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Abstract

We study base points of the generalized ©-divisor on the moduli space of vector
bundles on a smooth algebraic curve X of genus g defined over an algebraically closed
field. To do so, we use the derived categories DP(Pic’(X)) and DP(Jac(X)) and the
equivalence between them given by the Fourier-Mukai transform FMp coming from
the Poincaré bundle. The vector bundles F,, on the curve X defined by Raynaud
play a central role in this description. Indeed, we show that F is a base point of
the generalized ©-divisor, if and only if there exists a nontrivial homomorphism

Prk(E)g+1 — F.

MSC 2000: 14H60, 14F05, 14K30.
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1 Introduction

Let X be a smooth projective curve of genus g > 1 defined over an algebraically closed field
of arbitrary characteristic. If E is a sheaf on X such that h°(X, F® L) =0 = h'(X,EQL)
for a line bundle L of degree zero, then it is an easy exercise to check that E is a semistable
vector bundle with slope u(FE) := drigé(;) = g — 1. However, not for all semistable vector
bundles F of that slope does such a line bundle L exist. Those stable vector bundles form
the base locus of the generalized ©-divisor.

We say that a vector bundle F fulfills the property (x) if H'(F ® L) # 0 for all line
bundles L of degree zero on X.

The first examples of such vector bundles were constructed by Raynaud in [10] giving one
of the first applications of Fourier-Mukai transforms developed in [7]. He constructed a
sequence of semistable vector bundles P, for m € N having the property (x).

A vector bundle F with a nontrivial morphism P,, — FE yields an example of a vector
bundle with property (x). Our aim is to show these are all examples. We show in
theorem 2.5 that a vector bundle E has the property (x) if and only if Hom(P,,, F) # 0
for m > 0. In Theorem 3.7 we show that the condition on m can be made effective. In
Section 4 we define minimal vector bundles to be the minimal ones having the property
(%) and show in Theorem 4.6 how they are related to ample divisors on the Picard
group Pic’(X). In section 5 we use the theory of spectral curves to show that we obtain
Raynaud bundles P,, r having the property that for any vector bundle £ on X the
condition H°(E ® F') # 0 for all vector bundles F of rank R and degree zero is equivalent
to Hom(P,, g, E) # 0. For more details see Theorem 5.2. Finally, in the last section we
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2 2 THE VECTOR BUNDLES Py,

provide some more applications.
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2 The vector bundles P,

2.1 Notations. Let Px be a Poincaré bundle on X x Pic’(X). This line bundle is
the pull back of a Poincaré bundle P on Jac(X) x Pic’(X). Here Jac(X) denotes the
dual abelian variety of Pic’(X) which is isomorphic to the principally polarized abelian
variety Pic’(X). Let z¢ be a geometric point on X. We denote its image in Jac(X)
also by xy. With this point as zero Jac(X) becomes a group. We denote the map
assigning an element its inverse by [—1]jac(x). The Poincaré bundle P becomes unique,
when we require P|i, yxpico(x) = Ozoyxpico(x): On Pic’(X) we have the Theta divisor
Opic := {[L] € Pic®(X) |h'(X,L® L, 1) > 0} where L, 1 := Ox((g— 1)z) is a fixed line
bundle of degree ¢ — 1 on X. Resuming, we have the following commutative diagram of
varieties and morphisms:

pPx

/-".——*‘.N\\
X x Pic®(X) 2% Jac(X) x Pic®(X) —— Pic’(X)

o

X¢ - Jac(X)

We will use the following line bundles

P € Pic(Jac(X) x Pic’(X)) the Poincaré bundle
Px = 15 P the universal bundle on X x Pic’(X)
Opic(Opic) the Theta line bundle on the Picard group

2.2 Definition of the vector bundle F,,. Let m be a positive integer. We define the
vector bundle P, to be the following direct image sheaf:

P = U150 (P @ p* Opic(—m - Opic)) -

From the vanishing theorem for ample line bundles on abelian varieties and Serre duality
(see page 150 in [8]) we conclude the vanishing of the direct image sheaves R'q,(P ®
p*Opic(—m - Opie)) for i < g. Therefore, we can use the Riemann-Roch theorem to
calculate the numerical invariants of P,,.

2.3 Lemma. The vector bundle P, is semistable with numerical invariants

tk(P,,) = m? deg(Pn) =g - mI~1 w(Pp) = =.

Proof: This is a direct consequence of 3.1. in Raynaud’s article [10]. The only difference

is the application of [—1]j, v, in our definition of F,. Since C' and [-1]j . y,C are 0-

homologous cycles this morphism does not change the numerical invariants of the bundles.
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2.4 Lemma. For any m > 0 there exists a canonical surjection P,y — P, .

Proof: Since (Pic’(X), Op;.) is principally polarized, there exist (up to a scalar multiple)

a unique morphism Op;cox)(—(m + 1)Opic) ¥, Opic0(x)(=mOpic). The morphism ) is
injective and its cokernel has support on the divisor ©. Thus, we obtain the canonical
surjection on Jac(X)

RQQ* (7) ® p*OPic(_(m + ]-) : @Pic)> — qu*<']) ® p*OPic<_m ' @Pic)) .

Pulling this surjection via L*[—l]jac( x) back to X yields the asserted surjection. U

2.5 Theorem. For a coherent sheaf F' on X we have the equivalence:
(For all [L] € Pic’(X) we have Hom(L, F) # 0) < (Hom(P,,, F) # 0 for all m > 0).

Proof: Suppose Hom(L, F) = 0 for a line bundle [L] € Pic’(X). By semicontinuity this
holds for all [L] € U C Pic’(X) for some open set U. Thus, the sheaf px.(Px ® ¢iF)
is torsion. Since the direct image sheaf px.(Px ® gxF') is torsion free, we conclude
that px.(Px ® qxF) = 0. Expressing this in terms of the Fourier-Mukai transform
FMp : DP(Jac(X)) — DP(Pic”(X)) we obtain the equality FMp (s, F) = G[—1] for a sheaf
G on Pic’(X). Consequently, we have

Hompp pico (x)) (Opico (x) (—mO), FMp (1. F)) = 0

for all integers m. The Fourier transform FMpy, : D*(Pic’(X)) — DP(Jac(X)) given by
the kernel P|g] yields by Mukai’s result (see [7]) that FMpyoFMp = [—1]* on DP(Jac(X))

Hompp (yae(x)) (FMp(g) (Opico x) (—mO)), [=1]"1. F) = 0.

Thus, we have Hompyx) (¢* [ 1]*"FMpig) (Opieox) (—m©)), F') = 0. By the definition of P,
this equals Home, (P,,, F) = 0 for all integers m > 1.

If Hom(L, F) # 0 for all [L] € Pic’(X), then, we have F° = px.(Px ® ¢iF) is a
nontrivial coherent sheaf on Pic’(X). Thus, for m > 0 we have F°(m®) has global
sections, or equivalently Hom(Op;ox)(=m®), F°) # 0. The (local cohomology = global
cohomology) spectral sequence

EXt_k(OPico(_m@)a RkPX*(PX ® qx)) = Home(Pico(X))(OPico(_m@)7 FMp (. F))

degenerates. Thus, Hom(Opo(—m®), F°) = Hompppieox))(Opico (—mO), FMp (1, F)),
and we conclude

Hompyb (pico (x) (Opico (x) (—mO), FMp (1. F)) # 0.

As before, this yields Homo, (P, F') # 0 for m > 0. O

3 Semistable vector bundles without ©-divisor

3.1 Preliminaries. From 3.1 to Corollary 3.5 in this section E denotes a vector bundle
of rank 7 and the property that x(F) < 0 for all subsheaves F' C E. The last condition
is equivalent to fimax(F) < g — 1. Furthermore, we assume that E has the property ().
Thus, the Op;o0(xy-sheaves FM(E) := R%px.(PRqy E) and FMp(E) := R'px.(PQqi E)
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have positive rank. Let D = P, + P + ...+ P, be a reduced divisor of degree g — 1 on
X. Applying the functor R*px.(P ® ¢%__) to the short exact sequence 0 — E(—D) —
E — OF — 0 gives a long exact sequence

FMY%(E(—-D)) — FM%(E) — FM%(O$") — FML(E(—D)) — FML(E) — FM,L(O%")

of coherent sheaves on Pic’(X).

3.2 Lemma. The sheaves FM%(E(—D)) and FM5(OF") are zero. The direct image sheaf
FM%(OF") is isomorphic to a direct sum of r(g — 1) line bundles numerically equivalent
to OPiCO(X).

Proof: Let L be a line bundle of degree 0. If h°(E(—D) ® L) > 0, then we have
a non trivial morphisms LY — FE(—D). Since pmax(F(—D)) < 0 this implies that
pmax(E(—=D)) = 0 and that LY is a direct summand of the graded object associated
to the subbundle Fy,.x C E(—D)) of maximal slope. We deduce, that there exist at most
7 line bundles L € Pic’(X) with h°(E(—D)® L) > 0. Consequently, the torsion free sheaf
FM%(E(-D)) is zero.

Since the support of Op is zero dimensional, there are no higher direct images. In
particular, FML(O9") = 0. D is a reduced divisor, thus Op = @7 k(P;). Thus,
FM(OF) = (ST FMB(k(P)) ™ :

3.3 Lemma. There exists a direct sum @;ﬁéE) My, of line bundles numerically equivalent
to Opio(xy and a commutative diagram with injective vertical arrows

—x(FE —x(F
SN My SN M,

| |

FM!(E(—D)) 2 FM'(E).

Proof: Let M be a line bundle on X of degree N for some N > 0. By Serre duality and
stability we conclude H'(E(—D) ® M ® L) = 0 for all line bundles [L] € Pic"(X). This

is equivalent to FMp(E(—D) ® M) = 0. Taking a reduced section of M and tensoring
with E(—D) we obtain a short exact sequence

N
0 — E(-D) — E(-D)® M — P k(P)®" — 0.
i=1
Applying the Fourier-Mukai transform FMp again, yields the exact sequence
N
FMY, (EB k(Pi)@T> — FML(E(-D)) — 0 = FML(E(—D) ® M).
i=1

As seen in Lemma 3.2 the sheaf FM, (@f\il /{:(B)®’”> is a direct sum of numerically trivial

line bundles. Again by Lemma 3.2 we obtain a sequence of surjections

FMY, (EB k:(PZ-)@T> — FML(E(=D)) — FML(E) .

Hence, we obtain a surjection « : @Zi&l M, — FM'(E), where the M, are line bundles
with trivial first Chern class. After rearranging the M, we may assume that the rank of



the image of @;_, My, under a is 7 + 1 for all r < rk(FMp(E)). Since by assumption
rk(FMp(E)) > —x(FE), we obtain a morphism @,2(()}3) M, — FMy(E) which is injective
in the generic point. However, the vector bundle ,;XSE Mk does not contain a torsion

subsheaf, so we eventually conclude the injectivity of €, 0 Mk FML(E). O

3.4 Lemma. For a positive integer m we have the three equalities

-x(E)

Ko @ M(m®) | = (1= x(E)m?  hY(FEM°(OE")(m®)) = (g — 1)rm?

E
and H(FM(E(~D))(m®)) = (g —14 2 M) >) -
r
Proof: The proofs of the statement for h° (@;ﬁéE) Mk(m@)) and RO(FM(O%")(mO))

are the same by Lemma 3.2 and follow by basic facts (see II11.16 in Mumford’s book [8])
on the cohomology of line bundles on abelian varieties.

Consider the vector bundle bundle F,, := P ® ¢ (E(—D)) ® pO(m®) on X x Pic’(X).
The projection formula gives that Ripx.F,, = FM%(E(—D))(m®). Since px has fiber
dimension one, and FM%(E(—D)) = 0 by Lemma 3.2 we obtain by the Leray spectral
sequence H°(F,,) = 0 and the isomorphism H'(F,,) 2 H°(FMy(E(—D))(m®)).

Next we apply the Leray spectral sequence to ¢x and the global section functor. It is
shown in [7] that ¢x.(P ® p5O(mO)) is the dual of P,,. Thus, by the projection formula
qx«(Fm) = PY ® E(—D), and R'qx.(F,,) = 0 for all i > 0. We deduce from the spectral
sequence that H°(F,,) = H°(P), @ E(—D)) and H'(F,,) & H'(P) @ E(—D)). Putting
the result together we find

HY(P) @ E(~D))=0 HY(P) ® E(-D)) = H*(FMp(E(—D))(m®)) .

Thus, h(FMp(E(—D))(m®)) = h*(PY ® E(-D)) = —x(P), ® E(-D)). However, the
last number can be directly computed by the Riemann-Roch theorem for curves. 0

3.5 Corollary. For m > 1 - g we have h°(FM%(E)(m®©)) > 0

Proof: From 3.2 and 3.3 we obtain the following diagram with exact row

H (@27 My(m®))
0 — H(FM(E)(m®)) — H°(FMp(Op")(mO)) — H*(FMp(E(-D))(m®))
y
H(FML(E)(m®)).

Furthermore, we have that § o~ and v are injective by Lemma 3.3, and # o o = 0 from
the long exact sequence before Lemma 3.2. Therefore the dimension of the image of «

is at most h°(FML(E(—D))(m®)) — A (@;33E> Mk(m@)). This number is known by
Lemma 3.4 and by the assumption on m strictly smaller than h°(FM%(O%")(m®©)). O

3.6 Lemma. If E' is a vector bundle with x(E') > 0, and rk(E") < r, then for all
m > r - g we have Hom(P,,, E') # 0.
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Proof: We have that the slope of E' is at least * + (¢ — 1). The condition on m implies
that the slope of E' ® P, is strictly greater than g — 1. Thus, x(E' ® P)) > 0. This
implies 0 < x(E' ® PY) < h°(E' ® P))) = dim(Hom(P,,, E')). O

3.7 Theorem. Let E be a vector bundle on X of rank r. For any m > r - g we have the

equivalence
E has property (x) <  Hom(P,,E)#0.

Proof: If E does not fulfill (x), then the claim follows from Theorem 2.5 and Lemma
2.4.

Let us assume that E has property (x). If for all £/ C E we have x(E’) < 0, then we are
done by Corollary 3.5 and the identification of Hom(P,,, E) with H*(FM%(E)(m®)) given
in Theorem 2.5. If not, then F contains a subsheaf E’ of positive Euler characteristic. In
this case we use the above Lemma 3.6. U

4 Minimal quotients of Raynaud’s bundles

4.1 Minimal bundles

4.1 y-small vector bundles. We have seen in Lemma 3.6 that for a sheaf £ on X of
positive Euler characteristic y(F) we have morphisms from P, to E for m > g - rk(E).
This implies, that for a vector bundle E containing a vector bundle E’ of positive Euler
characteristic there are morphisms from P,, to E for m > 0. Therefore, the existence of
morphisms from P,, to vector bundles which do not contain any subsheaf of positive Euler
characteristic has to be investigated. We call a sheaf E which does not contain a subsheaf
of positive Euler characteristic a y-small sheaf. This implies that F is a vector bundle.
Semistable vector bundles of slope < g — 1 are examples of y-small bundles. y-smallness
can be expressed in terms of the Harder-Narasimhan filtration 0 C E; C F5 C ... C E of
E by the condition u(E;) < g—1.

We frequently will use the obvious fact, that subsheaves of x-small vector bundles are
x-small too.

4.2 Morphisms from FP,, to y-small bundles. Let X be a curve of genus g > 2. The
bundle P, is y-small, and we have morphisms from P,, to P, for all m > 2 by Lemma 2.4.
We consider the following set of integers

. E is a x-small vector bundle,
Ni= {rk(E) ' Hom(P,,, E) # 0 for m > 0 }

By the above remark 29 = rk(P,) € N. Thus, N # (). If r € N, then there exists a x-small
vector bundle E of rank r with Hom(P,,, ) # 0. However, E @ Ox is x-small too, and
Hom(P,,, F) is embedded into Hom(P,,, F & Ox). Eventually, we conclude r+1 € N. If
r_ is the minimal element of N, then we have seen, that N = {r_,r_+1,...}. Of course,
the number r_ depends on the curve X.

By definition we have that a semistable vector bundle £ on X with x(E) = 0 and
rk(E) < r_ is not a base point for the generalized O-divisor.

4.3 Lemma. If E is a x-small vector bundle of rank r_ on X with Hom(P,,, E) # 0 for
m > 0, then there exists no non trivial homomorphism to a x-small vector bundle E" of
smaller rank. Moreover, E s stable.

Proof: Suppose there exists a non trivial homomorphisms E ~ E” to a y-small vector
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bundle E” of rank rk(E") < rk(E) = r_. Since the image im(«) is y-small too, we can
assume that « is surjective. Setting £’ = ker(«) we obtain another y-small vector bundle.
Thus,

0-FE —-E3SE" -0

is a short exact sequence of y-small vector bundles. The minimality of r_ implies that
Hom(P,,, E') = 0 = Hom(P,,, E”). This implies Hom(P,,, E) = 0 which contradicts our
assumption.

Suppose F is not semistable. Take the first subsheaf F; C E of the Harder-Narasimhan
filtration of E. E; and E/E; are x-small of lower rank which is a contradiction. If F is
semistable but not stable, then there exists a stable subbundle E; C F of the same slope.
As before, Ey and E/FE; are y-small. Thus, we conclude the stability of E. O

4.4 Minimal bundles. We call a vector bundle £ on the curve X a minimal bundle
when it satisfies the conditions

(i) Hom(P,, E) # 0 for m > 0, and
(ii) Hom(P,,, E') = 0 for all proper subsheaves £’ & E.

By Theorems 2.5 and 3.7 the following conditions are equivalent to (i):
(i-a) HY(E® L) # 0 for all [L] € Pic’(X),
(i-b) Hom(L, E) # 0 for all [L] € Pic’(X),
(i-c) Hom(P,, E) # 0 for all m > grk(E).
(i-d) Hom(P,,, E) # 0 for one m > grk(E).

4.5 Lemma. If F is a sheaf on X with Hom(P,,, E) # 0 for m > 0, then there ezists a
minimal subsheaf ' C E.

Proof: We take an integer m > grk(F). For all ¢ € Hom(P,,, E) the vector bundle
Fy = im(¢) fulfills 0 < rk(F,) < rk(E), and pu(P,) < pu(Fy) < p(Ey) where Ej is the
sheaf from 4.2. Consequently, the Hilbert polynomials of the sheaves {F}sctom(pn,5)
form a finite set. Taking F' := F, with minimal possible Hilbert polynomial we obtain
the desired subsheaf by Theorem 3.7. O
The subsheaf F' of the above lemma is not unique. However, to understand sheaves F
with Hom(P,,, F) # 0 it is convenient to study the minimal ones. This is what we do
next.

4.2 The structure of minimal bundles

4.6 Theorem. Let E be a minimal vector bundle on a smooth projective curve X of genus
g. Then there exists an ample divisor D = D(E) on Pic’(X) such that FM%(i,E) =
Opico(x)(=D), and the vector bundle Pp = v*[=1]], ) R9q.(P ® p*Opico(x)(—D)) admits
a unique surjection to E.

Proof: The proof of this theorem will be a consequence of the results in lemma 4.8 —
4.13. Throughout this subsection F is a fixed minimal bundle.

4.7 Lemma. Fach nonzero morphism v : P,, — FE to the minimal bundle E is surjective.
Proof: If ¢ : P,, — FE is not surjective, then the image of ¢ is a vector bundle with a
morphism from P,, to it. This contradicts the minimality of E. 0

4.8 Lemma. For the minimal bundle E the sheaf FM%(E) is an ideal sheaf Jy.
Proof: We consider a surjection £ — k(zg), and let E’ be the kernel. We obtain an
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exact sequence
0 — FM%(E') — FM%(E) — FM%(k(z0)) = Opic -

However, the minimality of £ implies that FM%(E’) = 0, and FM%(E) # 0. O

4.9 The divisor D. The ideal sheaf [J; can be decomposed as Opi.(—D) ® J, where D
is a divisor and Z’ is a subscheme of codimension greater than one. This decomposition
corresponds to the decomposition Z = D U Z’ of Z into its irreducible components of
codimension one and those of greater codimension.

4.10 Lemma. D is an ample divisor.

Proof: First D is an effective divisor. Thus, the linear system |2D] is base point free.
Thus, taking the Stein factorization of the morphism defined by the linear system [2D|,
we obtain a surjective morphism 7 : Pic’(X) — Y of projective varieties with connected
fibers. Let T be the subscheme 7~!(7(0)) with the reduced scheme structure. D is ample
if and only if 7 is an isomorphism. Thus, we have the obvious implication (D is ample) =
(T is a point). The converse implication holds too. Indeed, assume that 7" is a point. If
all fibers of m have dimension zero, then D is ample. Suppose that C is curve in Pic’(X)
contained in a fiber of 7. Thus, deg(O(D)|c) = 0. This holds true for all translates of
the curve C. Let C’ be a translate of C' passing through 0, then C” must be contained in
T which is a contradiction. Concluding, we have (D is ample) < (7 is a point).

T is by definition a closed subscheme and closed under the group operation of Pic’(X).
Hence, the embedding 7 : T — Pic’(X) is a morphism of abelian varieties. We obtain a
surjection 7* : Pic’(Pic’(X)) — Pic’(T) by [L] — [(O(2D) ® L)|7].

Let [L] € Pic’(Pic’(X)) be a line bundle on Pic’(X) with h°(O(2D) ® L) > 0. Since,
O(2D) ® L is numerically trivial on the fibers of 7, the existence of a global section
implies that it is trivial on the generic fiber. Hence, by the seesaw theorem (see [8],
p. 54) it is trivial on all fibers, in particular it is trivial on 7. Thus, the set {[L] €
Pic’(Pic’(X)) | h°(O(2D) ® L) > 0} is contained in the subgroup ker(7*).

Let Q € X be a geometric point, which maps under ¢ : X — Pic’(Pic’(X)) to the line
bundle Lg. As in the proof of lemma 4.8, we conclude that there exists an injection
FM%(E) — Lg. Since Hom(FM%(E), Lg) = Hom(O(-D), Lg) = H°(Lg(D)), we con-
clude that the line bundle Lg(D) has a global section. Consequently, for any two points
Q), Q' € X the line bundle Ly ® Lg/(2D) has a global section.

However, Pic’(Pic’(X)) is the smallest subgroup of Pic’(Pic’(X)) which contains the
image of + : X — Pic’(Pic’(X)). Thus, the kernel of 7* is Pic’(Pic’(X)) itself. This
implies that dim(7") = 0. Hence, the assertion of the lemma holds. O

4.11 Lemma. The subscheme Z' of 4.9 is empty. Hence, Jz = Opico(x)(—D).
Proof: We start with the short exact sequence on Pic’(X):

0—Jz — OPicO(X)<_D) - OPico(X)(_D)‘Z’ — 0,
and the resulting long exact sequence
= FMp ! (Opieo x) (= D) 21)=FMp (T2) =FMp (Opie0x) (— D) = FMjp (Opi0 (x) (~ D) 21) =
Since the dimension of Z’ is at most g — 2, we have FM%(Opioxy(=D)|z) = 0

for all ¢ > g — 2. The ampleness of D (see lemma 4.10) and Serre duality, imply
FMp (Opicox)(—D)) = 0, for all i # g. Eventually, we conclude FMp(Op;ox)(—D)) =
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FM%(J2)[—g], and the homomorphisms FM%(J7z) — FM%(Opieox)(—D)) is an isomor-
phism.

The nontrivial morphism ¢ : J; — FMp(1,E) in DP(Pic’(X)) induces a nonzero
morphism FMp(J2)lg] — [-1]*t.E = FMp(FMp(.E))[g]. The Eilenberg-Moore
spectral sequence (see Theorem 2.11 in [5]) E5? = Ext/(FM% P (Jz), [—1]".E) =
Ext?™(FMp(T2)|g], [-1]*1.E) is a first quadrant spectral sequence. Thus,
Hom(FMp(J2)[g], [1]"1. E) = Hom(FM3(Jz), [-1]"0.E).

Thus, we have in D”(Jac(X)) a commutative diagram

FMP OPlco(X)(

/\

FMp(T7) El—g].

Since [—1]*t, E[—g] = FMp(FMp (1. E)) and FMp is an equivalence, we obtain a commu-
tative diagram in DP(Pic’(X)):

OPIC

/\

FMp(1,.E) .

However, H%(¢)) is the identity of Jz. Since it factors though Op;o(x)(—D), we eventually
yield the stated equality Jz = Op;co(x)(=D). O

4.12 The vector bundle £ on Jac(X). We define £ to be the vector bundle
[—1]"FM%(Opie0(x)(=D)).  From the morphism Op;o(xy(—D) — FMp (. E) we obtain

a nontrivial morphism & ——= 1, F .

4.13 Lemma. Properties of the vector bundle £.
(1) The morphism w: €& — 1, E is surjective.
(1)  The rank of € equals RO (OPICO(X (D));
(iii) If [L] € Pic’(Jac(X)) is the isomorphism class of a line bundle, then
Hom(L,E) is of dimension one.
(iv) If a @ € — k(Q) is a surjection to a skyscraper sheaf, then those
[L] € Pic’(Jac(X)) which admit a morphism to ker(a) form a divisor in
Pic’(Jac(X)).
Proof: (i) Let G C t,F be the image of m. The sheaf G is of the form ¢, E’ for a subsheaf
E' C E. Since 7 factors through ¢, E’, we have FM% (1, E') = Opieo(x)(—D). However, the
minimality of E implies that for all proper subsheaves F' C E, we have FM% (1, F) = 0.
Thus, 7 is surjective.
(ii) Let Q € Jac(X) be a closed point. As usual, L denotes the line bundle on Pic”(X)
parameterized by Q. We have Hom(&, k(Q)) = Hom(Op;o(xy(—D), Lg) = H°(Lo(D)).
(iii) Since L = FMp(k(R)) for a point R € Pic’(X), we have

Hom(L, &) = Hom(k(R), Opico(x) (—D)g]) = Ext?(k(R), Opieo(x)(=D)) -

The sheaf Op;o(x)(—D) is a line bundle. Therefore, we have

i ~ 0 fOI' 7
Eat k() Onovn(-D) = { iy i
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Therefore, the H* (Extl) = Extf*! spectral sequence degenerates, and we conclude that
Ext?(k(R), Opio(x)(—D)) = H°(k(R)) is one dimensional.

(iv) As in (1) we have Hom(&, k(Q)) = Hom(Op;o(x)(—=D), Lg). Thus, for any non
trivial morphism « : £ — k(Q), we obtain a nontrivial morphism & : O(—D) — L.
Therefore & is injective. The Fourier-Mukai transform of ker(«) is given by the complex
& : O(—D) — Lg. Now the statement follows from basic facts on cohomology and base
change (see IL.5 in [8]). O

4.14 Lemma. The surjection & — . FE factors through E|c. Let F be the kernel of
Ele — 1.E. For the sheaf F on X we have FM°(€|¢) = FM%(F) @ O(—D).

Proof: From the commutative diagram
& \

0 F Ele D) 0

and the fact that 7 induces an isomorphism FM% (7)) : FM%(E) — FM% (e E) it follows
that FM%(E|¢) = FM%(F) @ FM%(1.E).

5 Base points for higher rank bundles

5.1 Let X be a smooth projective curve of genus g > 2. We say that a vector bundle
E with x(E) = 0 has no ©-divisor in Ux (R, 0) if for all vector bundles F' of rank R the
cohomology of H*(X, F® F) is not trivial. By the Riemann-Roch theorem x(E® F') =0
implies deg(F") = 0. Furthermore from H*(X, F ® F') = 0 we deduce the semistability of
F. Thus, denoting the set of all semistable vector bundles of rank R and degree zero on
X with Ux(R,0) we see that the above property is equivalent to

@R,E‘ = {FE Ux(R,OHH.(X,E@F) %O}IU)((R,O)

It is well known (see for example Beauville’s survey articles [3] and [4]) that: if F is a
base point of the the R-th power of the generalized ©-divisor, then F has no ©-divisor in
Ux(R,0). Otherwise O g is a divisor in the moduli space Ux (R, 0).

The obvious fact that the direct sum of two semistable vector bundles F and F3 of ranks
Ry and Rs is semistable too yields: If £ has a ©-divisor in Uyx(R;,0) and in Ux(Rs,0),
then it has a ©-divisor in Ux(R; + R»,0).

5.2 Theorem. There exists vector bundles P, r on X and canonical surjec-
tions Piny1,r — Pmnr such that for a vector bundle E of rank r the conditions
(i) HYE®F)#0 for all vector bundles F with deg(F) =0 and rk(F) = R.
(it) Hom(P, r, E)#0 form >0, and
(iii) Hom(P, g, E) #0 form > r(R*(g—1)+1)
are equivalent. The numerical invariants of the bundle P,, r are given by

k(P ) = Rm?  deg(Pug) = gm?™"  p(Png) = % with § = R*(g— 1)+ 1.

Proof: Using the theory of spectral curves developed in [2] we see that there exists a
finite morphism f : X — X of smooth projective curves of degree R, such that
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(i) The direct image sheaf f.Oy is given by f.O @k o Wy " By Riemann-
Roch, we have x(Og) = R*(1 — g). Thus, the genus g of X is given by
§=Rg—1)+1.

(ii) Setting ¢ := —deg(f.Oz) = deg(wz @ frwy') = (R2 R)(g — 1) we obtain a
dominant morphism from an open subset U C Pic’(X) to Ux(R,0) given by
L+ f.L.

This is Theorem 1 of [2]. We note, that it also holds for smooth projective curves defined
over an algebraically closed field of arbitrary characteristic. Since the image of f, : U —
Ux(R,0) is not contained in a proper closed subset, we conclude that £ has no ©-divisor
in Ux(R,0) if and only if for all [L] € U C Pic’(X) we have Hom(f,L, E) # 0. Since
(L] — dim(Hom(f. L, E)) is upper semicontinuous we deduce that this is equivalent to
Hom(f.L, E) # 0 forall L € Pic’(X). The functor E — f*E®wX®f*wX is right adJomt
to L — f,L. Thus, the above condition is equlvalent to Hom(L, f*E ® wg ® fruxt) #0
for all L € Picé(f( ). Fixing one Ly € Pic’(X ) we obtain that this is equivalent to
Hom(M, L' @ f*E ® wg @ ffwy') # 0 for all M € Pic® (X) Now we can apply our
Theorem 2.5 to deduce, that this is equivalent to Hom(Pm, Li'® FFEQuws® ffuy') #0
for m > 0 with P,, the Raynaud bundle on X. As before we conclude that this is
equivalent to Hom(f, (P, ® Lo), E) # 0 for m > 0. Thus setting Py, g := fu(Pn ® L) we
have shown the equivalence of (i) and (ii). Applying Theorem 3.7 instead of Theorem 2.5
we obtain the equivalence of (i) and (iii). The computation of the numerical invariants is
straightforward. 0

6 Applications and questions

6.1 Elliptic curves

6.1 Vector bundles on elliptic curves. Let X be an elliptic curve. In this case we
have (see Lemma 2.3) the numerical invariants rk(P,,) = m, and deg(P,,) = 1. Therefore,
the slope p(P,,) = + is always positive.

Thus, for a vector bundle E of rank r and degree 0 we deduce the following equivalences

E is semistable < Hom(P,,,,F)=0 < H*(X,E®L)=0 fora L € Pic"(X).

Indeed, if E is semistable, then from u(P.y1) = =5 > 0 = u(E) we derive that
Hom(P,;1,E) = 0. However, Hom(P, 1, F) = 0 implies by Theorem 3.7 that E has
a O-divisor. Having a ©-divisor implies semi stability immediately.

Moreover, Polishchuk shows in [9] that the Fourier-Mukai transform FMp gives an equiv-
alence between semistable bundles of rank r and degree zero and torsion sheaves of length
r. See [6] for a presentation of Atiyah’s results on vector bundles on elliptic curves (cf. [1])
in terms of Fourier-Mukai transforms.

6.2 Curves of genus two

In this subsection we assume X to be a curve of genus two defined over the complex
numbers. Recall that from 4.2 and 4.3 that r_(X) is the smallest rank of a stable vector
bundle F on X with Hom(P,,, F) # 0 for m > 0 and u(F) < g — 1.

6.2 Theorem. If X is a curve X of genus 2, then r_(X) = 4.
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Proof: By 2.3 the Raynaud bundle P, is of rank four and has p(FP;) = 1. Thus, we have
to exclude the ranks one, two, and three as possible ranks of a stable vector bundle F
with Hom(P,,, E) # 0 and u(F) < 1.

Case 1: 1k(F) = 1.

This case can easily excluded because line bundles of degree d < g — 1 have a ©-divisor.
Case 2: rk(F) = 2.

Here we have two subcases depending of the parity of the degree of E.

Case 2.1: 1k(F) =2 and deg(F) is even.

Let D be an effective divisor of degree and take a global section

Ox —>= Ox(D) . This way we obtain a semistable vector bundle E(D) = F ® Ox(D)
with u(E(D)) = g — 1, and the embedding £ — E(D) gives Hom(P,,, E(D)) # 0. Thus
E(D) is a base point for the generalized ©-divisor which is impossible for vector bundles
of rank two as shown by Raynaud in [10] Corollaire 1.7.4.

Case 2.2: 1k(F) =2 and deg(FE) is odd.

Take an extension 0 — £ — E' — k(xy) — 0 with £’ a vector bundle. Since any subsheaf
L C E’ gives a subsheaf L(—x) of E, the stability of £ implies the semistability of E’.
Thus, we pass to a semistable vector bundle E’ with deg(E’) even and Hom(P,,, E') # 0.
Now we proceed as in case 2.1.

Case 3: 1k(F) = 3.

Here we have three subcases according to deg(E) modulo 3.

Case 3.1: 1k(F) =3 and deg(E) =0 mod 3.

Analogously to case 2.1 we obtain a base point for the generalized ©-divisor on rank three
bundles which contradicts again Raynaud’s result.

Case 3.2: 1k(F) =3 and deg(F) = —1 mod 3. We proceed as in case 2.2.

Case 3.3: 1k(F) = 3 and deg(F) =1 mod 3.

Here we take a short exact sequence 0 — E' — E — k(zg) — 0. The stability of F
implies as before the semistability of E’. However E is contained in E’(z(). The latter is
semistable of degree divisible by three. Hence case 3.1 applies. U

2g—2—deg(FE)
2

6.3 Corollary. On a curve of genus 2 the Raynaud bundle P, is stable.

Proof: We have p(FP2) = 1 by 2.3. Let P, — E be the surjection to a stable bundle with
u(E) < 1. By the above Theorem 6.2 we have rk(E) = 4. O
More generally, O. Schneider proved the stability of the vector bundle P,, on a curve of
genus g > 2 (see Corollaire 2.2 in [11]).

6.3 Further examples

6.4 Curves of genus g > 3. Suppose that X is a curve of genus 3 defined over the
complex numbers. Even though we can copy the proof of Theorem 6.2 we only obtain
r_(X) > 4. Here we use the base point freeness of the generalized ©-divisor of bundles
of rank two and three on the curve X (see Proposition 1.6 in [4]).

Since base point freeness of the generalized ©-divisor on the moduli space of rank three
bundles is not known for a curve X of genus g > 4 we obtain a priori only r_(X) > 3.

6.5 Quot-schemes without torsion quotients. Let X be a curve of positive genus
g, and m > g an integer. Since any line bundle Ly of Euler characteristic zero has a

©-divisor, we conclude Hom(P,,, Ly) = 0. On the other hand we have Hom(P,,, L1) # 0
for line bundles of positive Euler characteristic by Lemma 3.6.
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If ¢ : P,, — L; is a non-trivial morphism, then it must be surjective. Otherwise it would
factor through a subsheaf L;(—D) for a non-trivial effective divisor D. This contradicts
the fact, that there exists no homomorphism from P, to a line bundle of Euler character-
istic zero. We conclude that the Quot-scheme Quotﬁég (P,,) of rank one quotients of degree
g of P,, has no torsion quotients. On the other hand, every line bundle L, of degree g
appears as a quotient of P,, by Lemma 3.6.

6.6 Quot-schemes parameterizing only stable quotients. Let X be a curve of genus
g > 2. The number r; is the smallest possible rank for a y-small vector bundle F with
Hom(P,,, E) # 0 for m > 0. Let d_ be the smallest possible degree of such a bundle.
Then for m > 0 the Quot scheme Quotgg’d’(Pm) of quotients of P,, of rank r_ and
degree d_ parameterizes only y-small vector bundles. Indeed, if F is not semistable, then
it contains a subsheaf F; C E of maximal slope. The surjection of P,, — F — E/E;
gives us a surjection of P, to E” = E/FE; with rk(E") < rk(F) and deg(E") < deg(F).
Proceeding this way we obtain a surjection from P,, to a y-small bundle of degree less
than r_ which is impossible by the very definition of »_. Thus, each quotient of P,, with
these numerical invariants is a stable vector bundle. By definition of r_ and d_ the scheme
Quot'y* (P,,) is not empty for m > 0.

6.7 Generalized Raynaud bundles. For an ample line bundle L on Pic’(X) we can
define
Pp =[] R (P @ p'L7") .

having the definition of the bundles P,, in mind we obtain P,, = P,,.e. Indeed, theorem
4.6 implies that to each minimal bundle F there exists a unique ample divisor D(FE) on
Pic’(X) with a unique (up to scalars) surjection Pp — E.

However, we gave another generalization of Raynaud’s vector bundles with the bundles
P,, r of theorem 5.2. To unify both, we consider a morphism 7 : X — X of irreducible
smooth curves such that 7,05 = ®F W%, and a line bundle Ly on X of degree § =
(R?* — R)(g — 1). Now any vector bundle F with

e Hom(F, E) # 0 for all vector bundles F' of rank R with x(F') = 0; and

e For all proper subsheaves E' C FE, there exists a rank R vector bundle F with
X(F) =0 and Hom(F, E’) = 0.

determines an ample divisor D in the Picard group Pic’(X) and a surjection (P ®Lo) —
E. To proof this claim just combine the theorems 4.6 and 5.2. .
Having said this, it is natural to consider the vector bundles Pp 1= m.(Pp ® Lg) with

D an ample divisor on Pic’(X) as the generalized Raynaud bundles.

6.8 Base points of the generalized O-divisor. To study the base points of the
generalized ©-divisor on SU(r,r(g— 1)) it is by theorem 3.7 enough to study all quotients
Q of P,441. Indeed, any base point corresponding to the sheaf £ contains by this theorem
a quotient () of P41 with (semistability of £) Euler characteristic x (@) < 0. The sheaves
P,, with 1 < m < gr + 1 are quotients of this type. See [11] for such a construction.

6.9 Question: Does r_(X) vary with X7 It seems to me very probable that a curve
X where the Néron-Severi group NS(Pic”(X)) has high rank should have a smaller r_(X)
than a curve X’ with rank of NS(Pic’(X")) equal to one.

It is my hope that the generalized Raynaud bundles of 6.7 will help to understand the
dependence of r_(X) from the Néron-Severi group NS(Pic’(X)).
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