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Abstract

For every n-dimensional projective manifold X of Kodaira dimension
2 we show that ®|arf | is birational to an litaka fibration for a com-
putable positive integer M = M (b, By,—2), where b > 0 is minimal with
[bK | # 0 for a general fibre F' of an Iitaka fibration of X, and where
B2 is the Betti number of a smooth model of the canonical Z/(b)-
cover of the (n — 2)-fold F. In particular, M is a universal constant if
the dimension n < 4.

Building upon the work of H. Tsuji, C. D. Hacon and J. McKernan in
[HM] and independently S. Takayama in [Ta] have shown the existence of a
constant r,, such that @,k | is a birational map for every m > r, and for
every complex projective n-fold X of general type.

If the Kodaira dimension x = x(X) is non-negative and x < n, consider an
Titaka fibration f : X — Y, i.e. a rational map onto a projective manifold Y
of dimension x with a connected general fibre F' of Kodaira dimension zero.
We define the index b of F to be

b=min{t/ >0 | |t'Kp| # 0},

and B, _, to be the (n — k)-th Betti number of a nonsingular model of the
Z/(b)-cover of F', obtained by taking the b-th root out of the unique member
in |bKF|, or as we will say, the middle Betti number of the canonical covering
of F.

Question 0.1. Is there a constant M := M(n,k,b, B,_x) such that
@ark x| 1s (birational to) an litaka fibration f : X — Y for all projective
n-folds X of Kodaira dimension x?

Assume that for all s < n there exists an effective constant a(s) such
that for every projective s-fold V of non-negative Kodaira dimension, one
has |a(s)Ky| # 0 and such that the dimension of |a(s)Ky| is at least one if
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k(V) > 0. Then J. Kollar gives in [Ko86l Th. 4.6] a formula for the constant
M in Question in terms of a(s) and n.

Question 0.1 has been answered in the affirmative by Fujino-Mori [FM] for
k = 1. In this note we show that the answer is also affirmative for k = 2.

Theorem 0.2. Let X be an n-dimensional projective manifold of Kodaira
dimension 2 with Ilitaka fibration f : X — Y. Then there exists a computable
positive integer M depending only on the index b of a general fibre F' of f and
on the middle Betti number B, _s of the canonical covering of F, such that
@11k« 18 birational to f.

We now include a few words about the proof. In Section [l we consider two
Q-divisors Dy and Ly on Y (with Y suitably chosen), such that the reflexive
hull of f,Ox (bN K x,y ) is isomorphic to Oy (bN(Dy + Ly )) for some constant
N depending on B,,_,. The divisor bN(Ky + Dy + Ly) is big, and in order
to prove Theorem it remains to bound a multiple M of bN for which
(P\MKY+MDY+MLy\ is birational.

The two divisors Ly and Dy are of different nature; Dy is given by the
multiplicities of fibres of f, and the pair (X, Dy) is klt, whereas bLy is the
semistable part of the direct image of bKx/y, hence nef. We apply the log
minimal model program for surfaces in various ways, to reduce the problem to
the case where on some birational model W the corresponding divisor Ky +
Dw + Ly is nef. The rest then will be easy if the sheaf Ky + Dy is big, and
will also not be too difficult if Ly is big and Ky + Dy is pseudoeffective. For
the remaining cases, we consider in Section B} the pseudo-effective threshold,
i.e. the smallest real number e with Ky + Dw + eLyw pseudo-effective, and
we will show that e is bounded away from one.

Beginning with Section Bl our arguments and methods use dim(Y) =
k(X) = 2, sometimes for convenience, and at other times used in an essential
way. After finishing the proof of Theorem we are a bit more precise (see
Remarks 1] and £2)).

If one assumes that the general fibre F' of the Iitaka fibration has a good
minimal model F’, hence one with bK g = 0, then Ly would be the pullback
of a nef and big Q-divisor on some compactification of a moduli scheme. As we
will discuss in Remark 2] assuming the existence of good minimal models,
the existence of nice compactifications of moduli schemes might lead to an
affirmative answer to Question

Conjecturally the index b and the Betti number By (r) should be bounded
by a constant depending only on the dimension of F'. So one could hope for
an affirmative answer to:

Question 0.3. Can one choose the constant M in Question [0l to be
independent of b and B,,_,?
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For example, if F' is an elliptic curve one has b = 1 and B; = 2. For
surfaces F' of Kodaira dimension zero, the index b divides 12, and 22 is an
upper bound for the middle Betti number B; of the smooth minimal model
of the canonical covering of F. Hence for n < 4, the constant M in Theorem
can be chosen to be universal, i.e. only depending on n. Since by [Mol
§10], [FM, Corollary 6.2], [CCl Th. 1.1], [HM] and [Ta] the same holds true
for dim(X) = 3 and k(X) = 0,1, or 3 we can state:

Corollary 0.4. There is a computable universal constant Ms such that
® 11,k x| 08 an litaka fibration for every 3-dimensional projective manifold X .

We remark that when dim X = 3 and x(X) = 2, Kollér [Ko94, (7.7)] has al-
ready shown that there exists a universal constant M’ such that H%(X, mK x)
= 0 for all m > M’ under the additional assumption that the Iitaka fibration
is non-isotrivial. A direct proof of Corollary [0.4] using the existence of good
minimal models, will be given at the end of Section [l

0.5. Conventions.

We adopt the conventions of Hartshorne’s book, of [KMM)] and of [KM].
However, if D is a Q-divisor on X we will often write H°(X,D) or
H°(X,0x(D)) instead of H*(X,Ox(|D])), and write |D| instead of || D]|.
By abuse of notation we will not distinguish line bundles and linear equiva-
lence classes of divisors.

1. Some auxiliary results

Set-up 1.1. Let X be a complex n-fold of Kodaira dimension x. We will
consider an Iitaka fibration f : X — Y of X with Y nonsingular, and F' will
denote a general fibre of f. Replacing X by some nonsingular blowup, as in
[Vi&3l, §3] or [FM], §§2 and 4], one may assume that f : X — Y is a morphism,
that the discriminant of f is contained in a normal crossing divisor of Y and
that each effective divisor E in X, with codimy (f(E)) > 2, is exceptional for
some morphism X — X’ with X’ nonsingular. In particular, for all 7 > 1 and
for all such divisors E one has

H°(X, Ox(ibKx)) = H*(X, Ox(ibKx + E))
= HO(Y, Oy (ibKy) ® f.Ox (ibKx/y)""),

where b again denotes the index of F' and where f,Ox(ibKx/y is
the invertible sheaf, obtained as the reflexive hull of f.Ox(ibKx/y). By

)V\/

L After a first version of this article was submitted to the arXiv-server, we learned that
Corollary [0:4] had been obtained independently by Adam T. Ringler in [Ri], using different
arguments.
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[EM,, Corollary 2.5] one can define the semistable part of f.Ox (ibKx,y) as a
Q-Cartier divisor iL5 v compatible with base change, such that Oy (i L5 /Y)
C f+Ox(ibKx,y)"" for i sufficiently divisible, and such that both sheaves
coincide if f : X — Y is semistable in codimension one. In particular, L5 1%
is nef. We write
Ly = %ng/y and Dy = %PP
P
for the Q-divisors with Oy (ib(Ly + Dy)) = f.Ox(ibKx,y)""Y. We remark
that Dy is supported on the discriminant locus of f and b(Ly + Dy) is only
a Q-divisor (whose denominators may not be uniformly bounded); see [FM]|
Proposition 2.2].
Let B,,_, be the middle Betti number of the canonical covering of F', and

N = N(Bp—y) =lem{m € Zso | o(m) < B,_,},

where ¢ denotes the Euler ¢-function. By [EM) Theorem 3.1], NbLy =
NL_‘}S/Y is an integral Cartier divisor. By [EM| Proposition 2.8], if sp # 0,
there exists up,vp € Z~o with 0 < vp < bN such that

sp  bNup —vp

0< =—<1.
b bNup
So all the non-zero coefficients of Dy are contained in
bNwu

A(b,N) i= {5 |u,v € Zo0; 0 < v < BN} \ {0}.

Lemma 1.2. In Set-up [[LT] the following statements hold true.
(1) The set A(b,N) is a DCC set in the sense of [AM, §2], and one has

1
— < .
np S Inf A(b, N)

(2) (Y, Dy) is klt.

(3) The Q-divisor Ky + Dy + Ly is big.

(4) We have HY(X, mbKx) = H°(Y, mb(Ky + Dy + Ly)), for every m €
Z~0; further, the map @), | is birational to the Iitaka fibration f
if and only if |mb(Ky + Dy + Ly )| gives rise to a birational map.

(5) NbLy is an integral Cartier divisor.

(6) If s+ 1 € Zy is divisible by Nb, then (s + 1)Dy > [sDy .

Proof. Part (1) is obvious and (5) was mentioned already in Set-up [T
For (2), we remark that Dy, as part of the discriminant locus, is a simple
normal crossing divisor and that sp/b € (0,1). Parts (3) and (4) are obvious,
since for all ¢ > 1,

HY(X, ibKx) = H°(Y, ib(Ky + Ly + Dy)).
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Finally (6) is a consequence of the description of the coefficients of Dy as

elements of A(b, N). In fact, since all 5 = bfﬁ;” € A(b, N) are larger than or

equal to 1 — 1 and since (s+1)3 € L -Z, one finds that (s +1)8 > [s5]. O

2. Log minimal models of surfaces and pseudo-effectivity

From now on we will restrict ourselves to the case k = 2.

Remark 2.1. As we will see in proving Theorem [0.2] the constant
M(b, B,—2) (later written as M (b, N)) can be computed using the invari-
ants S(A) and €(A) of the DCC set A = A(b,N) (see [AM, Th. 4.12] and
[Ko94l Complement 5.7.4], or [Lal, Th. 5.4]).

Lemma 2.2. There is a birational morphism o :' Y — W such that the
following hold true:

(1) Kw +Dw + Lw is ample and Ky +Dy + Ly = o*(Kw +Dw + Lw )
+ E,. Here Dy := 0.Dy, Lw = o.Ly; E, > 0 is an effective
o-exceptional divisor.

(2) (W, Dw) is klt.

(3) Suppose that Lg is big for S =Y or for S = W. Then Lg ~qg L
with (S, Dg + L) klt.

Before giving the proof, let us recall the log minimal model program
(LMMP) for surfaces.

Construction 2.3. Starting with any two dimensional klt-pair (Y, Ay),
the LMMP provides us with a sequence v : Y — Z of contractions of (Ky +
Ay )-negative extremal rays. If Ky 4+ Ay is big or more generally pseudo-
effective (which will be assumed here), v will be birational. Writing Az =
vAy, the Q-divisor E := Ky + Ay — v*(Kz + Ayz) is effective and ~-
exceptional, the Q-divisor Kz + Az is nef and (Z, Az) is klt.

By the abundance theorem for klt log surfaces (see [Ko], for example), there
is a morphism with connected fibres ¥ : Z — W such that Kz + Ay is the
pullback of an ample Q-divisor H on W.

Proof of Lemma 22 As in the proof of [EM| Th. 5.2], the nefness of Ly
and the bigness of Ky + Dy + Ly allows us to find some a € Q<o and a
klt-pair (Y, Ay) such that

Ky + Ly + Dy ~g a(Ky + Ay).

If Ky + Ay is big, as we assumed in Lemma [Z.2] the morphism o = 1o~ :
Y — W in Construction is birational and the ample Q-divisor on W is
H=Kw+Aw. So Kz + Az =¢*(Kw + Aw) and hence the y-exceptional
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divisor E is
Ky + Ay — O'*(KW + Aw)
In particular, (W, Aw ) is again klt. We find

Ky + Ly + Dy ~Q CLO'*(KW + Aw) +aFk =

U*O'*(Ky + Ly + Dy) +aFk = U*(KW + Lw + Dw) +ak.
(1) is true by Lemma [[2(3). Part (2) follows from (1) and Lemma [[2(2).
For part (3), we refere to [KM| Proposition 2.61 and Corollary 3.5]. O

Remark and Assumption 2.4. The morphism o : Y — W, constructed
in Lemma [2.2] factors through a minimal resolution W of W. So o = wo¢ for

y —S W —w.

Applying the construction in Section [Ilto W instead of Y one obtains divisors
Ly and Dy, which are just the direct images of the divisors Ly and Dy

Using the calculation in Lemma[2.2] we see that Lemmal[l2lholds true even
with Y replaced by the minimal resolution of W. By abuse of notation we
will replace Y by W and assume in the sequel that the morphism o : Y — W
in Lemma is a minimal desingularization.

The answer to Question [0.1]is quite easy when Ky + Dy is big, and espe-
cially when Ly = 0.

Lemma 2.5. Suppose that Ky + Dy is big. Then there is a constant
M = M(b,N) such that for all s > M (b, N) with s + 1 divisible by Nb, the
linear system |(s+1)(Ky + Dy + Ly )| defines a birational map. In particular,
Qark x| @5 an litaka fibration for some M = M (b, N) depending only on the
set A(b,N), and hence only on'b and N = N(B,,_»).

Proof. Applying ConstructionZ3lto (Y, Dy ), we get a birational morphism
n:Y — Z such that Kz + Dz = n.(Ky + Dy) is ample and E, := Ky +
Dy — n*(Kz 4 Dz) is an n-exceptional effective Q-divisor.

Note that the coefficients of Dy = n,Dy still belong to the same DCC
set A(b, N). Remark (3) on page 60 of [La] allows us to apply [Lal Th. 3.2].
As in [Lal Th. 5.3] one finds a constant M (b, N), depending only on the set
A(b, N), such that the linear system

| Ky + [sn"(Kz + Dz)]|

gives rise to a birational map for every s > M(b, N). The same [Lal Th. 3.2
applies to

|Ky + [s(Ky + Dy) + (s+ 1)Ly ]|,
since (s+1)Ly is pseudo-effective and hence the boundary divisor of the above
adjoint linear system has nef part larger than sn*(Kz + Dyz).
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Assume further that Nb divides s + 1. Then by Lemma [[.2]
Ky + [sKy +sDy + (s+ 1)Ly ] < (s+ 1)(Ky + Dy + Ly).

This implies the first part of Lemma Now the second part follows from
the first part using Lemma [[2(4). O

Lemma 2.6. Suppose that Ly is big and Ky + Dy + eLy is pseudo-
effective for some e € [0,1). Then there is a constant M = M (b, N, e) such
that @|arxcy| 18 an Iitaka fibration.

Proof. Consider the Zariski decompositions
Ky +Dy +ely =P, + N, and Ky + Dy + Ly = Py + Ny.
Then Py > (1 —e)Ly + P.. Since NbLy is an integral divisor

Py > (1-e)’Ly > %532

For a very general curve Cy, we have

1—e

Nb -~

Assume that s(1—e) > 4Nb. Applying [Lal Th. 3.2] one finds that the adjoint
linear system |Ky + [s(Ky + Dy + Ly ) + Ly || (whose boundary divisor has
the nef part larger than sPy) gives rise to a birational map. Assume further

that Nb divides (s + 1). The lemma follows from the observation that the
latter system is included in the following (see Lemma [[2]):

Py.Cy > (1 - e)LY~Ct >

|(s + 1)(Ky + Dy + Ly)|. O

The most difficult part of the proof of Theorem is the one where Ky +
Dy is not pseudo-effective, and hence where Ly is not numerically trivial. As
a first step, we will need the following construction, well known to experts as
a consequence of [Ba] (see however [Ar]). This will be essential in the next
section; for the completeness and for the need of the precise description of the
end product (i.e., V), we give a proof.

Proposition 2.7. Suppose that Ky + Dy is not pseudo-effective. Then
in addition to the birational morphism o : Y — W constructed in Lemma
there are a birational morphism 7 : W — V', some e € QN (0,1) and effective
diwvisors E,», E,, Er,, onY and E,. on W satisfying:

(a) E; is T-exceptional, E, and Er, are o-exceptional, and

E.o=E,+(l1—e)EL, +0"E,,



718 ECKART VIEHWEG AND DE-QI ZHANG

(b) Writing Dw := 0.Dy, Dy := 7.Dw etc. one has

Ky + Dy +ely = 0'*(KW +Dw +elw)+ Es+(1—e)EL,
= U*T*(Kv + Dy + eLv) + E.o.

(¢c) o*Lw = Ly + EL,., and Ly is nef.

(d) e = min{e’ | Kg + Dg + €' Lg is pseudo-effective}. Here S can be
chosen to be equal to Y, W, or V and the resulting e is independent
of this choice.

(e) (V,Dy) and hence V are klt.

(f) One of the following holds true:

(1) Ky + Dy + eLy = 0, the Picard number p(V) =1, and V is a
klt del Pezzo (rational) surface. In particular, —Ky is an ample
Q-divisor and V' has at most quotient singularities.

(2) V is the total space of a Pl-fibration over a curve with general
fibre T, the Picard number p(V) =2, and Ky + Dy +eLy = T
for some B € Qsg.

Proof. We start with the morphism o : ¥ — W from Lemma For
Lw := o.Ly one has 0*Lyw = Ly + Er, where Er, is supported in the
exceptional locus of 0. Since Ly is nef, Ly is also nef, and Ey,, is effective.
By Lemma 2.2] one finds for all ¢/,

(21) Ky + Dy + elLy = 0'*(KW + Dw + G/Lw) + E, + (1 — e’)ELy.

So the assertion (c) and the first equation in the assertion (b) holds true.
Starting from Wy = W we will construct for some r > 0 and for ¢ =
0,...,7 — 1 a chain of birational morphisms 7; : W; — W1, such that W,
satisfies the conditions stated in Proposition Z7[(f), (1) or (2). We will show
inductively that the following conditions (c1)—(c5) hold for ¢ = 1,...,r and
that (c6)—(c8) hold for i =1,...,r — 1.
(Cl) (W“DZ) is klt.
(¢2) K; + D; is not pseudo-effective.
(¢3) K; + D; + L; is ample.
(c4) e; =min{e’ € (0,1)| K; + D; + €'L; is nef} exists and is rational.
(ch) 1>ep>e1 >--->e>0.
(c6) p(Wiy1) =p(W;) — 1.
(c7) L; is nef, and 7/ L;11 = L; + Er, for an effective 7;-exceptional divi-
sor Ep,;.
(c8) Ki+ Di+eiLi =1 (Kit1+ Dit1+ eiLit1).
Here K; = Kw,, and D; or L; denotes the pushdowns of Dy or Ly to W,.
We write p(W;) for the Picard number of W;.



EFFECTIVE IITAKA FIBRATIONS 719

Claim 2.8. (c3) and (c7) are true for all 4 > 0, and (c1) and (¢2) hold for
i=0.

Proof. Note that 7; is birational. (c3) and (c7) are true for ¢ = 0 and hence
they are true for all ¢ > 0 on surfaces; see Lemma and the proof for the
assertion (c) above. (c1) is also part of Lemma 22 For (c2), set ¢/ = 0 in the
equation (21]) and use the non-pseudo-effectiveness of Ky + Dy-. O

Claim 2.9.

(i) The conditions (c2) and (c3) for some ¢ imply (c4) with e; € (0,1).
(ii) In particular, (c4) and (c5) hold for i = 0.

Proof. Knowing (c2) for some ¢, the condition (¢3) allows us to deduce

from [KMM] Th. 4-1-1] or [KM, Th. 3.5] that there exists a rational number

d; = max{d|(K; + D; + L;) + d(K; + D;) is nef}.

Since K; + D; + L; is ample, d; > 0. Then e; = 1/(1 4 d;). O
Assume now that we have found the birational morphisms 7; for ¢ < ig, that
(c1)—(ch) hold for i =0,...,7 and that (c6)—(c8) hold for i =0,...,i9 — 1.
By [KM, Complement 3.6], the condition (c2) implies the existence of a
K;, + D;,-negative extremal ray R;,, perpendicular to K;, + D;, +e;,L;,. We
choose 7;, : W;, — Wi,41 to be the contraction of R;, (i.e., of all the curves
proportional to R;,). In particular, one finds

(2'2) Tit)Tio *(Kio + Dio + eioLio) = Kio + Dio + eioL

10"
Suppose that 7;, is birational. Then for ¢ = iy the condition (c¢6) holds. (c8)
follows from equation ([Z2]).

Knowing (c1)—(c8) for i = ig, it is easy to verify (c1)—(c5) for i = ig + 1.
We remark that (¢7) and (c8) for ip imply that

Kiy + Diy = 7 (Kig41 + Dig+1) + €i, B,

so (cl) and (c2) for ip + 1 follow from the corresponding statements for i,
and hence (c4) for ig + 1 follows from Claim
By the choice of e;,,

Kiy + Diy + €igLiy = 7, (Kig+1 + Digt1 + €ig Ligt1)

is nef. This is possible only if K; 11 + D;,+1 + €, Li,+1 is nef, and hence only
if e;, > €41, as claimed in (c5).

If 7,, is birational, we can continue this process. This way, one obtains
birational morphisms 7; : W; — W1 (0 < j < r) satisfying the conditions
(c1)—(c8). The condition (c6) implies that r < p(W).

If 7;, is non-birational we set V' = W, and e = ¢;, in Proposition 211
The assertions (a) and the second half of (b) follow from (c5), (c7) and (c8),
whereas (e) is the same as (c1). It remains to verify (d) and (f).
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Case 1. If the image of 7;, is a point, we claim that we are in the first
case in Proposition 27(f). By the construction, p(V) = 1.

Recall that the singularities of a klt surface are just quotient singularities.
Since Ly and hence Ly = 7,0.Ly cannot be numerically trivial, it must be
a positive multiple of the generator of the Neron-Severi group of V. So the
definition of e implies that Ky + Dy + eLy = 0. By |GZl Lemma 1.3] a kit
surface with —K ample is rational.

Case 2. We claim that the second case in Proposition [Z7(f) occurs if 7;,
has a curve W; 41 as its image. Let I denote a general fibre of 7.

For V. = W, one finds p(V) = 1 + p(W;,11) = 2. Our I' generates the
extremal ray R;, giving rise to the contraction 7;,. So every fibre of V —
Wio+1 is irreducible (also because p(V) = 2). Since the nef divisor Ky +
Dy + eLy is perpendicular to R;, and hence to the nef divisor I', one finds
that Ky + Dy + eLy = BT for some 8 > 0.

Since Ky + Dy + Ly = (1 —e)Ly + ST is ample, we have I".Ly > 0. Now
0=T.8T =T.(Ky + Dy + eLy) > I'.Ky and hence I' = P!

We still have to characterize e as the pseudo-effective threshold as claimed
in the assertion (d) of Proposition 271

Clearly, when S =V, our Kg + Dg + eLg = BI" (setting 8 = 0 and I to
be any ample divisor, in Case (1)) is pseudo-effective, so by the assertion (b)
of Proposition 27 the same is true when S =Y or S = W.

Conversely, suppose that Kg + Dg + ¢’ Lg is pseudo-effective for some ¢
and some S € {Y, W, V}. Then the same holds for S = V by considering the
pushdown.

For S = V we can write this divisor as ST + (¢/ — e)Ly. Thus 0 <
I (BT + (/' —e)Ly) = (¢/ —e).Ly. Since Ky + Dy + Ly =T+ (1 —¢e)Ly
is ample, we have I'.Ly > 0 in both Cases (1) and (2), and hence ¢/ > e. O

The next two lemmata give a universal upper bound for the threshold e in
Proposition 271

Lemma 2.10. In the situation considered in Proposition 2(f), Case (1),
there is a constant e(b, N) < 1, depending only on b and N, such that the
threshold e < e(b, N).

Proof. Let 7 : V — V be a minimal resolution. So one has a commutative
diagram:

Yy —2— W

]

V " V.
As usual, when there is a birational morphism Y — S we will write Dg and
Lg for the direct images of Dy and Ly, respectively.
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Write m* Ky = Ky; +J where J is an effective and 7-exceptional Q-divisor.
Note that (V, Dy) and hence V and (V,J) are klt. Since Hyy := NbLy is a
nef line bundle with Hyy, — (K + J) nef and big, [Ka, Th. 3.1] tells us that
|2H N3 | is base point free.

So Ly is Q-linearly equivalent to L%/ := Hopnp/2NDb for a smooth divisor
Hyny € |2H | intersecting Dy transversely and away from the fundamental
point of the inverse of the birational morphism £ : Y — V.

For Li, := f*L%,, the pair (Y, Dy + Ly) is klt. Write {*Li; = Ly + E with
E > 0 and &-exceptional. Then Ky + Dy + LY, ~g (Ky + Dy + Ly)+ E is
big.

So we are allowed to apply the first part of Lemma and we find a
constant M (b, N) such that |(to+1)(Ky + Dy + L}/)| gives rise to a birational
map for all tg € Z~o with 2Nb|(to + 1) and t9 > M (b, N). Thus the same
holds for |(to + 1)(Kv + Dy + Li,)| with (Ly ~q) Lj, the pushdown of L}, .

So (to + 1)(Ky + Dy + Ly).I' > 1 for any movable curve I on V. On V,
we take I' = P! with I'2 = 0 or 1 (when V is ruled or P2) such that T' = x(T).
Note that [.Ky =T'.(Ky +J) > .Ky > =3.

If e < 1/2 there is nothing to show. Otherwise,

_ _ 1.
0= F(Kv + Dy + eLv) >-3+el.Ly > -3+ iI‘LV

Then

6(1—e)>(1—e)l.Ly =T.(Ky + Dy + Ly) >
to+1

gives an upper bound for e. O

Lemma 2.11. In Case (2) of Proposition BIf), there is a constant v =
v(N,b) (depending only on N,b) such that the threshold e satisfies

1
<1l—-—<1
e < 1 <
Proof. Again it is sufficient to consider the case e > 1/2. We calculate
1 1~
0=TpT=T.(Ky+Dy+eLy)>—-2+ §F.LV =-24 EF'LY'
Here the fibre I' is the pullback on Y of the general fibre I" on V' in Proposition
27(f), Case (2). Since Ky + Dy + Ly is big and NT.(Ky + Ly) € Z~g, we

apply [FM| Proposition 6.3], obtain v = v(N,b) satisfying the following and
hence conclude the lemma (noting that E,, is contained in fibres):

v<T.(Ky +Dy +Ly) = (1—e)[.Ly <4(1—e). O
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3. The proof of Theorem and Corollary

When Ky + Dy is big, especially when Ly = 0, the statement of Theorem
has been verified in Lemma If Ly is big, the theorem follows from
Lemmata [Z.6] .10 and 2-TI1 So for Theorem [(.2] it remains to consider the
case:

Assumption 3.1. Ly is not numerically trivial, «(Ly) < 1, and
K,(Ky + Dy) < 1.

By [Raut], for a nef Q-divisor Ly on a projective manifold Y there exists a
nef reduction, i.e. an almost holomorphic dominant rational map ¢ :Y --+ T
such that the restriction of Ly to compact fibres is numerically trivial, and the
restriction to general curves C' with dim(o(C)) > 0 is of positive degree. The
dimension of T is called the nef dimension and denoted as n(Ly). Obviously
k(Ly) < n(Ly) and the first assumption in Assumption Bl implies that the
nef dimension n(Ly) is one or two. In the first case, the reduction map p is
birational, whereas, in the second case, it is a morphism to a curve.

Recall that starting with Remark and Assumption 2.4] we had chosen Y
such that the birational morphism o : Y — W, constructed in Lemma [2.2]
is a minimal desingularization. As in Section 2] Ly, and Dy, are the direct
images of Ly and Dy, respectively. We write Ky = o* Ky — J with J an
effective o-exceptional QQ-divisor.

Lemma 3.2.

(1) 0< L3 < L},

(2) If n(Ly) =2, then k(Ly) <0 and Ly.Ky > 0.

(3) Let e be the threshold from Proposition 277 and let Py be the positive
and Ny the negative part in the Zariski decomposition

Ky + Dy + Ly = Py + Ny.
Then Py — (1 — e)o* Ly is pseudo-effective. Furthermore,
(3.1) Py > (1-e)’Liy > (1—e)’Li.
Proof. (1) Recall that Ly is nef, hence Ly is nef as well. Since Ly <
o* Ly, one obtains (1).
(2) Since Ly is nef, but neither big nor numerically trivial, one finds that
L2 = 0 and that H?(Y,mLy) = 0 for m sufficiently large. Then for m

sufficiently divisible

Ly .Ky

dim(H®(Y,mLy)) > — -m + x(Oy).

If Ly.Ky < 0, then x(Ly) = 1. However x(Ly) = 1 implies that the re-
striction of Ly to the fibres of ®,,r,| is numerically trivial, contradicting
’I’L(Ly) = 2.
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(3) Using the notation from Lemma 232 Py = o*(Kw + Dw + Lw) and
Ny = E,. Moreover Ky + Dy + eLy is pseudo-effective by the choice of e.
Then its o-pushdown Ky + Dw + eLys is pseudo-effective as well and one
obtains the first part of (3). Since Py and Ly are nef, the pseudo-effectivity
of Py — (1 — e)o* Ly implies B.1]). O

Lemma 3.3. Assume that Ly is not numerically trivial, that k(Ly) < 1
and that either L3 > 0 or Ly.Ky > 0. Then |MKx| is an Iitaka fibration
for some M = M (b, N,e) depending only on b, N, and e.

Proof. Keeping the notation from Lemma 321 (3), one has:

; 2 (1-¢)?

Claim 3.4. PY 2 W

Proof. Assume first that L% > (. Since NbLy is an integral Cartier divisor,
L% > 1/(Nb)? and the claim follows from ) in Lemma B2 (3).

Assume next that L2 = 0. Since Ly is nef, one finds by assumption that

Lyw.Kw = Ly.(Ky + J) > Ly.Ky > 0.

If Ly.Ky is positive, by Lemma (5) it has to be larger than or equal to
1/Nb. Applying Lemma (3) one finds

P> Py.(1-e)o*Ly = (1 —e)(Kw + Dw + Lw).Lw

—eq (1—e)?

1
> — . > — . > .
= (1 G)LW KW = (1 e)Ly Ky =Nb = 3(Nb)2

If Ly.Ky = 0, consider first the case Ly.oc’Dy > 0, where ¢’ stands for the
proper transform. By Lemma[[.Z this intersection number is > 1/(Nb)2. As
above, one obtains

1—e >(1—e)2
(Nb)2 = 3(Nb)2~

PZ>(1—e)Lw.Dw=(1—e)Ly.c* Dy >(1—¢€)Ly.0' Dy >

It remains to handle the worse case,

(3.2) L} = Ly.Ky = Ly.oc'Dy = 0.

Since Ky + Dy + Ly is big and since Ly is not numerically trivial,
0< Ly.(Ky + Dy + Ly) = Ly .Dy.

Thus Ly.D; > 0 for some irreducible curve D; in SuppDy \ ¢’ Dy. Then D,
lies in the exceptional locus of o, hence Dy = P! and D% < -2.
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If D? = —n with n > 3, then [Z, Lemma 1.7] implies that

-2 1
J > z Dy > §D17
and
P:>(1—e)Lw.Kw
1 l—e _ (1—¢)?
=(1—e)ly.(K J)>(1—-e)Ly.-D; > —— > .
If D? = —2 consider the contraction oy : Y — W; of Dy. Then o} Ly, =

Ly +aD;y with a= Ly.D;/2>1/2Nb. Note that 0= L} = (o} Lw, —aD1)?
= 12, —2d% so L > L%, =24 > 1/2(Nb)? and
1 1

1—e (1—e)?
P> (1—e)L}y > > :
v ==l 2 50 2 (v
As a next step in the proof of Lemma[3.3] consider two general points x1, x2
of Y. If the nef dimension n(Ly) = 1, we may assume that the two points
are not in the same fibre of the nef reduction. Thus for a very general curve
Cy on Y containing x1, 2, one has

O

1—e
Py.Ct Z (1 - e)Ly.C't Z Nb .
Then the adjoint linear system
5Nb
|Ky + [so(Ky + Dy + Ly) + Ly]|, for Sozb((:] +1)-1

separates the points x1, x2. In fact, the nef part of the divisor
[s0(Ky + Dy + Ly) + Ly |

is larger than sgPy and the inequalities

1—
soPy.Cy > so(l —e)Ly .Cy > %be) >4 and (Sopy)2 > 33(3

allow us to apply [Lal Th. 3.2]. Thus, by Lemma [[2]
ho()(7 (80 + 1>Kx> = ho(}/, (80 + 1)(Ky + Dy + Ly))
> hY(X, Ky + [so(Ky + Dy + Ly) + Ly]) > 2.
Now by [Ko86, Th. 4.6], ;x| is an litaka fibration for ¢t = (so+1)(2M +1)
+ M, where M is a constant as in [FM, Corollary 6.2], depending only on
A(b,N). O
Recall that AssumptionBdlimplies that n(Ly ) is one or two. In the second

case, Lemma[3.2] (2) allows us to apply Lemma [33] So it remains to consider
the case below.
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Lemma 3.5. Assume that n(Ly) =1, L3 =0 and Ly.Ky < 0. ThenY
is a ruled surface over a curve C of genus q(Y') with general fibre ¥ = Pt. The
Q-divisor Ly is Q-linearly equivalent to a positive multiple of 3, and |M K x|
is an litaka fibration for some constant M = M (b, N, q(Y")) depending only
on b,N,q(Y).

Proof. Since n(Ly) = 1, the nef reduction is a map ¢: Y — C to a curve.
It is an easy exercise (whose solution can be found in [8aut], Proposition 2.11})
to see that p is a morphism and that Ly is numerically equivalent to a positive
multiple of the general fibre ¥ of p. Since Ly.Ky < 0, one has . Ky < 0.
Thus 29(X) —2=%.Ky <0and X 2Pl So g: Y — C is a P!-fibration and
Y is a ruled surface with g(C) = ¢(Y).

Moreover the divisor NbLy on the ruled surface Y — C' is numerically
equivalent to some aX. Considering the intersection of ¥ with a section of
o : Y — C one sees that « is an integer. The numerically trivial sheaf
NbLy — X is linearly equivalent to the pullback of a numerically trivial sheaf
on a relative minimal model of Y which in turn must be the pullback of a sheaf
on C. Hence NbLy ~ p*II for some integral divisor IT on C of positive degree.
Then (2¢(C') + 1)II is very ample and (2¢g(C) + 1)NbLy is linearly equivalent
to the disjoint union H of smooth fibres in general position. For (Ly ~gq)
Ly, = H/(29(C)+1)Nb the pair (Y, Dy +L4/) is klt and Ky + Dy + L}, is big.
The coefficients of Dy + L, lie in the DCC set A(b, N) U{1/(2¢(C)+1)Nb}.
Hence repeating the arguments used in the proof of Lemma one finds a
constant M depending only on b, N and g(C) such that |(s+1)(Ky+Dy+Ly )]
defines a birational map for all s > M with s+ 1 divisible by (2¢(C') 4+ 1)Nb.
Now the lemma follows from Lemma (4). O

Lemma 3.6. Keeping the assumptions made in Lemma 3.5 either Ky +
Dy is big or ¢(Y) < 1.

Proof. If Ky + Dy is not pseudo-effective we can apply Proposition 2X7(f).
There, in Case 1 the irregularity is zero. So we only have to consider Case 2.
Using the notation introduced there, Ky + Dy + Ly = (1 —e)Ly + ST+ E.,
is big, I".Ly > 0 and hence, using the notation from Lemma B3 I'.X > 0.
Further I' = P'. So there are two different P!-fibrations on Y with fibres I’
and X, and Y is rational.

Therefore, we may assume that Ky+Dy is pseudo-effective with x(Ky+Dy)
< 1. Applying Construction 23] to the klt-pair (Y, Dy ), we get morphisms
v:Y — Z and vz : Z — B with v birational, and an ample Q-divisor H on
B such that

E“/ =Ky + Dy — 7*¢*Z(H)
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is an effective ~y-exceptional Q-divisor consisting of rational curves. By the
assumption

dim B = k(H) = k(Ky + Dy) < 1.

Consider the case dimB = 1. So ¥ = ¢z oy : Y — B is a family of
curves over a curve with general fibre I". By abuse of notation, I" will also be
considered as the general fibre of 5. For a = deg H, one has

Ky +Dy ~g=aol'+E, and Kz+ Dz =al.
Since E, is contained in fibres
0= F.(aF + EA,) =I'.(Ky +Dy) >T'Ky

and I is either P! or an elliptic curve.

Since Ky +Dy + Ly = ol'+ E, + Ly is big, I'."Ly > 0. Using the notation
from Lemma [BH this implies that I'.X > 0 where Y is ruled over C with
general fibre ¥. So I' dominates the base curve C and ¢(Y) = g(C) < 1, as
claimed.

In case dim B = 0, one has Kz + Dz = 0 (indeed, ~g 0 by [Kd]). If
Ly .E, =0, then Ky + Dy + Ly = Ly + E, is the Zariski decomposition and
hence

2= K(Ky + Dy + Ly) = H(LY) <1,

a contradiction.

Thus Ly.E, > 0 and, using the notation from Lemma B35 one finds
¥.E, > 0. The divisor E, is exceptional for the birational morphism to
the klt surface Z, whence all its components are isomorphic to P!. Since one
of them intersects X, the base curve C in Lemma is dominated by P! and
hence g(C) = ¢q(Y) = 0. O

Proof of Theorem As recalled at the beginning of this section it re-
mains to verify the theorem under Assumption[3.Il Then the theorem follows
from Lemmata [3.3] B.5] and 3.6, using Lemmata 210 and 2111 O

Proof of Corollary 04l When k(X) = 0, one can take M3 to be the Beau-
ville number as in [Mo, §10]. When (X)) = 1, the result is just [EM], Corollary
6.2]. When k(X ) = 3, we can take M3 = 126 by [CCl Th. 1.1] (see also [HM]
and [Ta]). So the only remaining case is the one where k(X) = 2. Here
the corollary follows from Theorem formn =3,b=1, B, 2 = 2 and
N = N(Bp_») = 12. O
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4. Some comments

Remark 4.1. Although the arguments used in Sections [2 and 3] are for-
mulated just for surfaces Y, some can be easily extended to the higher dimen-
sional case. In particular, the general minimal model program in [BCHM]
extends the Zariski decomposition for pseudo-effective divisors to the case
dim(Y) > 2.

However, as pointed out by the referee, there is no replacement for the fact
that on surfaces the direct image of a nef divisor is nef. Similarly, the proof of
Claim B.4] essential for Lemma [3.3]is done “case by case”. In the “worst case”
[(B2) one cannot extract any positivity from Ly, nor from Ky + o’Dy . One
has to get the positivity from exceptional components of Dy . Again, there is
little hope to do something similar for dim(Y") > 2.

Remark 4.2. If the general fibre F' of the Iitaka fibration is a good minimal
model, and hence if w% & Op, choose an ample invertible sheaf A on X.
Writing h for the Hilbert polynomial of A|r one obtains a morphism from
the complement Yy of the discriminant locus to the moduli scheme Mj of
polarized minimal models with Hilbert polynomial k. In [Vi06] we constructed
a compactification M}, of M), and a nef Q-Cartier divisor A on M}, which on
each curve meeting M} corresponds to the semistable part. Moreover, A is
ample with respect to Mj. In different terms, there is an effective Q-Cartier
divisor T on M}, supported in M}, \ My, such that a\ — I' is ample for all
a>1.

If we choose Y such that Y; — M), extends to a morphism ¢ : Y — M,
one finds that Ly = ¢*(\), and hence that aLy — ¢*(T') is semi-ample. For
some constant C' > 0, depending only on h, both CLy and C(Ly — ¢*(I"))
are divisors, and choosing C' large enough, C(aLy — ¢*(I')) will have many
global sections for all @ € Z~q (provided that Ly is not numerically trivial).
Perhaps this allows us to answer Question [I.I]in the affirmative, assuming the
existence of good minimal models. Perhaps to this aim one has to compare
the image of the map ¢ : Y — M), with the log minimal model of Y.

Anyway, one still would need some argument which guarantees the inde-
pendence of the constant M from the Hilbert polynomial h.

Remark 4.3. Gianluca Pacienza [Pal recently gave an affirmative answer
to Question [0.]] for kK = n — 2, or more precisely if the general fibre F' of the
Titaka fibration has a good minimal model, assuming that Y is non-uniruled
and that the morphism Yy — M}, in Remark is generically finite over its
image. Note that the last assumption implies that Ly is big.
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Finally, let us give a direct proof of the Corollary [0.4] without referring to
Theorem [0.2] but using the existence of good minimal models in dimension
three:

Proof of Corollary [0 (using the existence of minimal models). As before
all cases are known, except the one where x(X) = 2. Assume that X is a good
minimal threefold. For some m > 0 the morphism o : X — S associated with
|mK x| has connected fibres and, by the Abundance theorem for threefolds,
Kx ~g 0*G for an ample Q-Cartier divisor G.

As in [Nal, Proof of Corollary (0.4)] (S,A) is kit for the effective Q-divisor

L 1 / 12 ]‘ / *
A= H +;%Dj +;<1 — )b and Ky ~o o"(Ks +A).

Here H', D, T" stand for the divisors u.H, p.Dj, pu.l'; in the notation of
[Na]. Moreover
i€ Ko={=-, =, =, -, -, =, = .
a; € 2 {2, 66 44’3 3}
We remark that by [KM, Th. 3.5.2] S is the canonical model, denoted by W
in Lemma 221 and that A = Ly, + Dy . Note that A has coefficients in the

DCC set

Ell := {1—%|m6222} U Ky U {%}
By [Lal Th. 5.4] there exists a computable constant M, depending only on
the DCC set Ell, such that the adjoint linear system |Kg + [t(Kg+ A)]| gives
rise to a birational map for all ¢ > M. This adjoint divisor is smaller than or
equal to (t + 1)(Ks + A) provided that 12[t. So ®|s41)(xs+a) is birational
and hence ®|(;1 1)k | is an litaka fibration (see Lemma (4)). O
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