IRREDUCIBLE REPRESENTATIONS OF QUANTUM LINEAR
GROUPS OF TYPE 4,
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INTRODUCTION

A Hecke symmetry is an invertible operator defined on the tensor square of a finite
dimensional vector space, which satisfied the (quantized) Yang-Baxter equation and the
Hecke equation (z + 1)(x — ¢q) = 0, see [4, 6] for more details. Given such a matrix one
can construct a Hopf algebra which is “the function algebra” over an (algebraic) matrix
quantum group. One is interested in the representations of this quantum group, that is
the comodules over the Hopf algebra.

It turns out that the dimension of the vector space on which the Hecke symmetry is
defined does not play a significant role but rather a certain “inner” characteristics of the
Hecke symmetry, the birank — a pair of non-negative integers.

A Hecke symmetry is called even if its birank is of the form (r,0) and odd if its birank is
of the form (0, ). In these cases, the representation category of the corresponding quantum
group is like the representation category of the matrix group GL(r), it is semisimple and
generally does not depend on the Hecke symmetry but only on the birank.

If the Hecke symmetry is neither even nor odd the representation category of the corre-
sponding quantum group seems to be similar to the representation category of the super
group G L(r|s). This problem has not been settled yet. The aim of this paper is to classify
irreducible representation of the matrix quantum group corresponding to a Hecke sym-
metry of birank (2,1). Such a quantum group is usually called matrix quantum group of
type (1,0).

In this work we show that irreducible representations of a quantum group of type (1,0)
can be indexed by tuples (m, n, p) of integers with m > n. We exhibit basic decomposition
rules of the tensor product of these representations and compute their dimensions.

Recall that representations of a quantum group are by definition comodules over the
corresponding Hopf algebra (“of functions”). Using the Koszul komplex we construct for
each tuple (m,n,p), m > n a comodule and prove that they are simple. The difficulty here
is that the comodule category is not semisimple. Our main technique is based on the theory
of Hopf algebras with integral (co-Frobenius Hopf algebras). For such Hopf algebras there
is a special class of simple comodules that split in any comodule. We show that our Hopf
algebra is co-Frobenius and use a criterion for a comodule to be splitting in any comodule
(which is equivalent to being injective and projective). (In Kac’s theory of representation
of Lie superalgebras irreducible representations that split in any representations are called

typical [9].)
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Notice that our method when applied to the algebraic supergroup GL(2|1) provides a
new approach to the problem of classification of irreducible representations of this super-
group.

From the Hopf algebra theory view-point, our result provides a non-trivial example of a
non-cosemisimple infinite-dimensional co-Frobenius Hopf algebra, whose simple comodules
are fully classified by the utilization of the integral.

This work was finished during the second author’s was visit at the Department of
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1. QUANTUM GROUPS OF TYPE A AND THEIR REPRESENTATIONS

Throughout this paper k£ will be an algebraically closed field of characteristic zero,
q € k> is a fixed element, which is not a root of the unit element of degree greater than
1. For simplicity we shall usually denote an isomorphism by the equation sign “=” and a
direct sum by the plus sign “4”.

1.1. Hecke symmetries and the associated quantum groups. Let V' be a vector
space over the field k, char(k) # 0, of finite dimension d. Let R: V®V — V ®V be an
invertible operator. R is called a Hecke symmetry if the following conditions are fulfilled:
(i) R1RoR| = RoR1Rs, where Ry := R®idy, Ry :=idy ® R,
(ii) (R4 1)(R — q) =0 for some q € k*,
(iii) the half adjoint to R, R* : V* @V — V @ V* (RH¢ @ v,w) = (£, Rv ® w), is

invertible.
Through out this work we will assume that g is not a root of unity other then the unity
itself.
Fix a basis x1,x2,...,24 of V. Then R can be given in terms of a matrix, also denoted

by R, R(z;®x;) = x), ®x1Rfjl, (here and further on we adopt the convention of summing up

after the indices that appear both in tpper places). The matrix Rﬂ is given by R R
Therefore, the invertibility of R can be expressed as follows: there exists a matrlx P such
that P’mRnl = 515’“.

Deﬁne the following algebras:

Er = k(z%,z%,...,z%/(z;lz%RZ} R” zk,zl)
Hr = k:(z%,z%,...,zg,t%,té,...,td>/(zmz£LRkl R” zkzl,zktk —t —6;)

where {z;} and {t;} are sets of generators. The algebra Ep is in fact a bialgebra with
coproduct Az Z) = z}c ® zk (z;) = 5;- and Hp is a Hopf algebra with A(z;) =zl ® zj’?,
A(tl) = z ® zk, (z ) = e(tz) = 5; and S(z;) = t; Moreover, the natural homomorphism
of blalgebra Er — Hp is 1nJective, thus Er can be considered as a subbialgebra of Hp.

The bialgebra ER is considered as the function algebra on a quantum semi-group of type
A and the Hopf algebra Hp is considered as the function algebra on a matrix quantum
groups of A. The representations of this (semi-)group are thus comodules over Hp (resp.

ER).

1.2. Comodules over E. The space V is a comodule over £ by the map ¢ : V —
V ® E;z; — 2 ® z]. Since E is a bilagebra, any tensor power is also a comodule over
E. Themap R: V®V — V ®V is a comodule map. The classification of F-comodules
is done with the help of the action of the Hecke algebra.
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The Hecke algebras and simple comodules. The Hecke algebra H, = H,, has genera-
tors 73,1 < i < n — 1, subject to the relations: T;T; = T;T;,|i — j| > 2;T; T T =
T TiTiv1,1 <i<n-— 2;Ti2 = (¢ — 1)T; + q. There is a k-basis in H,, indexed by per-
mutations of n elements : T,,,w € &,, (&, is the permutation group), in such a way that
Tiiv1) = Ti and T, Ty, = Ty if the length of wov is equal to the sum of the length of w
and the length of v. If ¢ is not a root of unity of degree greater than 1, H,, is a semisimple
algebra. For more details, the reader is referred to [1, 2].

The Hecke symmetry R induces an action of the Hecke algebra H,, = Hy, on V&,
T, — R; = id" ' ® R®id" ! which commutes with the coaction of E. The action of
T, will be denoted by R,,.

Thus, each element of H,, determines an endomorphism of V®" as E-comodule. For
g not a root of unity of degree greater 1, the converse is also true: each endomorphism
of V®" represents the action of an element of H,,, moreover V®" is semi-simple and its
simple subcomodules can be given as the images of the endomorphisms determined by
primitive idempotents of H,,, conjugate idempotents determine isomorphic comodules.

Since conjugate classes of primitive idempotents of H,, are indexed by partitions of
n, simple subcomodules of V®™" are indexed by a subset of partitions of n. Thus E is
cosemisimple and its simple comodules are indexed by a subset of partitions.

EXAMPLE: (Quantum symmetrizers). The primitive idempotent

X = ()™ Y (—) R,
weGy,

determines a simple comodule S,, called the n-th quantum symmetric tensor power and
the primitive idempotent

Y, = ([n]l/q)_l Z (_Q)_l(w)Rw

wEGn

determines a simple comodule A,, called the n-th quantum anti-symmetric tensor power.

The decomposition of the tensor products. The decomposition of the tensor product of two
simple comodules can be given in terms of the Littlewood-Richardson.

Let Iy denote the simple comodule corresponding to the partition A. Then I and I,
can be realized as the image of two primitive idempotents ey € H, and e, € H,. Thus
I\ ® I, is the image of a (not necessary primitive) idempotent in H,,s. This idempotent
decomposes into orthogonal sum of primitive idempotents, which yields a decomposition
of I and I, into direct sum of simple subcomodules. Taking into account that conjugate
idempotents define isomorphic comodules, we have [5]

(1.1) Lo~
¥
where c} " is the Littlewood-Richardson coefficients describing the multiplicity of the Schur

function s, in the product two other Schur functions sy and s,. The coefficients ¢] ., can
be computed by the following algorithm.

The Littlewood-Richardson algorithm. Let [A] be the diagram for a partition A, [A] :=
{(4,7);1 < 7 < A\;}. We usually represent [A] by a so called Young diagram.
EXAMPLE: if A = (4,2,1),

N =
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The k' row ( respectively, column) of the diagram consists of those nodes whose first
(respectively, second) coordinate is k. We also make use of skew partitions. Let v and A
be partitions with v; > A; for all i. We define [y\A] := {(4,7) : (i,7) € [Y],\i < J < v}
For example v = (4,2,1), A = (1,1)

Y\ =

Ll

Let p be a partition. A sequence of positive integers is said to have type u if, for each
i, © occurs ; times. Given a sequence of positive integers, each term is determined to be
“good” or “bad” as follows:

(i) all the 1’s are good;
(ii) an ¢ + 1 is good if and only if the number of previous good i’s is strictly greater
than the number of previous good (i + 1)’s.

A sequence is said to be good if all its terms are good. For example the good sequences
of type = (2,1) are 112,121.
The algorithm for calculating c}\ w0 where A is a partition of n, y is a partition of m and
v is a partition of m 4 n, is described as follows:
(i) if \; > ~; for some i then c}\# = 0;
(i) if A; < ; for every i, then c}u is the number of ways of replacing the nodes of
[v\ A] by integers, such that
- each k occurs py times;
- the numbers are non-decreasing along rows and strictly increasing down columns
- when reading from right to left in successive rows, we have a good sequence
of type p.

EXAMPLE: let [\ = E} (1] = Bj There are two good sequences of type (2,1) :
(112), (121). We have the following possibilities of y for which ¢ i #0:

[1]1]

1 1 1
1] 1] M | |

[1]1] 1[1]
[2]

[1]

] ] 2]
- =2 L 2 [

(=] ]

which means

oo ® Lo,1) = La3,1) @ La02) @ La012) ® L(z2.9) @ L(32.12) ® L5 1) @ (3913 D L33 12).

1.3. Hr-comodules. Since Hp is a Hopf algebra, for each finite dimensional comodule
M there is a comodule structure on M* = Homy(M, k), for which the evaluation map
ev:¢®vr— ¢(v) is a morphism of comodules. The coaction on M* is defined from the
coaction on M as follows. Let {e;} be a basis of M and f? be its dual basis in M*. Let

the coaction pys be given by par(e;) = e; ® al. Then the coaction pps- is given by
pue: [ f1 @ S(al).

S is the antipode. The linear map db : k — M @ M* : 1 — Y x; ® £ is obviously
independent of the choice of the basis of M and can be checked to be a map of Hg-
comodules.

For any finite dimensional Hg-comodule N, we have the following isomorphisms

(1.2) Hom (M ® N, P) £ Hom (M, P @ N*) : f —— g
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given by g = (f ® idy+)(idy ® dby), f = (idp ® evy)(g @ idy),

¢
(1.3) Hom (M,N ® P) = Hom(N*® M,P) : h — k.

given by k = (evN &® idp)(id]v* X h), h = (idN &® k)(de &® idM).
Since R satisfies the Yang-Baxter equation, there exists a coquasitriangular structure
on Hp inducing a braiding in the category of its right comodules, denoted by 7:
TMN:MIN — N&M.

Notice that, since the coquasitriangular structure on ER is the restriction of the one on
Hp, the braiding for Er-comodules is the same when considered as Hpr-comodules. In
particular, we have 7y« = P and 7y« y = (R™HE.

Using the braiding we deduce from (1.2) and (1.3) the following isomorphisms:

(1.4) Hom(N ® M, P) 2 Hom (M ® N, P) = Hom(M,P ® N*) =2 Hom (M, N* ® P).
(1.5) Hom(M,P® N)=Hom(M,N ® P) = Hom(N*® M, P) = Hom(M ® N*, P).

1.4. The birank and dimension of comodules. Consider the series
o0
Ps(t) = Z dim S;t".
i=0

Using formula (1.1) we deduce [5] that Pg(t) is a rational function and can be given as
the quotient of a polynomial with all negative real roots by a polynomial with all positive

real roots: .
Hj:l(l —y;t)
Moreover, both polynomials are reciprocal with integral coefficients [3]. The pair (m,n)
of degrees of these polynomials is called the birank of R.
Using the birank, we can characterize those partitions which determine simple comod-
ules of E: the comodule Iy is non-zero and hence simple if and only if A satisfies App41 < n
[7]. The set of such partitions is denoted by I'y, .

Ti,Yj; > 0.

Dimension. In principle, the k-dimension of the simple comodule Iy, A € I',,,, can be
computed in terms of the coefficients of the Poincaré series of S, although the formula is
quite complicated. However, for partitions A satisfying the condition A, > n there is a
simpler formula. Namely, for such a partition we have the decomposition A = (n™)+aUf,
where a has at most m non-zero components and 3 has 51 <n

and
(1.6) dimIy = ] @i+y))-sal@) sz ()
1<i<m
1<n<n
where so(z) (resp. sg(y)) is the Schur function on the parameters z1,z2,. ..,z (resp.

Y1,Y2,---,Yn), B is the partition conjugate to 3 [10].
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1.5. The Koszul complex. The Koszul complex associated to R has the (k,l) term
Kii:=Ne®S" =111 52 ® 100", the differential dj; is given by:

id@dby ®id Y 1®Xi41"
ko . /\k; ® Sl* N V®l ® V*®l _V> V®k+1 ® V*®l+1 +1_> +1 /\k-l,—]_ ® Sl-|—]_*,

where Xj,Y; are the g-symmetrizer operators introduced in Section 1.2. The reader is
referred to [4] for the proof that d is a differential.

Notice that our complex is in fact a collection of diagonal subcomplexes. Denote K,
the subcomplex consisting of the terms Kj; with k — [ = a. Define another differential
Ok, as follows:

id®evy 1y g+ ®id Y, ®X;*
ak,l N1 ® Sl—i—l* _ V®k+1 ® V*®l+1 Ve V®k ® V*®l k9% Ap ® Sl*‘

Let rank,R = Z” P;j, the quantum rank of R, where P is the inverse to the half
adjoint of R. Then d and 0 satisfy [4]
(1.7) (qd0 + 0d) |k, = " ([l — k]q + rank,R).

Assume that —[l — k], # rank,R. Then the homology group at the term (k,[) vanishes.
Moreover we have

(1.8) Ky =N ®S" =2 Imdy_1;-1 © Im0y

and therefore Imdy,; = Kerdy,;. Indeed, according to (1.7), we have, for z € Ky,
qdk_l,l_lak_u_l(:t) + 8k,ldk,l($) = qk(ranqu + [l — k]q)x,

thus z € Imdy; + Imdj,—1;—1. Consider x € ImdJy; N Imdy_1;—1, which means that z =

di—1,1-10k—1,-1(y), ¢ = O d(2). Then di;(xz) = 0 and Jy_;1;—1(x) = 0. According to

(17), x = 0. Thus Imak’l N Imdkyl = 0, hence KkJ = Imdkfl,lfl D Im@kyl.

Lemma 1.1. Let R be a Hecke symmetry with birank (m,n), m,n > 1. Then the differ-

entials dy; are non-zero for all pairs (k,1), k,1 > 0.

Proof. Remember that S; and A, are direct summands of V® and V®* given by
means of the operators X; = p(z;) and Y = p(yg), respectively. On the other hand, we
have X;11(X;®idy) = Xj41, Yey1(idy ® Yy) = Yiq1. Hence, to show dj; # 0 is equivalent
to showing that the map

D:= (Y1 ® Xl+1*)(idv®k ®db® id{e}iﬂ)
which is an element of Hom (V®k @ V*®! V&k+1 g 1/*@+1) g non-zero. According to (1.4)
and (1.5) we have the isomorphism
Hom (V®k ® V*®l V®k+1 ® V*®l+1) o~ Hom(v®k ® V®l+1 V®l ® V®k+1)
under which, D is mapped to the map g :
(1§ © Yir1) (ryenr yeor @ idy)(idP* @ XkH)-q_lT;elazy@kH (Yer1 @ 1d§™ ) (idF @ Xia).
According to [1], the element y417Twx;+1 Where w is the permutation

1 2 k+1 k42 - l+k+1
1 142 o l+k+1 2 o 141

generates the (left) Specht module (minimal left ideal of H,,) corresponding to partition
A = (I +1,1%). On the other hand, according to the discussion in Subsection 1.4 , My # 0
for A € I'; s and according to the discussion in Subsection 1.2 we have primitive idempo-
tent corresponding to this partition defining non-zero comodule over Hg. Consequently,
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P(Yk+1Twxi+1) # 0 (this element is not idempotent but each Specht module contains a
primitive idempotent which is its multiple). But it is not difficult to see that
k1 Twrie1) = (Yig1 ®@idy®) Ry (X4 @ idy©F)
= (Yir1 @idy®" ) (idy®* @ Xi11) Ry

Thus g # 0, implying dj; # 0.0

2. QUANTUM LINEAR GROUPS OF TYPE (1,0)

We assume from now on that R has birank (2,1), which means that, the series Ps(t)
has the form

1+t
(1 —wut)(1 —u1t)’
where u € RT, u+u~! € Z, If A € T's1, then X has the form (m,n, 17), with

m
n

p

Ps(t) =

(2.1) m>mn>0,p>0andif n =0 then p = 0.

A triple of integers satisfying the above condition is said to be corresponding to a partition.
For such a triple let A = (m,n, 1?) and set

Iynp =1y

Using equation (1.1) and the Littlewood-Richardson algorithm, we can decompose the
tensor products of these comodules. Below are some formulas which will be frequently
used.

2 2 I I — Im+17n7p + Im7n+17p + Im7n7p+1 if m > n .
(2. ) m,n,p @ 11,00 = I I ifm = )
m+1,n,p + dmnpt+l iftm=n
(23) Im,m,l 02y In,O,O = Im—l—n,m,l + Im+n—1,m,2 m,n > 1;
Im+1,n+1,p+k + Im+1,n,p+k+1+
(2-4) Im,n,p X Il,l,k = Im,n+1,p+k+1 + Im,n,p+k+2 m>n

Im—i—l,m—l—l,p—i—k + Im+1,m,p+k+1 + Im,m,p+k+2 m=mn;

We first compute the dimension of these comodules in terms of the series Pg(t). Denote

m m

u'’—=u

(m)y := ———
Notice that, since u is real positive, (m), = (n), if and only if m = n.
It follows immediately from the formula
Ps(t) = (1+t)A+ut+u*t>+ )1 +ut+u 22 +--)
that dim I,;, 00 = dimS,, = (m), + (m + 1),,. For n > 1 we have, according to (1.6),

dim Lnppy = ((2)u +2)Sem—t10-1)(w,u" ) S (1)
(2.5) = ((2)u+2)(m—n+1),.
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Decomposition of tensor products with dual comodules. We mention some decomposi-
tion rules of tensor products of Hg-comodules which follow immediately from Equations
(2.2),(2.3). For each triple (m,n,p) corresponding to a partition, the Er-comodule I, 5, p
is also a simple comodule over Hp, (cf. [6]).

Lemma 2.1. For a triple (m,n,p) with m >n > 2,p > 1, holds

Imfl,n,p + Im,nfl,p + Im,n,pfl me >n

2.6 1 Lo = .
(2.6) o @00 = | L+ I fm=n

Proof. Using the isomorphisms (1.2), and the formula (2.2), we have
Hom (Innp ® 11,0,0", Imn—1,p) = Hom (I np, Imnn—1.p ® T1,0,0) = k

Therefore I, np ® I100* contains one copy of I, ,—1,. Similarly, it contain one copy
of each comodule on the right-hand side. Counting the dimension of the comodules, we
conclude that it does not contain any other comodules (recall that the comodules on the
right-hand side are simple).[J

Using similar argument, we deduce from (2.3)

(27) Im,m,l & In,O,O>k = dm,m—n,1 + Im,m—n+1,07 m>n > 1

Since ERr is a subbialgebra of Hpg, its simple comodules are also simple over Hg. Un-
fortunately, Hg is not cosemisimple, except when m = 0 or n = 0. Simple comodules of
Hp are not yet classified. The aim of this paper is to classify simple comodules of Hg in
case Rp is has birank (2,1). Our main tool is the Koszul complex. The Koszul complex
in our case has the following form.

. di,0 % % Ak k—1 %
Ki:0—=Too — Lin0®Li0 - - I11k—2@ k100 — I11x-1@ ko0 ---

da,o da+1,1
Ki,(a>2):0—->T114-2 = N1a-1® 000" — Li1a®I200" — ...

do a dl 1+a
* ) * ’ *
Kg,(a<0):0—=1_400" = 1100®L1—a00" = 11,10®1I2-4q00" — ...

Lemma 2.2. The Koszul complex Ky has a non-zero homology at the term (2,1).

Proof. Consider the complex K;. Consider the tensor product of I331 with all terms
of Ki. We have I331 ® I1 00 = I131 + 332, and, according to (2.6), (2.7),

I3z1 ®@L10®T100" = Liio® 330+ I321)
= Iya0+ 20431 +2I332+ I4292+ 1323
I3z 1 ®Ding®I00" = Iijia® (I31,10+ I320)

= 2490+ I413+ 20303+ 1314+ 1431+ 1332.

We see that 14 4,0 is a subcomodule of I331®11,1,0® 100" and I 4, is not a subcomodule
of 13,371 ®Il7171 ®127070*, therefore 147470 is a subcomodule of 137371 ®K61‘d271. Thus Kerd271 7&
Imd; o, which proves the assertion. [

The integral and splitting comodules. An immediate consequence of the above lemma is
that the quantum rank of a Hecke symmetry of birank (2,1) is —[—1], = ¢~!. Hence,
according to [8, Thm.3.2], there exists a left integral on Hp that remains unchanged when
composed with the antipode; whence is also a right integral. In other words left and right
integrals on Hp coincide.

A simple comodule over Hp is called splitting if it is projective and injective (thus it
splits in any comodule). The following Lemma follows immediately from [7, Theorem 3.1]

and [8, Proposition 5.1]
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Lemma 2.3. Let R be a Hecke symmetry of birank (2,1). Then for any partition A =
(m,n,1P) € 'y 1, the corresponding simple comodule Iy is splitting if and only if n > 1.
In particular, for all n > 2, Ny = I11n—2 are splitting, on the other hand, S,, = I,,0,0 s
not splitting for all n, and the field k =: Iy 0,0 tseft is not splitting.

The following Lemma is useful for knowing which comodule is splitting.

Lemma 2.4. Let Hr be a coquasitriangular Hopf algebra on which a left integral exists
and is also a right integral. Let M be a projective, injective comodule with End(M) = k.
Then M 1is splitting.

Proof (see [7] for notations). Let S be the socle of M (i.e., the sum of all its simple
subcomodules). Since M is indecomposable it is the injective envelope of S and S is simple.
By [7, Theorem 2.3], Hom (M, S®) # 0. On the other hand, since left and right integrals
on Hp coincide, the distinguished element in Hgy is 1, and since Hp is coquasitriangular,
S = §**. Therefore S = S®. Thus Hom(M,S) # 0. Were S # M, we would have
dim End(M) > 2, a contradiction; therefore S = M. Thus, M is splitting. [J

Corollary 2.5. The comodules Imdy,; are simple comodule for all pairs (k,1) with 1,k > 0,
k—1+#1.

Proof. For k = 0, Imdy; = Si* is simple. Let k¥ > 1. We have, according to (1.4),
(1.5), dimEnd(Ag4+1 @ S;41*) = dimEnd(Ag4+1 ® Si+1) = 2. On the other hand, since
Ag+1 for k > 1 is splitting (thus injective and projective), Ag41 ® S;41* is projective and
injective, hence so is Imdy, ;, being direct a summand for & — 1 # 1 (cf. (1.8)). Therefore
dim End (Imdj,_1 ;1) = dim End(Im0;) = 1. According to Lemma 2.4, Imdy,; is simple.
Il

Let us denote for any [ > k > 0,

(28) Il,fl,k = Imkoru.
Then, according to (1.8), holds

Lioo® 100" = Li—100"+11,—1p I>k=0
Lir-1®L00" = h—itip—1 @l 1 >k>1

(2.9)
For all [ > k > 1 we have

(2.10) dimly 5= ((2)u +2)({ +1),.

Indeed, for k = 1, we have, according to (2.9),

dim Il,—l,l = dim 117070 - dim 107_170 — dim Iov_l+170
(2 +2)(0 +1)u.

For k£ > 2, using induction, we have

dimly _p = dimIygg-1dimly 0 —dim Iy 14141
= ((2)u + 2)((Z)u + (l + 1)u) - (A + 2)(l)u
(2)u+2)(+ 1u.
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3. THE HOMOLOGY OF THE K0SzUL COMPLEX K

In this section, we show that the Koszul complex K is exact at every term except at
the term (2,1), where it has the homology of dimension 1 over k. We will compute the
tensor product of the homology with known simple comodules, these formula play crucial
role in classifying simple comodules of Hg.

The Koszul complex K has the form (with dj := dj ;1)

dl * d2 * d3 *
0—Tioo—T110®T100 — [111®1200 — l112® 1300 — -

Recall that we also have the differential 0 = O y—1 forming a complex

o1 o)) 03
0e—T100— L1100 1100 —— 11,11 ® 200" —— [112® 300" «— -

Theorem 3.1. Let R be a Hecke symmetry of birank(2,1), then the homology of the
associated complex K at the term (2,1) has dimension one over k. Denote this comodule
by I11,—1. Then it is invertible, i.e. I11,—1 ® I11,1* =L 1,-1" ®I11,-1 = k and for any
simple comodule I, 5, with m >n > 1,p > 1, holds

(3.1) Iy @I11,-1 = Imt1,n41,p-1-

Proof. Since di # 0 it is injective, for I; 9o is simple. Analogously, since 0; # 0, it
is surjective. Since Imd101 = I, di01 # 0. On the other hand, according to Lemma
2.2 K is not exact, hence q01da + d107 = 0. If € Kerdy, then d10;(z) = 0, since d; is
injective, 01 (z) = 0. Thus, Kerds C Kerd;. We have the following inclusions

(3.2) 0C 11,070 =~ Imd; C Kerdy C Kerd; C 117170 &® 11’070* =: X.

We show that comodules in this series are distinct.

Since X/Kerd; = I 100 and I100 is not a subcomodule of I1 11 ® Iz00*, Kerdy is a
strict subcomodule of Kerd;. We have X/Ker0d, = Im0; = I, since 0; is surjective.
Therefore X # Kerd;. Finally, Imd; # Kerdy according to Lemma 2.2.

Let I 1 -1 := Kerdy/Imd;, we show that this comodule has dimension 1. According to
Lemma 2.2 we have

(3.3) I331 ® (Kerd) /Imdy) = Iy29 + 1323 + I1.40.
and I11,—1 ®I3 3,1 contains a comodule isomorphic to I4 4. Assume dim /7 ;,—1 > 2. Then

(Kerdy/Imdy) ® I3 31 contains comodules other than Iy 4. Thus

3oz (25 | @
Liss. — dim(Kerd; /Kerdy) = (3)u.

Consider now the product with I100*. We have
Liio®ILioo ®@Lioo" = [1,1,0+ 12,00)" ® 1,10

According to (2.9), Io00" ® I1,1,0 = I1,—1,0 + I1,—2,1, where I1 _5; is simple and has di-
mension ((2), + 2)(3)y. Therefore I1 51 should be isomorphic to a subquotient either of
100" ® (Kerd; /Kerds), or of I1 g o* @ (Kerdy/Imd;).

If I _2; isomorphic a subquotient of I 11 ® (Kerd; /Kerds), then

dim Iy, 91 < max{((2)u + 1)(2)u, ((2)u + 1)(3)u} < ((2)u +2)(3)u,

contradiction.
If I _2 isomorphic a subquotient of I1 9 o* ® (Kerds/Imd; ), then

(3.5) dim I;, 19 < max{((2), + 1)%, ((2)u + 1)(2).}

(34) 137371 (%9 (Ker@l/Kerdg) =
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It is easy to check that (3.5) can not happen if (2), > 3. There remains only one
possibilities (2), = 2, thus ¢ = 1. Then we have have dim/; _5; = 12, therefore
dimIy1,—1 = 4,dimKerd;/Kerdy = 2 and I11,—1 ® I100" = I1,_21 which is is simple.
According to (2.6), we have

Lioo®Tiio® oo = I+ 1210) ®Iipo"
(3.6) = hao+Tlior+1210®Tio0"

Since dim[l’(],o & (Ker@l/Imdl) = 0, dimIl,oJ = dimA3 ® S1* — dim Ay = 8, we see
that Iy 0,1 should be a subquotient of I o0 ®I1,1,—1. Since I1 11 is projective and injective,
hence so are 11,1’1 ®Il,070*7 1170’1. We have dim End(ILLl ®Il’0,0*) = 2,dim End(Il,l,O) =1.
According to Lemma 2.4, Iy o1 is splitting. Thus I11, -1 ® 100 = [1,01 ©N, N # 0, hence
dim End(l11,-1 ® I1,0,0) > 2, contradicting with the fact that dimEnd(l11,-1 ® L1 00) =
dim End(ll,l,fl & 11’070*) = dimEnd(IL,g,l) =1.

Thus both cases in (3.4) can not happen, therefore dim ;1 = 1.

Next, we will prove that I1 1,1 ® Innp = Imt1,n+1,p—1, for all comodules Iy, , p, m >
n > 1,p > 1. Indeed, taking the tensor product of I, p,m > n > 1,p > 1 with K;. As
in Lemma 2.2, we can show that I 110411 C Ker(dz ®1idy, ) and Lny1n41p-1 €
Im(d1 X ld), but dim 11,17_1 =1, thus Im,n,p & 11’1’_1 = Im+1,n+1,p—1- O

Corollary 3.2. The quotient Ker0; /Kerdy is isomorphic to Iy —11 = I200 ® I11,-1".
Consequently the decomposition series of Ko1 = I110 ® I100 consists of I11,—1, I1,-11
and two copies of I100.

Proof. Let Y := Kerd; /Kerds. According to (3.2) this is a subcomodule of X /Kerdy =
Imdy and Imdy /Y = I 99. More over, since Hom (11 90, A3 @ S2*) = 0, I ,0,0 cannot be a
subcomodule of Imdy (which is a subcomodule of I 11 ® I200%).

On the other hand, we have Hom (1171’1 ®127070*, 11’7171) and HOIIl(Il,,Ll, 117171 ®IQ’070*)
are both nonzero, that is I _1 1 is at the same time a subcomodule and a quotient comodule
of I11,1 ® I20,0*. However I; 1,1 is not injective while I1 11 ® I200* is, consequently the
latter should contain two copies of the former in its composition series. We have

(3.7) I 11®I331 = loo®Iin,1"®1I331 = 1323+ I122,
Y®I331 = 1323+ 1422,
Liia®1op0" ®@1I331 = (lya2+1a33+1334) @1200"
(3.8) = Iy31+2-Iypo+2-I323+ 1332+ 1413+ I314.

Were 11 _11 # Y, Equation (3.7) would imply that I1 11 ® I200* contain 3 copies of 1422
contradicting with (3.8). O

Theorem 3.3. Let R be a Hecke Symmetry of birank (2,1). Then the homology of the
Koszul complex at all terms Ky11 1,k > 2 vanishes. Moreover, the composition series of
Kj 1 consists of I o p—2 two copies of Iy 1_p p—1 and I _j .

Proof. We proof the theorem for k = 2. Using the equation d20s + J3d3 = 0 we have
the following inclusions:

(39) 0 7’5 Imds; C Kerds C Kerdy.09 C 11’171 &® 12,070*.

We first show that dods # 0. Assume the contrary do0s = 0, then Imd, C Kerds. On the
other hand, we have Imdady = Imd;01 = 1100, therefore Imds D I1 9. Since Hom (11,1 ®
1270707117()70) = 0, Im82 75 117070. Since Kerdg/ILQo = 11717_1, Imaz = Kerdg, which means
Im0@s contains I 1,1 in its composition series. This however leads to contradiction, for
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Im0s is a quotient of 1111 ® I20,0" and the later comodule does not contain 11,1 in its
composition series, a fact which implies from (3.7) and the equation I331 ®I1,1,—1 = I1,4,0.
Thus we have do0y # 0.

Further we show that Imde0 = I; _1,1. Indeed, we have Imds02 C Imds, but looking
at the chain (3.9) and the decompositions in (3.7) and (3.8) we see that Imd29s # Imds —
otherwise 1111 ® I20,0* would contain two copies of I 31 and of I332. Thus Imdz0> is a
non-zero, strict subcomodule of Imds hence equal to I1 _1 1.

According to (3.9) I1,—11 = Imds0; is a quotient comodule of Imds. Since the former
is not a subcomodule of K43 = I1 12 ® I30,0" while the latter is, they are not isomorphic.
Consequently Kerds # Kerdo0s.

We have, according to (3.7), (3.8),

(Kerd3/Imd2) X 13,3’1 + (Kerdgag/Kerdg) (9 137371 = 147173 + 131174,
Thus, assuming that Imds # Kerds, we have

Iy ® (Kerdyda/Kerds) = | 73— dim(Kerdyy/Kerds) = | ()"
w I314 (3)u
Thus, the composition series of K32 contains of simple comodules of dimensions (1), +
(2)u, (2)u + (3)us (3)us (4)n. On the other hand, we have

*@—1 *
Iia® oo ® gy =111 @ I300" + 11,11 ® I210

According to (2.9), I11,1 ® I30,0" contains the comodule I; _35. The dimension of I _32
is ((2)y, +2)(4)y and the dimension of I ¢ is (1), + (2)y. Comparing the dimension we
get a contradiction, which means Imdy = Kerds. Thus, the complex is exact at the term
K372.

Moreover, from the above discussion we also have Imds /T 1,—1,1 = I1,0,0. We wish to find
Kerdy02 /Kerds which will yield the composition series of K32. We have

Kerd282/Kerd3 ® 1373,1 = 147173 + 13,174.

We notice that the similar equation holds for I1 22 and that this comodule is contained
in K4 3. Using the method of Corollary 3.2 we conclude that these comodules are in fact
isomorphic. Thus, the composition series of K32 contains I1 ¢, two copies of Iy _1 1, and
Lo o.

The above proof can be repeated to prove the exactness of the complex at any term
K11k, k> 3 and to find the composition series of Kj 1 .0

4. CLASSIFICATION OF SIMPLE COMODULES.

In this section, we will construct by each triple (m,n,p),m,n,p € Z,m > n a simple
Hpg-comodule. We find a condition for each of them to be splitting, and compute their di-
mension. Moreover, we prove that these simple comodules furnish all simple Hg-comodules
up to isomorphies.

In the previous sections we have already constructed simple comodules for certain
triples, namely those that correspond to partitions (i.e. satisfy condition in (2.1), the
triples of the form (1,—[,k);l > k > 0) (cf. (2.8)), and the triple (1,1,1). Notice that
I11,—1 is invertible and for triples satisfying m > n > 1,p > 1 we have (cf. (3.1))
Imp ®I11,-1 = Imt1,n41,p—1. To define other simple comodules we first set

*
Lnnp = Imipmtpo @ I11,-1"%P

to reduce the problem to defining I, 5 0.
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For m > n >0, I, 0 is already defined. For 0 > m > n we set

Im,n,O = I—n,—m,O*-
For m > 0 > n we set
Im,n,() = Il,n—m+1,m—1 & Ilé?ﬂl__ll-
It is clear that all the above comodules are simple. Since dimI 11 = 1 we have the
following formula for the dimension of I, ; p:

((2)u+2)(k=14+1)y, ifk>1>1;
(41) dim[k,l’o = (k‘)u + (k? + 1)u, ifk>1=0
((2)u +2)(k — 1), if k>0>1.
Proposition 4.1. Simple Hg-comodule Ip, n, ,, is splitting if and only if (m+p)(n+p) # 0.

Proof. Since Ly np = Imtpntpo @ [11,-1*F, Ly pnp is splitting if and only if Iy4p ntpo
is splitting.

If m+p=0then n+p <0 and Inipnipo = S_(ntp)* is not splitting. Analogously, it
n+p =0 then I,y nipo = Sm+p is not splitting.

Ifm+p>n+p>0(resp. 0> m+p > n—+p) then, according to Lemma 2.3,
Imtpntpo (€SP I_(nyp) —(m+p),0) s splitting. If m +p >0 > n+p then Lyipnipo =
It 1 mtp—1 @ 1171,,1*®m+p_1 is splitting, according to Lemma 2.4. [J
Lemma 4.2. Let (m,n,p), (z,y,z) be triples that correspond to partitions. Then Ly, 5, ®

Iﬁf’_l Ely-ifand onlyifm+t=z,n+t=y,z2+t=p.

Proof. Assume that exist ¢ > 0 such that
(4.2) Innp®I11, 1% 2 1y
We can assume that p = z = 0.
Consider first the case > y, according to (2.4) we have
TIoyo @ I 141 = Lot ys1,641 + Lot g2 + Loyt1642 + Loy 43
Similar equation holds for I, ,0 ® 11,1441 (in particular m > n). Therefore (4.2) is
equivalent to
Ivtv1nrt410 + Inerinee2 + Imenrt 11,2 + Inrente,3
= Lpv1yvtpr1 + Lopryire + Leyriere + Loy ers.
Notice that, since u > 0, (m), = (n), iff m = n. Thus, by comparing dimension we
conclude that
(4.3) Itv i ntt410 = Log1,y41,641,
implying ¢ = 0. The case m = n is treated similarly. [

Theorem 4.3. Given sets (m,n,p),(z,y,2) € Z3, with m > n,x > y. If (m,n,p) #
(x,y,2), then the simple comodules I,y p, Iy~ are non-isomorphic.

Proof. 1t is sufficient to show that Im7n70®1171,_1®t = I y0implyingm = z,n = y,t = 0.

Case . m>n>0.

(a) If z > y > 0 then the assertion follows from Lemma 4.2.

(b) If 0 > 2 >y then I 0 = I_y _40* and since Ip, 0 ® I_y 5o decomposes into the
direct sum of simple comodules, none of which is isomorphic to I 1,1,_1®75 for its dimension
is large than 1, we have

Hom (Immp & I_y7_$70, 11717_1®t) =0.



14 N.P.DUNG AND P.H.HAI

That is Im,n,O #* Ix,y,O*‘

(c) If z > 0 > y we show that I, , 0 ®I§’f7_1 # I 0. Assume the contrary. Notice that
if one of the comodules I, 0, I4,0 is splitting then so is the other. Hence, by comparing
dimensions, we have m —n +1 = 2 —y. Since I, y0 = [1 y—at10—1 @ Iiil,l, we have,
according to (2.9),

Hom(Immo & Il?f,—l’ /\_y* & S:c—y—l) #0
for s =t —x — 1 or, equivalently,
Hom(/\_y ® Impno® 11717_1®s, Sim—n) # 0.

But it can be easily deduced from Lemma 4.2 that this is not the case.

Case II. m > 0 > n. There are two possibilities for z,y: > 0>y and 0 >z > y.

(a) If 0 > z > y then we can show analogously as in case I.(b) that I, 0 ® [11,-1%" #
I 40 for any t.

(b) If > 0 > y, the assumption implies that m +n = = +y. Since I} _; is a direct
summand of A; ® S;*, we have for s =t +m — x,

Hom (A1 © S @ IF} 1, Apy1 ®S ") #0.
Then according to (1.4) ,(1.5) we have
0 # Hom™(S_,* @ Am @ IT5 _1,S_y* @ As)
= Hom™(S_, @ A ® I} 1,50 ® Ay)

By comparing dimensions and using Lemma 4.2 we conclude that s =0and m = x,n =y.
Case III. 0 > m > n. There is only one possibility for x,y: 0 > x > y and this case is
treated similarly as for the case I.(a).0]

Corollary 4.4. The following rule holds for dual comodules:
(4.4) Immp =1 _pn—m,—p-

Proof. It remains only to prove, for m,n > 0, I, —n0* = In,—m,0, OF I1,—m—nt1m—1" =
I —m—nt1n—1® 11@?{"1:"_2. Let k =m — 1,1l =m+n — 1. It then leads to showing that

« ®I—1
I _p="h-11-k—1® 177 .

Now, according to Theorem 4.3 and (2.9), I; ;) is the uniquely comodule that is a
direct summand of N\j_py1 ® Si*, Aj_gao ® S;41%, but not in Aj_p ® S;_1*. Thus, using

various ismorphisms we conclude that Iy _;;* is a subcomodule of N\j_ ® 5;* ® Il®i__11.

and Ai_gi1 ® Si1* @ IP] Y. Therefore I, =11 1 @ I7] Y. O

The completeness of the set {Ipnp : m > nym,n,p € Z}. We have so far constructed
a set of simple comodules {I,,p : m,n,p € Z,m > n}. In the next step, we exhibit
some formulas for the tensor product of these comodules with I7 g o and deduce from these
formulas that, these comodules furnish all simple Hg-comodules.

Lemma 4.5. The composition series of I, 1,0®11,00%, m > 2, consists of five components:
Im—110,Im1,—1, Im,—1,1 and two copies of I, 0,0.

Proof. Consider the case m = 2 . We know that the composition series of I1,1,0® I1,0,0"
consists of Iy 1,—1,I1,—1,1 and two copies of I; 9. Using the equations

* * *
Ip10® 100" =110 1100® 100 — 11,11 ® 1007,
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and I111 ® I100" = I1,1,0 + I1,0,1, we conclude that I5 10 ® I1,0,0" contains two copies of
1500, 11,1,0,12,1,—1,I2,—1,1 in its composition series.

For m > 3 we use induction. We have I,,,_100 ® 1,10 = I;n1,0 + I;n—1,1,1, hence

* * *
Imi0® 1100 = Im—1,00®l1,10® 1100 — In-1,11® I100
*
= In-1,00®N110®L00" — Im-21,1+ Im-101+ Im—1,1,0)-

By the induction hypothesis Im,17070®117170®117070* contains Im,1,717 Im7,171, Imfl,O,la Im,27171

any two copies of I, 0,0, Im—1,1,0 €ach in its composition series. Thus I,,, 1,0®11,0,0" contains
Im—1.1,0,Im,1,—1, I;m,—1,1 and two copies of I,, 00 in its composition series. [

Corollary 4.6. Forn > 2, the composition series of I1,_n 0®1I1,0,0" consists of It —pn—1,0,1-1,—n,1,11,—n,—1
and two copies of Iy, —n -

Proof. Multiplying the equation I1,0,0 ® I5,0,0" = In-1,0,0" + I1,—n,0, With I1 00", we get

* * * *
L no®lioo" = 11,00® (In,00®11,00)" — In-1,00" ® 11,00

* * * *
= Npo®In10 +1100®@Int1,00 — Ino0 — In-11,0

According to Lemma 4.5, I, 10 ® I1,0,0" contains I,,—1.1,0,1n1,—1,In,—1,1 and two copies
of Ipo0 in its composition series, hence, by means of (4.4), the composition series of
In10* ® 10,0 consists of I_11-pn0,1-1,—n,1,11,—n,—1 and two copies of Iy _, . According
to (2.9)

I oo ® Int1,00" = 1o,—n0 + 11,—n—1,0-
Thus, we conclude that the composition series I,y 0 ® I1,0,0" consists of I_1 _p41,0,1-1,—n.1,
I, —1 and two copies of Iy o . O
Lemma 4.7. For m > 2,n > 1 the following decomposition holds
(4.5) I, —n0® 11,00 = Im—1,—n,0 + Im,—n—1,0 + Im,—n,—1-
Proof. We first prove that for k,1 > 1,

(4.6) Hom (I —1 % ® I1,0,0", I1,—1—1,) # O,

(4.7) Hom (11 —j—1 1, 11,—1 ® T10,0") # 0.
Indeed, consider the diagram

di41,1®id
Nak-1®L00"@100" ——— L1116 ® Liv100" @ 170

id®Xz+1*J( lid®Xl+2*

k1,141
s

I 1k—1 @ Lngn,0 It 1 k1 @ L0200

which can be easily shown to be commutative. Since the vertical maps are surjective, the
induced map Im(dy41,;®id) — Imdj1 41 is non-zero, which what required to be proved.
Since I, ;1 is splitting, (4.6) implies (4.7).

Now, using (4.6), (4.7) we can easily show that the comodules on the right hand-side
of (4.5) are subcomodules of that on the left hand-side. Then comparing dimensions we
derive the equation. [

Theorem 4.8. The set {I,np,:m >n,m,n,p € Z} furnishes all simple Hg-comodules.
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Proof. Each simple Hp-comodule is a subquotient of Hg, where Hgr = T'(V @ V*)/I,
with T(V @ V*), I being Hg-comodules. On the other hand T(V @ V*) = &% (V @ V*)®",
Therefore it is sufficient to prove that,any comodule contained in the composition series
of (V ® V*)® is isomorphic to one of the constructed comodules.

Since the assertion holds for V® it is sufficient to prove that the composition series of
Inmp@V* =1 np®1 io,o contains only simple comodules isomorphic to the constructed
simple comodules.

For m > n > 2, by multiplying (2.6) with I; ;1 we obtain

Im—l,n,O + Im,n—l,O + Im,n,—l; if m > n.

Imno®Iio0" = .
Y Y Im,m—l,O + Im,m,—l; if m =n.

For m > n = 1, according to Lemma 4.5, the composition series of I, 10 ® I1,0,0"
consists of five components: Ip,—11,0, lm,1,~1,Im,—1,1 and two copies of I,,, 0.

For n = m = 1, according to Corollary 3.2, I1 10 ® I1,00* contains Iy 1 1,11, —1,1, and
two copies of 11 in its composition series

For m > n = 0, we have, by dualizing (2.9)

*
I0,0® 11,00 = In-1,00+ Im,~1,0-

For m = 1,—1 > n, according to Corollary 4.6 I1 0 ® 100" contains Iy ,—1,0, 11,1,
I ,,—1 and two copies of Iy, o in its composition series.
For m > 2,—1 > n, according to (4.5),we have

Lo @ 1100" = Im—10,0 + Imn—1,0 + Imn,—1-
For 0 > m > n, we have, dualizing (2.3),

I @1 * _ Im,nfl,O + Imfl,n,[) + Im,n,fla ifm>n
m,n,0 1,0,0 Im,mfl,o + Im,'mqfl, lf m=n.

Thus, in all cases, the composition series of I, , , ® I100" with m > nym,n,p € Z
contains only know simple comodules. The proof is complete.[]
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