A CONSTRUCTION OF A QUOTIENT TENSOR CATEGORY

PHUNG HO HAI

ABSTRACT. Let f : G — A be a surjective homomorphism of transitive
groupoid schemes and let L denote the kernel of f. The exact sequence of
groupoid schemes 1 — L — G — A — 1 induces a sequence of functors
between the categories of finite representations of these groupoid schemes
Rep;(A) — Rep;(G) — Rep;(L). We show that the category Rep;(L) is
a quotient category of Rep;(G) by Rep;(A) in an appropriate sense. We
also generalize this setting to the framework where the tensor categories
are not necessarily Tannaka categories (i.e. not of the form Rep;(G) for
some groupoid scheme G), where we show under certain assumption the
uniqueness of the quotient tensor category.

INTRODUCTION

Let 7 be a Tannaka category over k with fiber functor w to vecty, where
K D k and let S be a full tensor subcategory of 7 which is closed under taking
sub- and quotient objects. The natural inclusion & — 7 induces a surjective
homomorphism of k-groupoids acting upon K

(0.1) G(T) — G(S)

In [4] it is shown that the kernel of this homomorphism is a discrete K-groupoid
which can therefore be identified with a K-group (scheme). Let L denote
this K-group, Q the category of its (finite dimensional) representation and
q:7 — Q the restriction functor. For the sequence of functors

(0.2) S—T%Q

it is shown that

(i) An object of 7 is isomorphic (in 7) to an object from S iff its image
under q is trivial (i.e. isomorphic to the direct sum of copies of the unit
object) in Q,

(ii) Each object in Q is isomorphic (in Q) to a subobject of the image
under g of an object from 7.

The problem we want to address in this work is to give an abstract de-
scription of the quotient category Q. This question was posed by P. Deligne
in connection with our description of the representation category of L given
in [4]. While considering this problem we realize that, with some “technical
assumptions”, one can assume 7 merely to be a rigid tensor category. On the
other hand, as already noticed by Milne in [5] for the existence of a quotient Q
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the category S is necessarily a Tannaka category. Let us start by the definition
of a (normal) quotient category of a rigid tensor category 7 .

A (normal) K-quotient of T is by definition a pair (Q,q : 7 — Q) consisting
of a K-linear rigid tensor category Q and k-linear exact tensor functor q (the
k-linear structure over Q is induced from the inclusion k& C K), such that:

(i) for an object X € 7 the largest trivial subobject of q(X) is isomorphic
to the image under q of a subobject of X;
(ii) each object of Q is isomorphic to a subobject of q(X) with X € 7.

Given a K-quotient (Q,q) of 7, let S denote the full subcategory of 7°
consisting of those objects of 7 whose images in Q are trivial (i.e. isomorphic
to a direct sum of the unit object). Thus S is a tensor subcategory and is
closed under taking sub- and quotient objects. We shall call S the nvariant
subcategory with respect to the quotient (Q,q). S is a Tannaka category with
fiber functor to vectx (Lemma 3.3).

For each object X € 7 let Xs denote the maximal subobject of X which is
isomorphic to an object of S. We refer to 4.11, 5.3, 5.7 for the condition that
7T is flat over S and over K. Our main results are:

Let T be a rigid tensor category over k and S be a full tensor subcategory
which 1s closed under taking sub- and quotient objects.

(i) Assume that S is a Tannaka category with fiber functor w to vect,
and T is flat over K and over S. Then if a K-quotient (Q,q) of T
by S ewists, it is equivalent to the category, whose objects are triples
(XY, f € w(XY ®Y)s), and morphisms are appropriately defined.
Consequently (Q, q) is uniquely determined, up to a tensor equivalence.

(ii) If T is a Tannaka category, then it is flat over any full tensor subcate-
gory which is closed under sub- and quotient objects, and the quotient
of T with respect to such a subcategory exists.

The work is organized as follows. We first recall some basic fact about an
exact sequence of algebraic group schemes 1 — L — G — A — 1. The
construction recalled here will be generalized in the subsequent sections. In
section 2 we first define the kernel L of a morphism of transitive groupoid
schemes f : G — A and provide some basic properties of L, for instance, the
transitivity. Then using the kernel we describe the base changes of a groupoid
scheme. After that we provide a description of the representation category of
L generalize the one mentioned in section 1 for group schemes. In section 3
we introduce the notion of quotient tensor category of a rigid tensor category
7T by a Tannaka subcategory & which is closed under taking sub- and quotient
objects. In sections 4 and 5 we give a description of this category. Section
4 is devoted to the case when § is a neutral Tannaka category and section
5 is devoted to the general case. Results of section 2 show in particular that
Rep;(L) (the category of finite dimensional representation of L) is the quotient
of Rep;(G) by Rep,(A). A consequence of this result which might be useful is
a criterion 5.11 for a sequence of groupoid schemes to be exact. Unfortunately



CONSTRUCTION OF QUOTIENT TENSOR CATEGORY 3

our description of the quotient category depends on an assumption about the
flatness (of 7 over S and K), which we cannot check when 7 is not Tannaka
category. Nevertheless we believe that the assumptions have the potential to
hold true. To this end some open questions are mentioned in 5.12.
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1. PRELIMINARIES

Consider a homomorphism f : G — A of affine group schemes (not neces-
sarily of finite type) over a field k, which we shall call groups for short. Let L
denote the kernel of f, which is then a normal subgroup of G. We collect here
some known information on the relationship between these groups.

1.1. We shall use the notation O(G) to denote the function algebra over G,
which is a Hopf k-algebra. The reader is referred to [6] for details on the struc-
ture of O(G). We shall use the following notations for defining the structure

maps on O(G):

m: O(G) ® O(G) — O(G) for the multiplication;

u: k — O(G) for the unit element map;

¢ : O(G) — k for the counit map (which is induced from the unit
element e of G);

A O(G) — O(G) ® O(G) for the coproduct (which is induced from
the product on G);

¢ for the antipode map (which is induced from the inverse element map

on G).
We shall adopt the Sweedler notation for the coproduct:

A(h) = hay @ hy
(h)

1.2. The category Rep(G) of k-linear representation of G is equivalent to the
category O(G)-Comod of O(G) comodules, which consists of pairs (V, py :
V — V®O(G)), where V is a vector space and py is a k-linear map satisfying
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the following commutative diagrams:

14%

174 vV ®0(G) V—2ve0

pvl J{P\/@id k\ lide@e
V

VeoG) —=VeVao(d)

The coproduct A : O(G) — O(G) @ O(G) defines a right coaction (as well as a
left coaction) of O(G) on itself, this coaction corresponds to the right (resp. the
left) regular representation of G in O(G). The terminologies: G-equivariant
and O(G)-colinear are equivalent.

A homomorphism f : G — A is the same as a homomorphism of Hopf
algebras f* : O(A) — O(G). The fundamental theorem of algebraic group
theory claims that O(G) is faithfully flat over its subalgebra f*(O(A)), cf. [3].

1.3. Let ¢ : L — G be the kernel of f. We notice that L can be defined as the
fiber product over A of G with Spec (k), where the morphism e : Spec (k) — A
is given by the unit element of A. Thus we have

(1.1) O(L) = 0O(G) ®oa) k
The homomorphism ¢* : O(G) — O(L) is just the projection O(G) —

O(G) ®o(a) k obtained by tensoring O(G) with the map € : O(A) — k. We
shall assume from now on that O(A) is a Hopf subalgebra of O(G).

1.4. The homomorphism ¢ : L. — G induces a tensor functor res? : Rep(G) —
Rep(L), which restricts a representation of G in a vector space V' through ¢
to a representation of L. The functor res? : Rep(G) — Rep(L) admits a right
adjoint, which is the induced representation functor ind, : Rep(L) — Rep(G),
that is we have a functorial isomorphism

(1.2)  Homy(res?(V),U) = Homg(V,ind,(U)), V € Rep(G),U € Rep(L)
The functoriality yields a canonical L-linear map
ey : restind, (U) — U

The functor ind, can be explicitly computed in terms of the invariant space
functor (—)L. We prefer here the following Hopf algebraic description, which
will be exploited in the next sections.

For an L-representation U, denote by Ulp)O(G) the equalizer of the
following maps

pu®id

M

(13)  U®OG) sz UeO(@)e0(@), —Us0(L)80(G)

Ubor)O(G) is called the cotensor product over O(L) of U with O(G). Then

we have a functorial isomorphism

(1.4) |ndq(U) = UDO(L)O(G)
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For the cotensor product there is the following key isomorphism first considered
by Takeuchi [7]

(1.5)
(U0o)O(G)) @0 O(G)=2U @ 0(G), u®g®h— ZU(O) ® uygh,
(w)

which together with the faithful flatness of O(G) over O(A) (cf. 1.2) shows in
particular that the functor ind, = (—)Ho)O(G) is faithfully exact.

A direct consequence of (1.5) is the following isomorphism
(1.6) kor)O(G) = O(A)
For a representation V' of G, we have the following G-equivariant isomorphism

(1L7) VeO(G)— (V)@ OG) =0(G) "™V, veh=—Y v @uwh
(v)

Therefore, considering V' as an O(L)-comodule, (1.6) and (1.7) imply a G-
equivariant isomorphism (where G acts diagonally on the right object)

(1.8) VOor)O(G) =V ® O(A)

In other words we have ind,res?(V) = V ® O(A). Note that O(A) acts on
V ® O(A) through the action on the second component.

1.5. In general, for any L-representation U there exists an O(A) module struc-
ture ppy : O(A) ® ind,(U) — ind,(U) on ind,(U), induced from the inclusion
of O(A) in O(G). The action py is G-equivariant where G acts diagonally on
O(A) ® indy(U). The functor ind, thus factors through a functor to the cate-
gory Modgg; of the so-called (O(G)-O(A))-Hopf modules. By definition, an
(O(G)-O(A))-Hopf module is a k-vector space M together with a coaction pyy

of O(G) and an action puy of O(A) which are compatible in the sense that
is O(G)-colinear where O(G) coacts diagonally on M @ O(A). The category
Modggg is in fact a tensor category with respect to the tensor product over
O(A). It follows from the various isomorphisms above that ind, defines an
equivalence of tensor categories between Rep(L) and Modggﬁ. In particular,
the isomorphism in (1.8) is O(A)-linear.

The equivalence mentioned above can be reformulated in the following more
geometric language: there exists an equivalence between L-representations and

G-equivariant vector bundles over A. This was pointed out to the author by
P. Deligne.

1.6. A new consequence of the classical facts in 1.1-1.6 is the following, cf. [4].
It follows from the faithful exactness of ind, that the canonical homomorphism
ey : res?ind,(U) — U is surjective. Assume that U has finite dimension over k
then we can find a finite dimensional G-subrepresentation V' of ind,(U) which
still maps surjectively on U. Thus U is a quotient of the restriction to L of a
finite dimensional representation of G. Consequently, U can also be embedded
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in to the restriction to L of a finite dimensional G-representation. Thus each
finite dimensional representation U of L can be put (in a non-canonical way)

in to a sequence res?(V) —» U <> res?(W), where V, W are finite dimensional
G-representations. In other words, U is equivalent as an L-representation to
the image of an L-linear map ¢ : res?(V)) — res?(W). Using the equivalence
between Rep(L) and Modggfg and the isomorphism (1.8) we can show that such
g are in a 1-1 correspondence with morphisms g: V ® O(4) - W ® O(A) in
MOdSEi;' Since g is O(A) linear, it is uniquely determined by a G-equivariant
map f:V — W ® O(A).

Let Q be the category, whose objects are triples (V, W, f : V — W& O(A)),
where V, W are finite dimensional representations of G and f is G-equivariant,
and whose morphisms are defined in an adequate way. Composing f with the
morphism id ® e : W@ O(A) - W @ k = W we obtain a map fy: V — W
which is L-linear. We define a functor @ — Rep(L), sending a triple (V, W, f)
to the image of fy. It follows from the discussion of this paragraph that this
functor is an equivalence of categories between Q and the category Rep(L) of
finite dimensional representations of L.

2. GROUPOIDS

2.1. Groupoids and their representations. We refer to [2, §1.14] for
the definition of an affine groupoid scheme, which we shall call here simply
groupoid. Fix a field k£ and let K be another field containing k. A k-groupoid
acting upon Spec K will usually be denoted like GE. GE is called transi-
tive if it acts transitively upon Spec K, which means that G¥X is flat over
Spec K xj Spec K with respect to the source and target map (s,t) : GEK —
Spec K xj, Spec K. The category of K-representation of G is denoted by
Rep(GE), its subcategory of finite dimensional (over K) representations is de-
noted by Rep(Gy).

2.2. Homomorphisms of groupoids. Assume we are given the following
field extensions

(2.1) khCkCKyCK

and transitive groupoids G = GE and A = Aﬁ)‘). A kp-morphism f: G — Ais
called a groupoid homomorphism if for any k-scheme S, f induces a functor

(2.2) s (G(9), K(5)) = (A(S), Ko(9))

of abstract groupoids, where, on objects, fs is given by the inclusion of fields

(2.3) / S w)

Spec K Spec Ky
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and on morphism fg is given by

24 AN
N

That is, we have the following diagram

G

(2.5) g fs(¢) A

(@) l s(a),fs(b)) l

Spec K xj Spec K — Spec Ky Xy, Spec K|

Setting S = G, ¢ = id, we otain the following commutative diagram

(2.6) G A

| |

Spec K xj Spec K —— Spec Ky Xy, Spec K

Similarly, f should be compatible with the groupoid structure on G and A
which are related to each other by this diagram.
The kernel of f is defined as the fiber product

(2.7) L — Spec K
L ek
G—F =4

where e : Spec Ky — A is given by the unite element of A.
Lemma 2.3. L is a Ky-groupoid acting transitively upon Spec K .

Proof. The fiber product of Spec Ky with Spec K X} Spec K over Spec Ky X,
Spec K is Spec K X g, Spec K. Therefore there exists a map L — Spec K X,
Spec K. We show that L is transitive over Spec K X, Spec. According to
[2, Prop. 3.3], this is equivalent to saying that the associated stack Gg.r, is a
gerbes. This last fact was shown in [5, 1.2]. O

2.4. Base change. Using the notion of kernel, we define in this section the
“lower” base change for groupoids. Let G = GE be a transitive groupoid and
k C k; C K an intermediate field. The projection

(2.8) Spec K xj Spec K — Spec ky Xy, Spec ky

induces a homomorphism of groupoids GX — Spec k; X, Spec k;. The kernel of
this homomorphism is called the k;-diagonal subgroupoid of GX and denoted
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by Gfl

(2.9) Gy GE Spec k1 X}, Spec k;

e ] l
Spec K X, Spec K —— Spec K X}, Spec K —— Spec k; X}, Spec k;
It follows from definition of GkK1 that the left square in this diagram is cartesian.
In case k; = K, G is just the usual diagonal subgroup of G¥.

On the other hand, for any extension K C K, Deligne [2] defines a k-
groupoid Gfl acting (transitively) upon Spec K7:

(2.10) Gl Gy

Lo

Spec K7 X Spec K1 —— Spec K X, Spec K

which in our context might be called the “upper” base change. We notice that
the category Rep(G1) is equivalent to the category Rep(GF) (cf. [2, (3.5.1)]).

Thus, given field extensions ky C k C Ky C K and a homomorphism of
transitive groupoids f: GE — Ag}o. Then f factors through

(2.11) GE I Al - Ao Ko

Since the last map in (2.11) is an injection, in what follows we shall only
consider the situation kg = k, i.e. field extensions k C Ky C K.

Lemma 2.5. Let q : L, — GJ° be the kernel of a homomorphism f : Gff —
AkKO of transitive groupoids. For anyV € Rep(GE), the Lﬁo-z’nvam’ant subspace

Vi s g GE -subrepresentation of V, which is the pull-back through f of a
representation of AkKO.

Proof. By making the lower base change we see that L¥ is the kernel of fy :
GE — AK hence is normal in GE as K-groups schemes. Thus VF& C V is
invariant under the action of G, but this also implies that V& is invariant
under the action of GE. Since L¥ can also be considered as the kernel of the
morphism f : GE — AKX we see that AX acts on VLK. As we noticed after
(2.11), Rep(AK) is equivalent to Rep(AX?), which means that V% is indeed a
representation of G that comes from a representation of A,Ifo by pulling-back
through f. We therefore conclude that Lﬁo acts trivially on this space. Since

K
VKo ¢ VLK, these spaces coincide. O

2.6. The function algebra. We refer to [2, 1.14] for the properties of the
function algebra O := O(G¥) of a groupoid GE£. See also the appendix to
[4]. O is a k-Hopf algebroid acting on K. The structure maps are denoted as
follows:

-m: 0 ®; O — O, the multiplication;
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-s®pt: K ®, K — O — the unit map, induced from the source-target
morphism (s,t) : GE — Spec K xj, Spec . This map induces two
actions of K on O, denoted by s and t;

-A O — Oy ® O — the coproduct map, induced from the product
on G¥ (the tensor product is taken over K with respect to different
actions of K induced by the map s and t);

- ¢: O — K — the counit map, induced from the unit element in GE;

- t: O — O — the antipode map, induced from the inverse element map.
This map interchanges the actions s and ¢.

In particular, (O, m, s®t) is a K ®; K-algebra. The k-linear maps s,t: K — O
induce to structures of K-vector space on O, making it a K-bimodule. We
shall assume that the left action of K is given by ¢ and the right one by s.
Then (O, A, €) is a K-bimodule coalgebra, i.e. O is considered as K-bimodule,
the tensor product is the one for K-bimodules. We adopt Sweedler notation
for the coproduct on O:

A(h) = hays ® hey.
(h)

We notice that the K-linearity of A reads
(2.12) At(Nhs(i) = tN)hays @ hys(n) he O\ pe K
(h)

And for € we have e(s(A)ht(p)) = s(A)e(h)t(p).

The category Rep(GE) of GE representations over K is the same as the
category of O-comodules, i.e. of pairs (V,py) of a K-vector space V and a
morphism

pv:V—=V®O0

satisfying
(2.13) 1% Y Ve 0 V2V 0
pvl ipv@id k\ J{id@e

We note that the K-linearity of py means:
pv(A0) =t pr ()

2.7. The induced representation functor. Consider extensions of fields
k C Ky C K and a homomorphism f : GK — AkKO of groupoids as in 2.2. Let
q : L, — Gf be the kernel of f and res? : Rep(G}) — Rep(Lf,) denote the
restriction functor. By definition O(L% ) = O(GY) D o(akoy Ky, where O(A;°)
acts on O(Gf) through f*, and ¢* : O(Gf) — O(LE,) is the projection.
Define a morphism

(2.14) ¢ : O(GY) Doaro, O(Gr) — O(LE,)s ® O(G)
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gRh =3, " (90) ® geh.
The following lemma generalizes [4, Lem. 6.5].

Lemma 2.8. The morphism in (2.14) is an isomorphism and is O(GE)-
colinear (i.e. GXE equivariant) with respect to the right coaction of O(GE)
on the second tensor component as well as O(Lﬁo)-colz’near with respect to the
left coaction of O(Ly,) on the first tensor components.

Proof. We give the inverse map. We first define a map ¢ : O(G¥),®,0(GE) —
O(GE) Doako) O(GE), w(gah) = > () 91 @ 1(g2))h, where ¢ is the antipode
of O(GE). Then we note that this map indeed factors through a map 1 :
O(L%,)s ® O(GF) — O(GF) Bo(ako) O(GE) which is the inverse to ¢. The
second claim is obvious from the definition of ¢. [J

The functor res? possesses a right adjoint which is the induced representation
functor, denoted by ind, : Rep(Lf, ) — Rep(G}). For an O(LE ) comodule U
denote Ul JO(GY) the equalizer of the maps

0

(2.15) U ®; O(GK)

®id
id®Al K

U @ O(G)s @ O(GE) | —n V @ O(LE,)s @ O(GF).
Proposition 2.9. Let (L = L ,q) be the kernel of f : G = GE — A= A
as above. Then for U € Rep(L), we have
(i) indg(U) is canonically isomorphic to UDpyO(G);
(ii) there is an isomorphism

(2.16) (UDon)O(G)) ®oa) O(G) 2 U @, O(G)
(iii) the functorind, : Rep(L) — Rep(G) is exact (and hence faithfully exact)
iff O(G) is flat (hence faithfully flat over f*O(A)).

Proof. We show that the functor U — UOp)O(G) is right adjoint to the
restriction functor res?, which amounts to

Homeg(V, UOpy)O(G)) = Homy(res(V),U), V € Rep(G),U € Rep(L)

The map is given by composing a morphism U — Ulp)O(G) with the
canonical map ey : UQp)O(G) — U given by v® g — ve(g), where e denotes
the counit of O(G). The inverse map is given by f — (f ®id)py. Thus (i) is
proved.

To show the isomorphism in (2.16) we first tensor both sides of (2.14) with U
from the left and then taking the equalizer as in (2.15). The last claim follows
from (2.16) since the right hand side of (2.16) is a faithfully flat functor on U.
U

Lemma 2.10. [4, Lem. 6.2] Let q : L¥ — GF be the kernel for a homo-
morphism f : GE — AK of transitive groupoids. Then the adjoint functor
ind, : Rep(L) — Rep(G) is exact.C]
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Proposition 2.11. Let q : Lﬁo — GE be the kernel of the morphism f :
GE — Afo of transitive groupoids. Then:
(i) the induced representation functor ind, is faithfully exact;

(ii) each finite dimensional representation of L can be embedded into a
representation of G considered as representation of L.

Proof. We have the following commutative diagram with exact lines:

]

K ¢ K
LKD q G

N,

where the right triangle was given in (2.11).

According to 2.10, the adjoint functor ind; is faithfully exact, hence, ac-
cording to 2.9, (iii), O(GE) is faithfully flat over f*O(AK). Since O(AK)
is faithfully flat over O(A;°), we conclude that O(GE) is faithfully flat over
f*O(AF°), hence ind, is faithfully exact. Thus (i) is proved.

Now (ii) follows from (i) by standard argument, see e.g. [4, Lem. 5.5-5.6].
O

(2.17)

f

Ko
Ak

2.12. In the situation of Proposition 2.11, we call a representation V of G&
a Ko/k-representation if V' is equipped with a k-linear homomorphism K, —
Ende(V). In other words, there exists a structure of Ky-vector space on V,
which is compatible with the k-structure and commutes with the actions of
K and GF. In the language of comodules, denote the new action of Ky on
V by (A, v) — t(A)v, then the above assumption amounts to saying that the
comodule map py : V — V @, O(GK) satisfies py (t(A\)v) = t(A)py(v). Denote
the category of Kj/k-representations by Rep(GkK)KO/k. We notice that the
category Rep(G¥)x, /k 18 a tensor category with respect to the tensor product
over K.

A
Consider the situation of (2.9): G, 50, GE — Spec (Ky) xg Spec (Kp).
Then for any representation W over G , inda, (W) = Wloax YO(GF) is a
0
Ky /k-representation of GE with the Ky-action induced from the Ky-action on

w.

Lemma 2.13. The functor inda, —induces an equivalence of tensor cate-

gories Rep(Gf) — Rep(Gf) Ky In particular, the tensor product over K
in Rep(GE ) ko/k s flat.



12 PHUNG HO HAI

Proof. To see that inda,. is a tensor functor one has to check that there is an
isomorphism
(2.18)

(VDO(Ggo)O(GkK)) Ko (WDO(Ggo)O(GkK)) = (V ®x, W)DO(Ggo)O(Gf)

We define the map to be

(0@ Weg) — Y (10 ®we) ® vaywagh
(v)(w)
To see that this defines an isomorphism, using the fact that O(G¥) is faithfully
flat over O(AR°), if suffices to show that (the cotensor product is over O(G%,)

¢ ®id : (VDO(GII:)) XKy (WDO(GkK)) ®O(A£(0) O(Gk:K> -
(V e W)DO(G§> ®O(A£<O) O(Gf)
is an isomorphism. This last fact follows from the isomorphism in (2.16). OJ

2.14. Consider again the situation of 2.11. For a representation W of Lﬁo,
the Ko structure on W yields a Ko-structure on indy(W) = Wl x yO(GF)
0

making it a Ko/k-representation of GX. In particular f*O(A;°) = ind,(K) is
an object of Rep(G}) k, /k, moreover, it is an algebra in this tensor category. To
simplify the situation, we shall assume that f* is injective, i.e., f is a surjective
homomorphism of groupoids, and identify (’)(AkKO) with its image in O(GK).
Denote Rep(GkK)AkK0 the category of O(A;°)-modules in Rep(GX)g,/r. Then

this is a tensor category with respect to the tensor product over O(Af°).

Proposition 2.15. With the assumption of 2.11 and that f is surjective we
have an equivalence of tensor categories Rep(Lf, ) — Rep(Gy) xo given by the
k

functor ind,.

Proof. The proof is similar to that of Lemma 2.13. [J

3. QUOTIENT CATEGORIES

3.1. Tensor categories and Tannaka duality. We refer to [1, §1] for the
definition of tensor categories. A tensor category C over a field k£ is a k-
linear abelian category equipped with a symmetric tensor product (i.e. a
symmetric monoidal structure), such that the endomorphism ring of the unit
object (always denoted by I)is isomorphic to k. C is called rigid if each object
is rigid, i.e. possesses a dual object and each object has finite length (of
decomposition series).

A tensor functor between tensor categories is an additive functor that pre-
serves the tensor product as well as the symmetry. A K-valued fiber functor
of a rigid tensor category C over k (K D k) is k-linear exact tensor functor
from C to Vecty, the category of K-vector spaces, its image lies automatically
in the subcategory vectyx of finite dimensional vector spaces. If such a fiber
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functor exists, C is called a Tannaka category. If, more over, K = k then C is
called neutral Tannaka.

For example, Rep f(Gf ), where GE is a transitive groupoid, is a Tannaka cat-
egory with the fiber functor being the forgetful functor to vecty. The general
Tannaka duality [2, Thm. 1.12] establishes a 1-1 correspondence between rigid
tensor categories over k together with a fiber functor to vectx and groupoids
acting transitively over Spec K.

Assume that C is rigid over k£ but not necessarily Tannaka. Let Ind-C be
the Ind-category of C, whose object are directed systems of objects of C, and
whose hom-sets are defined as follows:

Hom(X; ez, Y jes) = lim lim Hom7 (X, ;)

? J

One can also define Ind-C as the category of left-exact functors from 7°P to
vecty, an object X of C can then be identified with the functor Home(—, X).
The natural inclusion 7 — Ind-7 is exact and full. Further, 7 is closed under
taking sub- and quotient objects, and each object of Ind-7 is the limit of its
subobjects which are isomorphic to objects from 7.

Definition 3.2. Let 7 be a rigid tensor category over k. Let K D k be a field
extension. A (normal) K-quotient of 7 is a pair (Q,q : T — Q) consisting
of a K-linear rigid tensor category Q and k-linear exact tensor functor q (the
k-linear structure over Q is induced from the inclusion k& C K), such that:

(i) for an object X € 7 the largest trivial subobject of q(X) is isomorphic
to the image under q of a subobject of X;

(ii) each object of Q is isomorphic to a subobject of the image of an object
from 7 as well as a quotient of the image of an object from 7.

Our notion of normal quotient category in case K = k and 7 is a Tannaka
category is equivalent to Milne’s notion of normal quotient [5] . For convenience
we shall omit the term “normal” in the rest of the work.

Given a K-quotient (Q,q) of 7, let S denote the full subcategory of 7
consisting of those objects of 7 whose images in Q are trivial (i.e. isomorphic to
a direct sum of the unit object). It is easy to see that S is a tensor subcategory
and is closed under taking sub- and quotient objects. We shall call S the
invariant subcategory with respect to the quotient (Q, q).

Lemma 3.3. [5, §2] Let (Q,q) be a K-quotient of T and S be the invariant
subcategory of T. Then S is a Tannaka category with a fiber functor to vecty.

Proof. The full subcategory of Q of trivial subobjects is equivalent to vecty.
The fiber functor is given by & 3 X — q(X) — Homg(/,q(X)) where I
denotes the unit object in Q. Since q(X) is trivial in Q, this functor is a fiber
functor. Hence § is a Tannaka category. U
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4. QUOTIENT CATEGORY BY A NEUTRAL TANNAKA SUBCATEGORY

Let 7 be a rigid tensor category over a field k. Let q : 7 — Q be a
k-quotient of 7 and S be the invariant category as in Definition 3.2 (with
K = k). According to Lemma 3.3, S is a neutral Tannaka category with fiber
functor given by w(S) = Homg(I,qS). Let us consider the category vecty as
a full subcategory of Q by identifying a vector space V with V ® I in Q [1].
Then we can consider the above fiber functor as the restriction of q to §. In
other words, we have the following functorial isomorphism

(4.1) w(S) ®, I =Homg(1,q(S)) ®x I =q(5), SeS&
by means of which we shall identify w(S) with gq(S) for S € S.

4.1. The existence. Assume that 7 is a Tannaka category. Thus, there
exists a fiber functor w : 7 — vectyx extending the fiber functor w and 7 =
Rep;(Gy ), S = Rep(Af) for some groupoid scheme G and group scheme A}.
According to Lemma 2.5, Proposition 2.11, Q := Rep(Ly) is a k-quotient of
T by S.

4.2. The algebra O. By means of the fiber functor w, S is equivalent to
the category Rep;(G/(S)) of finite dimensional k-representation of G(S), where
G(S) is an affine k-group scheme, and Ind-S is equivalent to Rep(G(S)). Let
O denote the function algebra of the group G(S). It is a k-Hopf algebra. By
means of the right regular action of G(S) on O, that is, consider O as a right
comodule on itself by means of the coproduct map, O can be considered as an
object in Ind-S. Since the unit map u : £ — O and the multiplication map
m : OO0 — O of O are compatible with the coproduct and the counit maps,
they are also morphisms in Ind-S, hence (O, m, u) is an algebra in Ind-S (it is
not a Hopf algebra since the coproduct and the counit are not morphisms in
Ind-S). For convenience we shall use the same notation for denoting O as a
k-vector space or as an object in S as well as an object of @ when we consider
w (the fiber functor of Q) as the restriction of q to S.

4.3. The largest S-subobject. For an object X € 7, let Xs denote the
largest subobject of X which is isomorphic to an object in §. Since § is closed
under taking sub- and quotient objects, we have the equality

(42) HOIIlT(S, X) = HOIIIS(S, Xg), SesS. XeT

Thus we have a functor (—)s : 7 — S whose definition on hom-sets is just
the restriction of morphisms Homz(X,Y) — Homs(Xs,Y) = Homs(Xs, Ys).
Equation (4.2) also shows that this functor is right adjoint to the inclusion
functor § — 7. The functor (—)s is canonically extended to a functor
Ind-7 — Ind-S denoted by the same symbol which is also the right adjoint to
the inclusion functor Ind-§ — Ind-7.

Let XV denote the dual object to X. The for any S € S, we have

Homgs(X,S) = Homs (S, X¥) = Homg(SY, (X")s) = Homs((X")s",S)
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Since Xs — X is mono, XV — (XV)s" is epi. Thus the largest S-quotient of
X is isomorphic to (XV)s".
Lemma 4.4. There is a functorial isomorphism
(4.3) Hompar(I, X ® 0) — w(Xs), XeT.
where w is the fiber functor of S to vecty.
Proof. If X =S € § we have the following well-known isomorphism
(4.4) S®O2w(S) e, 0

Indeed, by applying w on both side it suffices to exhibit a G(S)-linear isomor-
phism w(S) @, O — OIM@(9) where G(S) as on the source by the diagonal
action. Let d : w(S) — w(S) ®; O denote the coaction of O on w(S) induced
from the action of G(S), then the following map

w(S) Rk @ 6@9 W(S) Rk @ Rk @) idﬁm w(S) R O =~ (/)dim;C w(S)

is G(S)-linear and bijective with the inverse given by

Olimiw($) > y(8) @, O oeid w(S) @, O @, O

MG () @ O @ O E W(S) @), O
Since Homg(s)(k, O) = k, we obtain
Homlnd—T(I, S® O) = Homg(s)(k‘, Odims w(S)) = w(S)

In the general case, let XV be the dual object to X, then morphisms I —
X ® O are in 1-1 correspondence with morphisms XY — O, which, are in 1-1
correspondence with morphisms from the largest S-quotient of XV to O, since
O is an object of Ind-S. Notice that the largest S-quotient of X is isomorphic
to (Xs)V, as for X € T one has (XV)¥ = X. Thus we have

HOHlInd_T([, X ® O) &= HOHlInd_T<XV, O) -t HOHlInd_T((XS)V, O) & w(Xg)

Therefore (4.3) is proved. The functoriality of (4.3) is obvious since any mor-
phism f: X — Y restricts to a morphism f: Xg — Ys. U

Corollary 4.5. There exists a functorial isomorphism
(4.5) Homg(I,q(XY ®Y)) 2 Hompgr(X @YY, 0)

Proof. By definition of quotient category, the largest trivial subobject of an
object q(X) € Q has the form q(X’), where X’ is a subobject of X (in 7). By
definition of S, X’ is in S and should be the largest S-subobject of X, that is
X' = Xs. We have

Homg(q(X),q(Y)) & Homo(Z, q(X ® Y)) = Homg(/,q((X' ®@Y)s)

These isomorphisms together with (4.1) and Lemma 4.4 imply (4.5). O
The isomorphism in (4.5) implies the following

(4.6) Homg(q(X),q(Y)) =2 Homp,q.7(X,Y ® O)



16 PHUNG HO HAI

Let us denote this map by

f=r
By the functoriality of (4.3) we see that, for X =Y,
(4.7) idy =idy@u: X - X®0

where u : I — O is the unit map of O.

4.6. The adjoint functor to gq. The quotient functor q extends to a functor
from Ind-7 — Ind-Q, denoted by the same symbol

Cl(hLRl Xi) = hiﬁl q(Xi)

7

q possesses a right adjoint, denoted by p. Indeed, for an object U of Q, p(U)
is determined by the condition

Homlnd—T(X7p<U)> = HOH](C[(X), U)7 VX € T

and for an object lim U; € Ind-Q,
—>1

Thus p satisfies the required functorial isomorphism:
(4.8) Hompma o(q(X),U) = Hompa 7 (X, p(U)), VX €Ind-7,U € Ind-Q

For X = p(U) in (4.8), the identity of p(U) corresponds to a map ¢y : qp(U) —
U, and (4.8) given by composing a morphism on the right hand side with &y .

qp(U)

°©
ey

q(X) U

f

Lemma 4.7. For an object X € Ind-7 the object pq(X) in Ind-7 is canoni-
cally isomorphic to X @ O and the map

a(X) ® O = qpa(X) = q(X)

is given by id x ®e, where € is the counit of O (considering w as the restriction of
p to S). With respect to the isomorphism pq(X) = X ® O, (4.8) for U = q(Y)
reduces to (4.6).

Proof. First assume X € 7. According to Lemma 4.4 and (4.8) we have, for
X, Y eT,

(49) HOHlInd_T(X, p(Y)) = HOHIQ(CIX, qY) = HOHlInd_7'<X, Y X O)
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Since this isomorphism holds for any X, Y we conclude that p(Y’) is canonically
isomorphism to Y ® O. The map ey induces a morphism q(Y) ® O — q(Y)
which will be denoted by the same symbol. Thus we have the following diagram

(4.10) V) ® O

9
aly) ——a(v)

Set X =Y in (4.9), then, according to (4.7), the identity on Y is mapped
under the second isomorphism of (4.9) to the morphism idy ® v : Y — Y ® O.
Since the inverse map to the second isomorphism in (4.9) is given by f —
(id ® €) f, we conclude that ey (idqyy ® u) = idgy). Therefore, ey = idqy) ® €
(recall that we identify ¢ with g(e)).

For the general case we note that the tensor product in Ind-7 commutes
with direct limits, hence

(3 3 K3

O

Corollary 4.8. In the isomorphism (4.6) the composition

q(X) L q(v) % q(2)

corresponds to the morphism
XLyveo2 z70000"% 200

Proof. Since q is a faithful functor, it suffices to check that the outer diagram
below commutes.

§)®id m
9(X) 0 () 0 0" () 0 00 0 e q(2) 2 O

\ lid@e id®e®6l /
f id®e

q(Y) q(%)

The commutativity of the first triangle and the middle square follow from
(4.10) and of the right triangle is by the multiplicativity of the counit map e.
O

Using the same method we can prove the following fact.

Corollary 4.9. Let f; : q(X;) — q(Y;), i = 0,1 be morphisms in Q. Then the
morphism fo ® f1 is given by

®f1
XX — N vievieo

f0®f1i mT

Vo000 —Y, 0,0 0O

T(23)




18 PHUNG HO HAI

where the map T3y interchanges the second and the third tensor terms.

Proposition 4.10. Let f: q(X) — q(Y) be a morphism in Q. Then

(4.11) p=x00 ™ yg000"%y g0

Proof. The morphism p(f) fits in to the following commutative square

Homg(q(Z), q(X)) — Hompq.7(Z, pq(X))

fol lp(f)o

Homo(q(%), q(Y)) — Hompa.r(Z, pq(X))

and is indeed determined by this square (for all Z € 7). Thus, in terms of
(4.8) p(f) is uniquely determined by the following commuting triangle

Z —%pq(X) forall Ze€ T,g:q(Z) — q(X)

According to Corollary 4.8, the morphism on the right hand side of (4.11)
satisfies this property, hence is equal to p(f). O

Recall that O is a commutative algebra in Ind-7". We can thus consider the
category Modp of O-modules in Ind-7, which is an abelian category equipped
with a tensor product over O.

Definition 4.11. Let (S,w : & — vecty) be a neutral Tannaka subcategory
of a rigid tensor category 7 which is closed under taking sub- and quotient
objects. Denote by O the function algebra over its Tannaka group, viewed as
an object in Ind-S C Ind-7. The category 7 is said to be flat over § if for
any O-linear morphism f: X ® O —- Y ® O in Ind-7, X,Y € 7, the kernel
of f is flat with respect to tensor product in Modg.

Theorem 4.12. Let (Q,q) be a k-quotient category of a tensor category T
over k and denote by S the corresponding invariant category. Let O denote
the function algebra over the Tannaka group of S. Let p be the right adjoint
to the quotient functor q. Then:

(1) For any object U € Q, there exists a morphism py : p(U) @ O — p(U)
making p(U) an O-module.

(2) Assume that T is flat over S. Then p is a tensor functor from Q to the
category of O-modules with the tensor product being the tensor product
over O. Consequently, p is exact.
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Proof. Using (4.8), we define py as the unique morphims in Ind-7 making the
following diagram commutative

ap(U)

o
ey

ap(U) ® O

q(sv®¢)

U

This definition is functorial hence the action of y commutes with morphisms in
Q. The associativity of this action can also be checked by this method. Thus
p factors through a functor to Mod-QO, denoted by the same notation.

For objects in Q of the form q(X), pq(X) = X ® O, we see that the multi-
plication map on O makes the following diagram commutative

q(X)® O
e
€q(X)
A(X) 9000 ——>q(X)

Thus, the action of O on p(X) = X ® O is induced from the action of O on
itself.

Assume now that 7 is flat over S. We want to show that p is a monoidal
functor from Q to O-modules. This is so for objects of the form q(X), accord-
ing to Corollary 4.9. For an arbitrary object U of Q, there exists objects X, Y
in 7 and a morphism f : q(X) — q(Y) such that U = ker f. Since the functor
p is left exact (being a right adjoint functor), p(U) is isomorphic to the kernel
of p(f). Now, for f; : q(X;) — q(¥;) we have p(fi ® f2) = p(f1) ®o p(f2)-
Since for U; := ker f; are flat over O by assumption, we have an O-linear
isomorphism

p(U1) ®o p(U2) = p(Ur ® Us)
Thus p is a tensor functor to O-modules. Since Q is rigid with the endomor-

phism ring of the unit object isomorphic to k, we conclude that p is an exact
functor, cf. [2, 2.10]. O

4.13. A description of the quotient. We define a category P, whose ob-
jects are triples

(X,Y.[: X =Y ®0)
where X, Y are objects of 7 and f is a morphism in Ind-7. The morphisms

f: X =Y ® O defines an O-linear morphism f
(4.12) fx00®ve000"Yyve0

The image of f is thus an O-module.
We define morphisms in P between (X;,Y;, f;), i = 0,1,2 as O-linear mor-
phisms ¢ : imfy — imf;. Thus we obtain a category P which is k-linear and
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additive. Further, the direct sum of objects in P exists:
(4.13) (Xo, Yo, fo) @ (X1, Y1, f1) = (Xo @ X1, Yo B Y3, o ® f1).
The tensor structure on P is defined as follows.
(4.14) (X0, Y, fo) ® (X1, Y1, f1) := (Xo ® X1, Yo @ V7, (id @ m)(fo @ f1))

The unit object is [ = (I,1,u : I — ©O). Finally, we define a functor q' : 7 —
P sending X to ¢'(X) = (X, X,id®u: X - X ® O). It is easy to see that ¢’
is a k-linear, additive tensor functor.

Proposition 4.14. Let T -5 Q be k-quotient and S be the corresponding
inwvariant subcategory. Assume that T is flat over S. Then the category P
constructed above is equivalent to Q.

Proof. We construct a functor F' : P — Q such that F'q’ = q. For any
X,Y € 7T, according to 4.9, morphisms f : X — Y ® O in 7 are in 1-1
correspondence with morphisms fy : q(X) — q(Y) in Q. This allows us to
define the image of an object U = (XY, f: X - Y ® O) € Q' as the image
of fqin Q.

According to Theorem 4.12, p is exact. Hence for any morphism f : q(X) —
q(Y) in Q with U = imf one has

p(U) = imp(f)

Consequently, there is a 1-1 correspondence between morphisms U — V' in Q
and morphisms between p(U) — p(V) in 7 which are O-linear. This allows
us to define F' on morphisms and to check that F'is a fully faithful functor.
Further it is easy to see that the image of F' is essential in Q. Thus F' is an
equivalence. []

As a consequence of the above theorem and Proposition 2.15 we have the
following.

Corollary 4.15. Let f : GE — A% be a homomorphism of transitive groupoids
and LE be the kernel of f. Then Repf(Lf) 18 equivalent to the category whose
objects are triples (U,V,f : U — V @ O(A)), where U,V € Rep;(G), f is
G-equivariant (G acts diagonally on V ® O(A)).

Remark 4.16. There is an alternative description of objects of Q, proposed
by Deligne. Notice that morphisms f: X — Y ® O are in 1-1 correspondence
with morphisms f*: 1 — XV ®Y @ O. As noticed in 4.4, such a morphism
f* corresponds to an element of w((XV ®Y)s). Thus objects of Q can be
characterized as triples (X,Y, f € w(XY ®Y)s)).

5. QUOTIENT CATEGORY BY A NOT NECESSARY NEUTRAL TANNAKA
SUBCATEGORY

5.1. Base change for tensor category. Let 7 be a tensor category over k.
Assume that for a field extension k C K, a K-quotient 7 k) of 7 exists such
that the invariant subcategory is the trivial subcategory of 7, i.e. equivalent
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to vecty. 7(k is called the tensor category over K obtained from 7 by base
change. Denote the quotient functor by —(x) : X + X(g). Thus, the largest
trivial subobject X(K)m" of X(xy in 7k is isomorphic to the image of the
largest trivial object XV of X in 7. Hence

triv)

Homg, (I, X(x)) = Homg,, (I, X(x)
Homz (I, X'"V) @, K
Homp,q.r (I, X") @ K
Hompq.7 (I, X) ® K

I

I

On the other hand, we have an isomorphism
(51) HOHIT(X, Y) Rk K= HOHlInd_T(X, Y R K)

given explicitly as follows. Fix a basis {e;,i € I} of K over k. An element
f € Homr(X,Y) ®; K, represented as f = >, . fi ® e;, for a certain finite
subset Iy C I, is mapped to the morphism

XA@XZ-%@Y%-%Y@;CK

i€lp i€lg

where X; (resp. Y;) are copies of X (resp. Y) and the last inclusion in given
by the chosen basis of K.

Extend — (g to a functor Ind-7 — Ind-7(x) and let —K. Ind-7(xy — Ind-T
denote the adjoint functor to — k.

Lemma 5.2. For X € T holds: (X(K))K >~ X ®i K and the map ex is given
by ex : X(K) QR K — X(K) R K = X(K).

Other claims similar to those of Corollaries 4.8, 4.9 and of Prop. 4.10 also
hold.

By identifying K with K ®; I, we can consider K as an algebra in Ind-7
and consider the category Ind-7 of K-modules. Then the functor —¥ factors
through a functor to Ind-7g, denoted by the same symbol.

Definition 5.3. We say that 7 is flat over K if for any X,Y € 7 and K-linear
morphism [ : X ®p K — Y ®; K in Ind-7x, the kernel of f is flat with respect
to the tensor product over K.

Consequently we have the following theorem, which is analogous to Theorem
4.12.

Theorem 5.4. Assume that T is flat over a field K D k and that the base
change 1 iy exists. Then, for an object U € Tk, there exists a map p(U) @y,
K — p(U) making p(U) a K-module. Further p is a K-linear tensor functor
from Ty to the category Ind-Tx of K-modules in T. Consequently —K s
exact.

Corollary 5.5. Assume that T is flat over K and that Tk exists. Then T g
is equivalent to the category of triples (X,Y, f : X - Y ®: K), X,)Y € T,
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f € Mor Ind-T, and morphism defined as in section 4. Consequently, any k-
linear tensor functor w from T to a K-linear tensor category C factors through
a K-linear tensor wi from Ty to C.

Proof. The first claim is proved analogously as in the proof of Proposition
4.14. The second claim is a consequence of the first one. In deed, the functor
w induces a K-linear map

w® K :Hom7(X,Y) ®; K — Home(w(X),w(Y))

Thus, considering f as an element of Hom7(X,Y) ®; K by means of (5.1),
we can define wx on an object (X,Y,f : X — Y ® K) as the image of
(W K)f:wX)—-wlY). O

Corollary 5.6. Let T be a Tannaka category over k with fiber functor to vecty,
K D k and GE the corresponding Tannaka groupoid. Let k C Ky C K be an
intermediate field. Then the Ko-base change of T exists: T, = Repf(Gﬁo).

Proof. This follows from Proposition 2.15 for A = Spec Ky X Spec Ky and
Theorem 5.4. O

The category 7k for K a finite extension of k was studied by Deligne-Milne
[1, Sect. 3].

5.7. The description of the quotient category. Assume now that (Q,q)
is a K-quotient of 7 with § being the invariant category and assume that the
base change 7 (k) of 7 exists and that 7 is flat over K. By Corollary 5.5, q
factors through a K-linear tensor functor qx : 7(xy — Q, which can easily
shown to be a quotient functor of tensor categories over K and the invariant
category of qx is equivalent to Sk.

Let O denote the function algebra of the Tannaka groupoid AX of S. Con-
sider O as an object of Ind-S by means of the right regular coaction A : O —
O, ®; O. Then O is a K-object in the sense of 5.1 where K acts through the
map t. Further O is a K-algebra, i.e. an algebra in Ind-7, which in this case
means that O is an algebra over K ® K through the map s®t in the usual sense.
We define by Modp i the category of O-modules in Ind-7f, whose objects are
thus K-object equipped with an action of @. This is a tensor category with
respect to the tensor product over O.

Definition 5.8. With the assumption of 5.7, 7 is said to be flat over § if for
any O-linear morphism f: X ® O - Y ® O, X,Y € T, the kernel of f is flat
with respect to the product over O.

Theorem 5.9. Let 7 be a rigid tensor category over k. Let (S,w : & —
vecty ) be a Tannaka subcategory, which is closed under taking sub- and quotient
objects. Assume that

(i) T is flat over K and the base change T k) exists;
(ii) 7 is flat over S and a K-quotient (Q,q) of T by S exists.
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Then the right adjoint functor p to q induces an exact tensor functor to the
category Modo .

Proof. Denote by Ok the function algebra of AE - the diagonal subgroup of
AK where AX is the Tannaka groupoid of S. Let pg denote the right adjoint
functor to qx : Ind-7(xy — Ind-Q. Then according to 4.12, qx is an exact
tensor functor to the category of Og-modules in Ind-7 k.

On the other hand, since S = Rep(Af), S(x) = Rep(A%), the functor —*
in in fact the functor inda, in the situation of 2.12. Thus

(O)* =2 0x0p,, 020
This isomorphism gives us a morphism
(U ®@0, V)K — UK 240) VE

We don’t know if this morphism is an isomorphism for an arbitrary pair U,V €
7 (k) but we know it is for U,V in the image of qx, thanks to the assumption
that 7 is flat over S. In deed, for X € 7, we have pq(X) = X ® O, using the
method as in the proof of 4.12 we deduce the required isomorphism. [J.

Corollary 5.10. Let f : GE — Ago be a homomorphism of transitive groupoids
and Lﬁ) be the kernel of f. Then Repf(Lgo) 15 equivalent to the category whose
objects are triples (U, V, f : U — V ® O(A)), where U,V € Rep;(G), f is G-
equivariant (G acts diagonally on V @ O(A)).

Since morphisms f : X — Y ® O are in 1-1 correspondence with morphism
ff:I - XV®Y ®O. As noticed in 4.4, such a morphism f* corresponds to
an element of w((XY®Y)s). Thus objects of Q can be characterized as triples
(X,Y, few(XY®Y)s)).

Another consequence of the above theorem which may be useful in checking
whether a sequence of groupoids LE — GE — Aj° is exact is the following

Corollary 5.11. Assume we are given a sequence of homomorphisms of groupoids

Lﬁo N GE EN AkKO with fq trivial. Then the sequence is exact in the sense

that q is the kernel of f iff the representation categories of these groups satisfy
the condition (i) and (ii) of Definition 3.2

Remark 5.12. The following questions are open to us:

(1) Is T always flat over S, K?¢

(2) Assume that T is flat over S (and K ), does a quotient exist, in partic-
ular, does the base change to K exist?

(3) Assume that T is flat over S (and K ), does the functor p induce an
equivalence of tensor categories between Ind-Q and Modp x ?

Finally we mention a related question raised by Deligne, namely whether
the the fundamental group of 7 is flat over S, see [2] for definition of the
fundamental group of a rigid tensor category.
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