lo are two line bundles of the same degree on X, then we have
12 Ly <— HOm(Ll,Lg) 7§ 0.
2. For any line bundle L on X we have Hom(L, L) = k, and Isom(L, L) = k*.

These properties do not hold for vector bundles of rank two or greater. However,
restricting to stable bundles we regain these two properties.

To guarantee that the reader is really used to the concept of stability we repeat
the basic properties around this concept in the next subsection.

2.3. Stability
— deg(E)

For a sheaf E we define its slope u(E) to be the quotient u(E) = k(s of degree
and rank. For a nonzero torsion sheaf we define its slope to be 0o, and for the zero
sheaf we define p(0) = —oo. Now we come to the definition:

Definition 2.1. A sheaf E on X is stable if for all proper subsheaves E' C E we
have the inequality u(E") < u(E).

A sheaf F on X is semistable, if for all subsheaves E’ C E we have the inequality
w(E) < wE).

In their book [17] Huybrechts and Lehn introduced the following convention, which
has become standard by now: if in a statement (semi)stable and (<) both appear,
then this statement stands for two, one with stable and strict inequality < and the
other with semistable and the mild inequality <. As a final test for the reader, and
to show the use of this convention, we repeat the above

Definition 2.2. A sheaf E on X is (semi)stable, if for all proper subsheaves E' C F
we have the inequality u(E’) (<) u(E).

Remark 2.3. A torsion sheaf T is by definition always semistable. It is stable, if
the only proper subsheaf is the zero sheaf, that is when T is of length one which
means (remember, that we work over an algebraically closed field) T is isomorphic
to the skyscraper sheaf k(P) for a closed point P € X (k).

If F is a sheaf of positive rank, then semistability implies that the torsion subsheaf
of E is 0, which means FE is a vector bundle.

If F is not semistable, then there exists a subsheaf ' C E with u(E’) > u(E).
Such a sheaf E’ is called a destabilizing sheaf.
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From the Riemann-Roch theorem for curves we deduce the inequality

X(E) h(E)
w(E =YV E

w(E)=(g—1)+ <(g-1)+h"(E)

for sheaves E of rank rk(F) > 1. This inequality gives also an upper bound for
the slope of all subsheaves of E provided that E is torsion free. Thus, there is
a maximal slope for all subsheaves. A subsheaf Fy C E of this maximal slope
with the maximal possible rank is called the mazimal destabilizing subsheaf of E.
It is easy to check that F; is semistable and unique. Considering the maximal
destabilizing subsheaf of E/E; we derive inductively the existence of the
Harder-Narasimhan filtration. For any sheaf F there exists a unique filtration
0 Ctors(E) =Ey C E; C Ey C ... C E; = FE with the property that Fy/Ej_1 is
semistable and p(Eyy1/Ex) < p(Er/Er—1) (see [27]).

For semistable sheaves which are not stable we can refine the above. This is the
Jordan-Hoélder filtration. If F is a semistable bundle then there exists a filtration
0=FEyC E; C...C E; = FE where E}y/Ey_1 is stable of slope u(Ey/Er_1) =
w(E). Here we have no uniqueness (think of the direct sum of two stable objects of
the same slope). However, the graded object gr(E) := @221 Ey/Ej_1 is unique.
S-equivalence. T'wo semistable sheaves F; and Es are defined to be S-equivalent
when their graded objects gr(E7) and gr(Fs) are isomorphic.

2.4. Properties of vector bundles on algebraic curves

Here we repeat basic properties of vector bundles on a smooth projective curve X
of genus g over a field k. We sketch the proofs or give a reference.

Theorem 2.4. (The Riemann-Roch theorem and Serre duality on curves)
We have for the Euler characteristic x(E) of the bundle E

X(E) = h%(E) — h'(E) = deg(E) — tk(E)(g — 1).
The h'(E)-dimensional vector space H*(E) is dual to H(wx ® EV).
For a proof see §IV.1 in Hartshorne’s book [10]. We deduce the next result.

Corollary 2.5. For a vector bundle E we have the implications

X(E)>0 = h%E)>x(E)>0
X(E)<0 = hYE)>—x(E)>0
X(E)<0 = ~h(wx®EY)>-—x(E)>0.

Proposition 2.6. (Some basic properties of vector bundles)
Let E and F be two vector bundles on a smooth projective curve X of genus g
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defined over an algebraically closed field k.

(i) wWE®F)=u(E)+ u(F).

(i)  E is (semi)stable if and only if, for all surjections E — E", we have
W(EY)u(E").

(iii)  E is (semi)stable <= E" is (semi)stable.

(iv)  If E is semistable of slope u(E) < 0, then h®(E) = 0.

(v)  If M is a line bundle on X, then E is (semi)stable <— FE ® M 1is
(semi)stable.

(vi)  If E is semistable and u(E) > 2g — 2, then h'(E) = 0.

(vii) If E is semistable and u(E) > 2g — 1, then E is globally generated.

(viti) If E is globally generated, then there exists a short exact sequence

0 — det(E)™t — O;I;(E)—H —E—0.

(iz)  If E is globally generated, then there exists a short exact sequence

0— OFE™ L B det(E) — 0.

(z) If E and F are semistable with p(E) > p(F), then Hom(E, F) = 0.
(zi) IfE and F are stable with u(E) = p(F'), then Hom(E,F) =0 or E = F.
(zii) For E stable we have Hom(E,E) = {\-idg | X € k}.

Proof. (i) Computing the rank and the degree of the tensor product yields this
formula.

(ii) This is just the observation that we can reconstruct an epimorphism 7 : £ —
E” by knowing its kernel, and an injection ¢ : B’ — E can be reconstructed from
the cokernel. Elementary manipulations of inequalities give for a short exact se-
quence 0 — B — E — E" — 0 that u(E")(S)u(E) <= p(E)(L)u(E").

(iii) Passing to the dual interchanges injections to E with surjections from F. Since
both can be used to express (semi)stability the statement follows.

(iv) Indeed, any section s € H(E) with s # 0 defines an injection Ox - E.

(v) Twisting with M is an equivalence on the category of coherent sheaves.

(vi) Semistability of F is equivalent to the semistability of wx ® EV by (iii) and
(v). Now the statement follows from pu(wx ® EV) = 2g — 2 — p(E), the equality
RYE) = h’(wx ® EV) and (iv).

(vii) For any point P € X (k) we have u(E(—P)) = p(E) —1 > 2g — 2. Thus,
H'(E(—P)) = 0 by (vi). Thus, applying the functor H° to the short exact se-
quence 0 — E(—P) - E — E ® k(P) — 0 yields that E is generated by global
sections at the point P.

(viii) If E is globally generated, then H(E) ® Ox = F is surjective. If h®(E) =

tk(E) + 1, then we are done. If h°(E) = rk(E), then « is an isomorphism. We

consider the morphism Ox & H°(E) ® Ox 0D E; this has kernel Oy which is the

determinant of E. Thus, we have to discuss only the case when h°(E) > rk(E)+1.
The idea is to consider the Grassmannian G of (rk(E) + 1)-dimensional subspaces
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of H°(E). For any point P € X (k), the (rk(E) + 1)-dimensional subspaces of G
which do not surject to E® k(P) form a codimension two subvariety of G. Since a
one dimensional family of codimension two subvarieties cannot cover GG, a general

subspace V C H°(E) of dimension rk(E) + 1 gives a surjection V ® Ox 2 B. The
kernel of 3 is locally free of rank one, a line bundle. Considering the determinant
we obtain ker 8 = det(ker 3) = det(V ® Ox) ® det(E)~L.

(ix) Here the proof works similarly to (viii). We show that the (tk(E) — 1)-
dimensional subspaces V of H°(E) which do not give a (rk(E)—1)-dimensional sub-
space of E®k(P) under the composition Ve Ox — H'(E)@Ox — E — EQk(P)
form a codimension two subvariety in the Grassmannian of (rk(E)—1)-dimensional
subspaces of HY(E). Thus, for a general V. C H°(E) of dimension rk(E) — 1 we
obtain a subbundle V ® Ox — E. The cokernel is a line bundle. Considering the
determinant of the cokernel we obtain from det(V® Ox) = Ox, the asserted short
exact sequence.

(x) For a nontrivial morphism « : E — F we consider its image. Semistability of
F implies p(ima) < p(F). Semistability of E implies by (ii) that u(E) < p(ima).
(xi) Suppose Hom(E, F') # 0. As in the proof of (x) we consider the image ima of
a nontrivial @ : E — F. We deduce u(E) < p(ima) < p(F). Since pu(E) = p(F)
and equality holds only when F = ima = F is fulfilled, we conclude the statement.
(xii) Suppose that there exists an endomorphism § € End(FE) which is not a scalar
multiple of the identity. Then for some P € X (k) we have the restricted morphism
Bp € End(E ® k(P)) is not a scalar multiple of the identity. Take an eigenvalue
A € k of Bp. Then B — X\ -id € End(FE) is not surjective. However by (xi) this
endomorphism is an isomorphism, a contradiction. O

The next proposition is as elementary as each statement in the preceding one.
However, here a new criterion for semistability pops up for the first time which we
will investigate later on.

Proposition 2.7. Let X be a smooth projective curve, and E and F two coherent
sheaves with F # 0. If H*(E® F) =0, i.e. W(EQF)=0=h'(E® F), then E

is semistable.

Proof. Assume we have two sheaves E and F' with H*(E ® F') = 0. We may
assume that E # 0. Further we remark that tors(F) # 0 implies E and F are
torsion sheaves with disjoint support. Hence we assume that F' is torsion free,
this implies F' is a vector bundle and from H°(E ® F) = 0 we conclude that
E is torsion free too. From H*(E ® F) = 0 we deduce that x(E ® F) = 0, or
w(E) + u(F) = g — 1. Suppose E' C E is a subsheaf with u(E’) > u(E). From
wW(E") + u(F) > g — 1 we deduce that h°(E’ ® F) > 0. However, H(E' ® F) is a
subspace of H*(E ® F) = 0, a contradiction. O
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3. A nice over-parameterizing family

Our aim is to find a nice family parameterizing all semistable vector bundles on
a smooth projective curve X of genus g. We concentrate on the case of rank two
vector bundles of determinant isomorphic to wx. Fix a line bundle L of degree
g+ 1

Proposition 3.1. For a semistable vector bundle E with rk(E) = 2 and det(E) &
wx we have a short exact sequence

0L "S5 E—>SLeowy —0.

Proof. The vector bundle F ® L is semistable by Proposition 2.6 (v) of slope
u(E ® L) = 2g. By Proposition 2.6 (vii) E ® L is globally generated and appears
by 2.6 (ix) in a short exact sequence

0-0x >E®L—det(F®L)—0.
Twisting this short exact sequence with L~ we obtain the result. O

~

Thus, all semistable vector bundles F of rank two with det(F) = wyx can be
parameterized by extensions in the vector space Ext’ (Lewyx, LY. Clearly not all
these extensions parameterize semistable vector bundles. To construct a universal
family over (V'\ 0)/k* we consider the vector space

Vi=H (L ?ewy!) =Ext' (Leowyx, LY.

When writing P(V') we follow Grothendieck’s definition that P(V) is the space of
linear hyperplanes in V. With our settings a k-valued point in P(V') corresponds to
a one dimensional linear subspace in Extl(L ®wx, L~t). We consider the product
space P(V) x X with the projections

p

P(V)<——P(V) x X —=X .
On P(V) x X we have a canonical extension class in
Ext' (p*Opv)(—1) ® ¢* (L@ wx),q" L") =

= H'(P(V) x X,p*Opy(1) ® ¢* (L2 @ wy'))
HOP(V), Opvy (1)) ® HY (X, L7 @ wy')

= VoH' (LI ?Qwy)

= End(V)
corresponding to the identity idy € End(V'). This way we obtain the

Lemma 3.2. There exists a universal extension sequence on P(V) x X, namely
0—-¢'Lt—E&— P Opivy (1) @ ¢* (L®wx) — 0.

Next we want to investigate, how over-parameterizing the family £ is. To do so,
we introduce the following notation: For a point e € P(V)(k) we denote by &, the
sheaf £[(cyxx considered as a sheaf on X. To understand how many extensions
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parameterize a sheaf isomorphic to a given sheaf E (of rank two and determinant
wx ) we define the two sets

Hom™* (LY E) := {¢:L~' — E which have a line bundle as cokernel}
PV)g = {eeP(V)(k)|e— (L' - & — L®wy) with E .}

Proposition 3.3. For a stable bundle E of rank two and determinant det(F) =2 wx
we we have a 1-1 correspondence

Hom™ (L', E)/k*

PV)e -
In particular, we see that P(V)g is an irreducible quasi projective variety.

Proof. Suppose e € P(V)g. Then there is, up to scalar multiple, only one isomor-
phism &, = E by Proposition 2.6 (xii). Thus, the map L=! — &, determines a
unique subbundle isomorphic to L~!. On the other hand for a subbundle L~! — F
considering the determinant gives that the cokernel is isomorphic to L ® wx. The
rest is exercise A3.26 (pages 645-647) in Eisenbud’s book [7]. O

Our family £ parameterized by P(V') induces locally any other family. The precise
statement for this is the content of the following

Proposition 3.4. Let Es be a family of semistable bundles on X of rank two and
determinant wx on S x X, then there exists a covering S = |J;S; of S and
morphisms p; : S; — P(V) such that we have isomorphisms

Es, = 5‘Si><X > (¢; x idx)*E.
Proof. We may assume that S is affine. We consider the morphisms

S<Cgxx T x .
Since & is semistable of slope g — 1 for all points s € S, the sheaf & ® L is
semistable of slope 2g for all s € S. Therefore the vector bundle £5 ® ¢&L has no
higher direct image with respect to pg. Take a closed point s € S(k). Having in
mind that S was affine we obtain a surjection

(pS)*(‘sS Y QZ’L) i» (pS)*(gS 02y QEL) ® k(s) = HO(ES ® L) .

By Proposition 2.6 (vii) and (ix) we may find a section m, € H°(Es® L) such that
Ox ™ & ® L defines a subbundle. Since 3 is surjective, this section m, can be
lifted to a section mg : Ogxx — Eg®q§ L. After passing to a smaller neighborhood
of s in S we may assume mg defines a line subbundle. The cokernel is fiber-wise
(with respect to pg) isomorphic to L? ® wx. Thus, after twisting with ¢5L~! we
obtain a short exact sequence

0= g5l — & = psM @ q5(LRwx) — 0,

where M is the line bundle pg.Hom(q%(L? @ wx ), coker(mg)). Thus, there exists
a morphism S — P(V) as indicated. O
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Remark So far we have only seen that P(V') parameterizes all semistable bundles
of rank two with determinant wyx. It parameterizes also some unstable bundles.
However, these unstable bundles are contained in a closed subscheme of positive
codimension. Or formulated differently: the points s € P(V') which correspond to
semistable bundles form a dense Zariski open subset. If follows from GIT that
for any parameter space the set of points corresponding to stable (or semistable)
objects forms a Zariski open subset. See Remark 3 after Lemma 4.2.
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4. The generalized O-divisor

We consider our family £ of vector bundles on X parameterized by P(V) as ob-
tained in the preceding section. We construct the generalized ©-line bundle on
P(V) next. If we proceeded formally, then everything would be very easy: since
Pic(P(V)) = Z we just have to tell which a € Z corresponds to the generalized ©-
divisor. We are not only giving the construction of Op(y(©) but we give invariant
sections in this line bundle. However, we finally compute the number a € Z for the
sake of completeness.

The construction of the generalized ©-divisor follows Drezet and Narasimhan’s
work [6].

4.1. The line bundle Op(y(R - ©)
We consider the morphisms

p

P(V)<2—P(V) x X —> X

and the universal vector bundle £ on P(V) x X appearing in the short exact
sequence of Lemma 3.2.

We fix a line bundle A € Pic™2?(X) of degree —2g. Since deg(A® LO®wx) = g—1
we may assume that h°(A ® L ® wx) = 0. Now we define two vector bundles

Apo = APFETD and  Ap, = A®ETD,

Computing the ranks and determinants of these two bundles we obtain the follow-
ing equality in the Grothendieck group K(X) of the curve X:

R[Ox] = [AR,0] — [ARa].

The short exact sequence of Lemma 3.2 and h°(A ® L ® wx) = 0 gives that for
i €{0,1} we have p.(£ ® ¢*Ag,;) = 0. Thus, we have two vector bundles

Bro = Rlp*(S ®q*Aro) and Bprj:= Rlp*(é' ®q¢* Ar1) .

on P(V) of rank 4g(R 4 1). Now we have everything at our disposal to define the
generalized O-divisor as the Cartier divisor associated to the ©-line bundle

—1
Op(v)(R-©) := det(Br1) ' @det(Bp,o) = (A49<R+1)BRJ) ®(A49(R+1)BR’O) .

4.2. The invariant sections

Consider a nontrivial morphism o € Hom(Agr 1, Ar,0). This morphism must be
injective and defines a short exact sequence

O—>AR713AR,0—>F(Q)—>O,

where F(a) is the cokernel. In K(X) the sheaf F(a) equals OY. In particular
w(F(«a)) =0 and for any sheaf & parameterized by s € P(V') we have H*(X, & ®
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F(a)) =0 < HYX,& ® F(a)) = 0. Applying the functor R*p.(€ ® ¢*_) to
the previous short exact sequence we obtain the long cohomology sequence

0——=p(E®q"F(a)) Bri % Bry R'p. (£ @ ¢*F(a)) —0.

)

We obtain a section 6, € Op)(R - ©) by passing to the top exterior power
of R'a, in short: 6, := AYEFD(Rla) € Hom(AYWEFD By, AWEFDBE ) =
I'(Opvy(R-O)).

Proposition 4.1. The global section 0, € I'(Opey)(R - ©)) vanishes in
V(ba) ={s € P(V)[H* (€& ® F(a)) # 0} .

Proof. We remark that the morphism Rla is surjective at the point s € P(V)
iff H1(E, @ F(a)) = 0. The last equality implies H°(£; ® F(a)) = 0 because
X(&s ® F(a)) = 0. Since R'a ® k(s) is a morphism of vector spaces of the same
dimension we have Rl is surjective iff det(R!(a)) # 0. O

Now let us investigate which cokernels F'(«) yield nontrivial sections of the gener-
alized ©-bundle. Suppose that F'(«) is not semistable. If H*(E; ® F') = 0 for some
s € P(V)(k), then F is semistable by Proposition 2.7, a contradiction. Hence, we
are interested only in those o with semistable cokernel F'(«¢). On the other hand,
let F be a semistable rank R vector bundle of determinant Ox. Then F @ A~ is
globally generated by Proposition 2.6 (vii). So there exists a short exact sequence
0 — det(F @ A~1)=1 — 0ZFT) _, P A=1 — 0 by (viii) of 2.6. Twisting this
short exact sequence with A yields the next result:

Lemma 4.2. If F' is semistable of rank R and det(F) = Ox, then there exists a
morphism Ap1 > Apo with coker(a) = F(a) = F. For F(a) not semistable we
have 8, = 0.

Remark 1. It is very tempting to write 0 instead of Op() or 4. Doing this, the
formula of Proposition 4.1 reads

V(br) ={s € P(V)[H"(& ® F) # 0} .

The author yielded to this temptation. However, we have in mind that we have to
choose a framing of F’ (that is a short exact sequence 0 — Ar1 — Aro — F — 0)
to obtain the section 8. The vanishing locus is by 4.1 not affected by this choice.

Remark 2. On the reduced variety P(V') a reduced divisor D is given by the set of
underlying points. Therefore, very sloppily one could define

Op = {s € P(V) | H* (£, ® Fi) # 0}
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for a fixed vector bundle Fr of rank R and determinant Ox. If we had done so,
then we could define Op(yy(R-©) := Op(v) (O, ). However, it is not clear why Fr
gives a reduced divisor of Opy)(R - ©).

Remark 3. If R = 1 then there exists only one semistable sheaf of rank R of
determinant Ox, namely Ox so the definition of © is independent of F} and reads

0 :={s e P(V)| H*(&,) # 0} .

Since there are line bundles M of degree g — 1 with h°(M) = 0, we deduce that
E:=M® (wx ® M~1) is a rank two vector bundle of determinant wy which
satisfies H*(F) = 0. So not all points s € P(V) are in ©. By Proposition 2.7 the
complement of © is a dense open subset which parameterizes semistable vector
bundles on X.

Remark 4. If £ is a family of semistable sheaves of rank two and determinant
wx on S x X, then we can copy the above definition to define the generalized ©
divisor Og(R - ©) on S. The same holds for the section 6.

4.3. The multiplicative structure

So far we have defined O(R - ©) for each R € N individually. Next we show
the expected equality that O(R - ©) = O(©)®F. We start with two non trivial
morphisms Ag 1 — Agoand A1 > Ags o defining two sections 6, € I'(O(R-0))
and 0, € T'(O(R' - ©)) respectively.

If we choose a general surjection Agro® Ar o 5 A, then the composition Ar1 @
Api1 — Aro ® Ar o — A will also be a surjection. To see this, we remark
that Ap1 @ Ar'1 — Apro ® Apr/ o is a rank two vector subbundle, and we have
an isomorphism Hom(Ago & Agr/ o, A) = Hom(kR+R/+2,k). Now for any point
P € X(k) the morphisms Aro & Ar/o — A for which the induced morphism
Ap1@®Ar 1 — Ais not surjective at P form a linear subspace Vp of codimension
two in Hom(kR""R/"'z7 k). The one dimensional family {Vp}pex ) of those linear
subspaces is contained in a divisor in Hom(k‘R"’R/“,k). This proves the above
claim. Now we take a m outside this divisor.

The kernel of the surjection ’/T‘ARJ@AR,J tAp1® Ar,1 — A is a vector bundle of
rank one and determinant A®(F+E'+1) Thus, it is isomorphic to Agyp/1. From
these two surjections we obtain therefore the commutative diagram with exact
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rows and columns.

Applying the functor R'p.(E®q*_) to this diagram yields an isomorphism O((R+
RNO) 2 O(R-0) ® O(R' - ©) identifying the section 8, - 6, with 65. Thus we
obtain

Lemma 4.3. We have isomorphisms O((R+R')-0©) = O(R-0)®@ O(R'-©). Under
these isomorphisms the global sections 0, -0, and 05 are identified. This also reads
Orer =0F - Op.

We finish this section with an aside which gives a useless description of the line
bundles Op(yy(R - ©) on P(V).

Proposition 4.4. On P(V) with ample generator Op)(1) of the Picard group
Pic(P(V')) we have an isomorphism O(R - ©) = Op(y)(29R).

Proof. Consider the push forward Rp, of the universal short exact sequence of
Lemma 3.2 to obtain the long exact cohomology sequence on P(V).

0 — pu€ = Opvy(—1) ® H'(X, L ® wx) - Opyy ® HY(X,L7') — R'p.E — 0.
The complex A; 1 N A1 equals Oy in the Grothendieck group K (X). Thus we
can replace Rip,£ in the above exact sequence by R'p, (€ @ ¢* F(«)). Thus this ex-

act sequence, and the one before Proposition 4.1 yield Opv(0) = O(l)®h0(X’L®“’X).
Since h°(X, L ® wx) = 2g we are done. O
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5. Raynaud’s vanishing result for rank two bundles

In 1982 Raynaud published in [26] the following result:

Theorem 5.1. (Proposition 1.6.2 in [26])
Let E be a rank two vector bundle of degree 2g — 2 on a smooth projective curve
X. We have an equivalence:

E is semistable <= there exists L € Pic’(X) with H*(E® L) =0.

We remark that H*(E ® L) = 0 implies the semistability of E, as we have seen
in Proposition 2.7. Thus, we have to show the implication = only. We give
different proofs of this result which also catch a glimpse of the generalizations of
Le Potier (see [20]) and Popa (see [25]) of this result to the case of higher ranks.
But first things first:

5.1. The case of genus zero and one

For the case of genus zero and one we can without further difficulties prove the
following generalization of Theorem 5.1

Proposition 5.2. Let X be a smooth projective curve of genus g € {0,1}. For a
rank v vector bundle of slope g — 1 we have the equivalence:

E is semistable <= there exists L € Pic®(X) with H*(E® L) =0.

Proof for genus zero. If F is semistable, then there exists no global section of
E because the slope of the semistable bundle Ox is greater than the slope of
E. We have x(E) = 0 and we conclude h°(E) = 0 = h'(E). In short, we have
H*(E ® Ox) =0 as claimed. O

Proof for genus one. Here we proceed inductively by proving the statement: For F
semistable of rank r and slope zero, there are at most  line bundles L € Pic”(X)
with H*(E ® L) # 0. For rank r = 1, F is a line bundle of degree zero. Thus for
all L % EY we have H*(E® L) = 0.

Now we assume the statement holds for » — 1 and take a semistable F of slope zero
and rank r. Suppose we have H*(E ® L,.) # 0 for a line bundle L, of degree zero.
We obtain a nontrivial morphism LY — FE. The cokernel we denote by E”. It is
a sheaf of rank r — 1 and degree zero. If E” were not semistable, then we would
have a surjection E” — F to a sheaf of negative degree. However, the composition
E — E"” — F contradicts the semistability of E. Thus, E” is semistable too and
we have a short exact sequence

0—>L;/—>E—>E”—>0

of semistable sheaves of slope zero. If a line bundle L of degree zero is not isomor-
phic to L,., then we have H*(E® L) = H*(E"” ® L) and conclude by induction. O
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5.2. Preparations for the proof of 5.1

We collect here some facts which will be used in the sequel. The first fact is just
an observation which allows us to concentrate on stable bundles for the proof of
5.1. The next is a detail we will need later on.

Lemma 5.3. If E is a semistable but not stable vector bundle of rank two and degree
2g — 2, then there exist line bundles L € Pic’(X) with H*(E ® L) = 0.

Proof. Since FE is not stable we have a short exact sequence
0—-L—F—Ly,—0,

where the L; are line bundles of degree g — 1. Thus, they define two ©-divisors in
Pic’(X), namely the divisors

0; = {L e Pic®(X)|H*(L ® L;) # 0}.

If L is any line bundle of degree zero not contained in ©; U ©2, then we have
H*(L ® L;) = 0 and the above short exact sequence yields H*(L ® E) = 0. O

Lemma 5.4. Let E be a rank two vector bundle, and L be a line bundle of degree
d. Suppose that hom(L, E) > 2 and deg(E) # 2d holds. Under these assumptions
there exists o : L — E such that the cokernel coker(a) has torsion different from
zero.

Proof. Take two linearly independent morphisms 81, 82 € Hom(L, E). We consider
the resulting morphism g = 6y & 2 : L & L — E. The morphism 3 cannot
be surjective, because we assumed deg(E) # deg(L @ L). Thus, we may take
a geometric point P in the support of coker(3). It follows that the composite

morphism L& L % E — E® k(P) = k(P) @ k(P) is not surjective. Thus, for a
suitable nontrivial linear combination o = A1 81 + A\2f2 we have a @ k(P) =0. O

5.3. A proof for genus two using the rigidity theorem

Let us start with the following result about proper morphisms (see [5]).

Theorem 5.5. (Rigidity theorem)
We consider the following morphisms of varieties

y<l-x 2>z
where f is proper with connected fibers. If for one point yo € Y the inverse image

f~Yyo) is mapped to a point under g, then there exists an open neighborhood U
of yo in'Y such that for all y € U the image g(f~*(y)) is a point.

Proof. Take an affine open subset Spec(A) C Z which contains the point g(f~(yo)).
Then X’ = g~'Spec(A) is open and contains the fiber over yo. Thus the comple-
ment X" = X'\ X’ is closed and maps under the proper morphism f to some closed
set Y = f(X"). By construction yo is contained in the open subset U =Y \ Y.
For y € U we have by construction that f~!(y) is contained in X’ and by assump-
tion f~!(y) is proper and connected. Thus g(f~'(y)) C Spec(A) is proper and
connected. Hence, g(f~1(y)) is a point. O
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Proof of Theorem 5.1 for curves of genus two

Let E be a semistable vector bundle of rank two and degree two on a smooth
projective curve X of genus two. We want to show that there exist line bundles
L € Pic’(X) with H*(F ® L) = 0. We may assume that F is stable by Lemma
5.3. If for some L € Pic’(X) we have Hom(L, E) = 0, then H*(E ® L) = 0 and
we are done. Thus, we may assume by Lemma 5.4 that hom(L, F) = 1 for all
L € Pic’(X). Indeed, if & : L. — F had cokernel with torsion supported at P, then
a would give rise to some & : L(P) — E. This contradicts the stability of E. Thus,
we have morphisms «y, : L — F, they are unique up to scalar multiplication, and
their image is a line subbundle.

This way we obtain for a point P € X (k) the morphism

aL®k(P)

Bp :Pic’(X) = P(E®k(P)) =P L~ (L®k(P) E®k(P)).

This morphism is just the specialization of the X-morphism 3 over P € X.

Pic’( ><X4>]P’

\/

We take a proper curve C' C PicO(X ) which is contracted to a point under 8p
which exists for dimensional reasons. Now we apply the rigidity theorem to the
morphism

x<" oxx2opE) .

By definition the fiber of pry, over P is contracted to a point by . Thus, by
the rigidity theorem almost all fibers are contracted to a point by 3. Thus, all
line bundles parameterized by C' describe the same line subbundle of E which is
absurd. 0

5.4. A proof based on Clifford’s theorem

For the sake of completeness we repeat here Clifford’s theorem which will be the
main ingredient in our proof of Theorem 5.1. For a proof we refer to Hartshorne’s
book [10, Theorem IV.5.4].

Theorem 5.6. (Clifford’s theorem) Let L be a line bundle on a smooth projective

curve X with 0 < deg(L) < 29— 2. Then we have the estimate h°(L) < degT(L) +1,
and equality holds only for a finite number of line bundles.

Proof of Theorem 5.1 for curves of genus g > 2

We fix a stable vector bundle FE of rank two and degree 2g — 2. Let us assume
that for all line bundles L of degree zero we have Hom(L, E) # 0. We consider the
following schemes { B} 4en with the reduced subscheme structure. Indeed, we are
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computing dimensions in this proof only, so the underlying scheme structure is of
no interest for us.

L € Pic®(X) and M € Pict(X)
B = (L% M) with a € (Hom(L, M)\ 0)/k*
and Hom(M, E) # 0

Since E is stable we have B? = () for d > g — 1. We consider the natural projection
B % Pic’(X) which maps a triple (L % M) to L. Suppose d > 0 and (L %
M) € B®. For P € supp(coker(a)), we have that (L % M(—P)) € B!, Thus,
we have inclusions im(8;) C im(84—1) C ... C im(fy). If im(By) € Pic®(X),
then we have for any line bundle L not contained in im(fy) that Hom(L, E) = 0
which contradicts our assumption. Let now d be the maximal integer, such that
im(84) = Pic’(X). We consider the open set Uy = Pic”(X)\im(3%+!). Take a triple
(L % M) with L € Uy. Next we show that each nontrivial morphism M — E
has torsion free cokernel. If M — FE has cokernel with torsion supported in P,
then we obtain a nonzero morphism M (P) — E. However, from the composition
L — M — M(P) we deduce that L € im(84+1), so M is a line subbundle and
hom(M, E) = 1 by Lemma 5.4.

Now we consider the projection B? %4 Pic?(X) assigning (L > M) ~— M. Since
aq is a X(@-bundle, we obtain that aq(8;"(Us)) is a family of line bundles M of
degree d of dimension at least g — d. We have an inclusion

aa(B7H(Ug)) € {M € Pic*(X) | hom(M, E) = 1 and M — F a line subbundle } .

It follows that the Quot scheme of quotients of E of degree 2g — 2 — d is at least
g — d dimensional in a neighborhood of the point [E — E/M]. Thus, the tangent
space Hom(M, E/M) of the Quot scheme is at least of that dimension. However
Hom(M, E/M) := H°((E/M) ® MV) = H%(det(E) ® M®~2). By Clifford’s theo-
rem the dimension is at most g—d and this equality can hold only for finitely many
M. Since g — d is positive, this contradicts our assumption that Hom(L, E) # 0
for all L € Pic’(X), and we are done. O

5.5. Generalizations and consequences

First of all we deduce two consequences from Theorem 5.1.

Corollary 5.7. Let r > 2 be an integer. We consider a family € on S x X of rank
two vector bundles on X of degree 2g—2. The base points of the linear subsystem of
Og(r-©) given by the sections O where F runs through all rank r vector bundles
of trivial determinant on X is the set of all points s € S such that & is not
semistable.

Proof. We know by Theorem 5.1 that points s € S which are not base points
parameterize semistable bundles £;. Suppose now that ' = &£, is semistable. We
have to find a rank r bundle F' with trivial determinant such that H*(E® F') = 0.
We find this by setting F':= L1 ® Lo ® ... D L,. O
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Proposition 5.8. Let X be a smooth projective curve. For a family € over S x X of
rank two vector bundles of degree 29—2 on X the set S* := {s € S| &, semistable}
is an open subset of X.

Proof. We consider the morphisms S <2 gxx—1sx. Suppose s € 5%,
then there exists by Theorem 5.1 a line bundle L such that H*(X,& ® L) = 0.
Thus, the coherent sheaf R'p.(€ @ ¢*L) is zero at s. So there exists an open
U C S containing s such that R'p,(£ ® ¢*L) is zero on U. By base change we have
HY(X,&®L) =0 forall t € U. From Riemann-Roch we deduce H*(X,&®L) =0
for t € U. Theorem 5.1 tells us that all these &; are semistable. [l

The next results give us further equivalent conditions for semistability and show
that these results generalize to sheaves F of arbitrary rank and degree. However,
these results will not be used in the sequel. So the reader may skip to the next
section. The following result holds:

Theorem 5.9. Let X be a smooth projective curve of genus g. Then there exists a
vector bundle Pag11 on X such that for sheaves E of rank two and degree 2g — 2
on X the following conditions are equivalent:

(i) E is semistable.

(1) Hom(L, E) =0 for a line bundle L of degree zero.

(i) H*(E® M) =0 for a line bundle M of degree zero.

(ZU) HOm(P29+1, E) =0.

We have proved the equivalence of (i)—(ii4) in Theorem 5.1. Considering the
Fourier-Mukai transform on the pair Jacobian and Picard torus of X the con-
dition (iv) is deduced (see [12] for details and a proof).

Theorem 5.10. Let X be a smooth projective curve of genus g. Furthermore two
integers r > 1 and d are given. Then there exist integers R and D, and a vector
bundle P, 4 depending on v, d and g, such that for all vector bundles E of rank r
and degree d the following are equivalent:

(i) E is semistable.

(ii)) H*(E®F)=0 for a sheaf F' of rank R and degree D.

(i) Hom(P, g4, E) =0.

The equivalence of (i) and (ii) is shown in [25]. The equivalence of (ii) and (iii) is
essentially linear algebra and carried out in [13].

Remark. It follows that the construction, which we present here for the rank two
case, allows an obvious generalization to the case of arbitrary rank and degree.
However, in our case we can take line bundles as the parameters for our generalized
O-divisors which is very convenient.
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6. Semistable limits

6.1. Limits of vector bundles

We repeat here the definition of separatedness for noetherian schemes over an
algebraically closed field. The concept of a limit is formalized in algebraic geometry
by the concept of discrete valuation domain R. We have Spec(R) = {n,0} where
7 denotes the generic point and 0 denotes the closed point. The standard example
is of course the localization of a curve in a smooth point. The closed point 0 is the
limit of the generic point 7.

The Hausdorff separation axiom from topology is too strong for the Zariski topol-
ogy and is replaced by the concept of separatedness:

X is separated if for all maps ¢ : {n} — X there exists at most one extension
¥ : Spec(R) — X.

If there exists a unique extension 1 : Spec(R) — X, then X is proper. The usual
picture is the following:

Separated, not proper Separated and proper Neither separa’ted nor proper

Morphisms S — Mx to the (potential) moduli space Mx of vector bundles on X
should correspond to families £g of vector bundles on S x X. Thus, we take a DVR,
R with Spec(R) = {n,0} a vector bundle &, on {n} x X. The first thing we need
it the following lemma which does not generalize to higher dimensional varieties
or singular curves.

Lemma 6.1. Let X be a smooth projective curve. Any family &, of vector bundles
on {n} x X can be extended to a family Er on Spec(R) x X.

Proof. Set r :=rk(&,). We consider the morphisms

nf=——"—X, :={n}x X

| -

Spec(R) <-— Xp :=Spec(R) x X ———3 x|

We may replace &, by £, ® ¢*L. Thus, we may assume &, is globally generated
and its determinant is of degree at least 2g. On {n} x X we have by Proposition
2.6 a short exact sequence

0— (’)?2271 — &, — det(&,;) — 0.
The properness of the Picard functor Pic(X) guarantees that there exists an ex-
tension (a unique) Lg of the line bundle det(&,). On the other hand (’)?@:1 is an
extension of (’)g'?:_l to Xg.
The extension &, is given by a k(7n)-valued section a, of the coherent sheaf

Rp.(Hom(Lg, (’)?E;_l)). Changing «,, by an element of k(n)* does not affect the
isomorphism class of &,. This way we can obtain an R-valued section agr of this
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sheaf which gives a;, at the point 7. Now since H’(R'p.(Hom(Lkr, (9?@:1))) =
Extl(ﬁR, O??;ﬁl) we are done. O

6.2. Changing limits — elementary transformations

Now let £r be a vector bundle on X . The restriction &, of £ to the closed fiber
Xo = p~1(0) is sometimes called the limit of &y = Erlx, - Since Xy is a Cartier di-
visor on X the structure sheaf Ox, considered as an Ox,-module is of projective
dimension one. Thus, every Xy-vector bundle Fj is as a sheaf on Xy of projective
dimension one. This observation allows the following construction:

Construction: Elementary transformation

Let & be the restriction of the vector bundle Eg to Xo. Furthermore, let & =3 Fy
be a surjection of vector bundles on X,. Composing we obtain a surjection Eg — Fy
of sheaves on Xp. The kernel of 7 is of projective dimension zero. Thus, ker(7) is
a vector bundle. This vector bundle £, is called the elementary transformation of
Er along Fy. The bundle £}, appears in a short exact sequence

0—E&r—Er > Fy—0.
When restricting this short exact sequence to Xy and denoting the restriction of
Ex to Xy by &) we obtain the exact sequence
0— (TOY?XR (Ox,, Fo) = Fo) — & — & B Fy—0.
Obviously the sheaves &, and 5,’, coincide. Summing up we have the next result:

Proposition 6.2. Let £ be the elementary transformation of Er along Fy then we
have an isomorphism over X, : 57’7 =&,
Ower the special fiber Xy we have two short exact sequences

0— Fy — & — ker(mg) = 0 and 0 — ker(my) — E — Fy — 0.

In short we may say: Elementary transformations along Fy do not change the
bundle over the generic point, they transform the quotient Fy of & to a subsheaf
of &.

6.3. Example: Limits are not uniquely determined

The following example shows that there are infinitely many possible limits for a
vector bundle &,. The example is intended to show that it makes sense to restrict
to a nice class of bundles to avoid this plenitude of limits.

Proposition 6.3. Let i be a rank two vector bundle on Xpr such that det(&y) =
Ox,, and & is semistable. Then for any X -line bundle L of degree deg(L) > 2g
there exists a elementary transformation Ef of Er such that E 2 L& L1,

Proof. By Proposition 2.6 £® L is globally generated, and there exists by part (ix)
a surjection & ® L — L®2. Twisting with L~! we obtain a short exact sequence

0L ' L—-0.
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Applying an elementary transformation of £ along L we obtain by Proposition
6.2 a vector bundle £ with & = &, and a short exact sequence

0—-L—& —L"'—0.
However, Ext' (L', L) = H*(L®?) = 0 which implies that &, =~ L ® L. O

6.4. Semistable limits exist

The next result of Langton (see [18]) tells us that a semistable vector bundle &,
on X, can be extended to a bundle £r on Xg such that the restriction & of £g to
the special fiber X is also semistable. The proof uses that we can stabilize a given
extension by elementary transformations. The new idea is that we can control the
number of these elementary transformations by the badness, a number introduced
in [11] by the author. Please remember that Langton’s theorem (as well as the
proof below) holds for arbitrary rank and determinant.

Theorem 6.4. (Langton’s theorem on the existence of semistable limits)

Let &, be a semistable rank two vector bundle with determinant ¢*wyx. Then there
exists a vector bundle Ep on Xgr such that Er|x, = &, and & = Egr|x, is
semistable.

Proof. By Lemma 6.1 there exist extensions & = Eg of &, to Xr. We take such
an extension £ and assign it an integer bad(€) - the badness of £.

bad(€) := min {length(R'p.(€ ® ¢*L))}.
ad(€) Legllggl(x){ ength(R'p.(€ ® ¢"L))}
By Theorem 5.1 the semistability of &, implies that there exist L Pic’(X) such
that the sheaf R'p.(€ ® ¢*L) is zero at 1. We conclude that the badness is well
defined. By base change and Theorem 5.1 we deduce the equivalence

&o is semistable <= bad(£) = 0.

It is enough to show the following statement: If £ is an extension with positive bad-
ness, then there exists an elementary transformation £’ of £ such that bad(€') <
bad(€). Let us show this. Since & is not semistable, there exists a line bundle
quotient & — F on X with deg(F') < g — 1. This implies x(F® L) = x(F) < 0
for all L € Pic’(X). We consider the elementary transformation £ of £ along F:

0—-& —-E—-F—=0.

Next we choose a line bundle L € Pic’(X) such that bad(€) = length(R'p. (£ ®
g*L)). This implies that p,(€ ® ¢*L) = 0 because it is torsion free and zero at 7.
From the above short exact sequence we obtain

0= p(F®q¢'L) — R'p.(§' ®¢"L) —» R'p.(E®¢*'L) — R'p.(F®q*L) = 0.

We have p.(F ®q¢*L) = H*(F® L) and R'p.(F®¢*L) = H*(F ® L). Thus, both
are sheaves of finite length on R. We deduce that R'p, (£’ ® ¢*L) is also a sheaf
of finite length which we compute to be

length(R'p.(£' ® ¢*L)) = length(R'p.(E ® ¢*L)) + h*(F® L) — b (F® L).
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Having in mind that x(F ® L) is negative, we are done. U

6.5. Semistable limits are almost uniquely determined

We have seen in Theorem 6.4 that semistable limits exist. However the example
of Proposition 6.3 shows that we should not hope for a unique limit. One might
hope that semistable limits are unique. Unfortunately this is not the case. Let us
illustrate it:

Let L be a line bundle of degree g — 1 which is not isomorphic to wx ® L~!. The
vector space Extl(L7wX ® L~1) is of dimension g — 1. If g > 2, then there exist
nontrivial extensions fitting in short exact sequences

0—wx®L ' SE—L—0.

Since deg(wx ® L™!) = deg(L) = g — 1, the vector bundle E is semistable but
not stable. Taking the pull back & = ¢*E we obtain a sheaf on Xg which gives
FE when restricted to Xy. The short exact sequence above allows an elementary
transformation of £ along L. This way we obtain (by Proposition 6.2) a sheaf &’
on Xp with restriction E' = £’|x, fitting into an exact sequence

0—>L—>F swx®Lt—0.

Since the extension was not trivial £/ and E are both semistable but not isomor-
phic. However, both appear as a limit of £, = £|x, = &'|x,,.
We note, that both sheaves are S-equivalent because

gr(E)=gr(E')=L& (wx®L™").

Thus, we can only hope that the S-equivalence class of a limit is unique. This is
generally the case and is shown in our case now.

Proposition 6.5. Let £ and £’ be two rank two vector bundles on Xg such that
& = 57’7. If the restrictions & and &) to Xo are semistable, then they are S-
equivalent.

Proof. We consider the vector bundle & ® £Y ® ¢*wyx. When applying R'p, to
it, we obtain by base change a sheaf whose restriction to the generic point 7
equals H' (X, &) ® £ ® ¢*wx). This is the Serre dual of Hom(&], £,). Since both
sheaves are isomorphic there exist non trivial homomorphisms and we conclude,
that R'p. (&' ® €Y ® q*wx) # 0. So the specialization of this sheaf to the special
point 0 € Spec(R) is not zero. Again by base change and Serre duality we conclude
Hom(&y, &) # 0. We obtain a morphism ¢ : &) — £ between two semistable rank
two vector bundles of the same determinant. If ¢ is an isomorphism, then we are
done. Thus, we may assume rk(ker(¢)) = 1. The image M = im(p) of ¢ is at
the same time quotient and subbundle of semistable bundles with slope g — 1.
Thus, M is a degree g — 1 line bundle. Considering the determinant we conclude
ker(¢) = coker(p). This finishes the proof because the graded objects are given by
gr(&l) = ker(y) @ M, and gr(&) = M @ coker(yp). O
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S-equivalence prevents us from non-separated moduli functors

So by passing to the moduli functor of S-equivalence classes, we obtain a proper
moduli functor. That is there exist semistable extensions of &, and all those ex-
tensions are in the same S-equivalence class. Note, that S-equivalence classes are
required to circumvent a non-separated moduli functor. It causes several problems
because we don’t have a universal object.

However, for a stable vector bundle F the S-equivalence class of F is the class of
vector bundles isomorphic to F. Thus, on a dense open subset of the moduli space
there is no difference between S-equivalence and isomorphism, whereas for strictly
semistable bundles it makes a difference.
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7. Positivity

7.1. Notation and preliminaries

For this section we fix the following objects:

X - our smooth projective curve of genus gx > 2 over k = k

C - asmooth projective curve over k of genus g¢

D, q - the natural projections C' L oxx—1sx

AKX B - a shorthand for the tensor product p*A ® ¢*B

£ - arank two vector bundle on C' x X

Ee - for a point ¢ € C(k) the X-vector bundle ¢.(€ ® p*k(c)), that is
the vector bundle parameterized by the point ¢

Ex - for z € X (k) the vector bundle p,(£ ® ¢*k(z)) on C

As a warm up we consider a well-known result (see Corollary 7.3). Apart from
the obvious proof via Proposition 7.1, we deduce this result from Proposition 7.2
which allows a generalization to vector bundles.

Proposition 7.1. Let L be a line bundle on C' x X with L. = L. for all points
c,d € C(k). Then there exist line bundles M and N on C and X respectively,
such that L= M X N.

Proof. Let N = L, for a point ¢ € C. Since R'p,(L£ ® ¢*N~1) is a vector bundle,
it follows that p.(L£ ® ¢*N~!) also commutes with base change (see [23, page
50,Corollary 2]). Thus, M := p,(£L®q*N~!) is a line bundle on C. The composition
morphism p* M — p*(p.(L®q¢*N~1)) — L&g¢*N~! is an isomorphism on all fibers
of p. Thus, it is an isomorphism on C' x X. U

Proposition 7.2. Suppose L is a line bundle on C' x X. The degrees dy := deg(L)
and dg := deg(L.) of the line bundles parameterized by X and C' do not depend
on the choice of the points x € X (k) and c € C(k). We obtain two morphisms

Ly c— L.
pr: X — s Pich(C)  and o C — > Pic®2(X).

For the principal polarizations ©1 and Oy on Pic™ (C) and Pic®(X), the degrees
of X in Pic*(C) and C in Pic®(X) coincide, that is

deg x (07 Opicar ©) (1)) = degc(p30picaz (X) (©2)).

Proof. First we remark that the theorem is invariant under twisting L with line
bundles of type p*M or p*N. Therefore, we may assume d; = go — 1 and dy =
gx — 1. On Pic9¢~1(C) the O-line bundle is the determinant of cohomology, that
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is:
degx (91 Opicar (y(©1)) = —deg(R*p.(L)) this we can rewrite as
=[x ch(R'p. (L))

using Grothendieck-Riemann-Roch we obtain
= = Joxx(ch(£) - p*Td(C))
= —Jox(1+a(L) + L)1 - g2
3 Joxx Prwe.cl(£) = ci(L)) .
Since p*we is numerically equivalent to 2gc — 2 fibers of p and the intersection of
¢1(L£) with a fiber of p is the degree do = gx — 1, we conclude that

* 1
degx(%opicﬁ(@(@l)) =(9c —Dlgx —1) - 5/0 . C%(ﬁ) .
X

By symmetry the right hand side is also the degree of ¢3Op;cas (x)(O2). O

Corollary 7.3. Let £ be a line bundle on C x X. If for any two points ¢, ¢’ € C(k)
the line bundles L. and L. are isomorphic, then for all points x,z’ € X (k) the
line bundles L, and L, are isomorphic.

Proof. Indeed, this result can be obviously deduced from Proposition 7.1. In order
to deduce it from Proposition 7.2, we consider the maps ¢; : X — Pic® (C) and
@ 1 C' — Pic® (X) from Proposition 7.2. By assumption C' is mapped to a point.
Hence degq(¢302) = 0. By Proposition 7.2 this implies degy (¢701) = 0. Since
the Theta divisor ©; is ample X is also mapped to a point. O

We assume det(&E.) = wx for all ¢ € C(k). This implies that det(£) = M Rwy
by Proposition 7.1. Suppose that &£ is semistable. By Theorem 5.1 there exists an
L € Pic’(X)(k) such that H*(X,&. ® L) = 0. By base change this implies that
R'p.(€ ®q*L) is not supported in c. Thus, it is a torsion sheaf of finite length. &.
is therefore semistable for all ¢ ¢ suppR!p.(€ @ ¢*L). As seen in Theorem 6.4 we
can elementary transform £ to become semistable in the remaining points.

We will see C' as a parameter curve mapping into the moduli space My (which we
have not constructed so far). The aim of this section is to show that the intersection
number of C' with the ©-divisor is not negative, and that this intersection number
is zero iff all bundles parameterized by C' are S-equivalent.

It will be convenient for us that the vector bundles &, on C' will have degree 2g¢ —2.
If the degree of &, is an even number, then this is ol?ta)ined by twisting £ with a

deg(&x

line bundle p*M where M is of degree go — 1 — =5 In case deg(&,) is odd,

we replace C' by a irreducible curve ) : C’ 2 ¢ and € by & := (¢ x idx)*E.
This way we obtain the same bundles on X doubly parameterized by C’ and an
even degree of .
Summing up we have the following data

det(&,) = wx for all ¢ € C(k),

&, is semistable for all ¢ € C(k), and

deg(&;) = 290 — 2.
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7.2. Positivity

Global sections of O(O)

The ©-line bundle on C' is now the inverse of the determinant of cohomology. Since
vector bundles &, and £, of the same rank and isomorphic determinant coincide in
the Grothendieck group K (X), we see that det(R*p. (£ ®q*L))~! does not depend
on the choice of L € Pic’(X). This line bundle is the generalized ©-line bundle for
the family &€ of vector bundles on X parameterized by C' and therefore denoted
by Oc(O¢). See Remark 4 after Proposition 4.1.

Proposition 7.4. The O-line bundle Oc(Oc¢) is base point free. In particular, we
have deg(Oc(0©¢)) > 0.

Proof. We have seen in Theorem 5.1 that there exists for each ¢ € C(k) a line
bundle L € Pic’(X) such that H*(§, ® L) = 0. This means that the section of
Oc(0¢) corresponding to L does not vanish at ¢ by Proposition 4.1. O

7.3. The case of deg(Oc(0¢)) =0

Here we prove a special case of Theorem 1.4 from Faltings’ article [8]. The proof
mainly follows the idea given there.

Theorem 7.5. We have an equivalence of deg(Oc(O¢)) = 0, and E. ~g Eo for
all points ¢, € C(k). In this case the sheaves €, and &, are isomorphic for all
z,x' € X(k).

The proof of Theorem 7.5 follows directly from the subsequent results 7.6 — 7.9.

Lemma 7.6. If all the vector bundles parameterized by C are S-equivalent, then
the degree of Oc(O¢) is zero.

Proof. Pick a ¢ € C(k) and consider the semistable vector bundle E := gr(&.).
Then there exists a line bundle L € Pic’®(X) such that H*(X,E ® L) = 0. Since
&, ® L can be filtered with quotients the direct summands of £ ® L, we deduce
that H*(€, ® L) = 0. This holds for all ¢ € C(k). Thus, by Proposition 4.1 the
corresponding global section of O¢(O¢) is nowhere vanishing. O

Lemma 7.7. If the degree of Oc(O¢) is zero, then there exists a vector bundle F
on C such that £, = F for all points x € X (k).

Proof. We take a line bundle L of degree zero on X such that H*(€, ® L) = 0 for
a fixed ¢ € C(k). Since the degree of Oc(O¢) is zero we deduce from Proposition
4.1 that H*(» ® L) = 0 for points ¢ € C(k), in other words p.(€ ® ¢*L) =0 =
Rp.(E @ q*L).

We choose a point x € X (k). When applying R*p.(€ ® ¢*__) to the short exact
sequence

0—L— L(z)— (Lx) @ k(x) = k(x)) — 0,

we deduce from R*p,(£ ® ¢*L) = 0 that &, = R*p.(€ ® ¢*L(x)). The function
X (k) — N which assigns 2’ +— h'(€. @ L(x — 2')) is upper semi-continuous. Since
it is zero for #’ = z, we have that for almost all ' € X(k) the cohomology
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H*(E. ® L(x — 2')) is zero. As before, this implies p.(€ ® ¢*L(z — 2’)) = 0 =
Rp.(E®q*L(z—2")) for almost all z’. Now from this and the short exact sequence
0— Lz —2') — L(x) — k(z') — 0

we deduce that £, = R*p.(€ @ ¢*L(z)). Thus, £, = &, for almost all 2’ € X (k).
Since X (k) is infinite, this eventually yields the asserted statement. U

Lemma 7.8. If the C-vector bundle F' of Lemma 7.7 is semistable, then there exists
a vector bundle E on X such that £, = E for all points ¢ € C(k).

Proof. We have by Theorem 5.1 a line bundle M on C such that F ® L has no
cohomology. Therefore, interchanging the role of X and C' in Lemma 7.7, we obtain
the result. O

Lemma 7.9. If the C-vector bundle F' of Lemma 7.7 is unstable, then there exist
two line bundles Ly and Ly on X of degree gx — 1 such that, gr(&.) = L1 & Ls.

Proof. Let 0 — My, — F — My — 0 be the short exact sequence with M7 the
maximal destabilizing line bundle. That is deg(M;) > deg(Ms). It follows that
g« Hom(p* My, E) is a line bundle. Thus we have by Proposition 7.1 a short exact
sequence

OHMlelﬂgHMggLQHO
inducing the above sequence on all fibers of g.
Since &, contains L; we conclude from semistability that deg(L;) = gx —1—a, and
deg(Ls) = gx — 1+ a for some integer a > 0. Choosing a line bundle L € Pic’(X)
such that R*p.(€ ® ¢*L) = 0, we obtain from the above short exact sequence that
Rp.(MyX(Ly® L)) = 0 which implies h* (X, Ly ® L) = 0. Hence, h°(X, Lo ® L) =
a. Analogously we obtain that h'(X, L; ® L) = a. Applying p.(¢*L ® _) to the
above short exact sequence yields

P(E@q'L) =0 — M5* 5 MP* — 0= R'p.(£@¢*L).

Thus, a must be an isomorphism, which is only possible for a = 0. (|
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8. The construction

8.1. Constructing the moduli space of vector bundles

Now we have everything we need to perform the construction outlined at the
beginning.

(1) We start with our nice overparameterizing family P(V') from Section 3
which parameterizes all semistable vector bundles £ on X of rank two
with det(F) 2 wx.

(2) On P(V) we have the ©-line bundle Op(y)(©) and for any L € Pic’(X)

a global section s;, € H(Op(y(©)) with vanishing divisor

0, = {[E]eP(V)|H*(E® L) # 0} .

(3) The intersection B := Npcpico(x)O1 is the base locus of the linear system
spanned by the divisors ©y. By Raynaud’s Theorem 5.1 the base locus
is given by

B = {[E] € P(V)|[E] is not semistable}.
We can write B as a finite intersection B = N;—o,... . nOr,. We denote
the complement of B by @ :=P(V) \ B. This is the semistable locus.

(4) The global sections {sz,}i—o,... n define a morphism v : Q — PV. The
image of this morphism is a proper subset by Langton’s Theorem 6.4.
Thus, we do not change the image when passing to the blow up ¢ : Q =
BlgP(V) — PV.

(5) A connected closed curve C is contracted by 1[) if and only if all vector
bundles parameterized by C are S-equivalent. Thus, the moduli space
My of all S-equivalence classes of semistable vector bundles of rank two
and determinant wx is the Stein factorization of .

Q w PN
i v Tﬁnite
Q Mx

connected fibers

Let us check that Mx is a coarse moduli space:

Points of Mx.

First of all each point of Mx (k) corresponds by construction to the image of a bun-
dle parameterized by @, a semistable bundle. By Theorem 7.5 the S-equivalence
class of this bundle is uniquely determined.

Functoriality

Let £ be a family of semistable vector bundles on S x X. By Proposition 3.4, we
have a covering S = U;—1,... »5; and morphisms S; — @ which induce Eg,. Since
the locus P(V)g C @ is connected (see Proposition 3.3), the invariant functions
S; — Mx glue along the intersections. Thus, we get a morphism S — Mx.
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8.2. Consequences from the construction

Let us illustrate some direct consequences for the moduli space My = SUx (2,wx).
Mx is unirational: Indeed, we have constructed Mx as the image of some open

The dimension of Mx is 3g — 3: Again we use the morphism @ — Mx. We
have dim(Q) = dimP(V) = 5g — 2. The fibers are the subschemes P(V)g
which are open subsets in P(Hom (L™, E)") and therefore of dimension 2g+1.
The O-line bundle is ample and globally generated: This is a conclusion from
Theorems 5.1 and 7.5. This result is the basis for the presented construction
and provides us with a finite morphism My — P given by the global section

subset Q C P(V).

of OMX (@)

8.3. Generalization to the case of arbitrary rank and degree

It is the hope of the author to show that the ©-line bundle Oy, (©) together with
the alternative criterion of Theorem 5.1 for semistability are the key ingredients
for the construction. Indeed, even some well known results, like Langton’s result

(Theorem 6.4), allow new proofs in this context.

We will next point out how the construction can be generalized to arbitrary rank
and degree. Note that we can either fix the determinant or only its degree. The

numbers in the following table refer to the table from part 8.1.

(1)

(4)

(5)

Beauville’s articles [3] and [4] survey the theory of moduli spaces of vector bundles

If we fix the determinant, then we can choose again a projective space as
our starting point. For fixed degree we have to consider a projective bun-
dle over the Picard torus Pic?(X). Grothendieck’s Quot scheme (see [9])
also works and was the classical origin. However, it has the disadvantage
that it also parameterizes sheaves which are not vector bundles.

Our construction of the ©-line bundle is just the general construction of
Drezet and Narasimhan (see [6]) specialized to our case.

The generalization of Raynaud’s Theorem 5.1 to vector bundles of higher
rank and arbitrary determinant began in Faltings’ article [8, Theorem
1.3]. Popa gave in [25] the best known explicit bounds. They depend only
on the rank of the bundle in question. Thus, passing to a fixed multiple
of the generalized ©-divisor everything works fine.

As in step (2), our proof of Langton’s Theorem 6.4 was just a special
version of Langton’s original result from [18] adapted to the rank two
case.

This can be copied verbatim.

on algebraic curves with a focus to the generalized ©-divisor.
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9. Prospect to higher dimension

The generalization of Faltings’ construction to moduli spaces of coherent sheaves
on higher dimensional varieties started in 1977 when Barth showed in [2] that we
can use a construction similar to the one in 8.1 to construct the moduli space of
rank two bundles on P? by considering jumping lines (see also Le Potier’s presen-
tation in [19]).

Let us first introduce the notation to describe Barth’s approach. Let E be a rank
two vector bundle on P? with trivial determinant, and second Chern number n =
Jp2 c2(E) € Z. The vector bundle E is stable if HY(E) = 0, and semistable when
H°(E(—1)) = 0. This easy description of (semi)stability is due to the fact that
Pic(P?) 2 Z and E is of rank two.

The equivalent of Raynaud’s theorem (Theorem 5.1) is the following result:

Theorem 9.1. (Grauert-Miilich Theorem)
For a vector bundle E of rank two with ¢1(E) =0 on P? we have an equivalence

E is semistable <= FE|g & 022 for a general linear hyperplane H .
Proof. See [24] 1T Theorem, 2.1.4. O

Note that E|y = 0% <= H*(E(—1)|g) = 0. The linear hyperplanes H
undertake the task of the line bundles L in the Picard torus Pic’(X). Like the
Picard torus they form a nice family — Py - the dual projective space of lines in
IP2. If we suppose that there exists an overparameterizing scheme Q) as before, we
can define for any line [ € Py a divisor ©; given by

O =A{[E] € QI H"(E(-1)[1) # 0} .

Since all lines are rationally equivalent the line bundle Og(©) = Og(©;) does
not depend on the choice of I € Py, and any line defines a global section s; €
H°(0g(©)) with vanishing divisor ©,. For a certain equivalence relation we ob-
tain as before a finite morphism M — PV given by the global sections s;. This
morphism assigns a vector bundle E the divisor

Op = {l € Py | H*(BE(~1)|;) # 0}.

This is called the divisor of jumping lines of the vector bundle E, because along
those lines F does not have the expected behavior from Theorem 9.1. The degree
of ©f is the second Chern number of E.

Replacing lines by conics Hulek obtained an analogous description of vector bun-
dles on P? with odd first Chern class in [16].

The author used in [11] restriction theorems and Raynaud’s result 5.1 (as well
as its generalizations to higher ranks) to obtain a similar construction for moduli
spaces of vector bundles on algebraic surfaces. Here (in the rank two case) the
lines were replaced by curves in the surfaces with a given line bundle on the curve.
This ends in a finite morphism M — PV which was called the Barth morphism.
In [21] J. Li gave a similar construction which should coincide with ours.
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We call a pair (F, E) of coherent sheaves perpendicular when Exti(F ,E) =0 for
all integers 4. If this is the case, then we write F'LE for such a pair. We can
rephrase Proposition 2.7 as the implication: if for a sheaf E there exists a nonzero
F such that FLFE, then F is semistable. Theorem 5.1 shows that for a semistable
vector bundles F of rank two and degree 2g — 2 there exists a perpendicular sheaf
F = LV which is a line bundle of degree zero. The fact, that semistable objects
have perpendicular partners allows the definition of semistability in the derived
category. For p-semistability this is derived from restriction theorems and the
existence of orthogonal objects on curves. For Gieseker semistability this is shown
in [1, Theorem 7.2]. This approach was pursued in [14] and [15].
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