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Abstract. Let f : U — SpedK) be a smooth open curve over a fiskd > k, wherek is an
algebraically closed field of characteristic 0. bét: L — L ® Qllj/k be a (possibly irregular)
absolutely integrable connection on a line bundleA formula is given for the determinant of

de Rham cohomology with its Gaul3-Manin connectjatetR f (L ® .(2[1,/[(), detVGM>. The
formula is expressed as a norm from the curve of a cocycle with values in a complex defining
algebraic differential characters [7], and this cocycle is shown to exist for connections of arbitrary
rank.
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Thus mathematics may be defined as the subject in which we never know
what we are talking about, nor whether what we are saying is true.

Bertrand Russell

1. Introduction

Let f : U — SpedK) be a smooth open curve over a figkd > k, wherek

is an algebraically closed field of characteristic zero. Vet L — L ® 2},

be a possibly irregular absolutely integrable (or vertical, see Definition 2.16)
connection on a line bundle. The Riemann-Roch problem in this context is to
describe characteristic classes for the relative de Rham cohomgIAgy. ®
£2;;,x) as a(virtual) vector space ov&rwith an integrable connection, in terms
of data onU. The 0-th characteristic class, the Euler characteristicRiim-

dim R, is well-known to be given by

(1.1) 2-2g—n—)_ max0,m; —1)
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16 S. Bloch, H. Esnault

whereg is the genus of the complete cur@en is the number of missing points,
andm; is the order of the polar part of the connection atittie missing point.

The purpose of this article is to give a formula for the first characteristic class,
which is the determinant of the Gauf3-Manin connection on the relative de Rham
cohomology of the line bundle,

(1.2) (det(R FoL ® 256, detVGM>.

WhenU = C, so the connection has no poles, the formula given in [2] is

(1.3) (det(Rf*(L ® 2¢/x)), VGM) =—fu((L, V) - Cl(‘Qé/K))-

Concretely, if one has; € C(K) with ) ¢; a 0-cycle in the linear series repre-
sentings2} sk then the determinant is given by restrictibgvith its connection
to eache; and then tensoring the resulting lines with connection together.
When the connectioW has at worst regular singular points at the points in
D := C — U there is an analogous formula using linear series given by divisors
of rational sections of .Qé/K(D) satisfying the rigidity condition reg(s) = 1.
Indeed, these formulas are valid also for higher rank connections. One takes the
determinant at zeroes and poles of
In the case of irregular singular points, a similar formula is possible, but the
rigidification taken must depend on the polar part of the connection(1,e7)
be an extension ofL, V) to C, D = Y. m; D; be a divisor with multiplicities
m; > 1 supported irC — U such that the relative connection

(1.4) Vik : L= L®KRE(D)

yields a complex quasiisomorphic JoL — j.L ® ‘Q(lC—D)/K and has poles at
all points D;. ThenV ¢ does not factor through

(1.5) Vik 1 L— L& KRE,(D— D)

for anyi. Writing D also for the artinian subscheme®@fdetermined byD, this
implies thatV,x induces dunction linear isomorphism

11

(1.6) Vip: Llp > L& 2%, (Dlp

Because these maps are function linear, we may cancel thedjpend deduce
canonical elements tRv € Qé/K(D)b. We view trivy as a trivialization of

.Qé/K(D) alongD. It is known ([6], Appendix B) that the coboundary of tfiv
in H(C, wc/x) = K is given by the degree af. Our main result is:
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Theorem 1.1. Let notation be as above. Assume Bl are defined oveK

and somen; > 2. Because we are only concerned with the cohomology over
X — D, we can takel of degree 0 so that the elemdnit/y can be lifted to
HO(C, Qé/K(D)). Lets be any such lifting, and writés) for the divisor ofs as

a section oné/K(D). Note the support of (s) is disjoint fro®. Then

(1.7) detRf.(L ® 2}/x)), det(Viy) =
— fo(L - (s)) +t(L) € 2% /dlogK*.

Heret (L) is a2-torsion term which can be written

m; 1
L) = —d log(g; o) € =dlog(K™>)/dlog(K*
(L) Z 5-4109(8:.0) € Sd log(K*)/d log(K*)
where the connectioW,x = (g;.0+ gi.1z: + . ..)dz;/z;" for alocal coordinate
z;atD; € D.

Note that2% /d log K * is the group ofisomorphism classes of rank 1 connections
on Sped K). Our assumption that points Bfare defined oveK is made to avoid
complications involving generalized jacobians in Sect. 2. We remark, of course,
that part of our task will be to give a precise definition of the right hand side of
the formula of the theorem. It will appear as a product followed by a trace, and
this definition does not depend on the particular choicg above. In particular,

this gives a formulation if we don’'t assume thats of degree 0, and also if we
don’tassume that; > 2 for at least oné, that is if V has regular singular points
(see Theorem 4.6). The precise general formulation of our theorem is in 4.8. In
the case thats) is a sum ofK -pointsc;, one may simply take the tensor product

of the lines with connectioil|.,. The right hand side of the formula depends
only on the equivalence class ©f) in a generalized Picard (or divisor class)
group of line bundles with trivializations alorig. Thus, by analogy with (1.3),

it is natural to write formula (1.7) in the form

(18) ((detRE.(L & 2,5)), detlVou)) =

1 ; -1
fo(L - ex(@ (D), tive)))  + (L),

The classical Riemann-Roch pattern begins to break down in that the charac-
teristic clasxl(ﬂé/K(D), trivy) depends on more than just the geometry of
f : U — SpedK). This reflects the fact that the de Rham cohomology of an
irregular connection depends on more than topology.

There is an analogy here with the casé-aidic sheaves.  is an unramified
¢-adic sheaf on a complete cur@eover a finite fieldF,, then the global epsilon
factor is given by

(—F,| det(H;(C. £))) = del€) - c1(RE i, ).
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The basic result in the ramifigdadic case ([8]) is that the global epsilon factor
can be written as a product of local terms corresponding to points on the curve
where the sheaf ramifies or where a chosen meromorphic 1-form has zeroes or
poles. We suspect formula (1.8) is analogous to a classical formula for Gauld
sums

gle, )= Y c@y

ae(O/f)*

wheref C O is an ideal in the ring of integers in a local field(resp.y) is a
character of O/f)* (resp.(O/f)*), and bothc andys have conductof. If the
residue field o0 hasg elements withy odd, one finds

g"cx) f=mw? n>1
g"c(x)o f=m¥t n>1

gle, ¥) =

Inthis formulax € O/fis a suitable pointy = ¢ogWwith¢? = 1 ando? = G—ql)

(Hereoy is a quadratic Gauld sum.)

Our proof follows the main idea of Deligne [3]. For computing théactor
associated to a rank one Galois representation on a curve, he expresses the deter-
minant of the cohomology as the cohomology on a symmetric prodyct-eiD)
and reduces the computation to the geometry of the generalized jacobian. In the
geometric situation one is further able to express the determinant Gauf3-Manin
connection as the connection arising by restricting a certain translation-invariant
connection to one specifi& -point of the generalized jacobian. The essential
point seems to be that the de Rham cohomology of a connection of the form
d + w on a trivial bundle is somehow concentrated at the points whete0.

In Sect. 4 we reinterpret the Riemann-Roch formula in terms of a pairing (4)

U:HYC, Of — 0%) x HY(C, Of — 2L(D)(D))
(1.9) — HA(C, Ky — 28)
and a trace map (4.7)
Tr : H3(C, Kz — £22) — 25 /dlog K*.

In Sect. 5 we give an analogous “non-commutative” product formula in the
higher rank case which we conjecture calculates the determinant connection in
the generic situation when the connection defines local isomorphigms=

Elp ® wp/k (see (5.3)) and the poles of the absolute connection behave well
(see (5.1)). We verify the formula has the appropriate invariance properties. We
also show that there is a more general higher rank product of which itis a special
case. Finally, in Sect. 6 we give a general formula which calculates the group
of isomorphism classes of irregular, integrable, rank 1 connections in higher
dimensions on a smooth projective variety.
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We apologize for not expressing our results in the modern langua@e of
modules, but in fact for the study of Gauf3-Manin determinants there is little gain
in passing from connections @-modules. Also, rigidity for connections means
that the Gaul3-Manin determinant connection is determined by its value at the
generic point on the base, so we may work with curves over a function field
SpedK).

Itis our pleasure to acknowledge the intellectual debt we owe in this work to
P. Deligne. We are also grateful to the Humboldt foundation for financing which
enabled us to work together.

2. Connections and forms on generalized jacobians

Throughout this papef will be a smooth projective curve over a fiekd con-
taining an algebraically closed subfididf characteristic 0, an®® = > m;c;
is a divisor onC, with ¢; € C(K). We write G = Jp for the generalized Ja-
cobian parametrizing isomorphism classes of degree 0 line bundl€svath
trivialization alongD. Fixing a K -rational point

co € (C — D)(K),

there is a cycle map : C — D — Jp associating to a closed pointe C
with [K (x) : K] = n the class of the line bundl@(x — ncg) together with the
trivialization b|p o (a|p)~t, where

O¢ & Oc(—ncg) Lb> Oc(x — nco)

are the natural maps.

The aim of this section is to describe invariant line bundles with connection
on Jp, comparing them via the cycle mapo line bundles with connection on
(C — D) with a certain irregularity behavior along.

When the line bundle in question is the trivial bundle, this amounts to studying
invariant (absolute) differential forms on the generalized jacobian, so we should
start with that. Before doing so, however, it is necessary to understand global
functions on the generalized jacobian. We write

(2.1) G — Go— J

whereJ is the usual Jacobian @f, andGy is a semi-abelian variety. We have
extensions

(2.2) O0->T—>Gy—J—0
(2.3) 0-V—->G—>Gy—0

HereV is a vector group (isomorphic to Spe&gym(V*)) for some vector space
V)andT is atorus, i.eT; = G/,.
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Lemma 2.1. The semi-abelian variety, admits a universal vectorial extension
(2.4) 0> W-—G— Gog— 0.

In fact, this extension is given by the pullbackdg of the universal vectorial
extension ovey. In particular, W = I"'(JV, .Q}V/K) ® G,.

Proof. It will suffice to show the pullback vectorial extension is universal. Since
ExtY(T, G,) = (0) = Hom(T, G,), any extension ofiy by a vector groupV is
pulled back from a unique extension.bby W. This extension of is a pushout
from the universal vectorial extension, so the same holds for the pullbacks to

]

Lemma 2.2. Letw : Gog — J be an extension of by T as above. There exists,
possibly after a finite field extension, a quotient tofus» S and a diagram

T L)GO
(2.5) surj.| /a
S
such that
(2.6) H'(Go, Og,) = H'(J,0)) @k HO(S, Os)

Proof. There is a boundary map
(2.7) 3 : Homg (T, G,,) — Extp(J, G,)

Define N := ker(d) C M := Homg(T,G,). LetS = Hom(N, G,,) be the
torus with character groufy. Form € M let L(m) be the line bundle o
corresponding under the map (2.7). As@y), -algebra

(28)  71O0,; = GuenLm) = HOO5) & (@nenyy L(m))
The mapu in the diagram (2.5) comes from the above inclusion
H%O5) ® L(0) C 7,0¢,.

Form € M/N, (as is well known, cf. [9] Il 16),L(m) has trivial cohomology
in all degrees unlesa = 0. The proposition follows by taking cohomology of
(2.8). O

Lemma 2.3. Let notation be as above. Let

(29)  0—— H°(JY. 2L ) ®G, ¢ —— Gy 0
be the universal vectorial extension. Then

(2.10) H°(G, Og) = H°(Go, Og,)
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Proof. The Og,-algebrap,.Og is filtered, with
(2.11) gripxOg = fili/filiy = Sym (H°(J, 2. 1)) ® Og,
With respect to the exact sequences

(212) 0—— fl'li,]_ flll 8ri 0

it suffices to show the boundary map
(2.13) b :Sym(H°(JY, 250" ® H%(Go, Og,) = H'(Go, fili—1)

is injective. Composing on the right with the evident map, it suffices to show the
maps

(2.14) Sym(H°(JY, 2}, )" ® H%(Go, Og,)
— HY(Go, Og,) ® Sym *(H(J", 2] /)"
are injective. But
(2.15) H°(JY,25.,)* ® H*(Go, Og,) = H'(J, 0;) ® H*(Go, Og,)
= HY(Go, Og,)
and the map in (2.14) is the map— x ® x'~1, which is injective. O

Lemma 2.4. LetG = Jp be a generalized jacobian as above. Then there exists
a commutative affine algebraic gro@pover K and a mapy : G — G such
that

(2.16) V¥ HY(Og) = HY(Og).
Proof. TakeG = Sped H%(G, Og)). o

Lemma 2.5. Let A be the coordinate ring of a commutative affine algebraic
group H over a fieldK of characteristicO. Corresponding to the simplicial
algebraic groupB H, one has a complex

(2.17) A W—pi-—p3 A®x A P33—112@p3+ P @133 Py ARA®A

This complex is exact at the middle term.

Proof. By Proposition 4 on p. 168 of [10], the cohomology in the middle is a
subgroup of the group of extensiofsz(H, G,). (Note,A = Map(H, G,).)

By the classification of commutative algebraic groups in characteristic 0, this ext
group vanishes (cf [10], pp. 170-172). O
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We write 2% (resp.Qé/K) for the sheaf of 1-forms relative to (resp.K).
Now we would like to define invariant bundles, connections, differential forms,
cohomology classes @¥g.

Definition 2.6. 1. A rank one bundld. € HY(G, Of) is called invariant if

wL = piL ® psL € HYG x G, 0%, ), wherep : G x G — G is the

multiplication andp; : G x G — G are the projections.

2. Agloball-formn € I'(G, $2¢) is called invariant ifp(0) = 0 € 2 and

wn = pin—+psn € I'(G x G, 25,.6)-

3. A rank one bundle with a connectiqih, V) € HY(G,Or — 2}) is
called invariant if (L, V)|[{0} = 0 € H'(SpecK, Ofpecx — 2&peck) =

25 /dlog K*andu*(L, V) = pi(L, V)®p3(L, V) e H(Gx G, Of, ; —

‘QéxG)'

4. Aclass € H'(G, Og) is called invariant ifs| {0} = 0andu*s = pis + p3s

in HI(G x G, Ogxg)-

We denote by }(G, O%)'™, I'(G, 25)™,HY(G, O — £21)™,andH' (G,
Og)™ the corresponding groups of invariant bundles, forms, connections and
classes. One defines similarly the groups of relative invariant foFfA&G,
22¢,)™ and relative invariant connection&l'(G, Oy, — 2§ ,,)™ without
condition on the restriction to the zero section, and observe that the natural map
24 — 24, takes global invariant groups to relative invariant groups.

Remark 2.7.In the above definitions, we could have defined a weaker notion
of invariance by allowing constant elements. We adopt here the rigidification at
the origin, keeping in mind that without this condition, the corresponding groups
obtained are a direct sum of the ones obtained with the rigidification and the value
of the group on the zero section. Notice, for example, that with our definition,
nonzero constant functions are not invariant! Of course, for relative objects, there
is no distinction.

Lemma28.Let G = Jp be a generalized Jacobian as above. lrete
I'(G, 2%,,)™ be an invariant relativel-form onG, and assume lifts to an
absolute global form. Thenlifts to an invariant absolute form o6.

Proof. Letn € I'(G, 22%) be an absolute lifting. Replacingwith n — n(0) we
may assume(0) € 21 vanishes. Then

(2.18) (1" — piy— p3)() € H%OGx6) ® 2%

vanishes iNH%(Ogx6xxc) ® 2%. Letyy : G — G be as in Lemma 2.4,
soy* 1 A := H%Og) = H%Og). The previous lemma implies there exists
o € H%(Og) ® 2} with (u* — p; — p3)(0) = (u* — p; — p3) (). Thenn —o

is the desired invariant absolute form. O
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We next need to relate connections on the curve with invariant connections
on the generalized Jacobian. H&fe= Jp with D = ) m;c¢;. Also,

(2.19) D:=) ¢; D:=D-D.

We assumeD # (.

First, rather briefly, we consider the question of what poles invariant forms on
G have when pulled back ©6 — D via the jacobian mag’' — D — G (defined
once we have a basepointéh— D). For simplicity, we continue to assume the
¢; are defined oveK . Consider the diagram:

G—»Gg—>» J
(2.20) Ti S
c-D <4

We want to compute the pullbacks HO(21)" (resp.i*HO(ch;/K)i””) in
HO(C, 2%(xD)) (resp. inH(C, 2} 1k (xD))) .

Pulling backG viai’ we get a torseur
(2.21) i"G 5 C

under the grou@s,/G,, = [10O;, . /G,. Fix £ and letR = k[[#,]]] C M =

mycy

k((t,)) wheret, is a formal parameter at. Fix a splitting of the torseur
(2.22) Gr = 05/G,, x SpedR).

Letco € (C — D)(K) be the base point used to define the mag — D — G.
Let £ onC x C be aline bundle witlC| ;¢ = O(c — ¢p). Note one has

(2.23) Ocxc < p30(—co) - L
and these maps are isomorphisms on
(2.24) SpeaM) x SpedO¢.p) C SpeaM) x C

Corresponding ta|spequmxc @and the above trivialization, one gets a map
u : Sped M) — G.With respect to the above splitting, we viavas an element

(2.25) l_[(Mio +upti +...+ I/t,',m,._lt?“_l) S H(OmiCi Rk M)* mod M*

As described in [10] VII 4, 21, the local shapewéaroundc, is given by taking
the rational function(s, — #,)~, where the local coordinates aroud, c;) in

C x Cis (s¢, 1), and considering it as a unit ifl,,,., ® M = M[t,]/ < 1, >.

(We change notation sg is the local parameter iR C M.) Sinceu is well

defined and non-vanishing in for i # £, we have (2.24) that

(226) Ujj € R,u;o € R*if i # L, Ord(u(go) =1
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The pullbacks to Spe@/) of the invariant relative differential forms of
are given by the pullback of invariant relative forms dntogether with the
coefficients of powers of th& mod 7" in the formal expression

(2.27) Z(Mio +unli+...+ Mi,mi—lﬂmi_l)_l X

(dl/tio + du,»lT,» + ...+ dui,m,——lTimi_l)
= Z Tio+ ...+ Ti,mi—lTimiil,

Then (2.26) implies that
T € Qxfori #£¢
(2.28) 7 € R4(D)(jDy) — LE(D)((j — HDy).

Here we denote by2l (D) the sheaf of absolute differential forms of degree 1
with logarithmic poles alon@. (See formula 3.59 for a more precise computa-
tion).

These are not all the absolutely invariant forms, however. One also has forms
pulled back from/J, but these are regular alody Finally, from Lemma 2.8 one
has an exact sequence

(229) 0— H°(Ox)™ ® 2% — HY(G, 25)™ — H%G, 25,,)™
N Hl(OG)inv ® Q[]é
It shows one must consider invariant formsii(Og)™ ® 21 . We will see in

the proof of Proposition 2.13 below that these ma@faD"). In sum, the above
discussion shows that the maps in the following proposition are defined.

Proposition 2.9. Pullback gives isomorphisms

(2.30) HO(Q%,0"™ —> HYC, Q% 4 (D))

(2.31) HOQL™ = HOC, 2H(D)(D))

Proof. Pullback on invariant relative forms is injective, becauses generated
by the image oC — D. It follows by dimension count that the first arrow (2.30)
above is an isomorphism. For the absolute forms we may consider the diagram

(2.32)
= ! 1= =
0— HYOc(D) ® 2% - HUQED)ND) — HORQE (D) — HY(Oc(D) ® 2k
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The left and right hand vertical arrows are shown to be isomorphisms in the
proof of Proposition 2.13. Hence the isomorphism on invariant relative forms
implies the isomorphism (2.31) on invariant absolute forms. O

We now consider invariant connections on line bundlegon

Lemma 2.10. Assume the toric subquotiehtof G has trivial Picard group (e.g.
T split). Then the mapl'(G, Oy — 2% )™ — H'(Og)™ is surjective.

Proof. This follows because
(2.33) HY'(J, 05 — 27,0)™ — H{(ON™ — HNOH)™.
The second arrow is surjective because we have a diagram

0 —— HYO*»)™ —— HYO%) —— H2x(J/K)

234 | [ [

0 —— HYOx)™ — HYO}) — H3x(G/K)

The bottom row is not a priori exact, bhto a = 0 (becaus€N§)* acts byN?
on H3,.(G/K).) The middle vertical arrow is onto e.g. because the Picard group
of the generic fibre oG — J is zero. IndeedG — J is rationally split, and
the kernel has trivial Picard group by hypothesis. (Since the function field of
the generic fibre equals the function field@f any divisor onG can be moved
by rational equivalence to avoid the generic fibre, i.e. to be a pullback from the
base.)

Finally, the right hand vertical arrow is injective because, after making a base
changek c C, one canthink o0& andJ as quotients of vector spaces by lattices,
and the map on lattices is surjectig«). O

Lemma 2.11. Leta € H'(G, Of — 25,,)™ be an invariant connection on a
line bundle on the generalized jacobigh Suppose: lifts to an absolute con-
nections’ € HY(G, Of — 2}). Theru lifts to an invariant absolute connection
b e HY(G, Of — Q5)™.

Proof. One has as in (2.17)
(2.35) (1" — pi— p3)(®) € Im H°(Og ) ® 2%

CHYG x G, 0%, — 2.6
Now

Im H%(Ogx6) ® 2% =



26 S. Bloch, H. Esnault

H%(Ogxc) ® 2 /dlogKer {H(OF, ;) = H(25,6,5)} =
H%(O6x6) ® (2 /dlog K™).
Exactness of the sequence in (2.17) implies that there exists an element
HO(G, O® Q23%) with (u* — pt — p3)(x) = (u* — pi — p3)(b'). Takeb = b’ —x.
m|
Proposition 2.12. One has an exact sequence
(2.36) 0— H°Op)™ @ 2+ — HY(G, O — 25)™
— HYG, 05 — 24,0)"™ - H'(Oc)™ ® 2%
Proof. This is immediate from the lemma. O

Recall our notationC is a smooth, projective, geometrically connected curve
overK.G = JpwithD =) m;c;, D=>¢;, D' =D — D.

Proposition 2.13. There exists a diagram of exact sequences, with vertical ar-
rows isomorphisms:

2.37
( 0 —>) H%(Op)™ ® (2% /dlog K*) — HYG, 0f — QL™
le \:
0~ (HAOc(D)/HO0)) ® (@} /dlog K*) - Cp 2 BLDID)
— HYG, O — 25,)™ —  HYOs)™ ® 21
\: Lh

~  HYCOpp) > QD) — HYOc(D) ® 2}

Proof. The first step is to comput&l! (Og)™ fori = 0, 1. Let W be a finite
dimensionalk -vector space, and suppo§e= Jp is a vectorial extension

(2.38) 0->W®G, >G> Gy—0

We know by Lemma 2.1 that this sequence pulls back from an extensibbyf
W ® G,. Let

(2.39) 0—> 05— filh >W®0O; -0

be the exact sequence of functions of filtration degteleas in Lemma 2.3, and
letd : W* — H(O,) be the boundary map in cohomology.
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Lemma 2.14. We have

(2.40) H(Og)™ = ker(d : W* — HYO)))
(2.41) HYOx)™ = HY(O))/0(W™).

Proof of lemma. One has a filtratiory'il. p,.O¢ with filop = Og, andgr, =
SynT (W*) ® Og,. The corresponding spectral sequence looks like

(2.42)
E{" = H""(Go, gr-p) = H""(Go, Sym P (W*) ® Ogo) = H""(Og).

Let
(2.43) 0— Hy— Go—> S—~0

be as in Lemma 2.2, sbis the maximal quotient torus @fy.

The equation (2.6) identified’ (Go, Og,) With H'(J x S, O;s), and the
invariance condition might be looked at dnx S. Let us write H(S, Og) =
KoV, f— f(O®(f— f(0),whereV consists of the regular functions which
vanish a{0} € S. ThenH' (G, Og,)™ = H'(J, O)™ & (H (J, 0;) @ V)™,
Thusifaclas¥ = Y ¢;® f € H (O;)®V isinvariant, where; € H' (J, O,)
and thef € V are linearly independent ovéf, then

(W = Py = PO x T x {0} x §) =Y (" — p3)g) ® f =0

thusu*or = pior andu*er {0} x J = ¢y = ¢r|{0}. So fori > 1, this implies
thatg, = 0 and fori = O this implies that” € H°(O5)™ = 0.
In short:

(2.44) H'(Og)™ = (H*(0) ® HOy) " = H' (O™ = H* (O™

Thus, it suffices to prove the lemma with, replaced byH,, SO0 we may assume
the quotient torus = (0). Since in this casél’ (Og,) = A'H(O;), one sees
that pullback under the multiplication by map,Né§ : G — G acts onEL? by
multiplication by N4. It follows that the spectral sequence (2.42) degenerates
at E,. In particular the eigenspace wheveé* acts by multiplication byN on
HY(Og) is

(2.45) HYO,)/a(W*) = EI' = EX — HY(Op).

Note that as a quotient di1(0,) the spacet®! is clearly invariant. Con-
versely, letA : G — G x G be the diagonal. Singe o A = 25 it follows that
fora € HY{(Og)™ we have

(2.46) (28)"(a) = A™p*(a) = A™(p1(a) + p3(a)) = 2a

so necessarily € E2%!, proving (2.41). A similar argument oA 1! proves
(2.40).
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We remark here tha?®(J, fily) isin a natural way a subspace of the regular
functions onG, and (2.40) takes the quotient of this B§(J, O;) = K. This is
because we have forced the rigidification condition in the Definition 2.6.0

We return to the proof of Proposition 2.13. The exact sequence

(2.47) 0— Oc = Oc(D) — Oc(D)/Oc — 0
defines a map
(2.48) VW= HY(Oc(D)/Oc) - HYOp).

By Lemma 2.1, as a group extension@, the groupG is defined by a unique
map fromH°(C, .Qé/K) to a vector space. We claim that this map is the dual of
Y. To see this, one identifies andJ"Y. Then it is well know that the universal
vectorextension od " is

0— H(C, 2¢,) - HY(C,0f - 2¢,4) — Pid(C) - 0
inducing the universal vectorextension
0— HY(C, 2¢,x) > HYC, OF , > 2¢,¢) — Pid(C, D) - 0

on
PIC(C, D) = Ker( HX(C, 0% ») > HY(C, 2%,

where
O¢ 7 = Ker(Og — O3)

for any subschemg c C. The map of complexes
a:{O¢p — 0} > {OF |, > 24D}
induces an isomorphism dfi‘. Indeed sends the exact sequence
0— H%(C, (1+ Op(—D))) - H(C, Ot p) — HXC,OF ) — 0
to the exact sequence
0— H(C, Q¢ lp) — HYC, O, > ¢ xlp) = HNC, Of ) — 0,
so one has just to see that
dlog: H(C, (14 Op(—D))) - H(C, 2¢x|p)

is an isomorphism. BUH°(C, Op/(—D)) = HO(C, (1 + Op(—D))) via the
exponential map and the quasiisomorphism [4]

{Oc(=D) - 2¢,(=D)} - {Oc(—D) - 2¢,«}

allows to conclude.
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Define a bundle& on C by pullback

0 Oc E —— W0, —— 0
(2.49) ” l l
0 OC O(D/) E—— Oc(D/)/OC —— 0

Because of the isomorphis#*(0,) = H(O¢), the top row of the diagram
(2.49) pulls back uniquely from an extension @ ® O; by O,. There is a
unique vectorial extension

(2.50) 0->WQG, > H->J—0
such that the above extension of vector bundles coincides with
(2.51) 0—> 05— filir,Oy - W O; — 0

From this we get a diagram (definingindu. Herei : C — J)

0 O, filir,Oy —— W0, —— 0
(2.52) l lt l
0 Oc Oc(D) —— Oc(D)/Oc —— 0

We get a diagram with exact rows

(2.53)
0 — HYO,) » HOfilirsOf) — HOW*®0,) - HY(O;) —
1= W 1= (=
0 - H%O¢) - HY%Oc(D)) — HYOc(D)/Oc) - HYOc) —

Hl(OH)inV — 0
v
HYOc(D) —» 0

The diagram (2.53) gives isomorphisms

(2.54)  e: HY%Og)™ = ker(d) = Ker(H°(Oc(D')/O¢) — HY(O¢))
(2.55) h: HY (Og)™ = HYOc (D).

These are two of the desired arrows for the diagram in the proposition.
Lemma 2.15. The natural map on relative connections
(256)  HYG, O — 2% 0™ — H1<C, J(O5_p) — Qg/K(D))

is an isomorphism.
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Proof of lemma.We note the following facts:

1. HYG, 2§, 0)™ = (HO(G, 250™ ® Hl(OG))InV = (0).

2. H ((’)*)'”" = Hl((’) _p)- Indeed, as remarked in the proof of Lemma 2.10
one has/(K) — H! (O )"V One checks that the kernel is generated by
divisors of degree 0 supported @n

3. HY(Op)/consts= HO(O%)™ = HO(O}_,))/consts..

(HOw28, 01410005 ™ = HOSRE ™ /d 1og(HY(O5)™)

(This is seen by notingIO(Og)‘”" = Hom(G, G,,), so one has a homomor-
phismy : G — G/, such thaty* is an isomorphism on global units modulo
constants. The assertion then reduces to the@aseG/,, which is easy.)

We build a diagram

(2.57)

H 91 inv .
0— HU((O_'_*)I?W - HY(O% — 2¢,0™ -  HYOp)™ -0

+ ¥ 2

0
0— HH( ((%/*K(D)) H]'(C J*(O* D) s Q K(D)) N Hl(c_ D, O*) -0

Since the left and right hand arrows are isomorphisms, it follows that the central
arrow is as well, proving the lemma. O

The assertions of the proposition follow easily from the lemma. O

Finally, we need an analogous result for integrable connections. More pre-
cisely, we consider a slightly weaker condition.

Definition 2.16. Let X be a variety ove . A connectiorV : £ — E® 21 ®
K (X) (so possibly with poles) is said to have vertical curvature if the curvature

(2.58) V2 E—> E®Q2QKX)

has values in the subsheBf® 22 ® K(X) C E ® 22 ® K (X). The group of
line bundles with vertical curvature will be denoted

HY(X, Oy — 2p)""
and similarly for invariant line bundles with vertical curvature

Hl(X, OE N Qé)inv,vert .
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Proposition 2.17. With notation as above, we have isomorphisms

(259) HYG. 05 — 2§,)™"" =H(C, j.0;_, - 24, (D)""

HYC, j.Of_, — 2L(D)(D'))ven
2/ K>

(2.60) Hl(G’ O*G N Qé)inv,vert ~

Proof. For example, in the absolute case, the curvature of a line bundle with
invariant absolute connection Ghis a sectiom € H°(£22 /522 ® O;) satisfying
w*(n) = pi(n) + p5(n). Itis easy to see that such a section lies in the subsheaf
.(2(1;/,( ® £21 . The isomorphism (2.60) follows from Proposition 2.13 and the fact
that pullback toC of invariant forms is injective by (2.30). The case of relative
forms is similar and is left for the reader. O

3. The geometric setup

We continue to work with a curv€ /K and a line bundld. on C of degree 0.
LetVk 1 L - L ® .Qé/K(D), whereD = ) m;c;. As in the previous section,
write D =) ¢; andD’' =D — D.

Lemma 3.1. AssumeV ¢ |C — D lifts to an absolute integrable connectidf :
Lc_p— Lc_p ®.Qé7D/k. ThenV’ extends to an absolute integrable connection

(3.1) V:L— L®R,(D)D).
The notation(D) refers to log poles ab as in(1.4).

Proof. Let e be a basis follL atc¢ a point with multiplicitym > 1 in D, and let
x be alocal parameter aton C. Write

(3.2) V'(e) = A(x)dx + Z B;(x)dt;; dt; basis im’Z,l(, x"Ax) € Oc.

1

We must showx” 1B, (x) is regular atc. But integrability of V' implies that
0A/0t; = dB;/dx, from which the assertion is clear. O

We know from Proposition 2.17 that the restrictionte- D of an integrable
absolute connection of the form (3.1) pulls back from a unique invariant inte-
grable absolute connectigh— £ ® 2% onG = Jp. More precisely, we fix a
basepointy € (C — D)(K) and normalize our connection (3.1) to be trivial at
the basepoint by tensoring with a pullback from SEEg.

We consider now the basic geometric picture of Deligne [3]

(3.3) 7:Sym"(C— D) > Gy; N=2g-2+) m;
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whereGy is the Jp-torseur of degreev line bundles trivialized alon@ and
7(>_z)) = O z;) with trivialization given by restricting t@ the canonical
(upto scalar ink) mapO¢ — Oc(3_ z). Note thatN = deg$2¢ 4 (D)) and
dmG =g—1+4) m; =N — g+ 1. (Recall we assun® # (1.) We identify
Gy = G by sending the pointO(Ncg)] — 0, and we writeL for the resulting
line bundle with connection o6 y. The basic remark of Deligne is

Proposition 3.2. Assume
HY3p(C — D, (L,V)) = H3x(C — D, (L, V)) =0.
Then
(3.4) detH}p(C — D, (L,V)) = detHj,((C — D. (L, V))))
= HY(Sym'(C — D), (m*(L, V)))
as a line with connection oK .

Proof. Our hypotheses implyZ} .(C — D, (L, V)) has dimensiow. Consider
the diagram

(c —D)¥N & sym'(C - D)

Gy

We haveg*(£) = L X --- X L (exterior tensor product oaC — D)V. The
Kunneth formula gives

36) HY(C-D)N,(LR..-RL,V))=H}.(C—D,(L,V)*".
There is an action of the symmetric groip on the pair
(C-D)N,LX-.-KL).
The resulting action onH} ,)®" is alternating because of the odd degree coho-
mology, so the invariants are precisely @&},. There is an evident map
(3.7) p*: HY.(Sym"(C — D), n*L) - HY,(C — D)V, LK ... K L)°¥
= detH},(C — D, L)

To show this map is an isomorphism, it suffices to remark that one has a trace
map

(3.8) p.:HY:(C—D)",LK..-KL)— HY,(Sym"(C — D), n*L)

BecauseL X --- X L = p*n*L, the existence of such a trace follows from
the projection formula and the trace in de Rham cohomology with constant
coefficients. O
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Now one uses the geometry of the majand (3.4) to compute the determi-
nant.

Lemma 3.3. Let X be a smooth variety over a field of characterisficLet
A C X be a smooth subvariety of codimensijenLet (E, V) be an integrable
connection onX. Then

(3.9) H (X, E® 2%) = H" 2 (A, E ® 2).

Proof. Write H’ (F) for the Zariski sheaf associated to the preshéaf—
H,(U, F) for a any Zariski sheaff’ on X. For F locally free, H’ (F) = (0
for r # p by purity. Duality theory gives (her& > A, D A | runs through
nilpotent thickenings)

(3.10) E® 27 — Ext’(O4, E® 2% — lim (Ext”(Oa,, E ® QYT
=H'(E® Q8.

We want to show that this map is an isomorphism, compatible with the connec-
tion, thus yielding a quasiisomorphism of complexes

(3.11) EQ R, — gZ(E ® 2%).
The problem is local, so we can assume
ACA1C...CA, =X

with A; smooth of codimensiop — i in X. Now H? (E ® £2%) represents
RF (E ® 22%)[p] in the derived category of Zariski sheaves dpand in the
derived category we may write

(3.12)
RL,(E® 2)[p) = RL, [0 RL, [1o...0RL, (E® 2]

In this way, we reduce to verifying (3.9) inthe cgse- 1. So, supposg : t =0
in X = SpeaR). We have

(3.13) HL(E® Q3) = Eppy ® 25,1/ Er ® 2%

asHj(X,E) C Hyp(X — A, E).
By [4], sinceE has no singularity along= 0, one has

(3.14)  (Ex® 24(og(t = 0)), V) 3 (Egy1) ® 25,1, Vspeckii-1)

Thus res: Hl (E® 22F, V) — ER/tR (03] (QR/IR[ 1], V|Spe0§R/rR)) is an iso-
morphism. O
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Lemma 3.4. Letp : Gy — Jy be the projection to the corresponding torseur
over the absolute jacobian. Writézé/K(D)] € Jy for the point corresponding
to the canonical bundle twisted I6y(D). Leta € G . We have

Ast pla) # Qé/K(D)]
(3.15) 7 a) = (A% pla) = [:2 &k D)L 3@ =

0 pla) = /K(D)] d(a) # 0
where by definition\s~ = ¢ is ¢ = 0. Note that ifp(a) = [£2¢ ¢ (D)], thena
corresponds to a trivializatiol®Wp = Qé/K(D)b defined upto scalai (a) in

the above refers to the evident boundary of this tnwahzaﬂoHﬁ(Q cx) =
(again upto scale).

Proof. Let p(a) correspond to a line bundl®& of degreeN, we consider the
exact sequence

(3.16) 0> M(-D)—- M— M|p—0

Suppose firsf # 2} /K(D) Then HY(M(—D)) = (0), so any trivialization

in H9(M|p) lifts to H°(M), and the space of such liftings is a torseur under
H°(M(—D)), a vector space of dimensi(gn— 1. (Note this is an affine torseur,
not a projective torseur.) 7 = 2} c/x (D), H°(M(—D)) has dimensiog, and

the imageH°(M) — H°(M|p) has codimension 1. o
Remark 3.5.If we choose local parametersatc; € D, then
HY(2¢, ¢ (D)Ip)

can be identified with the space of polar parts of 1-forms with poles a®@ng
and the map is given by the residue

(3.17) 1Y Z wijdt; /1) = Zul i

Note the (open) condition for an elementiif (2} ¢k (D)Ip)to be atrivialization
is simply

(3.18) [ Juio #0.
BecauseB C Gy, we must factor out by the action @%,,, which we can
normalize away by setting;o = 1. Thus we have

(3.19) B :=x(Sym"(C — D)) N p [R¢,((D)] =

{ Z IX_: l/tijdl‘i/[imi_j ‘ Zuimi_l =0 Huio # 0; upo = 1}
j=0 i i

i
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DefineA := 7#~%(B) ¢ Sym"(C — D) =: X. Using the localization se-
guence and Lemma 3.4, we get an exact sequence

Hpy 2 (AJK, 1% L) — HY(X/K,7*L) — HY (X — A/K, 7*L)

(3.20) T; TE

Hpr(B/K. L|5) HYe(Gy — p 2%, 4 (D)I/K. L)

wherep : Gy — Jy with J = J(C) the absolute Jacobian. The fact that the
vertical arrows in this diagram are isomorphisms follows because the maps are
maps of affine space bundles and the line bundles with connection are pulled
back from the base.

To simplify the presentation, we will assume that > 2. Another proof of
our formula for the de Rham determinant in the c@se- D = ) ¢;, (i.e. for
regular singular points) will be given in Theorem 4.6.

Lemma 3.6. Assume the line bundleon C has degre®, and thatD is minimal,
i.e.V:LpEL® Qé/K(D)b. We continue to assume also tiat= > m;c;
withmq > 2. Then

(3.21) H} o (Symd (C — D) — A/K,n*L) = (0).

Proof. The isomorphism on the rightin (3.20) implies we must sy, (G y —
p—l[Qé/K(D)]/K, L) = (0). The assumptiom; > 2 means we have &,

action by translation o6 y —p‘l[Qé/K(D)]/K, L, and minimality ofD implies

that the connection is nontrivial on the fibres. The fibration is Zariski-locally
trivial, so the Leray spectral sequence for de Rham cohomology reduces us
to showingH}, (G, s/S, (O, E)) = (0) whereZ is an everywhere non-zero,
translation invariant, relative 1-form afig, . In other words, fos € O we

must show

(3.22) O[] 22

Ogslt]dt

has trivial cohomology. This is straightforward. O
Lemma 3.7. Assumed 3, (C — D, L) = (0). Then

(3.23) HI2(B/K, L|p) = HY,(Sym (C — D)/K,n*L) = K

as a line with a connection ovex.

Proof. Notem — 2 = N — 2g. Extending the top sequence in (3.20) one step
to the left and using the previous lemma gives the left isomorphism. We have
already seen the isomorphism on the right. O
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Our task now is to calculat&l}’-?(B/K, L|) with its connection. We as-
sume thatC € Pid°(J) as in Lemma 3.6. Thed carries a relative invariant
connectlond/K onJ,andV,x = dj + & for some invariant formz e
HO(G, QG/K)'”V Changing the choice af x changesz to & + p*(«), where

a e HO(J, SZJ/K)'”" andp : Gy — Jy is the torseur under the affine group
G = ker(G — J). In particular,& |p_1[.QC/K(D)] does not depend on the
choice ofd, k. As p~1(£2} Gk (D)) is isomorphic ta7, and we see that

(3.24) (L, V/K)lp = (Op,d+ Elp).
We say thatZ |3 vanishes at a poirit € B if Z(b) =0in mb/m§
Lemma 3.8. Letb € B C Gy correspond to the trivialization o2} cxkDlp

givenbyV|p : Llp — L ® 2} cxkDlp. ThenZ |z vanishes ab. £'|p does not
vanish at any other point a8.

Proof. Let us writen := i*Z|C — D, wherei : C — D — G is the cycle
map. Then by definition, the trivialization mC/K(D)h; associated tg* (L, V)

depends only on|D, or equivalently only org | p~ [} ¢k (D)]. We have

N
= ni

i=1
wheren; is the pullback of; via thei-th projection(C — D)V — C — D.

Suppose foramoment that the divisondfiewed as a section @2} cx(D))is
reduced(n) = Y e;; ¢; € (C—D)(K).Lete := (eq, - - - , ey) € Sym"(C—D)
be the point corresponding toWe havee € A = n~%(B) ¢ Sym"(C — D) and
b = m(e). SinceA — B is a projective bundle, there is a surjection on tangent
spaces

(3.25) 7"

&}

Ta(e) = Tsymv(c—p)y(e)
(3.26) surjective| l m,
Tp(b) —  Tgy (D)

SinceTsymy c—p)(e) is spanned by expressiods z;|,;, to showZ | vanishes
atb, it suffices to show

(3.27) < 5, n*(z Til,,) >=0.
This expression equals
(3.28) < 1*(&), Zmei >= Z <1, Tile, >

Each term on the right vanishes becay&g) = 0 inm,, /mf,»- The general case

((n) not necessarily reduced) follows from this by a specialization argument.
We postpone until Lemma 3.10 the proof tl&i; doesn’t vanish at any other

point of B. O
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By assumption we start with an absolute, invariant, integrable connection on
L of degree 0 ony. Restricting toB, we get an absolute closed invariant 1-form
¥, whose corresponding relative formas. Recall (3.19) we have coordinates
uij; on B withuig =1, 1_[ uio % 0, andul,ml_l = — Zi>2 Uim;—1-

Lemma 3.9. Under the assumption that
{i*V)k 'L — "L ® 24,k (D)} = {jui*LI(C — D) — j,i*L ® Rc_p) k)

isaquasiisomorphism, andlV, ¢ has poles along all points @, we can arrange
that a K -basis for

HIZ2(B/K, L|g) = HiZ%(B/K, (Op,d + 5))

is given by the closed form

d .
(3.29) 6:= [ dui %
@) i i

m;>2 mi=1

Proof. Recall (2.27) the relative invariant forms ¢h:= ker(G — J) are the
7;; defined by the expression

m;—1 _
(3.30) Z o, T = (Z”ijTij) 1ZduUTij‘
j=0 J

J

Write
(3.31) 5= Z)»ijfij; Aimi—1 # 0
ij
where the nonvanishing condition comes from the requirement that the form
restricted ta”— D gives atrivialization alon® (see (2)). If we write ( mod/;™)
(3.32)
-1
(Mio +upnTi +...+ Mi,m,-—l]-}mi_1> =vio+vali+...+ Vi,m,»—lT,'mi_l
we get the table

(3.33) Tio = vioduo
Ti1 = viodui1 + virduio

Timi—1 = ViodWjm;—1+ ... + Vi m;—1dut;o
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Note if we giveu;;, du;;, v;; all weight j, thent;; will be homogeneous of
weight j. Comparing (3.33) and (3.31), it follows that if we expa8dp in
terms of thedu;;, omittingdu1o andduy ,,,—1, we find for suitabley;; # 0

— -1
(3.34) Elp= Zgijduij = Z I:(ai,mifluio — Q1 my—1)dUj 1 +
; i
m;—2 u u
_ j,mi—1— . ik
s (oe,-,,M + Z terms at least quadratic m’—)du,-,,]
=0 uio uio

Looking at the weights, we see that far< m; — 2
(3.35) g;, = nonzero multiple of imi=r=L |
uio
terms only involvingu;;, j <m; —p—1
while

-1
(336) 8imi—1 = U m—1U;g — X1 m—1

with neithera coefficient 0.
Now generators ng,;Z(B, (0, d + &)) are of the formM 6 whereM is a
monomial in theu;;, u;5- andé is as in (3.29). Relations are

(3.37) (i +8;) (M8 =0

auij
Because of (3.35) one can use these relations to eliminatef > 0 from M
by downward induction ory, starting fromu; ,,,_1. We are left with the case
M = up%y---u,y with n; € Z. In this case we can apply (3.36).7f; > 2, we
get the relation

Oiomi—1 -
no ny . Kim; np ni—1 ny
(338) MZ,O'”ur,Oe = ” 1u2’0-..ui’0 .”ur,Oe
sm1—

Using this, we can get; = 0. If m; = 1 andi > 2 the relation becomes

(3.39) W2 = wugzo LA
' ' o1 mp—1 ' '
If «; ¢ is not a positive integer, we can arrange= 0.
On the other hand, we claim thatif; = 1, thene;q is the residue of*V
alongc;. Indeed (2.27) shows that in this casg, = d logu;, andu;q is then
just the local parameter in the point(see (2.26)). Thus the quasiisomorphism

(3.40) {i*V/x :i*"L — i*L® ¢, (D)} — {jsi*LI(C — D)
— Ji*L® Re_pyx)

forcesa; not to lie inN — {0}. |



GauRR-Manin determinants 39

The following was left open in the proof of Lemma 3.8:

Lemma3.10. Let& = >, ; A;;7; be as in Lemma 3.8. Thef vanishes at a
unigue point € B.

Proof. We have seen in the proof of Lemma 3.8 tlRavanishes at a point iB.
We must show it vanishes at at most one point.Aet(... ,b;;,...) € Bbea
point. Writeb = (... , y;;, ... ) with respectto the coordinates (3.32). Staring
at (3.33), the conditions tha |, = 0 are seen to be (recal; du; ,,,—1 = 0=
duqg) fori > 2

(3.41) Aim;—1Yi1 + Aim;—2y10 = 0
Aimi—1Yi2 + Aim;—2Yi1 + Aim;—3yio =0

Aimi—1Yiomi—1 + Aimj—2Yimi—2 + ...+ Xioyio=0

Fori = 1 one gets the same list but with the last line (coefficientf) omitted.
Finally, usingvigp = 1 andduy ;-1 = — Zizz du; ,,—1 One gets

(3.42) Ami—1 = Yiokim—1; 2=<i =<r

Sincei; »,—1 # 0, equations (3.41) and (3.42) admit a unique solution for the
yij- Since we know=' vanishes at at least one point Bf this point must lie in
B. |

Finally, we must calculate the Gauf3-Manin connection on
Hp<*(B, (O, d + £))

Define¥ to be an absolute invariant form lifting. By assumption our connec-
tion onC — D comes from an absolute integrable connection which, by Propo-
sition 2.17, comes from an absolute integrable connectiafi.dRestricting this
connection taB gives ourd.

Lemma 3.11. With notation as above, there exists € Oy, n € 2%, and
a; € k, i > 2, such that

(3.43) v = Z‘ —+dF+n

If moreoverV is integrable, them is closed.

Proof. SinceZ is (relatively) closed orB, one can write

du;
(3.44) - Za,ﬂ +dxF;: a €K.

Uio
i>2
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Lifting to an absolute form forces

(3.45) v = Zal L+ dF +Y_ finji f; € Op. nj € 2%

i>2 Uio Jj

Here then; are linearly independent if2; . Usingd¥ = 0 modulo22 ® Op
and taking residues alongy = 0 yieldsa; € k C K. Then computing/¥
mod O ® 22 yields

(3.46) 0= dxfi®n € 25 ® 2.

i
It follows that f; € K, son :=Y_ fin; € 2. Takingd again shows is closed
if V is integrable. O

We now compute the Gaul3-Manin connection. We have the diagram of global
sections

-2 m—2
2% — 2
B/k onto B/K

(3.47) ld”’
Qg‘;kl

3 52
E Qg’/k-Q

9;;7,5 ARF —

The connection is determined by its valueto(8.29). To calculate, one lifts
0100 € .Qg‘ .2 and then applieg + ¥. But for 6 one can choose the form with
the same expression (3.29). This form is closed, so

Here we writeF = )", a;u’, a; € K anddg (F) := Y dau’.

Letb € B be the point corresponding to the trivialization.(@g/K(D) given
by the polar part of the original relative connection. It really lieBisince we
have assumed that dég= 0.

Lemma 3.12. With notation as above, the Gauf3-Manin connection on the rank
1 K-vector space

H2%(B, (0,d + 8))

described by(3.48)is isomorphic to the connection da given by
1
l— v, + Ed log(x)

for a suitablex € K*.
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Proof. We have seen (Lemma 3.8) that this paiig determined by the condition
thatZ(b) =0 ¢ mB,b/m%,h. Changing¥ by a closed form pulled back frok
changes the Gauf3-Manin connection and the connectibnnethe same way,
so we can assume=0, i.e.¥ = Zai% + dF.Write

OF
(349) gi ;= 3Ll,j
! 3u0+al/u10 J—O

j>0

Write F = )", a;u’. Then

(3.50) W:Zg,-jdu,-j—FZulda,; lP/\H:Zulda, N
I I

We have
(3.51) gijb) =0, j<mi—1 gim-10) = gkm—-1(b); alli, k.
Since) ", du; ,,—1|5 = 0, we see from (3.51) that

(3.52) Wiy =Y b'da
1

Thus, it will suffice to relate:/6 andb’6 in Hjzz2. Note that each monomial
involvesu;; for only one value of, and the weight ofi” is < m; — 1 (see the
discussion after (3.33)).

Suppose first the weight af is strictly less tham:; — 1. Let j be maximal
such thaw;; appears in’. From (3.35) it follows that

(3.53) Simi—1—j = Clim;—1—; 2 |t terms involving onlyu;; k < j.
ulO

Herew; ,,—1-; # 0. Defineul = ululzou .Note the weight ofi” is < m; —1—j,
soin H,g"R we have (compare (3. 37))

(3.54) u'60 =@ —at

imi— 17j( + gi,m,'—l—j)uL)e =

aMi,m,-—l—j

i -1 L
(" — oy 1 ;8im—1-ju )0 = 0,0

whereo; is a sum of terms of weights | 7| and terms of weight’ | only involving
Uio, - .., ui j—1. Note thatb’ = o;(b) because; ,,,_1—;(b) = 0. In this way we
reduce to the cas€ = uf,. Our assumption on the weight implies > 2, so

(3.55) ( + Gim—DUly = Zim—11y.

aui,mi—l

Together with (3.35) ang;; () = 0, this enables us to reduce o= 0.
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Suppose now the weight dfis m; — 1. If m; > 2 we can use the above
argument, except in the cage = u,-ju,-,m[_l_jui‘oz. Here there are two subcases.
If j #m; —1— j,thea;,,_1; in (3.54) isa, in the expansioF = Y, aju’,

o)

d
(3.56) w'da; A6 = (b'da; + 22 A6,
aj

This completes the proof in this case because the conneétidnsandb’da; +

dlog(a;) are isomorphic. If, on the other hand, is odd and; = ’”T‘l the
monomialu’ = ufjui}f andd F contains the term@ u;;du;;. Thus, from (3.53)
we concludey, mi-1 = 2a;. The lefthand identity in (3.54) yields in this case

1
(3.57) ulda; A0 = (b'da; + Ed loga;) A 6.

In the statement of the lemma, we takéo be the product of the corresponding
aj.

Suppose finallyn; = 1. In this casea— = 0, so the corresponding = 0
and by (3.52) this term contributes nothmglltd){b} Similarly, by (3.50) there is
no contribution toZ A 6. O

We give two interpretations of the 2-torsion teém log(x) occurring in the
previous lemma.

Definition 3.13. Leto be a closed.-form relative toK on

SpedK|[[t1, ..., tn]1D).

Assumer (0) = 0 € m/m?. Writeo = dh with 1(0) = 0, SOh = hy + h3 + ...
with#; homogeneous of degredf i, is nondegenerate, we may define digce
discriminanthy) € K*/K*?. This is well-defined independent of the choice of
parameters.

Theorem 3.14. The GaulR3-Manin connection dﬂg‘ng(B, (0,d + &))isiso-
morphic to

1 .
d+¥)|p + Ed log(disa &g, ,))-
(In particular, the quadratic term ik = [ E|@Bybis non-degenerate.)

Proof. First we collect some facts abo@#t = }_, ; At = ) gijdu;;. We

haveuio = 1 andv;o = u; . It follows from (3.33) of the paper thady ,, 1
does not appear in the expressiondanddus ,,,—1 only appears with constant
coefficient. Restricting t@B : uq -1 = — >, uim—1 thus has the effect
of surpressing the term iu, ,,,_; and changing the coefficients,,,_1 by a
constant for > 2. Expressed in this way, it follows that the coefficient/af;
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in & involves only monomials im;, for the same. Giving u;; anddu;; both
weightj, the terms irg;;du;; all have weight< m; — 1. It follows from formulas
(3.34)-(3.36) that, writind/;; = u;; — b;; soU;;(b) = 0, we may write

Elp =) _ GyU)dUy;.

HereG;;(0) = 0. givingU;; anddU;; weightsj, all terms with first index have
weights< m; — 1. All terms of the form

Uidei,m;—l—j’ 0< ] < m; -1,i>2 (I’esp.i =1 1< J §m1—2)

occur with nonzero coefficient. Notice that replacingwith U;; +b;; introduces
monomials of lower degree, but these have weight,; — 1.
It follows that dis¢ = 16y.,) is the determinant of a matrix

M; O ...... 0

0 M, O 0
M= i

0O O0...... M,

with the entries non-zero.
Mod squares, déM;) is 1 if m; is even, and is given by

1 .

— - coefficient ofU. w;-1dU, m;—1)

2 LT bTa
if m; is odd. Writing

duio
3.58 V=Y a—2 +dF
(3.58) o= @it

as just above (3.49) with = " a,u’ we find

1 da[ 1

1 o
Ed |Og d|Squ |OB,b) = é a—[ = Ed IOg(K)

(The sum on the right is over allsuch thai/ = (u, w-1)2.) O
L7
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Another interpretation of the 2-torsion is the following. As in (2.25) for
a local parameter at; € D and¢; another copy of; (sos; — ¢ is a local
defining equation for the diagonal (@ x C), the pullback ofi;, to K ((s;)) is

the coefficient; "™ of #” in (s; — ;) 1. It follows from (3.30) that
—dS,'
(3.59) 7;; pulls back '[OF

Write the polar part of the connectionsat= 0inthe form(go+g1s; +. . . );i
SinceZ =}, ; A;jmi; pulls back to this connection form, we get= —ki,mill.
On the other hand, again from (3.30) the coefficierwltﬁu. m—1du, m-1iN E

oo bhTr b
IS —A;m;—1 if m; is odd. This coefficient is the contribution to di&|o, ,) from
the pointc; € D, so we conclude

Theorem 3.15. Write the relative connection a; € D in the form(g; o +
gi1si + ... )jn—s;i. Then the GauR-Manin connection &% (B, (O.d + &))

is isomorphié to
n;
(d+W)lpy + )~ d10g(8i0(0)).

Definition 3.16. With notation as above, write
n;
(L) =)~ d10g(gio(0)).
To summarize, we have proven
Theorem 3.17.Let C/K be a complete smooth curve of gergusver a field
K Dk.LetVk: L — L® 2¢,,(D) be a connection, such that
(L SL® Qg/K(D)) - (j*L|(C — D) = j.L ® Q%1(C - D))

is a quasiisomorphism. This implies that the dividdris minimal such that
V|c-p extends with values i} k(D) (see Sect. 44.2)). We also assume that
L has degree 0, and that the connectionlgdp_p, lifts to an integrable, absolute
(i.e. / k) connectiorV. Then

(3.60) Vip: Llp - L ® 2¢,x(D)lp
is anOp-linear isomorphism and determines a trivialization of
2¢xD)lp

Write Jp for the generalized jacobian andp y for the torseur of divisors of
degreeN := 2g — 2 4 degD. The above trivialization corresponds to/&-
pointh € Jp . Writery : (C — D)V — Jp y for the natural map, and let
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(Ly, Vy) be the evident bundle and absolute connectiof®@r- D). Then
there exists a unigue invariant, absolute connectin®) on Jp y such that
ny(L, @) = (Ly, Vy). Moreover, we have

-1
(361)  (delHjp(C— D, (L, V), Vou) = (L @)+ (L)

wheret (L) is as in Definition 3.16.

Remark 3.18.2-torsion also occurs in the determinant of de Rham cohomology
for the trivial connection [2]. By virtue of the following lemma this can only
happen when the variety has even dimension.

Lemma 3.19. Let X/K be a smooth projective variety of odd dimension-
2m+1overafunctionfield in characteristiz Then the Gaul3-Manin determinant

det(Hpr(X/K), d)
is trivial in 2% /d log K*.
Proof. The strong Lefschetz theorem identifies the determinant connections on
Hb . andHZ" " so we need only consider the connection onfdgt. As well
known, the Poincarduality morphism

¢ Hpp(X/K) @ Hpp(X/K) — HY(X/K) = K

is compatible with the GauR-Manin connection, whichiis triviaHg}, (X /K ) =
K. On the other hand, it is alternating, thus its determinant

det(p) : det(Hpx(X/K)) ® det Hpyp(X/K)) — K

fulfills
detlp)(e ®e) = p*-1

wherep € K* is the Pfaffian of the determinant @f written in the basis. Thus
if V(e) = a ® e, one has

det(p)(V(e ® €)) = 2ap? - 1= 2pd(p) - 1.

Thusa = d log p and the determinant of the Gauf3-Manin connection is trivial.
]



46 S. Bloch, H. Esnault

4. Product and trace

In this section, we introduce a product which is reminiscent of Deligne’s product
explained in [5].

We keep the notations of Sects. 2 and 3dgK, (L,V), j: U=C—D —
C,D =) mc;,andD’ = D — D. Further,

(4.1) V:L—>L®RE

is an absolute connection with vertical curvatW&L) ¢ L ® .Q,% ® K(X).
LetV/kx : L — L ® £2¢,, (D) be an extension dfL, V) such that

4.2) (L — L& R (D)} — (il — jil ® 245}

is a quasiisomorphism. We assuvigy has a pole at every: € D. Note this
implies thatV,x does not factor througls‘Bé/K(D — ¢;) for anyi. Indeed, by
assumption, the complex

(4.3) J«L/L — (joL/L) ® ¢, (D)

is acyclic. Takee a local basis ofZ atc; andz a local parameter, and suppose
the connection can be written locally &sgxe = a(z)dz/7" te with m = m;.
ThenV g (z7te) = (a(z)dz/z™ — z-2dz)e. The assumption thal x does have
a pole ate; implies thatm > 2, soz~te would represent a nontrivial element in
HPO of the complex (4.3), a contradiction.

By Lemma 3.1 we know that the verticality condition implies that the absolute
connection extends as

(4.4) V:L— LR LL(D)D).

From now on, we fix such &, V).

As we have seen, the mépp — £®Qé/K(D)|D is functionlinear. Since the
connection does not factor through lower order poles, this gives a trivialization
(denoted triyV)) of .Qé/,((D)b. We have

(4.5) (c1(2¢,x (D)), triv (V) € H(C, O — Of)
(L, V) e HY(C, O — QL(D)(D)).
The aim of this section is to define a product
U:HYC, Of — 0F) x HN(C, Of — Q2(D)(D"))
(4.6) — HA(C, Ky — 23)

Here IC; is the Milnor sheaf associated #5,, and the mapgl, — [Zg is the
dlog map{a, b} — 4 A %. For a more detailed study of characteristic classes

a
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for connections defined in the hypercohomology of such complexes, the reader
is referred to [7]. In addition, we will define a trace

(4.7) Tr : H3(C, Ko — 22) — 2% /dlogK*
We write
(4.8) A-B:=Tr(AUB)

so for example
(4.9) (c1(2¢,x (D), triv (V) - (£, V) :=
Tr ((c1(2¢x (D)), triv (V) U (£, V)
Let O p, = Ker (O — Op). Then
Lemma 4.1. dlog Of. , A 2E(D)(D') C 28
Proof. SinceOéD C 1+ Zp, whereZp is the ideal sheaf db,
d1og Oy, C OcdIp C RF(xD).
Also one hasiZp C Ip Qo $2L(D). Thus
d10g O 1, A (D)D) C Ip Qo 2&(D) C Q2.

We defineU by
(4.10) Ot pUOE — Ky
(A, c) = {A, ¢}
Of.p U QLD)D') — 22
A, w) — dlogi A w.

Concretely, we can write the product in terms of Cech cocyles. Bemfers to
Cech cochainsj is the Cech coboundary, adds a boundary in the complex:

(Aij, i) € (CHOE) x COUOp))a—s
(cij» @) € (CHOE) x CULE(D)(D))a-s
one has
(4.11) (A, ) U (e, w) = ({Aij, ci}, dlogrij A wj, —d 10 1; A w;)
€ (C*(KC2) x CHRE(D)(D")) x CURE(D)(D')/28))ars

where; € 00(02) is a local lifting of ;. Note we have replaced the complex
K2 — £22 with the quasiisomorphic complex

K2 — Q&(D)(D) — 22(D)(D')/0%.
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Proposition 4.2. The producty extends to
U:HYC, 0L — O%) x HY(C, j,0}, — QL(D)(D'))
— H(C, Ky — 23).
Proof. The map
HY(C, Of — QD)D) — HXC, j.0 — QD)D)

is surjective, and its kernel is tt#®module generated b§O(D;), d;) whered;

is the connection with logarithmic poles aloliyy with residue -1. Let;; be a
local coordinate aroune. Let U; be a Cech covering af, with ¢, € U; C Vq,

andc; ¢ U;, i # 1. Assume; is the only zero or pole af; on U;. Let

(A, ) € HY(C, O — O%)

be a Cech representative of a clas#lit(C, O — O3). Then(c;;, w;) with
c1j =z;5, ¢j = 1fori # 1, w3 = —dlogzy, w; = 0fori # 1is a Cech
representative ofO (D), d1). Thus considering e CO(OC[zl‘l]*) with Z, =
zpandZ; = 1fori # 1, the cocyle of (4.7) is just the coboundary

(d = 8)({rij, Z;}, d1og i; Ad10g Z;) € (d — 8)(CH(Ka) x CO(RE(D)(D")).
(Note Z; is invertible onU;; for i # j so theK>-cochain is defined.) O
Now we define the trace. We have (with stand&rdheoretic notation, [1])
(4.12) H?(C,K,) =0

Nm : HY(C, K2) = {@,ccok (x)*}/TamgK2(K (C))) - K*
> x> TN (¢2)

and of course?(C, 22) = 24 ® H(C, 2¢,) = 2. This defines

(4.13) Tr : HX(C, Ky — 232) = HY(C, 2%)/HY(C, K,) — 2% /dlogK*.

Lemma 4.3. The trace

Tr :H?(C, Ko — 22) = HX(C, Ky — QF(D)(D)) — Q2(D)(D)/$R22)

— Q1L /dlogK*

factors through

(414)  B(C.K— 2% ® 2% (D) > 2k ® (@4x(D)/24,0))
=~ Q% /dlogK*

= 2% @k HYD, wp/x) /H(C., K2 > 2% ® 2¢,x(D))

wherewp,k is the relative dualizing sheaf of the scheMgcontainingk =
Wp/K -
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Proof. Note that
Q2% ®x 2¢,(D) = QED)D) /(2% ® Oc(D"))
so the complex in (4.14) is indeed a quotient. From the diagram
K2 — K2

l !

0 — Q2 ® 2%k = 2% @ Q2L k(D) — Q24 @ (2%,(D)/R2¢,K) — 0
one deduces that the left hand side of (4.14) is isomorphic to
H*(C, K2 — 25 ® 2¢/x) = cokelHY(C, K) — 2k ® HN(C, 2¢,4)).

The right hand side here is identified under the norm &ty d log K *, which
proves the second equality. The third one comes from the map

2% ® wpk[—2 — (K2 > 2% ® 2¢,x(D) > 2 ® wpyx}

and the vanishing oH?(K,2+ ® 22X(D)). Note that this cumbersome way
of writing this cohomology allows to write local contribution of a class in this
cohomology group. O

The first main result of this section is the following

Theorem 4.4. Let (£, V) and (£, V') be two extensions of the vertical con-
nection(L, V) on U as above satisfying the quasiisomorphism condi(g).
Then, with notation as if4.10)

((cl(QC/K) triv V) - (£, V)) = ((cl(.QC/K) triv V') - (L', V')).

Proof. The quasiisomorphism condition is local about each poinbp§o we
may assume our line bundles atévc) C L for somev < 0 andc € D.

Choose local coordinates nearc; and a Cech covering; of C such that
¢ € U,z € O*(U; — ¢j), c; ¢ Ujfori # j.Letus denote by

(€1(2¢/x), z) € HY(C, Of — OF)
the class defined by the local trivialization
dZ,'
W : Omici - Qé/K(D) & Omic,’-
Let (£, V) = (cij, ;). Thenw;, = a ‘l,ﬁ; + -2, with a; € Oc such that
i

ai|mic; € Oy, andb; € 2% ® Oc. Suppose: = ¢;. We drop the index for
convenience. One has

(4.15) ((€2(82¢ ). triv V) - (L, V) =
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b
(€1(2¢,0,9 (£, )+ (0,0, dlog(a)/\(a— )).

mel

where the last term is a cocycle as in (4.12) or the quotient complex (4.17). For
(L(ve), V(ve)) one replaces by a — vz, leavingb andm unchanged.
By Proposition 4.2, one has

(c1(28/5).2) - (L, V) = (c1(RE). D) - (L), V(ve))

Thus
((e1(82L), 1V V) - (£, ¥)) = ((c1(828 ), triv V) - (£, V')
o m—1
= (0.0, (@@ —vz"™Y) = d(@) A R G . )
Zm a Zﬂ’l—

v(m — ydlogz A L
(0,07 ( . )d log a>.
The nontrivial part in the last expression is computed in
HO(22(c)/22) = 2L
Computing using the residue atve find the above difference is
b(c)
(o 0, v(m — Dﬂ)

The verticality condition for the curvature reads

dz  db
da —Z—I———(m 1)—/\b_Oe.Ql®Q/K(D)
7"

In particular,(da — (m — 1)b),. = 0. The difference of the two products is
therefore(0, 0, d loga”), which vanishes 2} /d log K *. ]

Remark 4.5 A version of the formula (4.15) in higher rank plays a central role
in Sect. 5.

Suppose now
(4.16) m; = 1 for alli.

In this case, the clas(s1(9é/K(D), z;) € HYC, Of — O3%) as defined in the
proof of Theorem 4.4 does notin fact depend on the choice of the local coordinate
z;. Indeed, the trivialization

dz;
Op — (R2¢,x(D)/R2¢x = Op). 1~ —
is just the canonical identification given by the residue algnén other words,
the class{cl(.QC/K(D) z;) is what is denoted bgcl(QC/K(D), res) in [2], and
appears on the right hand side of the Riemann-Roch formula. The second main
result of this section is
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Theorem 4.6. Let (L, V) be as above, withi; = 1 for all i. Then

det (H,’;R(U, L)), GaulR’ - Manin connection=
cl(rzg (D), trivv) (L, V).

Proof. Given the main result of [2], and Lemma 3.19, the theorem is of course
equivalent to

(4.17) c1(822 c/x (D), resp) - (L, V) = c1(828 c/k (D), triv V) - (L, V).

Keeping the same notations as in the proof of Theorem 4.4, one has
c1(2¢/x (D). 1ep) — c1(2¢ (D), triv V) = (0, a;)

and thus

(cl(.Q /K(D) res,) —cl(.Q /K(D) triv V) - (L, V) =
(0,0, —d(a;) ndlogz; —dloga; A b;) =
(0,0, —d(a;) Adlogz;).

This lies in2; ® wp,x = 25 and by Lemma 4.3, its trace factors throu’gb@b
HYC, 2} &/K ) But the image ofy = Y, a;dlogz; € wp,x in H(C, .QC/K) is
the relative Atiyah class gt (£) ([6], appendlx B), thus the image afy =

> d(ai) Adlogz; € 2 ® wpk In g ® HY(C, 2¢ ) is d(at(L)), where
at(£) € H(C, QC) is the absolute Atiyah class 6f Indeedd : H(C, 22}) —
QrQH(C, 2 ) factors througti ' (C, 2 /K)byHodgetheory Onthe other
hand, ifc;; € C1(O}.) is a cocyle forZ, thend logc;; € C1(£2}) is a cocyle for
at(£), and consequently,(at(£)) = 0. |

We want to explain briefly a fundamental compatibility satisfied by the pairing
(4.8). Letb = >_b; be a 0-cycle orC with support disjoint fronD, and let
ViL=>L® .Ql < D > (D) be an absolute, integrable connection. We can
interpretV|,, € .Q kn/d 109K (b;)*.

Proposition 4.7. With notation as above, l¢b] € H(C, Ot — O3) be the
class of thé-cycleb. Then

[b]- (L, V) = Trea (V) € 25 /dl0gK*.
Let (Lo, Vo) be the invariant connection oy which pulls back tq £, V) via
the cycle map : (C — D) — Jp (Proposition 2.17). Then

[b]- (L, V) = Trigwy, (Lo, Vo)ligw)-
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Proof. One reduces easily to the cdsis a singlek -point. LetU, be a Zariski-
open set containin® andb. ShrinkU, if necessary so there existss H°(Oy,)
with z|p = 1and(z) = b. LetU; = C —{b} —D soC = U, UU,. Shrinking the
U; if necessary, we can assumig, = Oy,, So(L, V) is represented by some
cocycle(uiz, w1, wz). Then

V]y = waly € 2% /d log K*

On the other hand, by the Definition (4.12)] - (£, V) is represented by the
image of the cocycle

d10g(z) A waluy, € HNC, 28) — 2k ®x H'(C, 2¢5) = 2%.

Write w; = wa(b) + zn2 With n, regular onl,. Sinced log(z) A zn, extends to
U, itis homologous to zero, so

[b] - (L. V) = w2(b)[b] € 2 @ HN(C, 2¢ ) > wa(b) € 2.
Now, since one obviously has
Tr(Vip) = Tr(Vo)ligw

and the translatioi¥, is invariant, the second equality is a direct interpretation
of the first one. O

Now we can formulate and prove a variant of Theorem 3.17.
Theorem 4.8. Let(C/K,U/K, (L, V), D) be asin(4.1), (4.2), (4.3). Then

(4.18)
det(H}z (U, L)) = —(c1(2¢x (D), triv (V) - (L, V) € 24 /d log K*

modulo torsion (see remark 3.18), whé¥gx : L — L ® .Qé/,( (D) is any
extension ofL, V, k) having poles along all points @ such that

(L= LO® R (D) — (jl — jull ® 27 5))
is a quasiisomorphism.
Proof. If all m; = 1 this is just Theorem 4.6. So we assume that> 2 in the
sequel. Then as in the proof of Theorem 4.4, repladyy £(—c;) changes:

m1—1

to (a1 + z7* ") and keeps the rest unchanged. Thus the quotient complex
L/L(=c1) = L/L(=c1) ® -Qé/K(D)

is O,,-linear and the map is the multiplication by € O, . In particular,C(vcy)
fulfills (4.2) for all v € Z and takingy = —deg.L, we may assume by Theorem
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4.4 that deqC = 0. If H3,(U, L) # 0, then there is a meromorphic sectipn
of £ verifying the flatness condition

do + we = 0.

This implies in particular thab has at most logarithmic poles alo@y which
contradicts the conditiom; > 2. On the other handd3,(U, L) = 0 for
dimension reasons, thus we can apply Theorem 3.17 together with Proposition

4.7 to obtain the result, after we have replacdv) by (£, V)® f* ((E, V) |;Ol)

to trivialize the connection a and applied the projection formula to this tensor
connection. O

We finish this section with an example. LBt = A} be the affine line over
Sped, with parameter, andV be a connection on the trivial bundle. Then up
to a twist by a form of the bas&, has equatiod = df, wheref = Z, Taitt

a; € K, -1 £ 0. Write df = dyx f + f'dr with d,f = Y"?da;t' and
f= Z, 1 ia; -1 Leth;,i =1,..., (m—2) bethe zeroes of’ (defined over
K after some finite field exten3|on), and Et(b) = Y7%b! be the Newton
classes of the zeroes ¢f, which of course are expressable in thalready on
Sped . Then the main theorem says

m—2

det(GM)~* ZdaN(b)

5. A formula in higher rank

In this section, we want to define a sort of non-commutative product of a higher
rank connection with the Chern class of the dualizing sheéfwith poles. The
notations are as in the whole articlé:is a curve defined over a function field

K over an algebraically closed fietdof characteristic Ol is an open set such
thatD = X — U = ), ¢; consists ofK —rational points. Let&, V) be a rank
r-connection o/ with vertical curvature (2.58). Let; be the multiplicity of

the relative connection at the poift that is, the minimal multiplicity suciv
factors

V/K E—->EQ .Qé/K(Zmici).
Lemma 3.1 no longer holds true in the higher rank case. We say that the poles of
the global connectiobehave welif
(5.1) V:E—> EQ®RQL<D> (D)
whereD = ) . m;c; andD’ =D — D.
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Lets = {s;} be a trivialization ofwc,x (D)|p = wp/k. That is,s; € wu,c,
and the map I» s; is an isomorphisn®p = w,,,. For example, it; is a local
parameter, one can take = dT We will abuse notation and write also for

%
a lifting of the trivialization to a local section cﬂ?é < D > (D'). The local
matrix of the connection has the shape

ni
m;—1
i

(5.2) Ai = gisi +

whereg; andn; arer x r matrices with coefficients i and .Q,l( ® Oc¢
respectively. Note that the matrix of functiopsdepends only on the lifting of
s; to a section ofvc, ¢ (D). (Indeed, the relative connection has magisx.)
We assume
Imagdg;) € M(r x r, Op)
(5.3) liesinGL(r, Op)

Under this assumption, we define
(5.4) {ci(@(D)), V} =
ci(@ (D), s;) - del(V) — ) res Tdgig; *Ai)

€ 2+ /dlogK*
Conjecture 5.1 Assuming (5.1) and (5.3), we have
dett (U, (£, V)" = {c1(@(D)), V} € (2% /dlog K*) @z Q.

We discuss the assumption (5.3) (see Proposition 5.6) at the end of this section.
The assumption (5.1) on the poles behaving well is not very well understood.
It reflects a sort of stability in all possible directions for the poles of the global
connection.

First, we justify the conjecture by establishing some rather surprising invari-
ance properties fdfc1 (w (D)), V}.

Lemma 5.2. Fix an indexi and write the connection matrix locally in the form

dz
A=g— + il

zm Zm—l

whereg is an invertible matrix of functions anglis a matrix with entries from
25 ® Oc. Then

1. res T(dgg *A) = res Tidgg ™ 5i1).
2. [n, glz¥~™ has no pole at the point= 0.



GauRR-Manin determinants 55

Proof. The assumption that the curvature is vertical implies

d d
(5.5) dA = dgz—j + d(%) = A% =1, g]ZTZ_l mod 22 ® Oclz Y]
Multiplying through byz™ and contracting again% we deduce 2.
For 1, we must show res (Et‘gj—,ﬁ) = 0. From 5.5, using Tg, n] = 0 we
reduce to showing res Zt'(zmi_l = 0. Sincen has entrieg2+, one has

Ui
Zm—l

res Tﬂ(il) =res Tc i ( ).
il

And the residue of an exact form is vanishing. O

Lemma 5.3. {c1(w (D)), V} is independent of the choice of the trivializations
Si.

Proof. First we show independence of the choice of liftingsoAs remarked
aboveg is determined by the local lifting afto w (D), so{c1(w (D)), V} depends
only on that choice. I ands’ are two such local liftings, witlygs = g's’, we

have

S/
dgg t=dg'g t+d Iog(;)l =dg'g " 4+ 7"h
for someh € M,.(O¢). It follows immediately that
res Tdgg 1A) = res Tidg'g ~*A)

as desired.

Next we show independence of the choice of trivializations themselves. Let
f be a rational function ol whose divisor(f) is disjoint from the singular
locus of V. It will suffice to show thak and fs as trivializations give rise to the
same invariant, i.e.

(5.6) c1(@(D).s) det(V) — ) res Tdg;g; "A;) =
ci(@(D), fs) - de(V) — Y "res Tn(dg;g; " — dff D A;)

Recall we can calculatg (w (D), s) - det(V) by choosing a divisor in the linear
seriesw (D) compatible with the rigidification and then restricting/|; and
taking the norm to Spe ). Associated to the trivializatioyis we may take the
divisor s + (f). It follows that

ci(w(D), fs) - det(V) — c1(w (D), s) - det(V) = NormdetV/|

(To get this relation, one could have taken the formula (4.15) as well). On the
other hand, since the formula depends only on the local behavigmefarD,
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by suitably choosingf, we may assum¥ is defined byA in a neighborhood

of (f) and thatf = 1 modulo some large power of the maximal ideal at the
finite set of points where the connection is not givenAyWe can interpret
Tr(dff~tA) € 2} ® wic), SO the sum of the residues over all closed points of
C will vanish in 2+ . Thus

> resTudff A = =) resTdff~A) = Tr(Al )
i N
Since the connection matrix for the determinant connection is the trace of the
connection matrix, the contributions to (5.6) cancel. O

Now consider what happens to the expression

(5.7) {c1(0(D)), V}

under a change of coordinates given by a matrof functions. We have

d /
(5.8) A A= hAR 4 dhh ™t = g = 4
Z Z

Note thath is regular, sadhh~! does not contribute to the polar part of the
connection, i.e.

(5.9) ¢ =hgh™t+z7"a; n =hnh t+7"

with ¢ andb regular.
We compute

(5.10) dg'g' ™' =d(hgh ™ YHhg *h™* + ez" + f7" Yz =

=dhh ™ + hdgg *h ™ — hgh™Ydhg *h™* + ez + 7" Ydz
with e and f regular. Thus
(5.11) resTedg's ~tA") = res Tidg'g' " thAh™1) =

res TKh~1dhA) + res Tidgg *A) — res Tkh *dhgtAg).

Note
(6.12)  A—gtAg=z""(n—gng) =z"g Mgn—ng)
From Lemma5.2,2, this expression is regular. Plugging into (5.11), we conclude.

Lemma 5.4. {c1(w(D)), V}is independent of the choice of basis for the bundle
E.
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Remark 5.5.1. The definition ofci(w (D)), V}was inspired by the calculations
in Sect. 4 (cf. formula (4.15)) for a rank one connection. The formula

(5.13) detH . (U, (£, V) ! = {c1(0(D)), V}

when applied to the rank 1 case, gives back the main theorem of this article.
2. Whenm; = 1 for all ¢;, that is whenV has regular singularities, then the
argument from Theorem 4.6 (slighlty modified in the higher rank case) gives

(5.14) {ci(@ (D)), V} = ci(w(D), resp) - det(V)

where, as intheorem 4.6, regefers to the natural trivialization coming from
the residue.

3. Finally, twistingV by f*a, wherea € 2+ comes from the base, changes
the right hand side of the formula by

(2g — 2+n - Zmi)ra = _X(HBR(U7 (S’ V/K)))(X,

1

as it should. Here = rankE.

Proposition 5.6. LetD C C be a divisor on a smooth curve, and [ete Oc¢.p
be a local defining equation fap. Let

V:E—> E®wD)
be a connection, and write
g=Vip:E/E(-D) - (E(D)/E)Q w
Letj : E — D — E be the inclusion and consider the connection
J iV JE = jJE Q@ .
There is a natural map
t:{E > EQw}— {j«j'V:jJE — j.JEQw).
The map is a quasi-isomorphism if and only if for any> 0 the natural map

g—n-id® g : EmD)/E((n — 1)D) — (E((n + 1)D)/E(nD)) ® w

given byf e > f"g(e) —nf " te ® df is a quasi-isomorphism.
In particular, if, every point ofD has multiplicity> 2, theng is an isomor-
phism if and only if is a quasi-isomorphism.
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Proof. The usual exact sequence reduces us to showing the condition is equiva-
lentto

joJ*EJE S (juj*E/E) ® (D).

Writing as usualD = D’ + D whereD is the reduced divisor with support equal
to the support oD, we have a commutative square

g—m’d®#
E/E(-D) EE— (E(D)/E(=D)) ® w(D)

|- |

EmD)/E((n — D) —— (EmD+D)/E((n — 1D+ D))®w(D)
The map is a quasi-isomorphism if and only if for all > 0 the mapg on the
bottom line of the above square is an isomorphism, and this will hold only if the
top line is.
In particular, sincél has poles of order 1, if all multiplicities are 2, then
¢ is a quasiisomorphism if and only gfis an isomorphism. O

We close those remarks by a numerical computatiorEfes @70 onU =
AL with parameter . There is only one singular point at. Let us write

m—1 m—2

A= Z Bit' + Z C;t'dt
i=0 i=0

where theB; and theC; are matrices with coefficients 2% respectivelyk . The
assumption 5.3 means th@t,_, € GL(r, K). We consider the cases= 2, 3.
Form = 2 both sides of the formula are 0, and fer= 3 they are equal to

(5.15) Tr(Bo — B1CoCy* + B2CoCriCoCrh

Note that-CoCy listhe zero of the “polynomialCy+C1z, wherer is a “variable”
of matrices, and thus the formula could also be written as

(516) TrAlZGI’C(Co-l—Clt)

if it made sense. For highet, the right hand side should be a sort of restriction
of V to the “Newton” classes of /" Cit".
In the remaining part of this section, we show that the profticto (D)), V}
is a particular case of a more general product between higher rank connections
and a larger class of trivializations alofiy
We consider the tupleiE, L, V, D, g}, where

(5.17) V:E— E®QRL<D> (D)
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iS a connection on a rankvector bundleE. We denote by |p the Oc¢-linear
map

(5.18) VE—>E® (Qé <D> (D/)/Qg).

Further,L is arank 1 bundleg is a trivialization

(5.19) g Elp=EQL|p,
which fulfills
(5.20) O=I[g,Vipl:Elp—> EQ®LIp

By Lemma 5.2, ifL = wc(D) andg is the trivializationE|lp — E ®
(a)C(D)/a)C) arising from the principal part o¢, ¢, then the condition 5.20 is

fulfilled.

Let us introduce the cocyles of the tuglg, L, V, D, g}, as in Sect.4. If
E has cocycle:;; € GL(r, Oc), L has cocycle\;; € Of, g has cocyleu; €
GL(r, Op), andV has cocylev; € M(r x r, .Qé < D > (D)) then one has

(521) dC,'jCi;l = w; — Cjjw;C 1

ij
(522) i = Cij,bLjCl-;l)xij.
The commutativity condition 5.20 then reads
(5.23) [mi, w;] = 0.

Leti; € GL(r, O¢) be alocal lifting otu; € GL(r, Op). Then one has

Theorem 5.7. The cochain

(5.24) {00, detten). dlogai; A Tr(w)), Tr(~diusiiy* non |
is a cocyle in
(5.25) Ko — 24D)(D) — (Q3(D)D)/2})

and defines a cohomology claigs(L), g, V} in

(5.26) H2<c, K2 — 23(D)(D) — (Q)%(D)(D’)/Qi))
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Proof. First

(5.27) 8(dlog(r) A Tr(w))(ijk) =
dlog(ri;) A Tr(w;) + dlog(rjx) A Tr(wx) — d1og(rix) A Tr(wg) =
dlog(Aix) A Tr(w; — wr) —dlog(jx) A Tr(—wx + ;) =
dlog(rij) A Tr(w; — ay) = dlog(x;;) A dlog(det(cji)).

Next computing mod the ideal @ and so ignoring the tilde,

(5.28) S(Tr(—djuijii;* A w))(ij) = Tr(=dji;i;* A wj + djliji; ™ A wy) =
Tr((d)»ijki_jl -1+ ci._/.ldc;j — cil_/lduiui_lcij — ci_iluidcijcil_/.lui_lci.,-) A wj +
+ d,bLl,LLl_l 7AN CL)[) = Tr((d)\‘”)nl;l -1+ cl-;ldc,-j — Ci;ldﬂi//bi_lcij

- Ci;lﬂidcijci;ll/vi_lcij) A (C,';lwicij — Ci;ldcij) +dpipn; A wi)
By our commutation assumption 5.20
(5.29) Tr(c,.._/.ldc,»j A cl.;la),-cij) = Tr(ci;luidci.,ci_/lui_lci., A ci_ilwicij)
Also terms with no poles (i.e. terms not involviag can be ignored. We get
(5.30) S(Tr(—djuiii;* A w))(ij) = dhijh;t ATr(w) = dhiih;t A Tr(w))

which is what we want. Note the right hand equality holds because we are com-
puting mod forms regular alor@, and Ti(w;) = Tr(w;) mod regular forms by
the cocycle condition 5.21.

It remains to show that our cocyle 5.24 does not depend on the choice of the
cocycles{c, w, A, u}.

If &;; is replaced by;;3(v);;, then the new 5.24 differs from the old one by
the cochain

8({1)5, det(c,‘j)}, d IOg Vi A\ Tl’(a),))

If ¢;; is replaced byy;c;jy; *, thenw; is replaced byly,y, " + yiwiy, *, and
w; is replaced byyiuiyi_l. The commutativity relation impliedyimyi‘l —
viriy; tdyiy,t = 0. Then the new 5.24 differs from the old one by

(5.31) {{)»ij, det(5(y))jk}, drij A Trd log(y;),

res Tr()/fld)/iwidﬂiliflyfld% — Wi V,-ild}/illfl)/fld)/i - MiVildViMilwi)}
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Using the commutativity relation 5.20 as well, we see that this is this expression
is the cochain

(5.32) a({xi,-, dety;}, 0, o).

Now we consider the image under the mép C — SpeqK):
(5.33) flea(L). g. V}) € 2 /dlog K*
of {c1(L), g, V}. We want to study closedness for forms in the image of this map.

Lemmab5.8. Let {a, b, c} be a cocycle as in{5.24) representing a class in
H2(C, Kz — 22), withdb = 0. Thendf.{a, b, c} = resp(dc) € 222.

Proof. Another representative @, b, c} in
H'(C, 2% < D > (D) — 2¢ < D > (D)/2¢)/dlog(H*(C, K2))
is of the shap¢0, b + d loge, c}, thus its derivative in
HYC, 22 <D > (D) — 22 <D > (D)/22)
is of the shapg0, O, dc} sincedb = 0. Then one applies the commutativity of

the diagramm

(5.34)
HY(C, 22(D)(D') — 22(D)(D')/22) —— HL(C, 23 (D)(D)) - 23(D)(D)/28)

l l

1 2
‘QK ‘QK

O
Theorem 5.9. If V2 = 0, that is if V is flat, thenf, ({c1(L), g, V}) € 2k qeq/

dlog K*, thatis the image is flat as well. In particular, this is true {of (w (D)),
V}, as predicted by conjecture 5.1.

Proof. Since, under the integrabiltiy assumption, one has in particular
d(dlogi;; A Trw;) = 0, one can apply Lemma 5.8. One has to compute
y = —res Trd(duu tw)
(5.35) = —res Tidup %0 +res Trdup *dw
We omit the indices since we compute only with one index. Note in the calcu-

lations which followpu is regular andw has poles alon®. We writea = b to
indicate that the polar parts efandb coincide.
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The condition 5.20 implies

(5.36) duw + pdo = dop — wdu

thus

(5.37) dup o + pdop™t = do — wdup™
which implies

(5.38) dup H2w +dpdop™ = dup tdo — dup*odup™
So taking the trace, one obtains

(5.39) 2Tr((dppH?w) = Tr((@dpp™ — pdpdw)
Now, under the integrability assumption

(5.40) do = ow

(using (5.23)) one obtains

(5.41) 2Tr((dpup H%w) =0

Now we consider the other term

(5.42) y = Trdupn ()3

Choosing a local basis of the bundie we write © as a matrixM, andw as
matrix £2. Then the condition 5.20 reads

(5.43) M2 =0QM

and one has

(5.44) Yy =Tr(dMM™12?)

The condition 5.43 implies

(5.45) 2=M12°Mm

thus

(5.46) Yy =TrdM2?°M™Y) = Tr(Md M 2?)

On the other hand, differentiating the condition 5.43, one obtains
M YdMQ?+dRe =
MM — M 12dM 2 =

(5.47) MMM — QM dM 2
So taking the trace, one obtains
(5.48) Yy =Tr(M YdMR?) = —Tr(MdMR%) = —y'

Thusy’ = 0. O



GauRR-Manin determinants 63

6. Rank 1 irregular connections in arbitrary dimension
on projective manifolds

Let X be a smooth, projective variety in characteristic 0, andet> X be a
normal crossings divisor. Given; > 0, defineC (X, D, m) to be the group of
isomorphism classes of line bundlé®n X together with an integrable connec-
e V:L—>L®N; <D > (D)
whereD = ) . m; D;. Define form; > 1

Irreg(X, D, m) := C(X, D,m)/C(X, D, 0).
Theorem 6.1. With notation as above, there is a canonical isomorphism

Irreg(X, D, m) = I'(X, Ox(D)/Oy),

whereQyx (D) /Oy is the sheaf of principal parts of degreem; along D;.

Lemma 6.2. Exterior differentiation induces an isomorphism
d:Ox(D)/Ox > Q2% < D > (D)aiset/ 2% < D >eisg

Proof of lemmaWe first check injectivity. Lek = O be a local defining equation
for D. Suppose for somewith 1 < n < m we had

a 1 dx 1
d(—)=—(da—na—)e 25 <D >
x" x" X

Multiplying by x" and taking residue alonB, it would follow thata|p, = 0, i.e.
a b
¥ T 1t

To show surjectivity, write a local section ' < D > (nD)gsq (here
1 <n < m)inthe form

adx B
anrl ;

(6.1) w=

whereB does not involvelx. Replacingy by w + d(-%;), we can assume

adx + B
w=—"
xn
Then
da/\dx+dB—n‘i—x/\B
xn )

Multiplying by x" and taking residue alond, we seeB|, = 0. SinceB does
not involvedx, it follows that B = xC andw can be written

adx C
-1

O=dw=

w =
xn xn
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Comparing with (6.1), we have lowered the order of pole by 1. This process

continues untitv has log poles. ]
Proof of Theorem 6.1Using the lemma, we get a diagram with exact rows
0— Ox% — Ox% — 0 — 0

l l l

0 — Q2% <D >qsqa —> 2% < D> (D)asa — Ox(D)/Ox — 0

We view this as a diagram of complexes written vertically. Using the standard
hypercohomological interpretation of line bundles with connection, this yields
an exact sequence

0— C(X,D,0 — C(X,D,m) — H°X, Ox(D)/Oy)
2 HR(X, Ok — 2% < D >¢sd)
We claim the map above is zero. In the derived categatyactors

= 2L < D> (D)ysq 3
Ox(D)/Ox > —X L5 23 (< D >)asdll
‘QX <D >clsd

— {0y > 2%(< D >)asd}2].
We have a factorization f:
HO(Ox(D)/Ox) — HYOx) > HY 2L g — HY2L < D >as0),
so it suffices to show the mapis zero. By Hodge theory, the composition
HY(Oy) 4 HY (25 g4o0) — HN 2% — £2%)

is zero, and the mapis injective as the complep2} /2% g — 2%} is quasi-
isomorphic to the complef0 — £2%/£2% ..aci» and in particular starts in de-
gree 1. |

In his letter dated February 8, 1974 and addressed to J.-P. Serre, P. Deligne
develops a geometric method in order to computestfector of a character of

the Galois group on a curve over a finite field, ramified over a divisd». He
expresses the determinant of conomology as the cohomology on the symmetric
product of(C \ D), and identifies it with a class on the generalized Jacobian. The
proof of our formula for the determinant of Gaul3-Manin cohomology in rank 1
uses the whole strength of this geometric idea.



GauRR-Manin determinants 65

It was Serre’s idea and wish to publish Deligne’s letter as an appendix, for
the reader’s convenience. We thank him, first for giving us a copy of the letter,
and later for insisting on the publication of the letter. We thank Deligne for
accepting. We are grateful to the IHES’ staff for texing the manuscript and to
Serre for screening through the typed manuscript.

Héléne Esnault and Spencer Bloch

Bures-sur-Yvette, le 8frier 1974

Cher Serre,

Je t'avais dit il y a deux mois que je comprenais un peu mieux les constantes,
pour un faisceau de rang). Voici la lettre promise. Elle consiste de parties assez
disjointes :

abcdf: constantes
e: corps de classeegigtrique
gh: sommes de Gauss, Jacobi ev&sencharaktere

Table des matéres

. Position du prolgime
. A-modules stables
. Méthode utilige
. Le cas non rami”
. Corps de classeegirgtrique
Cas gréral
. Sommes de Gauss et de Jacobi
. Jacobi sums as “@sSencharakter”

SKQ ST Qo0 oD

a. Position du probléme

SoientA un anneau commutatif local fini, d’ordre preméep, F, un corps fini
ag €léments de caragtistiquep, Xo une courbe lisse suff, , Fo un faisceau
localement constant dé-modules libres suky, I_Fq une cbBture algbrique de
IF, et F/ X déduit deFo/ X, par extension des scalaires[ﬂpél@q.

Dans léquation fonctionnelle d& (X, Fo) appara

det(—Ft, H (X, F)) [abus de notation ; cf. ci-dessqus

Dans certains cas, on saitrire cette “constante” comme un prodefiehdu aux
points deX,. On veut de rameé€crire canoniquement lé-module de rang un
detH*(X, ) comme produit tensoriegténdu aux points d&, de A-modules
de rang un “locaux” (presque tous trivias).
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Je commets ici un abus de notations : on gliasse non pasH* (X, F) mais
aRT.(X,F),un complexe fini deA-modules libres, bieneafini a homotopie
prés. SiK* repesenter I.(X, F), on veut calculer

®(detk’) '

a isomorphismeniquepres.

b. A-modules stables

1. Soit A un anneau. Onefinit comme suit la cagorie desA-modules (projec-
tifs) stables

a) effectifs: objets :A-modules projectifs

fleches I|_m) hom(M & A", N ® A")/ commutateurs de GIV & A") .

n

On dispose d'un fonctewvident

x : (A-modules projectifs, isomorphismes— (A-modules stables effectjfs

d’'une notion dep (associative et commutative, avec 0) dans les modules stables
et x est compatible ®.

NB :dans @-modules stables), I'isomorphisme de SmEM &M — M DM
n'est en gréral pas l'identi¢’

B) quelconques le foncteurN — M @ N est pleinement fidle. On peut
ajouter formellement des inverses aux objetsAlenodules stables effectifs) ;
on obtient la ca§orie aveed (A-modules stables).

On suppose maintenadtcommutatif
y) les ofgrations® etA” passent auxd-modules stables.

On a dans4 = (A-modules stablesp, ®, A) les donm®es et compatibilés
suivantes (la liste contient ce qu’on utilisera — non tout ce qu’on Eatr)”

(a) C’est une cagorie ar tout morphisme est un isomorphisme. Elle est non
vide.
(b) ®: Ax A— Aest muni de dorges de commutativétet d'associativé.
Ona
(@) =VM, N — M & N estuneequivalenced — A
B)—-MdN—->NdPM — M N estlidentieé. Pentagone. Hexagone.
(c) ® : Ax A — Aestunfoncteur biadditif muni de doee$ de commutatiat”
et d’associativié. On a
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(B) comme ci-dessus pow.

Il existe 1 tel queM — M ® 1 soit uneequivalenced — A et que 1® 1
soitisomorphea’l.
[D’apres “biadditif”, il est donc done'A ® (B C) ~ AQ B® A® C et
(A® B) @ C ~ --- ; ces isomorphismes fonctoriels sont compatibles aux
isomorphismes de syetrie et d'associativiided —échangs I'un en 'autre par
la symétrie de® — compatibles T'associativi€ de®.]

(d) Onar" : A — A, munide

WVA®B) ~ @ A(A)®M(B),
i+j=n

compatiblea’ I'associativi€ etd la commutativit’de® (via celles deg).

2.a) Chaque objek de D2, .(A) définit x (K) dans (A-module stable).

par

b) Pourk dansDFé’arf(A) (caBgorie dfrivée filtrée), on a un isomorphisme
naturel

X(K)~ @& x(Gr' K)

c) x(K éL) ~ x(K) ® x (L), compatiblea’. ..

d) Pourk dansD7°, (resp.D''=°), on a

A X(K) ~ x(L A K)

(L A = foncteur drivé deX).
Onayx(K) ~ (=1)" x(K[n]).

e) Rappelons que A(K [1]) ~ (L I'" K) [n]. (Quillen).
[T = tenseurs syettiques].

3. Je n'utiliserai pas les modules stables, mais leur introduction rend plus na-
turelles les propgfés de la cagorie quotient suivante.

1® définition : comme en 1., sauf que, dans le cas effectif, Edié's sontefinies
par

Ii_m) hom(M @ A", N @ A")/ éléments de eferminant 1 dans GLV & A").

n

2° définition : A-modules grades inversibles.

Equivalence des éfinitions : (Pour simplifier, on suppose Sgen connexe.)
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«) Pourp etv deuxA-modules grades inversibles, posons
uwdv=pu®v (produit tensoriel grace).

On définit 'isomorphisme de commutatigtpar la egle de Koszul, I'iso-
morphisme d’associativetde faonévidente.
B) On aun foncteur

(A-modules projectifs ) — (A-modules grades)

par
M +— det M en dege’dimM .

La régle de Koszul mange le pralshe de signe :

det(M @ Ny <™ Jet(N @ M)
¢ + $

Koszul

det(M) ® det(N) «—— det(N) ® det(M) ;
il se factorise par um-foncteur :
8 : (A-module stable®) — (A-module grada’inversible @) .
On érifie de plus quep et A" passent au quotient.

4. Calcul de® et A dans (A-module gradue). (On supposet ne pasetre un
produit, pour simplifier.)

Pouru dansA-module grade, soit|u| le module inversible sous-jacent, et
dim(u) le degg al se placeu.
a) nRv = |ul®"Qv|®" endeg€nm,n = dim v, m = dim p

SMN)~5(M)RS5(N) :

(e ® fON ... Ae1® fi) ANe2® fO A ..A oA (e ® fr)
(1N ..e)®"R(fin... A f)P".
Ceciimpose les signes pour les isomorphismes d’assooitit. des ; de
méme poui. On a

)] = 1) sim = dim
(%)) =0 (pouri = 0) Cxr =D (x—k+1)
[On pose(gl) = 1 (pouri = 1) = X .

Corollaire 1 : sidim(u) = m > 0, alors|u| = |A"(w)].

eten gréral (;z)

Corollaire 2 : sidim(u) =m > 2, alorsé (=1 A (n) = 0 canoniquement.
i=0
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c. Méethode utiliste

Le probEme pog’est un affaiblissement de celui detefminer leA-module
stabley (R I'.(X, F)) (a isom. unique f@s). Cet affaiblissement nous permet
d’utiliser les corollaires 1 et 2 de b.

Si F est de caraetistique d'Euler-Poincar= N :

EP(R I.(X, F)) = —N

avecN > 1,ona

det R I.(X, F) ~ (det R I.(X, F) [1])%@ ~ det(L X(R r.(X, F)) [

~det(L I'V(R IL.(X, F)) INDY@ ~ (det L 'V (R IL.(X, F))) V"""
Par ailleurs, d'aps SGA 4 XVII 5.5,

LITY(RT.(X,F)) ~ R T.(Sym"(X), [L(F))

N
ou le faisceau™\,(F) sur Synt’ (X) se déduit du faiscead N-équivarian% F =

N
®pri F surX" par passage aux invariants. Pdude rang un, la fibre d& en
1

le point de Sy (X) correspondant au diviselr P; est® Fp..

Pour F de rang un, nous saurons utiliser I'isomorphisneeluf de ce qui
précde
)N+l

det R I.(X, F) ~ (det R I.(Sym" (X), IY(F))?

pour calculer le membre de gauchdaide de la relation entre SyhiX) et la
jacobienne.

d. Le cas non ramifié

X courbe projective et lisse swralgébriquement clos — de genge> 2 — F
localement constant de rang sur A.
Ici, Euler-Poincae’est 2— 2g ; il faut calculer

det R I.(Syn?¢2(X), L T2 2(F)).

Soit 7w la projection de Syf§~2(X) sur la composante de degps — 2 de
Pic(X)
7 SymPT(X) — JX 72,
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Si £ est un faisceau inversible universel s{ix J, on a
X x J&2

pro | Syn?<2(X) ~ P(R" pro. (2} @ L)

JZg—Z

et Rpr,,(...) estlocalement libre, sauf en la classe du diviseur canonique, 0°
sa fibre est de rang un de plus.

Le morphismer est propre, et ses fibres 1-connexes ; le faisceau localement
constant_ Fezxﬁ_z(]-' ) est donc image inverse d'un faisceau localement constant
G sur J%2~2, uniquea isomorphisme unique @s. On verra que les fibres de
Rim, RI22F = R m, n*G sont desA-modules projectifs ; par b. 2) b) on a
donc _

det R I[.(7*G) = @det(R IL(R m, 7*G)) Y’

(“suite spectrale de Leray dg").

Calcul desR! =, 7*G

On avu que Syt 2 est un fibeg projectifP(. . . ) surJ%~2. On dispose donc
den € HY(R? 7, Z4(1)), et on \Erifie fibre par fibre que

R 1, 7y = 0 sii estimpair

R? 7, Z(i) est le faiscead, sur le fern& deJ*~2 ou la dimension de la
fibre derr est> i, prolong par £ro ailleurs (basen').

Des lors,
0 sii estimpair
le faisceau localement constah{—3) sii est pair,

R = eti <2(g—2)

0 sii>2g
etR® 27, 1*G = 1,1*G(—g + 1) pourt : pt — J%72 linclusion du point
repesentatif de la classe canonique.
Le résultat suivant va nousbarrasser de®’ =, pouri # 2g — 2 :

Construction 1. Soit S une extension d’'un sema alelien (dim.a) par un
tore (dim.z), et soitF un faisceau localement constanbdré de A-modules
projectifssurS. Si2a +¢t > 2,0n a

detRI'(S,F)~1 canoniqguement

Soit S le revétement premiea p universel deS (point base I'origine des).
PuisqueH(S,F) =0( > 0),ona

H*(S,F)=H*(n, F)
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N

ou

7 = [] Tu(S) estunZ,-module libre de rang- 2
t#p
F est lafibre deF en 0.

On a pareil dans la cagjorie @rivée desA-modules.

Il'y aintéréta oublierr : on dispose det, d’'un anneauwr sur A, isomorphe
aAlt,...,H]] (n > 2),etdune augmentation: R — A (“t; — 0”).Ona
aussi unR-moduleF projectif surA, et on s'inEressex’

8, (Exti(A, F)).

Soit L un R-module libre, muni d&. -2 Ker (¢) induisant

L®A—>Ker(e) ®z A.
On en @&duit une €solution de Koszul dd, et un complexe
(/Ei L* ®r F)

qui calcule Exj (A, F). Choisissons de plus une bagg -, <, deL. Onaalors
un isomorphisme

(1) S (Extz(A, F)) = @(—1)@(/1;" L*®r F) = (2 (D' (})) 8(F) =0,

dépendant a priori déL, w, e), i.e. dew : R" —— Ker (¢). Changeons de,
et soita rendant commutatif le diagramme

Rn w
gl \R
R — o

L'isomorphisme canonique identifiant EXdansD,a) calcuk aveay ouw’ est
donre parA‘a=t.
Pour voir que (1) est irgdendant des choix faits, il suffit donc derifier que

[T dety (A a®p )Y =1,

Appliquons la formule de calcul degtérminants par blocs :

Rappel :Pour R une A-algébre commutativeF’ un R-module projectif sut,
M un R-module libre etz un endomorphisme d#f, on a

det,(endomorphisme ® 1 deM Q3 F) =

det, (endomorphisme de multiplication par ¢etde F) .
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Ici, ceci nous raranea érifier queJ | det(/l\ )Y = 1 dansR, ce qui est
vrai pour toute matrice inversiblex n (n > 2).

Revenons au calcul principal de c& Bi K est la classe canonique, et notant
(F, K) lafibre deG enK

(SIK ~X P, (F,K)~QFp),
ona

detR I' (X, F) = (detR I" (Syn?2(X), n*G) Y = ((F, K) (1 — g)P

detRI' (X, F) = (F, —K) (g — 1)
(X projectif lisse F de rang uhgenreg > 2

Remarque On a encore de tels isomorphismes pgut Oou 1l g = 1: par la
construction ci-dessus).

e. Corps de classegpmeétrique

Cerf estunedigression—quiabien retarmgtte lettre. Pour la suite, on n'abesoin
gue de ton article. J'aieganmoins voulu comprendre la lettre de Grothendieck
(9/8/60). Notes que p. 2 il charrie un peu : il dit que Efidition deJ entrahe
gue (extensions d¢ par G) — (G-torseurs suX) est pleinement figle. Seul
fidele est clair. Pleinement fidE requiert de plus

Ext'(J, G) — HY(X, G)

(d’otr en particulier ExX4(J, G) — H(J, G) : tout 2-cocycle syrafriqueJ x
J — G doit étre un cobord).

J'ai aussi incorpa’une idde de SGA 7 XVIII§ 1 pour pouvoir prendre&
complet,G = G,,.

SoientX une courbe lisse ieductible suk algébriquement closy sacompiée

projective, ef§ = X —X. Onnoten unmodulea'supportdanS:m = X n; s; ;0n
I'identifie & un sous-sarha deX, concente’ens (11 Sped Oy /(idéal may™).

Pours € S, on noteX; le spectre d@;m (compkté deX ens) et X, le spectre
du corps des fractions dg,

X, —> X, (local)
Ll

X — X (global)

On va d’abord construire les objets en termes desquateste le corps de
classe gongtrique.
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Construction 1. J(X) = MPicm()_(), ou Pig,(X) classifie les faisceaux in-

versibles suiX trivialisés le long den.
(Intuitivement : 1-cohomologi@ Support propre d& a coefficients dans
Gum-)
On dispose de
£:X — J(X)

x> classe d&(x), muni de la trivialisation % Tinfini.

PourS = ¢, ily a lieu de modifier cesefinitions. On consiere plutt J (X),
la caggorie des faisceaux inversibles srOn la consiére au choix comme :

a) un champ de Picarflppf sur (Schk) ;
b) un “smooth stack” au sens d’Artin, muni d’'une structure de groupe ;
c) unobjetde la cagorie &rivée de celle defls-groupes algbriques. Sous cette
forme, il est bien concret :
(@) Le choix d’'un point baser permet d’identifierJ(X) au complexea
differentielle nulle

G, N Pic(X) (= faisceaux trivialiss enx)

(B) Sion change, on obtient deux complexes qui regentent/ (X) (deux
fois le mMeme, d’ailleurs). Les deux reggéntations sontdis par le quasi-
isomorphisme suivant

x: Gm — Pic(X)
A
(:I:, y) ;\\: Gm X Gm “‘_Lp—> Picm+y(X) : ()\7[‘) -0 ’
/’ / / avec les triv. A\, p en z,y.
y: ’ Grm -2, Pic(X)

On dispose encore de
E:X— JX):x> O).

PourS £ @, J sera synonyme dé (un faisceau inversible rigiddin’'a pas
d’automorphisme non trivial).

Construction 2. J(X;) = K} ) )
L'objet canonique qui reli; et J (X,) est unJ (X;)-torseur¢ sur X, trivi-
alisé sur{s} et surX,. Une application

-’;: : XS — J(Xs)
définit un tel torseuk, : on prend le torseur trivial SUX,, trivialisé
(@) de fonévidente sufs}
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(b) par la sectior§ surX;
(cf. H(X,, G) = H}\(X,, G)).

Si&, et&, sontdeuxtelles applications, etque= o & pouro : X, — J(X;)
valent 1 ens, alorsé; et &, sont canoniquement isomorphes : I'isomorphisme
£ — & est la multiplication pat. Le probEme est donc deefihir une classe
d’'application¢ : X; — J(Xj), avec l'arbitraire dit.

Pour dire comment je vois la classe vouluesdg veuxétre naf, et voir X
comme un disquepoing autour de, avec une coordom® courantd’. On note
t cette coordon@e, vue commelément dek’. £ est une applicatiof — Fr,

Fr fonction sur le dit disque. On veut que

(@) la fonctionFr(x) a un gle simple enx = T ; elle n'a pas d’autreero et
péle dans le disque, sauf peeiré pourx = 0.
(b) loinde 0,Fy ~ 1

[(@) + (b) imposea Fr d’avoir en 0 un Bro simple].

Fr~1

La fonction de deux variable8(T,T') = Fr(T’) doit avoir les valeurs
0, 0o, 1 sur les diviseurs indiggs

T4 <
1 A

>

T

S . .
Exemple On peut prendré’; = - = — Zl: Tt =—¢THA -t T H?
(série formelle err a coefficients dank).

Remarque (i) La figure montre qué est bien @fini a multiplication pes par
o: X, = J(X,) valant 1€ J(X;) ens € X;.

(i) Dans I'exemple, j'ai changle signe par rappog Grothendieck.
C’est récessaire.
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Construction 3.1 : J(X,) — J(X)
f e K — O(v(f) - s), rigidification 1 enS — s, et ens rigidification

Ow,(f)-5) 2> 0.

4. Compatibilite local/global(S # 9)
Choisissong, comme dans la construction 2. Son lien aveg ¢gobal est le
suivant :

IX) ——— I

(£2)(LE) 1 X, — J(X) se prolonge ed : X, — J(X) valant 1 ers.

Ici setestent que legfihitions sontles bonnes (cf. Remargua construction
2, (ii)).

Je me permets encore de raisonnevesi@ent, en terme dé e disquespoing

X
T — T € X — O(T), rigidification 1 enS

!

Fr — O(s), rigidification {1 ens=s

O(s) i O ens

d’ou pours(T) : O((s) — (T)), rigidifie par{ 1FTenS_ qu’on peut @crire ainsi:

— O eNns
recollement d€, avec larigidification 1, hors d’'un disqu#, etde [O((s)—(T))
dansD,, rigidification Fr], isomorphe pa|&> a [O dansD,, rigidification 1 en

s], la fonction de recollement sur la couronbe — D, étant dans cette nouvelle
présentatiorfy. PuisqueFir — 1 pourT — 0,8(T) tend vers Q, rigidification
1) pourT — 0. D’ou I'assertion.

D,

Traduisons ceci en terme de torseurs
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(a) PourG un faisceau suk, et f une section d¢ sur X, on dfinit §f, un
G-torseur triviali€ surX et surS ! par :
df est le torseug, muni des trivialisationsf sur X et 1 surS [notant
H}(X, G) le groupe de ces torseurs, on a
6 ~ -
(@) H%(X,G) — H(X,0)
(B) H)(X,G) — H°(S.G|S) — ﬁsl()?, G) — H{(X.Q)
— H'(5.G | 9)]
I

0
(b) La compatibili€ local/global est un isomorphisme canonique

restrictiona X, ded& : un J(X)-torseur triviali€ surX, et ens

T
L&)

£ e HO(X, J(X))
HXX, J(X)) HO(X, J(X,)) 2 &

HY (X, 1 (X))« HE(X, (X)) 96,
Ces torseurs s rigidifiés n’ayant pas d’automorphismegnn& de com-
patibilitée est :
£ € HO(X, J(X)) eté, € HY\(X,, J(X,)) ont mEme image
dansH}, (X,, J (X)).

s

5. Corps de classe gométrique Soit G un groupe algbrique (commutatif) k.

Nous aurong consiefer

(@) H (X, G) : il s'agit de cohomologiefppf

(b) ﬁ{"s}()_(s, G) : ontravaille aussi en cohomologi@pf. On peut aussiécrire
H'(X, moduloX; et{s} , G) ; on a une suite exacte longue

o HI(X,mod---) — H(X,) — H'(X,) ® H'({s}) = - - -
PuisqueH*({s}, G) = H°({s},G) = G, ils different peu des groupes
H{"S}(XS, G) = H' (X, moduloX,, G) (égalité pouri # 1).
Ona o
H%(X,,G)=0

HX(X,, G) = groupe @&ja dfini.

1 surs signifie : leG ® x S torseur surs (réduit). . .
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Si G estlissg un G-torseur sutX, est trivial, etd est un isomorphisme
3 : G(K,)/Ker(G(Oy) = G(ky)) — HXX,,G) (G lisse.
(c) Ext:il s'agira de Ex@’la Yoneda (i.e. dans la esforie drivée de celle des
groupes algbriques/ k).

Lathéorie du corps de classegigtrique (eregale caraeffistique) est que les
lignes horizontales du diagramme commutatif suivant sont des isomorphismes,
pour tout groupe akfrique (commutatif{s surk

Ext'(J(X),G) — H'(X,G)
e T L
Ext'(J(X,), G) — H{j'(X;, G)
3
Signification
(a) global,i = 0: c'est le tliEoreme de Rosenlicht
Hom (J(X), G) —> {applicationsX — G}

(b) local,i = 0 : pourG lisse I'assertion est que les: X, — J(X,) définis
en la construction 2 induisent des isomorphismes

Hom(J(X,), G) — G(K,)/ Ker(G(Oy) — G(ky))

“Gam)",m: idéal maximal

(c) global,i < 1: cela signifie qué* est uneequivalence de cagorie
(extensions dd (X) parG) i>(G—torseurs SuX)
(d) local,i < 1: pourG lisse I'assertion est qué induit uneg€quivalence
(extensions dd (X;) parG) —
(G-torseurs sui, les fechestant modulaG (m))
Dévissages

(@) Sion a une suite exacte- 8 G' - G — G” — 0, et si le tlkoEme est
vrai pour deux des groupes, il I'est pour |€3
(b) soient leehon&s

(X,G; globa) (X —5,G; globa) (X,, G ; local
si deux de cesrion@s sont vrais, idem pour 1e%3

Je n’ai pas fait uneerification soigneusel y a deux points (en supposatit
lisse, ce qui est permis)



78 S. Bloch, H. Esnault

(a) compareX; a un henslisé
(b) noter que la seconde ligmguivauta des isomorphismes

Ext (J°(X,), G) — H!™Y(X,, G),
ou JO est dfini par
0—JO—J-57Z—0
(le Z correspond all), et utiliser la suite exacte longue de cohomologie

versus
0— J(X) — J(X —s5) — J°X,) — O

(c) UnrecouvrementtaleU — X donne une suite exacte
0—JX)— JWU)— JUxxU) — ---
la suite des Ext correspondante se compdaesuite spectrale de Leray pour
ce recouvrement.

Preuve :(global) Par éfinition, toute classe dans un Ext(X), G) (i > 0)
s'efface patG — G’, avecG’ lisse si on veut. D’autre part, podr lisse, toute
classe dans uH’(X, G) (i > 0) s’efface dans u#l (U, G) avecU — X étale
surjectif. Ces propetés d'effacement raement le teoeme au cas = 0, i.e.a
Rosenlicht. Enfin, globak local.

Pour formaliser 'argument, le mieux peetré de regarder Ext/ (X), G) et
H'(X, G) comme des foncteurs cohomologiques de deux arguments

«) un faisceauF de la formeZ[U] (U/ X étale),
B) un groupe algbriqueG/ k.

Ces foncteurs sont effables et coicident pouti = 0, donc caricident — (il
faut les deux argumentsla fois pour effacer).

6. Remarques
(1) PourS = @, il est essentiel de travailler avdcet nonJ. Dans la cagorie
dérivée, on a une suite exacte (je veux dire : un triangle)

0— Gupl1] —J —J—0,
N—
dege-1
d’'ou
0 — Ext'(J, G) — Ext'(J, G) — Hom(G,,, G) —> Ext*(J,G)...
qui pourG = G,, correspona la suite

0 — Pid — Pic— Z — 0.
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C’est de n&me requis pour avoir
0— J(X) — J(X—{s) — J%X,) —0.
N —

y compris le
quotient,,

(2) Dans certains cas, les Exont horribles, mais sont les groupes de coho-
mologie d’un joli complexe.

ExempleSi P est extension d’'une vaté al€lienne par un tore,
0O—T7T—P—>A—0

les Ext(P, G,,) (i =0, 1) sont les noyaux et conoyaux de
Hom(T, G,) — A*.

7. Constructions inverses

i=0

global : pour f : X — G donrg, f : J(X) — G se calcule par
FOEx) =2 fx);

gue cela marche est I'existence d’'un module.

local : l'intuition, pour moi, est la suivante (mais je n’ai rieefitii ou dmontg).
On part de
f:Xs—>G.

On doit construird f, g] : K} — G.

Regardonst; comme un disque. On calcule ainsi
(@) trouverg’, avecg’ trés congrag, et tel que

g ~ 1dans une couronne autourde

-

(B) faire tendre le bord imfieur de la couronne vess On aura

f(=div(g") +v,(g)(s) — (f, g].
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Exemple si f se prolonga X, il n’est pas ecessaire qug’ soit trés congria’

g ;prenong’ = 1, on aura simplementf, g] = f(v,(g)(s)) = f(s)*®. Pour
un autre choix, noter qug a autant de 0 que d@[&s dans le disque ; noter aussi
gue, avec la notation de la construction 2, cela donne

t
<f, — T] ~ f(T) comme voulu

i = 1:Laméme image s'applique — un peu moins bien —

global:aT, G-torseur suX, on doit associer une loi qua,z, faisceau inversible
sur X trés rigidifié a I'co, associe urG-torseur(T, £] surk (la fibre enZ de
I'extension, corresponda@t?, de J par G). On veut(T, O(X x;)] = X T,.
PourS # @, s'il n'y a pas d’application non constante de I'espace affine dans
G, c’est encore une question d’existence d’un module : gbassez ample et
assez rigidi#, d’espace de sections valama Linfini L, on veut que le torseur
suivant sur I'espace affink soit trivial :

fibre en¢ € L : G-torseur Z T,
L(x)=0

local : pourG lisse,aT, G-torseur sutX, on veut associer une loi

g € K; — unG-torseur(T, g]

L2

8. Le cas modré
Soit X, local complet comme ci-dessus. Le “cas rad est celui @ on peut
remplacerI(X ) par son quotienf (X;)/(1+m)*. Ce quotient est le erhe pour

, et pour le comp@té a I'origine de I'espace tangent de Zariski Beens ; de
plus, les reetements moglés dans ce cas s’identifient aux eesmhents moelés
de la droite affineepoinge.

Des arguments analogues valent eggiale caraetfistique “Pourk un corps
locala corps esiduel algbriquement clos, et podr I'espace tangent de Zariski
m/m?, il “revient au néEme” de se donner une extension raddient ramie
de K ou un retement modfé deT — {0}."

Déslors, il revient au mme de se donner un faiscesale localement constant
modérément ramife surX, ou sur7T — {0}.

Notation h désigne le passagecettte approximation lggire K¢ = T, X7 =
— {0}, ¢ = le faisceau .. surX?).

Remarque il revient au néme de se donner une extension/d&,)/(1 + m)*
par G, ou de se donner su¥? un torseurT” muni de la structure additionnelle
suivante :

Xoo0X
Ty — Topo — Tegy + Toop ~ 1 pour 22 =1

X01X10
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(tel que..)

[pour avoir des conventions cef€ntes, il faut normaliser le “il revient auemie”
par : extensionE > torseur (enx € X, sin est l'uniformisante telle que
(dm, x) = 1,lafibre dutorseur estl'image inverse ddhde— 7 € K*/(1+m)*]

car— 1
t—T T

f. Cas ggnéral

X courbe projective, lisse, eductible suk algébriquement clos — genge—
Uouvertnonvided& ; j: U — X ;S=X-U
F faisceau localement constant demodules de rangnsurU.
On veut calculer
detRI.(U,F).

Pours € S, soita, = 14 conducteur de Swan d€ ens. On a
X=2—2¢g—Xa.

Supposongue 2-2g— X a, < 0, etS # ¢ (on s’y ramenerait en agrandissant
S). Il s’agit alors de calculer

detR IL(Synfe2+Za ), L 137 (F)).
Soitm le conducteur)_ a, - s, et J, la jacobienne gréralige classifiant les

seS
faisceaux inversibles: -trivialisés surX. D'aprés la thgorie du corps de classe
géonetrique, le faisceall Fez)ﬁ_“ ¥4 (F) estimageetiproque par 'application
canoniquer : SymX#2tZa(y) — JZ872TE%) gyn faisceau localement

constan. Nous allons utiliser la suite spectrale de Lerayrdsous la forme
detR I,(SymP¢2+%a(U), L [2872T %% (F))
= ®detR I(J#2T¥a) Rig z*g) D",
i

Calcul desRi my 7* G

SoientN =2g — 2+ X a;, w0 € J™ laclasse d&2(X a, s) ety : JV) —
J™_ Lafibre der ent € JV), repEsente par un faisceau inversible de degr’
N sur X, nott £, muni d’'une trivialisatior surm, est 'ensemble des sections
du £(—m)-torseur suivant : le faisceau des sections locales @¢engruesa’l
modm (relativementa).

Pourg(f) # w, on aHY(L(—m)) = 0, et dimH°(L(—m)) = g — 1. Sur
I'ouvert compEmentaire de (), = est donc une fibration de fibre un espace
affine de dimensiog — 1, et

Gl-g)sii=2(g—-1

Rmn*G= {0 sinon (horsgp(w))
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Pourg(¥) = w, deux cas sord distinguer. Cette fois, on peut prendie=
RY(m), et a s'identifie @ un systime (w,); s de parties polaires de formes
differentielles (avee, d’'ordrea,)

(@) SiX¥ Res(w;) #0,770) =0
(b) SiX Res(w,) =0,7~1(¢) est un espace affine de dimensjon

Sur le lieu (b)r est un brave espace féarDeés lors

Osii #2(g—1),2¢

' G(1— g) surl'ouvertp(£) # w, prolongs par £ro ailleurs,
R mn*G = sii=2(g—1)

G(—g)surlefern€e(f) = w, ¥ Res=0,
prolongs par £ro ailleurs si = 2g.

Lemme 1.SoientG un groupe algbrique commutatifE une extension d&

par A (Afini)ety : A — A*. Soitr : A — A/ idéal maximal la gduction. On
supposeuer x (E) est une extension non triviale depar (A/m)*. Soitg, le

faisceau deA-modules de rang un asse@ A. On a

H*(G,G,) =0 (idem pourH,).

Preuve.l) On peut supposef connexe (remplacet par A N E°)

2) E agitsur(G, G, ), doncsuH*(G, G,). Etant connexe, il agittrivialement.
En patrticulier, I'action ded par multiplication pary (a) est triviale. On conclut
en notant que (a) — 1 est parfois inversible.

Revenons au calcul virtuel d&*(R m 7* G). Le corps de classe dit qug
ne provient pas d’'une extension dg par A*, pourm’ < m de méme support
quem (i.e. S). Siun desz; > 2, on conclut du lemme (applig@ des groupes
additifs) que, notanir la projection

. (N (V)
v I JZS,
ses
onaR ¥, (R®?m n* G) = 0. Silesa, sont tous un, on applique la construction
1 pour trouver que d&t*(JV), G(1—g))) ~ 1 (ona 2 +|S| > 2 dans ce cas
(m > 2) par I'hypottesey < 0).
Au total, notant la suite exacte

0— (G(A— g) sure(f) # w, prolong parQ — G(1 — g)
- (GLl—-g)surp(?) =w) — 0,
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ceci fournit
det(R I(Syn?2+ >4 U)), L [2872T %% (F)) ~ detR IL(U, F)L

det(R I'.(le fermé p(¢) = w, X Res= 0deJ™ G(—g)))
det(R I'.(le fermép(¢) = w deJV, G(1-yg)))
(ot le dBnominateur est canoniquement 1 si unaes 2 — ou si|S| > 2).
Le nungrateur correspond une somme de Jacobi — qu'on peut si on veut
exprimer comme un produit de sommes de Gauss, qui seront les facteurs locaux.
C’est ce que je veux maintenant expliquer.

N+1
) ~

g. Sommes de Gauss et de Jacobi

(A) Recapitulation des€pisodes argtieurs

SoientX, U, F, S, (as)secs,m = X ags, N = 2g + XY a;, — 2 comme en f.
Soit
a) pours € S':

J| = espace des parties polairessette formes dif€rentielles
de valuation—a, (exactement)

= H%(2(as(5))/2)\H(2(as(s) — (5))/£2)
b)
Js=11 J;
seS
c) surJg, on dispose d’'unA-module de rang uy défini ainsi : soito =
(5)ses € J§. Siw est une forme dififentielle neromorphe, ayant ene §
la partie polairep;, alors, la fibreG; deG enw est

Go = ® (F)®"@  _indépendamment du choix de.
t¢s

d) Le groupeG,, agit diagonalement suf; ((wy) — (1 @y)). Cette action se
prolongead, d’ou un faisceau (encore r&f) surJg = J;/G,,, dontgG soit
image Eciproque.

e) On dfinit Res: J¢ — G, @ (w5) — Y Res(w,). Soit X’ C Jg défini par

seS
I"equation Res= 0 ; X’ est stable sou§&,, et c&finit donc par passage au

quotientX” C Jg.
f) Ona
detR I.(U, F)“V"" ~ det(R (X", G(—g)))
®@det(R IL.(J., G(1 — g))®*

(pourN > 0).
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(B) Faisceau de Jacobi

Soity un caracéte non trivialZ/p — A* [on ajoutea A ¥/1 si requis]. Soit
Ay le faisceau de rang un suf défini par

Y et le revdtement (de group@/ p)
ZP — Z = Res(w)

Soitt : Jg — J§.
CalculonsR 7(Ay). J; est unG,,-torseur suvy. SoitJ; — J{ le fibré en
G, assod (via I'action deG,, surG,)

J < J' = J'U section 0—= J".
J

On prolonge Res pour qu'il vaille 0 en la section O, ce qui prolongeen/l,,,. La
suite exacte 8- 9, 4, — A, — (A sur la section P— 0 fournit un triangle

0— RuA, - RH Ay — A— 0.

On érifie queR’ 7 Ay = 05sii # 2, etquer? 7, Ay, estA(—1) surx”, prolong
par Zro ailleurs.
Les faisceaux de cohomologie &er, A, sont donc

i#£1,2:0
i=1 A
i=2 :A(=1)surX”, prolongg par £ro

NotonsJ le complexe de faisceaukt .A,,. Aisomorphisme canoniquegs,
ilne dépend pas du choixde:siy’ = ¥ (A x), (A € Z/p*), lamultiplication par
A définit un isomorphismé&Jg, A,) < (J¢, Ay), dou Rt Ay < R Ay.
En étant plus soigneux, on doit pouvoir eadliire une dfinition de.7 méme si
A ne contient pag/1. Il me semble clair qugZ est aussi loin que possibleati®
somme de ses faisceaux de cohomologie [I'invariant de sa classe d’'isomorphie
est dans EX(A(—1) surx, A) = Al.

La conclusion (A) f) se reformule en

(detR (U, F)) V" ~ det(RL.(J!, G(1—g) ® J)).

Le point de cette reformulation est qel.(J¢,G(1 — g) ® J) n‘a qu’un
groupe de cohomologie non nul — en dedr’a, — et que ce dernier est de
dimension un. Puisque2-2 est pair, on trouve donc un isomorphisme canonique

Theoreme 1.
(detR I.(U, F)® Y ~ HF“(J{,G(1— ) ® J)

(expression de la constante comme une somme de Jacobi).
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Pour prouver le thbEme, on va &crire une somme de Jacobi comme un
produit de sommes de Gauss”, en partant de I'isomorphisme

RIS, GLl-8)®@JT) = RI(J, G(1—g) ® Ay).

OnalJg = [] J, et A, estle produit tensoriel externe de faisceadsy, /J;
sES

analogues. Pour appliquemlrieth, il restea décomposef (1 — g) de mnéme.
Ceci va noufre done’par la relation entre corps de classes global et local. On
a

(&) F correspondh’un torseur sut/ de groupeA*, eta une extensioi de J,,
parA*.OnaJy < J, (o + le faisceau2 (X q, - 5) rigidifie par lesy,) et
G surJ¢ se dduit duA*-torseur sut/¢ induit parE.

(b) OnaJ[Kf — J,, et I'extension d§ [ K par A* induite parE se &duit
d’extensions de<X’* par A*, qui sont de nature locale (8

(c) Soitg; le faisceau sufO, /m*)* défini par cette extension locale.®ie J¢,
le choix dew identifie J§ au produit desO;/m®)* /G,,, et a[ (O, /m®)*.
G devient le produit tensoriel de
«) le produit tensoriel externe dé€s

B) le faisceau constant de valew (F,)®"(“, pourw une forme dif&ren-
, , CIES
tielle méromorphe de parties polairés ens € S.

On adonc

RIL(J,G1-8)®J)~ (@SR L ((Os/m*)", Gs(1 - 8) ® Aw))

® ® f@vr(w)
t¢S !

(décomposition en produit des sommes de Jacobi).

Il reste a prouver que les facteurs sont con@ném une dimension. On va
le faire par un argument paral€a celui qui montre que les constantes locales
de caradtes sauvages sorglémentaires”.

Theoréeme. SoientK, un corps locala corps €Esiduel algbriquement clo,,
a > 1, les groupes algbriques surk, ((O,/m*)*,-) et (O,/m*, +), et des
extensions

0> A" > E — (O,/m*)*" - 0

0> A*—> F— (O,/m*) =0
définissant des faisceaux de rang@et.A. On suppose que

(¢) Sia > 1, E ne se @duit pas d'une extension d@,/m*~1)* par A*
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(8) F ne se @duit pas d’'une extension d&,/m*~* par A*.
Alors,
=0six #a

B0 /m), G ® A) {est libre de rang un st = a

(c’estplus @néral que requis en ce qu’on ne supposeguEde caraetristique)
1) a = 1 la base est de dimension i = H? = 0 de faon évidente, et
x=2-1-2=-1
a>1let:
2) a = 2b on emploie la suite spectrale de Leray pour

(O, /m*)* — (O,/m")*;

pour toutes les fibres, sauf une, le faisceau est non constant et la conomologie
nulle [on invoque ldemmede f.].
3) a = 2b + 1 on emploie la suite spectrale de Leray pour

(Ov/ma)* — (Ov/mb+l)* :

on a une seule image non nulle?“—*=Y) concentee en une classe tatile
modm?. La encore, on est rameaune situation de dimension 1. Je n’ai pas
verifié les dtails. Il doitétre facile d’obtenitH® = H> =0, x =2 -3 =
—-1.

h. Jacobi sums as “Giossencharaktere”

On se place sur 'annedi[1/m, ¢], pour¢ une racinen '€M€de l'unité. Sur
le spectre de cet anneau, on dispose d’une extension

(1) 00— Z/m —> Gp > G, —> 0.

Soit E un corps de nombres. Poutune place d&, ety : Z/m — E*, on
dispose via (1) d'urE; -faisceauf, surG,,.

Soient/ un ensemble fini, eE la partie deG! /G,, image de la partie d&/,
d'equation) _x; = 0. Soient(x;); c ; une famille de caraetesy; : Z/m — E*,

1

telle que

HXH=L
Cette condition assure qaepr; F,, estimageeciproque d'un faiscea#, sur
G! /G,

Notation :
I =r+1
Ra (X, ) : foncteurs image direct support propre&d — Z[1/m, ¢]
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£ : caracgristique gsiduelle de..

Supposons qu'un deg soit non trivial.Alors, R a\(G! /G,,, F,) est0 et la
note avant le tedbeme 1 dans g. montre que B

Proposition 1. Sur Z[1/m, ¢, 1/¢], R a\/(X, Fy) = Opouri # r—1 et
R la(X®, F,) estunE,-faisceau de rang un.
Laformule des traces montre que le Frobeniug agit par multiplication par
la somme de Jacobi que consid Weil dans I'article céTil suffit de calculer sa
trace ; le(—1)"** = (—1)"~* de Weil correspond au fait qu’on est en dimension
(—1)"~1; noter que Weil identifie au sous-espace @, d’equation® x; = —1
viaG!, —> GG, t (x1...x,) — (L, x1, ..., X))
La proposition donne que les dites sommes de Jacobi sont les valeurs propres
de Frobenius dans un sgste compatible de repséentations.-adiques — et

comment les construire —. Ceci est beaucoup plus faible que ce qu’obtient Weil.
Je ne vois pas comment faire plus par vaegétrique.

Bien a toi,

P. Deligne
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