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Abstract

The article motivates, presents and describes large campalculations concerning the asymp-
totic behaviour of arithmetic properties of coefficientdielof modular forms. The observations sug-
gest certain patterns, which deserve further study.
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1 Introduction

A recent breakthrough in Arithmetic Geometry is the proof of the Sato-Tatgctre by Barnet-Lamb,
Clozel, Geraghty, Harris, Shepherd-Barron and Taylor ((BLGHTHT], [HSHT], [T]). It states that
the normalised Hecke eigenvalugs.%% on a holomorphic newfornf of weightk > 2 (and trivial
Dirichlet charactgr) are equidistributed with respect to a certain measure (the so-called &atoa€a-
sure), whem runs through the set of prime numbers. Let us use the rmrgontal Sato-Tate for this
situatio@.

The reversed situation, to be referred tovagtical horizontal Sato-Tate, was successfully treated by
Serre in [S97]. He fixes a prinpeand allows any sequence of positive integdg, ki) with evenk, and
p ONp such thatN, + ki, tends to infinity and proves th%ﬁ‘ﬂ% is equidistributed with respect to a
certain measure depending pifwhich is related to the Sato-Tate measure), whenns through all the
newforms in any of the spaces of cusp forms of ldugIN,) and weight,,. A corollary is that for fixed
positive even weighk, the set

{[Qf : Q] | f newform of levell'o(N,) and weight} (1.2)

is unbounded for any sequendg tending to infinity. HereQs denotes the number field obtained fr@n
by adjoining all Hecke eigenvalues én

In this article we perform a first computational study towards a (weak)maetic analogue of vertical
Sato-Tate, where the namaethmeticrefers to taking a finite place @, as opposed to the infinite place
used in usual Sato-Tate (the assertion of usual Sato-Tate concerHgdke eigenvalues as real num-
bers). An arithmetic analog of horizontal Sato-Tate is Chebotarev'stgeheorem. Consider, for ex-
ample, a normalised cuspidal Hecke eigenfdrmith attached Galois representatipp: Gal(Q/Q) —
GL2(Z»® Fix somex € Zrand letn € N. Let G be the image of the composite representation
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2This name was suggested by G. Chénevert.
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Gal(Q/Q) P, GL2(Zpy [CGIlp(2/ "Z) and letd(x) be the number of elements @& with trace equal
tox modulo ". Then the density of the s¢p | |a, — x| < ~"} is equal to% by Chebotarev’s density
theorem; hence, the situation is completely clear. Whereas at the infinite pldzerttal Sato-Tate seems
to be more difficult than vertical Sato-Tate, the situation appears to besegl/éor arithmetic analogs.
We are not going to propose such an analogue. But, we are going torstatBd questions by means of
computer calculations. For instance, as a motivation let us consider the set

{[F¢ : Fdh| F € Sk(Nn; Fpynormalised Hecke eigenforim (1.2)

in analogy to Equation 1.1. Her&x(Nn; Fp) denotes thé--vector space of cuspidal modular forms

overF(see Section |2 for definitions) afid¢ is defined by adjoining t& —all Hecke eigenvalues oh.

It is easy to construct sequencddn, ki) for which the set in question is infinite (see e.g. [DiWi] and

[W]), but it does not seem simple to obtain all natural numbers as degviees importantly, it seems to

be unknown whether this set is infinite wh@d,,) is the sequence of prime numbeks= 2 and > 2.
Concerning properties of modular forms in positive characteristic, thevthex, much more subtle

information than just the degree Bfs to be studied, e.g. congruences between modular forms. In order

to take the full information into account, in this article we examine the propertibe&f-Hecke algebras

Tk(Nn) on Sk (Np; Fphasymptotically for fixed weighk (mostly2) and running leveN, (mostly the set

of prime numbers) by means of experimentation. More precisely, we investigae quantities:

(@) The deviation ofT(Np) from being semisimple. In Section 3, we include a proposition relating
nonsemisimplicity to congruences, ramification and certain indices. Ourimqrgs suggest that for
odd primes , the Hecke algebra@k (Np) tends to be close to semisimple, whereas the situation seems
to be completely different fop = 2 (see Section 4.1).

(b) The average residue degre€l@f{ Ny,). That is the arithmetic mean of all tie for fin Si(Nn; Fp
Our computations (see Section 4.2) strongly suggest that this quantity isnoxh More precisely,
we seem to observe a certain asymptotic behaviour, which we formulateuaston.

(c) The maximum residue degree Bf(Np). That is the maximum of alF ¢ for fin Sk (Np; Fci Our
experiments suggest that this quantity is ’asymptotically’ proportional to therdiime ofS (Nn; F o

In Section 4 we describe our computations and derive certain questmnofir observations. How-
ever, we do not attempt to propose any heuristic explanations in this artitls. will have to be the
subject of subsequent studies, building on refined and extended tatiops.

We see|(b) and (c) as strong evidence for the infinity of the set in EquiaZpavhenN,, runs through
the primes. Generally speaking, there appears to be some regularity inghgisthquite erratic behaviour
of the examined quantities, lending some support to the hope of finding altdromuof an arithmetic
analogue of vertical Sato-Tate.
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2 Background and notation

We start by introducing the necessary notation and explaining the bagidyrbor facts on modular forms,
we refer to [DI]. Let us fix an interget and a congruence subgrolipC SLz(Z). Denote bySy(T") the
complex vector space of holomorphic cusp forms of welgfur I'. DefineT := Ty(I") to be theZ-Hecke
algebra of weighk for T, i.e. the subring oEind¢ (Sk(I")) spanned by all Hecke operatdrg for n € N.

If I' = T'o(N) we simply writeTi (N ). We use similar notation in other contexts, too. It is an important
theorem thaT is free of finite rank as @-module, hence has Krull dimension one as a ring, and that the
map

Homy(T,C) — Sk(T), ¢ — Z(p (Tn)q (2.3)

with q = q(z) = e?™ defines an isomorphism &-vector spaces, which is compatible with the natural
Hecke action. For any ring\, defineSy(T"; A) := Homy(T, A) equipped with the natural Hecke action
(i.e. T-action), so that we hav@y (I") = Si(I'; C). We think of elements 8y (I'; A) in terms of formal
g-expansions, i.e. as formal power seriediq]], by an analog of Eq. 2.3. Note that normalised Hecke
eigenforms, i.e. thos€ = Y -2, anq" € Sk(I';A) that satisfya; = 1 andT,f = anf, precisely
correspond to ring homomorphisngs: T — A with ¢(T) = an. WhenA is an integral domain, a
normalised eigenfunction gives rise to a prime ideaf T, namely the kernel op. We may think of
T/p as the smallest subring &f generated by thay, for n € N: the coefficient ring off in A. Note that
Aut(A) acts onSi(I'; A) by composingp : T — A with 0 € Aut(A). Obviously, this action does not
change the ideal corresponding to an eigenform.

We fix a prime numbep. We put'T'A:: Te(@) == T(T) @z Zp, 'T'n =Tk ®zQp=T ®z, Qp
andT := Ty(T") := T(I') ®z Fp = T ®z, Fp. Note the isomorphismSy (I'; Zp) = Homg, (T, Zp)
Sk(I'; Qp) = Homg, (T, Q) andSk(I'; Fp) 2 Homy, (T, Fp) = Homs, (T, Fp).

The Gal(Q,/Qp)-conjugacy classes of normalised eigenform§l’; Q,) (by which we mean the
classes for thé}al(Qp/Qp) -action described above) are in bijection with the prime (and automatically
maximal) ideals oﬂ'n and also in bijection with the minimal prime ideals Bf whose set is denoted by
MmSpec(T). The second bijection is explicitly given by taking preimages for the |njedf|(}n Tn. Note
thatT has Krull dimension one, meaning that any prime ideal is either minimal (i.e. mb&ioing any
smaller prime ideal) or maximal. Moreover, thel(Fp/Fp)-conjugacy classes of normalised eigenforms
in S (I'; Fp) are in bijection withSpec(T) = MaxSpec(T). FurthermoreSpec( ) is in natural bijection
with MaXSpec( ) under taking preimages for the natural prOJect'IbrijIIBy a result in commutative
algebra, we have direct product decompositions

T= H T, T= H Tm and Ty = H Top:

m xSpec(T) m EthSpec(T) p I:Sﬁec(Tn)

where the factors are the localisations at the prime ideals indicated by theiptgs

Definition 2.1 We say that tw@1, po € MinSpec('T’) are congruentif they lie in the same maximal ideal
m € MaxSpec(T). For p € MinSpec(T), we call T/p thelocal coefficient ringand Ly, = Frac(T/p)
thelocal coefficient field We say thap € MinSpec('T’) is ramifiedif L, is a ramified extension @,. We
denote byi, the index ofT /p in the ring of integers ok . The residue field/m = T/m will be denoted
by F., and will be called theesidual coefficient field

We now establish the connection with the usual understanding of the termsdafthi¢gion.
LetZ c Q C C be the algebraic integers and the algebraic numbers, respectivelly.isAsf finite
Z-rank, the set of normalised eigenformsSRp(I") is the same as the set of normalised eigenforms in



Sk(T'; Z). Fix homorphisms

Z@ - givingriseto S (I';Z
Ty
H

From this perspective, a holomorphic normalised Hecke eigenform" 2, anq" € Si(T') gives rise
to an eigenform ir6x (I'; Fp), called thereduction off modulop, whose formab-expansion ist(f) :=
5% T(an)q" € Fp[[a]]. The reduction corresponds to € MaxSpec(T) and tom € Spec(T) (we
use the same symbol due to the natural bijection between the two sets). WhE flso gives rise to
an eigenform irSy (I'; Q,), Which corresponds tps € MinSpec('T’) and topf € Spec('T’r,) (the same
symbol is used again due to the natural bijection explained above).

Letg = > .=, bng" be another holomorphic normalised Hecke eigenformn(f) = m(g), then
clearlypr C mandpy C m, i.e.pg andpg are congruent. Conversely, Igf, pg € MinSpec('T’) such
thatps C m andpg C m for somem € MaxSpec('T’), so thatps andpg are congruent. The ideaps
andpg correspond tdzal(Q,/Qp)-conjugacy classes i (I'; Q,) and we can choosk g € Si(I'; Zp)
corresponding tp¢ andpg with t(f) = m(g). We illustrate the situation by the diagram

Note thatf, g can already be found i8¢ (I"; Z) C Sk(T"). This justifies our usage of the telwongruence

Moreover, the local coefficient ring/p can be identified WithZp ¢ := Zp[i(an)|n € NJ and its
fraction fieldL, with Qp ¢ := Qp(1(an)|n € N), whenceiy is the index ofZ, ¢ in its normalisation.
Furthermore, the residual coefficient field, ifg, = T/m, can be interpreted d&[n(an)|n € N]. The
relation to the arithmetic of the coefficient fie@¢ := Q(an|n € N) and the coefficient ring¢ :=
Zlan|n € N] is apparent.

In order to conclude this background section, we point out that in thelcas 2, the coefficient
ring Z¢ is the endomorphism ring of the abelian vari&ty attached tof. From that point of view, the
following analysis can also be interpreted as a study of the arithmetic of treremghism algebras of
GLy-abelian varieties.

3 Semisimplicity of Hecke algebras

We recall that a finite dimensional commutatiealgebra, wherd& is a field, issemisimpléf and only
if it is isomorphic to a direct product of fields (which are necessarily findkl fextensions oK).

In this section we first study the semisimplicity of the Hecke aIge‘Ab{a In the case when it is
semisimple, we relate the non-semisimplicity of the rpddiecke algebrd to three phonomena: congru-
ences betwee@al(ép/Qp)-conjugacy classes of newforms, ramificatiomp atf the coefficient fields of
newforms and the-index of the local coefficient ring in the ring of integers of the local Goieit field.

Letf = > 12, an(f)q" € Sk(I'1(M))"™" be a normalised Hecke eigenform andtebe any positive
integer. We define th€-vector spac&s(m) to be the span off(q9) | d | m}, whered runs through all
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positive divisors oim (including1 andm). Newform theory states that

Sk(T1(N)) = B &P Ve(m).

m|N T LS (N/m))new

This is an isomorphism of Hecke modules. The Hecke operatpfer (n,m) = 1 restricted toV¢(m)
are scalar matrices with, (f) as diagonal entries. We now describe the Hecke opefatpm V¢ (m) for a
prime . Suppose that” || m. Let be the Dirichlet character df. Consider thér + 1) x (r + 1)-matrix

ar(ff) 1 00 ...0
S ()t 0 1 .0
0 0 01 ...0
A:=Af(m, ):= . s
0 .00 0 1
0 ... 00 0

whered = 0if | N andd = 1 otherwise. The Hecke operatdris then given orV¢(m) (for a certain
natural basis) by a diagonal block matrix having only blocks equa ton the diagonal, where each
block on the diagonal corresponds to a divisolNof '. Let T be the Hecke algebra & (I'1(N)) (as in
Section 2). The algebiBy := T®zQ is semisimple if and only iT¢ := T®zC is semisimple (if and only
if ?n is semisimple). By the above discussidn; is semisimple if and only if all the matricesg(m, )
that appear are diagonalisable.

Proposition 3.1 Assume the notation aboWe] = N/m andk > 2. Moreover, iftk > 3 assume Tate’s
conjecture (see [CE], Section 1).

(a) Assume [M. ThenA¢(m, ) is diagonalisable if and only if < 2.

(b) Assume that | M and that either || M or that cannot be defined mdel/ . ThenAg(m, ) is
diagonalisable if and only if < 1.

(c) Assume that? | M and that can be defined modulsl/ . ThenA¢(m, ) is diagonalisable if and
onlyifr =0.

Proof. (a) Assumer > 1 (otherwise the result is trivial) and cdl the top left2 x 2-block of A =
A¢(m, ). The characteristic polynomial @& is g(X) = X? — aff)X + () k1. We haveg(0) # 0
andg(X) has discriminana{f)?> — 4 ( ) 1, which is non-zero, sincef)| = 2| |*~1’2 would
contradict [CE], Theorem 4.1. Consequenfyjs diagonalisable if and only if apart froR there is at
most one more row and column.

In cases (b) and (c), note thatis in Jordan form. The result is now immediate, siaggf ) is non-zero
for (b) and zero for (c) (see [DS], 1.8). 1

We have the immediate corollary (which is Theorem 4.2 in [CE]).

Corollary 3.2 LetN be cubefree an# > 2. If k > 3 assume Tate’s conjecture (see [CE], Section 1).
Then the Hecke algebrab(I'1(N)) ® Q and Tx(I't(N)), as well asT(N) ® Q and Tx(N), are
semisimple.

The principal result of this section is the following proposition on the strectdithe residual Hecke
algebra. We assume the notation laid out in Section 2, in particular, we workavgiémeral congruence
subgroup.



Proposition 3.3 Assume thaﬁ'q is semisimple (see, e.g., Corollary 3.2), I‘TQ. = HpMnspeC@) L.
Then the residual Hecke algebfais semisimple if and only if all of the following three conditions are
satisfied:

(i) Notwopy,ps € MinSpec('T’) are congruent.

~

(i) None of thep € MinSpec(T) is ramified.
(iii) Forall p € MinSpec(T), the indexi, = 1.

Proof. We first prove that (i), (i) and (iii) imply the semisimplicity &f.

The fact that there is no congruence means that in emery MaxSpec('T’) there is a unique <
MinSpec(Tm). AS T @z, Qp 2 Ly, it follows that T,y is a subring ofL,. Due to (i), Tu is the ring
of integers oflL,,. Since by (ii)L, is unramified, we get thak,, is the residue field of the integers kf.
This shows thaT is a product of finite fields, i.e. semisimple.

Now we prove the converse direction and assumeThiatsemisimple. Letn € MaxSpec('T’). Let
pP1,P2,...,Pm € MinSpec('T‘) be the distinct minimal primes containednn ThenTm ®z, Qp = Ly, X
-+-XLp,,. Due to the non-degeneratidn, = T, ®z,Fp = Fpn for somen. Sincedimg, Tm®z,Qp = N,
we havellp, : Qp] < nfori=1,...,m.

Let Oj be the ring of integers df,, fori =1,...,m. It contains?m/pi with indexiy, . Tensoring the
exact sequence @,-modules

0— 'T'm/pi — O — Oi/(?m/pi) — 0
with F, overZ, we obtain the exact sequencergfvector spaces:
Fon — Oi ®2z, Fp — (Oi/(Tw/pi)) @z, Fp — 0.

Since the map on the left is a ring homomorphism, it is injective. Nawg, Oj ®z, Fp < nimplies that
Oij is unramified and that,, = 1. Thus[L,; : Qp] = nfori =1,...,mand, hencem = 1, concluding
the proof. 1

4 Observations and Questions

In this section, we explain and expose our computer experiments and weraskquestions suggested by
our studies. All computer calculations were performed usingsMA (see [Magma)).

4.1 Semisimplicity of the residual Hecke algebra

A local finite-dimensional commutativig,-algebraA is semisimple if and only if it is simple, which is
equivalent toA being field. We take the dimension of the maximal ideabf A as a measure for the
deviation ofA from being semisimple. In particulad is a field if and only ifm has dimensiof.

For given primep, levelN and weightk we study thesum of the residue degreesall prime ideals:

aﬁ’?kz S [Fu:Fl.
m [SPec(Ti (N))

Clearly,af\ﬁ’?k is less than or equal to thg-dimension ofSk (N ; Fy). Hence Tk (N) is semisimple if and

only if a(Np?k is equal to this dimension.

We intend to study the asymptotic behaviour of the fun(xliﬁ‘?p< for a fixed primep and fixed weighk
as a function of the leveN. For simplicity, we letN run through the prime numbers only in order
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to avoid contributions from lower levels via the degeneracy maps. We spouitlout that there can be
contributions from lower weights: an eigenformSp(N; Fp) also lives inSk+n(p_1)(N;fp) foralln >0
by multiplication by the Hasse invariant. Note that for- 2 andk = 2, as well as fop > 3 andk = 4
there is no such contribution.

Our computational findings are best illustrated by plotting graphs. In efatte dollowing plots, the
primep and the weighk are fixed and on the-axis we plotd(N ) := dimFp Sk(N;Fp) and on they-axis

the functionaf\ﬁ’?k as a function olN, i.e. eachN gives rise to a dot at the appropriate place. The green

line in the graphs was determined as the linear funatiord(N ) which best fits the data (according to
gnuplot and the least squares method).

In the weights that we considered we observed a behavioyr for2 which seems to be completely
different from the behaviour at all other primes. We made plots for all mildes less than00 and

weight2 and present a selection here. The graphs that we leave out lookivéligr.s
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growingp, as one might have guessed. In the next figures, we analyse thecase$ still for weight 2
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One can observe that the slope of the best fitting line through the origin seebesincreasing
with growing dimension. Although we only computed relatively litte data, we inchwte examples
for weight4. They do not suggest any significant difference to the welgiase.
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We are led to ask the following question.

Question 4.1 Fix an odd primep and an everk > 2. Leta(N) := aﬁ‘??\, andd(N) := dimg_ Sk(N; Fp).
Does the following statement hold?

Forall > 0there isC— 0 such that for all primedN the inequality
a(N)=>(1— )d(N)-Cp
holds.

We contrast the situation, which seems very similar for every odd prime, witbrtedorp = 2 and
k = 2. We do not consider any higher weights due to the contributions from wejgivhich would
'disturb’ the situation. The following plots take prime numbé&isinto account that lie in six different
intervals up tol 2000.
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In spite of the very irregular behaviour, it is remarkable that the slopeeobdst fitting line through
the origin is always just a little bigger th%} We do not attempt to explain this behaviour, but we believe
that the contribution from weight one is not alone responsible for the bigrdiice between the cases
p = 2 and oddb. We are led to ask the following question.

Question 4.2 Fix an even weight > 2. Leta(N) := af?\l andd(N) := dimg, Sk(N;Fy).
Are therel > a > B = 0 and constant€, D > 0 such that the inequality

a-d(N)+C=>a(N)>B-d(N)-D
holds?

4.2 Average Residue Degree

We now study theverage residue degreehich we define for given levéll, weightk and primep as

(¢ 1 AN
by = = Y [Fu:Fy= = :
#Spec(Tk(N)) | s ou # Spec(Tk(N))

We made computations for weigtand all primeg less thanl 00, whereN runs through the same
ranges as previously. We again plot the dimensi@dd ) on thex-axis and the functiobf\ﬁ’?k on they-axis
and the green line is again the best fitting functiond(N ), although we believe that this is not the right
function to take (see below). We again present a selection of prime nuasbbesore, however, including
p = 2 from the beginning. The graphs that we leave out have very similar shape
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Very roughly speaking the data suggest that the average residweedgows with the dimension, as
is certainly to be expected. We also conducted a closer analysis for thesrithand5. Forp = 2 we
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used all primes in different intervals up t@000 and obtained these plots:
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= 3,5 and the primes betwe&®00 and10009 subdivided into four intervals.
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Figure 46
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We observe that the slope of the best fitting line goes slightly down with the diomer&his strongly
suggests that taking a straight line does not seem to be quite correct. Wmade logarithmic plots,
which we do not reproduce here; they seemed to suggest to us thatedwehof the formb(,\ﬁ’?k ~
const - d(N)® is not quite correct either (the best choicecn§eems to be close tbin accordance with
the previous discussion).

These computations suggest the following question.

Question 4.3 Fix a primep and an even weight > 2. Letb(N) := bﬁp)N andd(N) := dimg_ Sk(N; Fp).
Do there exist constants;, C, and0 < a < 3 < 1 such that the inequality

holds?

Ci+a

log(d(N))

d(N)

<b(N) < Cp+B-d(N)

We remark that ihﬁ,’?k behaves likel(N ), as suggested by Question 4.1, then Question 4.3 is equiva-
lent to asking thag Spec(Tk(N)) does not grow faster than a constant tiregd(N )).



The phenomenon that for odd primgsnost of the dots in the diagrams seem to lie on or very close
to certain distinguished lines through the origin is natural in view of Questiartielslope of the line on

or close to which a dot lies is ju Spec(lTk(N))'

4.3 Maximum Residue Degree

Now we turn our attention to themaximum residue degre@hich we define for given level , weightk
and primep as
o) = max{[Fum : Fp] | m € Spec(Tk(N))}.

We made computations for weigtand all primeg less thanl 00, whereN runs through the same
ranges as previously. We again plot the dimensidd ) on thex-axis and the function(,\??k on they-axis
and the green line is again the best fitting functiond(N ). This time we believe that this might be the
right function to take. Here is again a selection of the plots that we obtained.
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The data certainly suggest that the maximum residue degree grows with thes@imelt is remark-
able to see that the slopes of the best fitting lines all seem to be very closehtotear — with the single
exception of the case = 2, which might be caused by the same yet unknown phenomenon as earlier.
Also in this case we conducted a closer analysis for the pripg@sand5. Forp = 2 we used all primes
in different intervals up td 2000 and obtained these plots:
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Here are the plots fgr = 3, 5 and the primes betwe&®00 and10009 subdivided into four intervals.
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We observe that, although the best fitting lines were computed using diffatervals, their slopes
are very close to each other. These computations suggest the follovaaticqu

Question 4.4 Fix a primep and an even weight > 2. Letc(N) := C&’)N

)

andd(N) := dimg Sk(N; Fp).
Do there exist constants;, C, and0 < a < 3 < 1 such that the inequality

Ci+a-d(N)<c(N)<Cp+B-d(N)

holds?
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