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Abstract

This article starts a computational study of congruencesazfular forms and modular Galois
representations modulo prime powers. With two integraypoinials we associate an integer
which we call the congruence number. It has the virtue theritbe very quickly computed and
that — in many cases — it is the product of all prime powers rfwudinich the polynomials have
roots in common. These techniques are applied to the studgrajruences of modular forms
and modular Galois representations modulo prime powensalllyj some computational results
with implications on the (non-)liftability of modular forsnmodulo prime powers and possible
generalisations of level raising will be presented.

2000 Mathematics Subject Classification: 11F33 (primek$);11, 11F80, 11Y40.

1 Introduction

Congruences of modular forms modulo a priérand — from a different point of view — modular forms
overF, play an important role in modern Artihmetic Geometry. The most prominent rezaniple
is Serre’s modularity conjecture, which has just become a theorem oéKWantenberger and Kisin.
We particularly mention the various techniques fewvel RaisingandLevel Loweringmodulo/ that
were already crucial for Wiles’s proof of Fermat's Last Theorem.

Motivated by this, it is natural to study congruences modtiloHowever, as working over non-
factorial and non-reduced rings lil&/¢"Z introduces many extra difficulties, one is led to first ap-
proach this subject from an algorithmic and computational point of view, lwisiche topic of this
article.
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We introduce a definition of when two algebraic integers$ are congruent modulé®. Our
definition, which might appear non-standard at first, was forced upby three requirements: Firstly,
we want it to be independent of any choice of number field contaiajidg Secondly, in the special
casen = 1 a congruence modulbshould come down to an equality in a finite field. Finallygjfb
lie in some number field that is unramified af, then a congruence afandb modulo¢™ should be
a congruence moduld’®, where\ is a prime dividing/ in K.

Since algebraic integers are — up to Galois conjugacy — most convenieptéseated by their
minimal polynomials, we address the problem of determining modulo which primensd# two
coprime monic integral polynomials have zeros which are congruent m@dul®e prove that a
certain number, called the reduced discriminant or — in our language —nigeusmce number of the
two polynomials, in all cases gives a good upper bound and in favourabéss completely solves this
problem. This observation is at the basis of our algorithm for computingraenges in this set-up.

With these tools at our disposal, we target the problem of computing camggsienodulo/™
between two Hecke eigenforms. Since our motivation comes from arithmeiegialy from Galois
representations, our main interest is in Hecke eigenforms. It quickly taurfjshowever, that there
are several possible well justified notions of Hecke eigenforms motful®e present two, which
we call strongandweak The former can be thought of as reductions modtilef ¢-expansions of
holomorphic normalised Hecke eigenforms; the latter can be understoodeas dombinations of
holomorphic modular forms, which are in general not eigenforms, buse/heduction modul@™
becomes an eigenform (our definition is formulated in a different waycdmibe interpreted to mean
this). We observe that Galois representation&io (R) whereR is an extension oZ/("Z in the
sense of Section 2 can be attached to both weak and strong Hecke sigeiiader the condition of
residual absolute irreducibility).

Modular forms can be represented by thegxpansions (e.g. ii/¢("7Z), i.e. by power series. For
computational purposes, such as uniquely identifying a modular form emgaring two modular
forms, it is essential that already a finite bit of a certain length ofgtespansions suffices. We
notice that a sufficient length is provided by the 'Sturm bound’, which issdrae moduld™ as in
characteristi®).

The computational problem that we are mostly interested in is to determine eowgsimod-
ulo /™ between two newforms, i.e. equalities between strong Hecke eigenformdam@duThis
problem is perfectly suited for applying our methods of determining comgesmoduld™ of zeros
of integral polynomials. For, the Fourier coefficientof a normalised Hecke eigenform is a zero of
the characteristic polynomial of the Hecke operafipacting on a suitable integral modular symbols
space (see e.g. [S] or [W2]). Thus, for determining the prime powers imedhich two newforms
are congruent, we compute the congruence numbers of a suitable nurtiieseocharacteristic poly-
nomials. One important point deserves to be mentioned here: If the two mesvtbat we want to
compare do not have the same levels, one cannot expect that theygreentt at all primes; a differ-
ent behaviour is to be expected at primes dividing the levels. We addregsdblem by applying the
usual degeneracy maps 'moduld in order to land in the same level. All these considerations lead



to an algorithm, which we sketch.

We implemented the algorithm and performed many computations which led to vergsitieg
observations. Some of the results are reported upon in Section 4. Wéaareng to investigate
questions like 'Level Raising’ in more detail in a subsequent work.

It is interesting to remark that this algorithm has already been used in [DTéterrdine some
numerical examples satisfying the main theorem of that article.

Notation

We introduce some standard notation to be used throughout. In the drackép always refer to
prime numbers. By a#d-adic field we shall understand a finite field extensiof)of If K is either
a number field or a local field, thefix denotes its ring of integers. In the latter casg, denotes a
uniformiser, i.e. a generator of the maximal ideak®f. We fix algebraic closure® of Q andQ,
of Q. By Z andZ, we denote the integers §f andQ,, respectively.
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2 Congruences moduld™

In this section we give our definition @bngruences modul@ for algebraic and-adic integers and
discuss how to compute them.

2.1 Definition

If « ands are two integers, then the notion @being congruent t& modulo/™ is well defined and

it can be expressed in the rity ¢"Z by saying thatr () = 7(3) with = : Z — 7Z/¢"Z the unique
surjective ring homomorphism. Now suppose thand 3 are in the integers of number fields, say
a € Ok andB € Oy, together with fixed embeddings &f and L into Q,. We still want to give a
meaning tox being congruent t@ modulo/™. We now letM be any field containinge and 5. We
surely want the definition of congruence m@tto be independent of the fielfl. We also want that
in casen = 1 we have thaty is congruent tg3 mod ¢ if and only if they are congruent modulkg
where) is the prime ofM lying abovel specified by the chosen embedding ifitg we do not want



to use congruences mod, wheree is the ramification index ok /¢. Hence, we take the point of view
that we should not just factdrin the ring of integers of/. Instead we propose a different definition,
which we first present in the case of local fields. From a differerggestive, we intend to study ring

extensions ofZ/¢"Z. Very unfortunately, these ring extensions do not seem to have a galoisG

theory.

Lemma2.1 Let L/K/Q, be finite field extensions and let x denote the ramification index of
L/K. The kernel of th& x-algebra homomorphism

Ok — Or/(77")

given byK — L followed by the natural projectio®; — Or,/(7}) is equal toOx N (7}") = (7r)"

withn = ’7617,7](—‘. O

The lemma tells us the uniquesuch that the residue rinGx /(7}.) injects intoOyr, /(7}*) for
givenm. Our idea for the definition of congruences m@dis to change the perspective and to start
with n and to look for the minimain with this injection property. This is realised by the following
definition.

Definition 2.2 Let L/ K /Q, be finite field extensions and let,x denote the ramification index of
L/K.Forn eN,lety,/x(n) = (n—1)erx + 1.

Lemma 2.3 The following properties hold.
(i) Forn =1, we haveyy, k(1) = 1.
(i) If L/K is unramified, thery, i (n) = n.

(iii) For extensionsM/L/K, we havemultiplicativity: vy i (n) = Yar/L(ve/ k(1))

(iv) We havely, k(n)/er/k| = n andminimality: For all m < v,k (n) we have(eL”;K} < n.
O

Both lemmas have evident proofs. We immediately obtain the following corollatyntiaallow
us to define congruences mgd

Corollary 2.4 Fix an integern. Field homomorphism&®, — L — M of finite type induce ring
injections orring extensiong./ ("7, — OL/(wZL/@f(n)) s Opr/ ()% (n)). m
Now, it is obvious how we are going to define congruences #iddr elements ir/-adic fields.

Definition 2.5 Fix an integern. Leta,b € Q, be integral elements. They are calledngruent mod

/", denoted ag = b mod /7, if

a—be (are™

for any finite field extensiof/ /Q, insideQ, containinga andb.
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The globalisation does not pose any problems.

Definition 2.6 Fix an embeddind@ — Q,. Letn be an integer. Let, b € Q be integral elements.
They are calleccongruent mod™ if they are congruent mod® as elements of), via the chosen
embedding.

Remark 2.7 (a) Congruences mo& are well defined, i.e. are independent of the choice of-thdic
field containinga andb.

(b) Ifn =1, it follows that a congruence mdds the same as a congruence mady ) for any/-adic
field M containinga, b.

(c) If M/Qy is unramified, them andb are congruent mod” if and only if they are congruent mod

(mar)™.

(d) Instead of fixing embeddings one could also wish to relax the condhipmgiting everywhere
that 'there exists some embedding’. This relaxed condition would themtbae interpreted as
"« is congruent mod™ to some conjugate gf'. We decided not to do this.

We mention another way of seeing congruences fiodlet K — L — Q, be field embeddings
with K and L having finite degree oveé,. We have seen above that this gives rise to ring injections

We define
IO = lim O [ (mpt % ™),
K
whereK runs through all subextensions@f of finite degree ove®), and the inductive limit is taken
with respect to the maps just described. The natural projectighs» O/ (W}K/ Qz(n)) give rise to
a surjective ring homomorphism

Tn 2 Lo — ZJ0"Z.

Now, a, 3 € Z, are congruent mod® if and only if r,, (o) = 7, (3).
For the global situation, it suffices, as above, to also fix an embed@ling Q, and to consider
the resulting map
T : Z — Z@ — m

We will always choose the,, in a compatible way, i.e. ifn < n we wantr,, to be the composition
of 7, with the natural maf./("Z — Z /(™ Z.

Remark 2.8 We also point out a disadvantage of our choice gfq, (n), namely that it is not addi-
tive. This fact prevents us from defining a valuationZprby saying that the valuation af € Z is
equal to the maximak such thatr,(a) = 0. Definingyx/q,(n) asn times the ramification index
ek /g, Would have avoided that problem. But the(l) = ex,q, # 1, in general, which is not in
accordance with the usual usage of modal@his other possibility can be understoodZas/ (" Z,.



2.2 Computing congruences mod”

Coefficients of modular forms are zeros of characteristic polynomials okéieperators. The latter
can be easily calculated on a computer. For our applications to congeugiocké™ of modular forms,
we want to avoid having to compute the coefficients, instead we only wantrfowith polynomials
overZ andZ/¢"Z. This leads us to consider the following problem.

Problem 2.9 We fix, once and for all, for every compatibly, ring homomorphisms, : Z < Z;, —
Z7.]07. Let P, Q € Z[X] be two coprime monic polynomials and tet N.
How can we decide the validity of the following assertion?

“There exista, § € Z such that

() P(a) = Q(8) = 0and

(i) mp(a) = m,(B) (i.e.a and 3 are congruent modulé)”

One could think about using greatest common divisors for studying FnoBl8. This notion
seems to be the right one for= 1, but it is not well behaved fot > 1 since the ringZ/¢"Z[ X] is not
a principal ideal domain. The point of view that we use in this section wagr@tspy the algorithm
for approximating greatest common divisors of two polynomials &epresented in Appendix A
of [FPR].

It should be pointed out explicitly that Problem 2.9 cannot be solved conplefeconsidering
only the reductions oP and@ mod /" if n > 1. This is a major difference to the case= 1. The
difference is due to the fact that in the problem we wargnd 5 to be zeros ofP and@: if @ and
[ are elements ifL./("Z such that inside that ring(@) = Q(3) = 0, then it is not clear if they are
reductions of zeros aP and(.

Congruence number

The congruence number of two integral polynomials provides an upperddor congruences in the
sense of Problem 2.9. It is defined in such a way that it can easily bdataidwn a computer.

Definition 2.10 Let R be any commutative ring. BY[X].,, we denote thé&-module of polynomials
of degree less than. Let P, € R[X] be two polynomials of degrees andn, respectively. The
Sylvester majps the R-module homomorphism

R[X]<n X R[X]<m — R[X]|<(min), (1, 8) = 7P + 5Q.

If Ris afield, then the monic polynomial of smallest degree in the image of the Sylvegtés ma
the greatest common divisor & and@. In particular, withR a factorial integral domain an&, @
primitive polynomials, the Sylvester map is injective if and onlyPifand @ are coprime. Conse-
quently, if P, Q € Z[X] are primitive coprime polynomials, then any non-zero polynomial of smallest
degree is a constant polynomial.



Definition 2.11 Let P, Q € Z[X] be coprime polynomials.
We define theongruence numbex P, Q) € N of P and( as the smallest positive integesuch
that the constant polynomialis in the image of the Sylvester maprandQ.

We remark that via polynomial division the principal iddal P, @?)) can be seen to be equal
to the intersection of the ideal of constant integral polynomials with the id€8| X1 generated by
all polynomialsrP + s@ whenr, s run through all ofZ[X]. In [Pohst] the congruence number is
called thereduced resultantit makes sense to replageby Z, everywhere and to define a congruence
number as a constant polynomial in the image of the Sylvester map having tre demckc valuation.
Although this element is not unique, its valuation is.

The congruence number gives an upper bound forntimeProblem 2.9:

Proposition 2.12 Let P, () € Z[X] be coprime polynomials and |&t be the exact power éfdividing
c(P, Q). Then there are na, 3 € Z such that

() P() = Q(8) = 0and
(i) mm () = mn(B) foranym > n.
Proof. By assumption there exists € Z[X| such that
c=¢(P,Q) =P+ sQ.

Let a, 3 € Z be zeros of” andQ), respectively, such that,,(a) = m,,,(3). We obtain

ﬂ'm(c) = Tm (T‘(O[)P(Oz) + S(O‘)Q<a>) = Tm (S(a))ﬂ'm (Q(a)) = Tm (S(B))ﬂ'm (Q(ﬂ)) =0.
This means that™ dividesc, whencem < n. O
We can also use the notion of congruence numbers for measuring thecdibetween the zeros

of a single polynomial.

Proposition 2.13 Let Q € Z[X] be a monic polynomial with splitting field/ and let/™ be the
highest power of dividingc¢(Q, Q'). LetQ(X) = [[;(X — 8;) € Z[X]. Then we have

0# mm (] ]85 - 8)
i#]
for all j and allm > n.

Proof. We haveQ'(X) = >, [[,.;(X — 8;). Lete = ¢(Q, Q') = rQ + sQ'. Then

min(€) = T (r(8))Q(5;) + (s(8/)Q"(5))) = mm(s(8))mm ([ [ (8 — 5:))
i#j

which is non-zero fom > n. O



On the computation of the congruence number

The idea for the computation of the congruence number is very simple: weasgelinear algebra
and the Sylvester matrix. The point is that the Sylvester map is described biatigard Sylvester
matrix S of P and@ (or rather its transpose if one works with column vectors) for the starizzses
of the polynomial rings.

We describe in words an algorithm for computing the congruence nuntber)) as well as
for finding polynomialsr, s such thate(P, Q) = rP + sQ with deg(r) < deg(Q) anddeg(s) <
deg(P). The algorithm consists of bringingj into row echelon form, i.e. by using Gauf3’ algorithm
one computes an invertible integral matéxsuch thatBS has no entries below the diagonal. The
congruence numbef P, Q) is (the absolute value of) the bottom right entryi$ and the coefficients
of r ands are the entries in the bottom row &f. This algorithm works over the integers and over
¢-adic rings with a certain precision, i.8/("Z.

We note that by reducingg.S modulo ¢, one can read off the greatest common divisor of the
reductions ofP and@ modulo/: its coefficients (up to normalization) are the entries in the last non-
zero row of the reduction aBS modulo/. This has the following trivial, but noteworthy consequence.

Corollary 2.14 Suppose thaP and ) are primitive coprime polyomials iZ[X]. ThenP and Q
have a non-trivial common divisor modufoif and only if the congruence number &fand @ is
divisible by¢. O

Applications of the congruence number

We now examine when the congruence number is enough to solve Probléon @\&n P, Q and for
all n. In cases when it is not, we will give a lower bound for the maximufor which the assertions
of the problem are satisfied.

We start with the observation that the congruence number suffices tomolpeoblem fom = 1.

Proposition 2.15 Letn = 1. Assume thaP and ) are coprime monic polynomials B[ X]. The
assertion in Problem 219 is satisfied if and only if the congruence nunfer) is divisible by¢.

Proof. The calculations of the proof of Proposition 2.12 show that if the assertgatiified, then
¢ dividesc(P, Q). Conversely, if? dividesc(P, Q) then by Corollary 2.14 the reductions Bfand@
have a non-trivial common divisor and thus a common zefyinAll zeros inF, lift to zeros inZ,.

O

We base our further treatment on the following simple observationAM.et Q be any number
field containing all the roots of the monic coprime polynomi&ls) € Z[X]| and letvy; be the
normalised valuation of thé-adic field obtained by completiny/ insideQ, via a fixed embedding
Q — Q. We always assume the valuation to be normalised suchvthét,;) = 1. Letc =
c¢(P,Q) = rP + sQ with r, s € Z[X], deg(r) < deg(Q), deg(s) < deg(P) and factorQ(X) =



[1,(X — ;) in Z[X]. Then fora € Z such that”(«) = 0 we have

v (c) = v (s(@)) + ZUM(CJ& - Bi). (2.1)

Our aim now is to find a lower bound for the maximumuaf (o — ;) depending omry,(c). For that
we discuss the two summands in the equation separately.
We first treatv, (s(a)). By I’ we denote the reduction modulof an integral polynomiakF'.

Proposition 2.16 Suppose that dividesc(P, Q).
(a) If sandQ are coprime, them (s(a)) = 0 for all & € Z with 71 (Q(a)) = 0.

(b) If one of P or Q does not have any multiple factors, then therevis Z such thatP(a) = 0,
m(Q(a)) = 0 andwys(s(a)) = 0, or there is3 € Z such thatQ(3) = 0, = (P(8)) = 0 and
vm(r(3)) =0.

(c) If P is an irreducible polynomial iff,[X] and Q is irreducible inZ,[X], thens and Q are
coprime andvys (s()) = 0 for all a € Z with 71 (Q(cv)) = 0.

Proof. (a) Sinces and@ are coprime, the reduction afcannot be a root of both of them.

(b) We prove that there exists € F, which is a common zero aP and @, but not a common
zero of 7 ands at the same time. Assume the contrary, i.e. t{g) = 5(y) = O for all y € F,
with P(y) = Q(y) = 0. LetG € F,[X] be the monic polynomial of smallest degree annihilating all
y € T, with the propertyP(y) = Q(y) = 0. ThenG divides P, Q as well as by assumptionands.
Hence, we have

0=FP+35Q =G (7P +51Q1)
with certain polynomialsT, P, 37, Q1 € Fy[X]. We obtain the equation
0="P +51Q1 (2.2)

and we also havaeg(77) < deg(Q1) anddeg(s1) < deg(Py). As eitherP or @ does not have any
multiple factor, it follows thatP, and@Q; are coprime. This contradicts Equation 2.2.
Hence, we havg € F, with P(y) = Q(y) = 0 and7r(y) # 0 ors(y) # 0. If 7(y) # 0 then we
lift yto a zeras of Q. In the other case we lifj to a zerox of P.
(c) The assumptions imply thgl = P" for somea. As the degree of is smaller than the degree
of P, it follows thats and P are coprime. Thus als@,and(@ are coprime and we conclude by (a).
O

We now treat the tery ", var(a — ;).

Proposition 2.17 Suppose that dividesc( P, Q) and thata is a root of P which is congruent to some
root of ( modulo/? (which exists by Proposition 2.15). Assume without loss of generalitysthiata
root of @ which is closest te, i.e. such thav (o — 1) > var(a — ;) for all 4.
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(a) Suppose tha® has no multiple factors (i.e. the discriminant@fis not divisible by, or, equiv-
alently, the congruence number@fand Q' is not divisible by).

Then) , var(a — B;) = v — B1).
(b) In general we havey; (o — (1) > [m(Zi ol — 5;))].

Proof. (a) If Q does not have any multiple factors, thep (3, — 3;) = 0 for all i # 1. Conse-
quently,va (o — 3;) = vapr(er — Br + B — ;) = 0 fori # 1.

(b) is trivial. O

We summarise of the preceding discussion in the following corollary, solviagl®m 2.9 if P
and@ do not have any multiple factors, and giving a partial answer in the otlsesca

Corollary 2.18 Let P, @ be coprime monic polynomials [ X] (or Z,[X]) and let¢™ be the high-
est power of dividing the congruence number:= ¢(P, Q) and letr,s € Z[X] (or Z;[X]) be
polynomials such that = r P + s@ with deg(r) < deg(Q) anddeg(s) < deg(P).

(&) Ifn =0, then no root ofP is congruent modulé to a root of(Q.

(b) If n = 1, then there arey, 3 in Z (in Z,, respectively) withP(a) = Q() = 0 such that they are
congruent moduld, and there are nev;, 31 in Z (in Z,, respectively) with?(a) = Q(3) = 0
such that they are congruent modufo

(c) Suppose now that > 1 and that one of the following properties holds:

(i) P does not have any multiple factors aftidoes not have any multiple factors (i&f
o(P, Py and( { ¢(Q, Q"))
(i) Q does not have any multiple factors andnd(Q are coprime.

(iiiy P does not have any multiple factors andnd P are coprime.

Then there arey, 3in Z (in Z,, respectively) withP (o) = Q(3) = 0 such that they are congruent
modulo/™ and there are nevi, 31 in Z (in Z,, respectively) withP(a;) = Q(51) = 0 such that
they are congruent modul®+".
(d) Suppose that > 1.
(i) If 5andQ are coprime, letn = Frolt
(i) If ¥ and P are coprime, letn = [ﬁ(m}.
(iii) If (i) and (ii) do not hold, letm = 1

Then there arey, 3in Z (in Z,, respectively) withP (o) = Q(3) = 0 such that they are congruent
modulo/™ and there are navy, 3 in Z (in Z;, respectively) withP(a;) = Q(;) = 0 such that
they are congruent modul*'.
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Proof. In the proof we use the notation introduced above. The upper boundg-{d)(were
proved in Proposition 2.12.

(a) follows from Proposition 2.15.

(b) The existence of a congruence follows from Corollary 2.14.

(c) In case (i), by Proposition 2.16 (b) we can choasg € Z congruent modulé with P(a) = 0
andg3 € Z with Q(8) = 0 such thatvys(s(a)) = 0 or vy (r(8)) = 0. Without loss of generality
(after possibly exchanging the roles(d?, ) and(Q, s)) we may assume the former case. In case (ii),
by Proposition 2.16 (a) any € Z with P(«) = 0 andm; (Q(«)) = 0 will satisfy v, (s(a)) = 0. In
both cases, from Proposition 2/17 and Equation 2.1 we obtain the equality

vp(c) =op (") = vy (o = Br),

where3; comes from Propositian 2.17. This gives the desired result. Case (iii) isasst (ii) with
the roles of( P, r) and(Q), s) interchanged.

(d) also follows from Propositions 2.16 and 2.17 and Equation 2.1. Maigaly, in case (i) we
have the inequality

vp(e) en n B n
’UM(Oé - ﬁl) > [deg(Q)w - [deg(Q)w > Udeg(Q)w - 1)€+ 1= VM/Qﬂ((deg(Q>-|)a
wheree is the ramification index od//Q,. Hencem, (o — 1) = 0 with m = [ﬁ@ﬂ. Case (ii) is
case (i) with the roles of P, ) and(Q, s) interchanged. O

Remark 2.19 (a) The lower bound in (d) is usually not optimal (and often not really us€finis is
due to the fact that the roots of each polynomial can be very close to ¢heh ¢f one wants a
better result in the presence of multiple factors ndptthen it seems that one has to use completely
different methods.

(b) The bounds provided by Corollary 2|18 can sometimes be improvtattoring the polynomials
P,Q € Z[X] into irreducibles and by applying Corollary 2.18 to each pair of factors. Wik
get rid of multiple factors inP and @Q and may thus lead to the assumptions of part (c) being
satisfied. Also, if these assumptions are not satisfied, the bound ind)artay become better,
since the degree of the polynomials in the denominator decreases.

(c) It is straightforward to turn Corollary 2.18 into an algorithm. Say,Q € Z[X] are coprime
polynomials. First we compute the congruence numbgfs P’) and ¢(Q, Q'). If any of these
is zero, then we factoP (respectively,Q) in Z[X] into irreducible polynomialsP? = [], P;
(respectively = Hj Q;). We then treat any paifP;, ;) separately and return the maximum
upper and the maximum lower bound for congruences of zeros. Fpfisity of notation, we
now call the pair( P, Q).

Now we compute the congruence numbers ¢(P,Q) andcp = ¢(P, P’) as well ascg =
c(Q,Q"), all of which are non-zero by assumption. Along the way we also corppliteomials
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r,s € Z[X] such thatc = rP + sQ anddeg(r) < deg(Q) anddeg(s) < deg(P). For each
prime power™ (with n > 1) exactly dividingc we do the following. I¥ does not divide:pcg,
then we are in case (c)(i) and we know that there@r@ < Z such thatP(a) = 0 = Q(3) and
mn(a) = m,(B). This is best possible and we have obtained a complete answer to Prolleth 2

¢ is coprime tocp or cg, we check whether we are in case (c)(ii) or (c)(iii). Then we also obtain
equality of the upper and lower bound and thus a complete answer to Rich& If we are in
neither of these cases, then we must use the much weaker lower lodads(d).

3 Modular forms and Galois representations modulo/”

In this section, we apply the methods from Section 2 to the study of congrsi@ienodular forms
and modular Galois representations modiflo

As in Section 2, we keep ring homomorphismg : Z — Z, — (Z/¢"Z), compatibly forn,
fixed. In this section, we restict 0, (V) for simplicity. Everything can be generalised without any
problems td'; (V) with the obvious modifications.

3.1 Modular forms modulo ¢*

For studying the notion of congruences modfilmf modular forms it is useful to introduce the termi-
nology of modular forms ovef./¢"Z or, in abuse of language, modular forms modfiloIn contrast
to the caser = 1, one must be aware that lifting of modular forms o%g"Z to characteristic zero
is not automatic. This will be reflected in our notions.

Definition 3.1 LetT be theZ-subalgebra oEndc (S, (I'0(NV))) generated by all the Hecke operators
T,.,neN.

(i) A modular form of weight and levelN overZ/¢"7Z (or modulo¢™) is a Z-module homomor-

phism

f:T— OK/(W;K/QZ(H)

)
whereK is some finite extension @f; insideQ;.

(i) A modular formf overZ/¢"Z is aweak Hecke eigenfornf f is a ring homomorphism.

(iii) A weak Hecke eigenforrfi overZ/¢"Z is astrong Hecke eigenforiifithere is a finite extension
L/K such thatf factors as

f n
T O /(m ")

L nat. proj.

OL=—=0y /(x"/%").
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(iv) Any normalised holomorphic Hecke eigenfofre= ¢ + 3, -, am(f)q™ (with ¢ = ¢*™* and
am € Z) gives rise to a strong Hecke eigenform o@eit"Z via T ~==%, 7 ™, (Z/( 7).
This modular form will be referred to as tmeduction off modulo/™.

(v) If the reductions moduld® of two normalised holomorphic eigenfornfisand g agree, then we
say thatf andg are congruent moduld™. This is the same as the congruengg(f) = an(9)
mod ¢" for all m € N with the notion of congruence from Section 2. If the congruen¢g) =
ap(g) mod ¢" holds for all primesp but finitely many, we say that and g are congruent
modulo/™ at almost all primes

In the sequel, we shall usg both for g-expansions and maps froffi to some ring, as in the
definition above, and it will be clear from the context which notion is used.

Remark 3.2 (a) Letf: T I, O Pl OK/(TF’YKK/@Z (n)) be a strong Hecke eigenform moddio

The kernel off is a minimal prime ideap of T. As such, it corresponds toGal(Q/Q)-conjugacy
class of holomorphic Hecke eigenforms, sifice= Frac(T/p) C Q is a number field (recall that
T is a Z-algebra which is free and finitely generated aZanodule) and is the kernel of the
ring homomorphism

T—»T/p—L—QcCC, T+ anm,

which corresponds to the normalised holomorphic eigenf@m21 anq™ and depends on the
choice of the embedding — Q. Hence, the notion of strong Hecke eigenform modtlionplies
that the formf is the reduction of a holomorphic Hecke eigenform modtlo

(b) Forn = 1, the notion of weak and strong Hecke eigenform agree. For, the kefnfet T —
Ok /(7) is a maximal ideal, since the image bfs a (finite) field. Every maximal ideal contains
a minimal prime ideg and the fieldL from Definition 3.1(iii) can be taken to be the field of
fractions ofT /p.

(c) Weak Hecke eigenforms need not be strong Hecke eigenformsaralge®ee, for instance, Sec-
tion/4.2.

(d) Anotherissue concerns the absence of a good Galois theory foxtéreseons o, /("7 discussed
in Section 2: LetX be an¢-adic field. Not every ring homomorphisfl, — O /(7’) comes
from a field homomorphisti’ — K. Suppose, for example, thé@ = Z,[X]/(P(X)) is the
ring of integers of a ramified extension @}. If « is a root of P and if m is big enough, then
a + m™~ 1 is not a root of P, but nevertheles®(a + 7™~ 1) € (77), whence sending to
a + 7™~ 1 uniquely defines a ring homomorphisf, — O /(77), which does not lift to a
field automorphisni{’ — K. Hence, a strong Hecke eigenform moddilccan give rise to many
weak Hecke eigenforms modula This is also the reason why we insisted on taking the natural
projection in Definition 3.1(iii).
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3.2 Galois Representations moduld™

We are interested in congruences modfildin the spirit developed in Section 2) 8fdimensional
¢-adic Galois representations=£ 1, 2)

pi : Gal(Q/Q) — GL2(Ok,),

l.e. Ok, is the ring of integers of a#é-adic field. For that letX be an/-adic field containingk’;
and K5. We study the reductions of the representations moéulo

2™ Gal(@/Q) — GLy(Ox) 2P QL (O /(x 1K/ ™)),
Definition 3.3 The representationg; and p, are calledcongruent moduld™ if pYL) and pé") are
isomorphic ag O/ (mr) =% (n)))[Gal(@/Q)]—modules.

Remark 3.4 The insistence on taking the natural projection is again owed to the fact thiat ninay
be 'too many’ maps frodx — OK/(TFLK/Q‘(M), as mentioned in Remark 3|2 (d).

Theorem 3.5 If the p; are residually absolutely irreducible, then they are congruent modulband
only if the traces of Frobenius elements agree,Tle{ﬁgn) (Frob,)) = Tr(pé") (Froby)), at a dense set
of primesp.

Proof. Chebotarev’s Theorem applied to the Proposition in [M2], p. 253. O

Subject to a fixed choic® — Q, to a normalised holomorphic eigenform= 3" a,,¢™ one can
attach arf-adic Galois representatign ; : Gal(Q/Q) — GLy(K) with some (suitably large)-adic
field K. This Galois representation has the properties that it is unramified odtaitethe level off
and the trace ofrob,, is equal toa,, at all unramified primes.

Proposition 3.6 Suppose that the weight is at least> 2. Any weak or strong Hecke eigenforfn
modulo/™ of level N has an attached residual Galois representatiy. If o, is absolutely irre-
ducible, f gives rise to a Galois representation 'modulg

7) : Gal(@/Q) — GLa(Op/ ('™ ™)
unramified outsidé N, which verifies for every t {N

Te(5}") (Frob,)) = a,, and det(p}) (Frob,)) = p" %,

where we write, for the p-th coefficient off, i.e.a, = f(7},), when we considef as a homomor-

phismT — O /()% ™y,

Proof. Any weak modular form modulé® gives rise to a strong modular form modulby reduc-
tion, and hence we dispose @f ,. If the residual representation is absolutely irreducible, Theorem 3
(p. 225) from [C] implies the existence of a Galois representation

p: Gal(Q/Q) — GLo(T ®z Zy)
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with the desired properties. It suffices to take the composition with the map cdroimgf : T —
O/ (mpt ™), 0

3.3 Sturm bound modulo/®

If two Galois representatioré”) (¢ = 1,2) as in the previous subsection come from weak or strong
modular forms moduld™, then one can decide whether they are equivalent by comparing onljfinite
many coefficients, since one disposes of an effective bound for thentdular forms moduld™ to

be equal. Such a bound is given by the Sturm bound ([Sturm]).

Theorem 3.7 Let I" be a congruence group containifdg (), let & > 1 and let B be theSturm

bounddefined by

kb b—1

T 12 N
whereb = [SL2(Z) : I']. The Hecke algebrd@ acting on the spacsj(I") is generated as &-module
by the Hecke operatofB, for 1 < n < B. Moreover, forl' = I'y(/N) the algebrdl is generated as a

Z-algebra by therl, for the primegp < B.

Proof. Theorem9.23 and Remarl9.24 from [S]. O

Theorem3.8Letf,g: T — OK/(wZ(K/Q"'(n)) be two weak or strong Hecke eigenforms modiilo
onT'g(N) for some weighk. Letb = [SL2(Z) : T'o(N)]. If for all primes

kb b—-1
<

P>197" "N

we have
(1) = 9(T}) (i.e. “ap(f) = ap(g) mod £"),

thenf is equal tog as a Hecke eigenform modulo.

Proof. As forI' = I'y(/V) we have thall is generated asZ-algebra by the Hecke operatdfs
for the primesp < B (Theorem 3.7), it follows thaf andg are uniquely determined by their values
atT, for primesp < B. O

Remark 3.9 The Sturm bound can easily be extended to modular forms with neberggpmegs[S],
Corollary 9.20.

We mention that in [CKR], the Sturm bound is proved by other means and issiended to
the situation when the two modular forms have different weights. It is alstuluseremark that
the Sturm bound for modular forms moduld is also a direct consequence of the Sturm bound for
modular forms oveff, and Nakayama’'s Lemma: T ®y F, is generated aB,-vector space by the
Hecke operatorg, ..., T, thenT ®y Z/¢"Z is generated as/¢"Z-modulo byT, ..., Ty, too.
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3.4 Application of degeneracy maps

Theorem 3.8 gives a criterium for the Galois representations attached ttiéeke eigenforms

f € Sk(To(NV)) andg € Sk(I'o(Nm)) to be congruent moduld® (under the assumption that the
representations are residually irreducible). However, most of the tima sthielying congruences of
Galois representations attached to modular fofnasmdg, the assumptions of Theorem 3.8 will not
be fulfilled, asf andg will typically differ at some prime dividing one of the levels. Hence, we now
propose a stronger criterion. In order to formulate it, we introduce somigistforward notation.

Definition 3.10 Let R be a commutative ring (in the sequel, either= C, R = Z or R is an
extension ofZ/¢"Z as in Section 2) and € N. We define thdegeneracy map fat as theR-module
homomorphism, : R[[q]] — R[[q]] given byg +— ¢°.

LetN,m,n € N. LetT(I'o(V)) be the Hecke algebra &, (I'o(NV)) and similarly forT'o(Nm).
The degeneracy map for each positive dividaf m gives rise to a map from modular forms over
onI'4(N), by which we mean — as before — homomorphidind’o(N)) — R, to modular forms
over R onI'o(Nm) for each weight.

Let f : Tx(T'o(N)) — R be a modular form oveR. Theold space off over R in level Nm is
defined as th&k-span of the image of under the degeneracy maps for each positivem inside
Hom(Ty(T'o(Nm)), R).

Proposition 3.11 Let f and g be weak Hecke eigenforms modulb of weightk for I'y(/N) and
I'o(Nm), respectively, and assume that their residual Galois representatianslasolutely irre-
ducible.

Then Galois representations moduld attached tof and g are isomorphic if there is a weak
Hecke eigenfornf modulo?™ in the oldspace of modulo/™ in level Nm such thaty(7,) = f(Tp)
(i.e.“ap(g) = ap(g) mod ") for the primesp up to the Sturm bound for weightand 'y (Nm).

Proof. The assumptions imply that the equaliy7;) = f(Tp) holds for all primesy except
possibly those withy dividing m. Hence, we can conclude by Theorem 3.5. O

Proposition 3.11 gives rise to a straightforward algorithm (see Sectiorsbg the characteristic
polynomials of the Hecke operators jat| m on the oldspace of can be described explicitly as
follows. Let f andg be Hecke eigenformg € Si(T'o(N)),g € Sk(I'o(Nm)). Suppose that
is the maximum exponent so thgft | m. ThenT), acts on the old space ¢fin level p" N as the
(r+1) x (r + 1) matrix

ap(f) 1 0
—spF1 0 1 0 0
. 0 0 0 .
Tp = . . (3.3)

16



whered = 0if p | N andé = 1 otherwise (see [W1]).

Let [f] be theZ-span of theGal(Q/Q)-conjugacy class of; say that its rank igl. The operator
T, acts on the image dff] in levelmN as thed - (r + 1) x d - (r + 1) matrix resulting from((3.3),
in which we substitute every by thed x d dimensionab,; matrix, 1 becomes thé-identity 1,4, the
entry a,(f) is replaced by the x d matrix of the Hecke operatdf, on [f], andd is either0, or
14. Since all the elements under the diagonalGafer all the blocks under the second line of blocks,
we know that the characteristic polynomial of this big matrix will be the prodfict@"—1) and the
characteristic polynomial of the block matrix

T | 14
< _5pk_pl o] 0, ) : (3.4)

We now compute the characteristic polynomiallof (3.4). By, = = ;X" = [[1_(X — a;)
be the characteristic polynomial of the upper left block, whereathlée in some algebraic closure.
With two polynomial variablesy,Y we hence hav§] (X — a,;Y) = 3, ¢;X*Y¢~". We now plug

in X = X2+ §p*~1 andY = X and obtain

d d
[[X?—ajx+op")y=>" <cixdi(x2 + 5pk1)i>.
j=1 i=0
By taking the Jordan normal form (over an algebraic closure) andareging the matrix, we see that
this is the characteristic polynomial of (3.4). Hence, the characteristic polig P; ,, 0f(3.3 is

d
Prp=%" (CiXdri(XQ N 5pk1)i>’ (3.5)
i=0
which can be computed very quickly froRy ,. Let us remark that, i | IV, this polynomial is simply
Xdr. p;,. Hence, we just have to compalg,, with Py, as usual, and witi . On the other hand,
it is interesting to see thatjf{ NV andd = 1, ﬁfvp is X"~ times the characteristic polynomial of the
p-Frobenius element.

Remark 3.12 (a) It appears worthwhile to investigate the existence of a partial corvier®ropo-
sition 3.11. A true converse cannot be true evehitf in the lowest possible level, since it is easy
to construct a counter examplerif= 1, k = 2 and/ = 2 and there is a weight-form embedded
into weight2. Under certain conditions (e.d: < ¢ and? { N'm) a converse could conceivably
exist.

To illustrate the problem with a particular example, let us consider the uniceakéleigenfornf
modulo2 in levelI'5(23) of weight one. It satisfies;(f) = 1 € Fy. It can be embedded into
weight2 for the same level in two different ways (multiplying by the Hasse invarianthvdoes
not change the-expansion, and applying the Frobenius, which sepds ¢?). Consequently,
there are two distinct Hecke eigenforms offerin weight2 for I'y(23) whose coefficients atare
precisely the roots oK 2 + X + 1 € Fo[X]. The coefficients at the other primes are equal to the
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coefficients off, whence the attached ma@dGalois representations are equal. Consequently, a
converse to Proposition 3.11 cannot exist (since in this case 1).

(b) The trick used in [CKR] will always work for deciding whether the reer@ations attached tp
and g are congruent moduld™: By applying degeneracy maps at all primes dividiNgn one
can force all coefficients, () anda,(g) to be congruent to zero modufd for all p | Nm. This
allows the application of the Sturm bound. But, usually the level and hendsotied will be
bigger than the bound in Proposition 3.11.

(c) We mention a minor point which will be discussed in more detail in SectBnWe are mostly
interested in congruences of Galois representations moéulattached to holomorphic eigen-
forms, hence, it seems natural to stickstoongHecke eigenforms. However, since we formulated
Proposition 3.11 foweak Hecke eigenforms, we do not need to have a congruence/fnofi
¢-adic zeros ap | m, but a simple equality in the residue ring is enough. Currently, in the algo-
rithm we are not using this subtle distinction, but, as we will see in the examlan imake a
difference.

3.5 Algorithm

The aim is to study the following problem algorithmically.

Problem 3.13 Let f1, fo be newforms in leveld/;, N, and weightsky, k».
(ub) (Upper Bound) Determine a finite list of prime powgf§*, . ... 7'~} such that

o for all primes/ different from all the/; fori = 1,...,r, the representations;, andpy,
are incongruent modulé and

e forall i € {1,...,r} and alln > n,, the representationsy, and py, are incongruent
modulof}.

(Ib) (Lower Bound) Determine a finite list of prime powdr&', ..., ¢~} such that for alli
{1,...,r} the representations;, andpy, are congruent moduld:.

Towards these problems we wish to apply the methods developed in the Sectidreg are,
however, in general insufficient for determining all prime powers moduickwthe two forms are
congruent. In particular, there will be cases when the lower bound obt&iom the algorithm is
strictly smaller than the upper bound.

For (ub) we compute the congruence numbsgrs- ¢( Py, ,,, Py, ,,) for all primesp { N1 N> up to
some bound (e.g. the Sturm bound), whé¥e,, denotes the characteristic polynomial of the Hecke
operatorT,, acting on the span of th@al(Q/Q)-conjugacy clas§f;] of f;. Let us number the primes
p1, D2, - - .. We compute a slightly modified greatest common divisor of gltaking in account only
the prime-top part of ¢,, because we want to disregard the coefficigntvhen reducing modulo
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powers ofp. More precisely, if we have twe,, andc,,, the first greatest common divisor that we
compute will be

c = ng(Cpl 'pll)pl (Cpg)7 Cpy - pgpz (Cpl))' (36)

Once we have onecomputed, we can improve it for the nextwith
¢ = ged(cy, -pfp"(c), c). (3.7)

Let us remark that it might be the case that the Sturm babnsl so small that it is clearly not
enough to compute just up o< B. Since for the upper bound we only take primesto account
that do not divideN, No, it can happen that there is no such primeelow the Sturm bound or that
Py, , = Py, , for all thesep. In this case we will compute some mars until we can have two good
primesp; andps.

Our approach for (Ib) is based on Corollary 2.18, Theorem 3.8, Ritipo 3.11 and on the fol-
lowing hypothesis which, — roughly speaking — says that it is no loss to withkP; ,, instead of with
its roots.

Hypothesis 3.14Let f; and f, be two newforms and € N. Suppose that for all primegsthere are
embeddings; , : K — Q (i = 1,2) such that

Ul,p(ap(fl)) = Uz,p(ap(fz)) mod ¢™.

Then there are embeddings, o2 such thaio; (f1) = o2(f2) mod ¢™.

An equivalent formulation is the following: Ry, ,, and Py, ,, have roots congruent moduid (in
the sense of Section 2) for allthen there are membeysin the Gal(Q/Q)-conjugacy class of; for
1 = 1,2 such thatf; is congruent tofs modulo/™.

In the sequel we shall assume this hypothesis to be satisfied.

Before starting with the algorithm, it is interesting to remark the distinction betwpparwand
lower bounds in the local (Problem 2.9: concerning a sipynd the global problems (Problem 3.13:
concerning alp): given a primep, Section 2 provides an upper and a lower bound for the congruences
of the polynomials involved in this specific prime. Given two eigenforms, we g# manyp’s (and
hence many local upper and lower bounds) to determine an upper aneadowund for the global
problem of congruences.

We now sketch the algorithm towards Problem 3.13.
Input: f € Si(T'o(Ny)) andg € Si(I'g(NNy)) be two normalised eigenforms.
Output: (L—, L™) (for an explanation see below).

e For every primep f NyN, up to a given bound3 (e.g. the Sturm Bound), we compute the
congruence numbet, = ¢(Py,, P, ,) and we calculatd, ™ = gcd,5(c,) with the greatest
common divisor described in (3.6) and (3.7). We recall tRa}, denotes the characteristic
polynomial of the Hecke operat@t, acting on the spafy] of the Galois conjugacy class ¢f
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e Forevery/ | L*, we compute

L7, = min({%
1,0 inglg(g )7

where(?r is the lower bound foP;,, and P, ,, obtained from Corollary 2.18. We then take the
productLy = [, 1+ Ly,

e Suppose for this step thite S;.(I'o(NV)) andg € Si(I'o(mV)) andp, andp,, , are absolutely
irreducible. Then, for every | L™ such thaty (L) # v(L; ), we compute
- d
Ly, = min(t%)

as follows: Ifp f m, then we putd, = d,,. If p | m, we let/% be the lower bound foP; , and
P, , obtained from Corollary 2.18, whelféf’p comes from Equation (3.5). Again we compute

Ly = He\ﬁ Lg_,z-
e \We compute

L~ = [] max(Ly,, Ly,).
oL+

e Return(L—,L™).

Proposition 2.12 (and also Corollary 2118) ensures fhfais an upper bound, i.e. that , and
pg.¢ @re incongruent modulé™ if ¢™ ¢ L.

Theorem 3.8 guarantees thiaf is indeed a lower bound (under Hypothesis 3.14), meaning that
under the hypothesijs; , andp, , are congruent modulé® if ¢* | L. The lower bound.; will in
general be very bad (e.) due to the Hecke operatdf$ for p | m (in the situation of the third step).
This is taken care of in the third step and Proposition 3.11 tells usZthas a lower bound in the
same sense as before (still under Hypothesis 3.14).

Remark 3.15 We point out that this algorithm might miss a congruence moduldue to the Hecke
operatorTy. Hence, one might want to exclude the operaffrén all the steps. Then, however, we
do not have the congruence @fvith an oldform off (as in Proposition 3.11), hence, the congruence
of the Galois representations suggested by the output of the algorithm wilereoproved result (but,
likely the correct one).

4 Examples and numerical data

We introduce here some interesting cases which were computed using ththalgtescribed above.
Several more examples can be found in [T]. For our calculations weths@dmputer algebra system
MAGMA ([Magmay)).
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4.1 Examples of congruences in the same level

We computed all congruences between modular forms of the same level welt2ded. Here is an
extract from the results that we obtained. In the table beldly, i;) means thé;-th form in level N;
for j = 1,2 (according to an internal ordering inAé¢MA), where in these cases we have = Ns.

Ny i1 || Na io || lower bound| upper bound
1479 | 16 || 1479 | 8 || 27 27

1027 | 2 | 1027 | 1 | 2° 29

602 |8 | 602 |7 |2° 25

1454 | 7 || 1454 [ 1 || 34 34

1171 | 4 || 1171 [ 2 || 34 34

1147 | 6 || 1147 |5 || 7 73

1726 | 6 || 1726 | 3 || 53 53

1629 | 4 || 1629 | 3 || 53 53

613 |2 | 613 |1 || 7472 7477
1939 | 4 || 1939 | 2 | 37%2.4423 | 3724423
1906 | 5 || 1906 | 3 | 192 192

1763 | 8 || 1763 | 5 || 3-132 3132
1761 | 8 || 1761 | 7 | 2-8581981 | 2-8581981
1241 | 2 || 1241 | 1 || 1933-8713 | 1933 -8713
71 2 |7 1] 2-3 2.32

109 |3 || 109 |1 || 22 22

155 |4 || 155 |2 || 24 24

233 |3 [ 233 |1 |33 33

785 |2 |[785 |1 || 73 73

1073 [ 6 || 1073 |3 | 2-17? 2.17?
1481 | 3 || 1481 |1 || 5%-2833 52 . 2833

¢ The biggest exponents that we found appe&’iand2°.
e Forn = 4, we find some congruences modgio(also modul@?).
e Forn = 3, the primed = 5 and/ = 7 appear.

e Forn = 2 we already have many different prime$§? being the biggest square of a prime that
we found.

e Forn = 1 we just listed some of the biggest congruences that we folnd8581981 =
17163962 and1933 - 8713 = 16842229 are just two examples of congruences, but in this case
we had several primes to choose from.
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4.2 Simple example for strong# weak

We now analyse the example with the smallest level in the above table more thiyroDg 'y (71)
there are twdzal(Q/Q)-conjugacy classes of newforms in weightThe coefficient fields of both of
them are isomorphic; they have degBeéiscriminant257 and are non-Galois. The primdactors in
two prime idealsp; andB; of residue degreesand2. This means that each of the twinl(Q/Q)-
conjugacy classes gives us precisely one strong Hecke eigenffomodulo 3™ with coefficients
in Z/3"Z for i = 1,2; the others taken moduBhave coefficients iffy.

We compute thatf; and f; are congruent modul®, but incongruent modul@7. Let T C
Endc(S2(T0(71))) be the Hecke algebra, i.e. the subring generated by the Hecke operatars
above discussion shows that there is a maximal ideaf T := T ®4 Zs such that the localisation
T, has two minimal prime ideals, corresponding to the two strong Hecke eigenfaransd fo. A
computer calculation yields that, ®z, Z/97 = 7,/97[X]/(X?). Thus, we have three weak Hecke
eigenforms modul® coming fromT,,, namely

X—0or X—3orX—6

T — T @z, Z/9Z = Z/9Z[X]/(X?) Z)97.

Since we know that there is only one strong Hecke eigenform maqdieo of them cannot be strong.

4.3 Examplein levelsl49 and 149 - 13

OnTy(149) for weight2 there are twaGal(Q/Q)-conjugacy classes of newforms. The degrees of
the coefficient fields arg@ and9. Let f be any of the forms whose coefficient fielty has degreeé.

The prime3 is unramified inQ s and there is a primg of residue degreg in the ring of integer®,

of Qf.

Mazur's Eisenstein ideal ([M1]) shows that the residual representatig; of f moduloP is
irreducible, since 49 is a prime number an8l does not dividel49 — 1. We first want to determine
the image of the residual representation. A quick computation of a coupteetifaients off shows
that the image of o, contains all possible combinations of trace and determinant. Consulting the
list of subgroups ofzLy(F3) tells us that next to the fullkLy(F3) there is only one other subgroup
satisfying this property. That subgroup, however, does not contgielement of ordes. Due to the
semistability a3 and149 this group is excluded, whence the image is the @k (Fs).

There is a newforng of weight2 onT'3(13 - 149) and a prime ideah dividing 3 in its coefficient
field such that the strong Hecke eigenformgobbtained by reducing itg-expansion modula\ is
equal to the strong Hecke eigenformfofmodulo’ at all prime coefficients except &8. In fact, our
algorithm gives us a congruence modalé (in the sense defined before) at all primes up to the Sturm
bound, except3. Moreover,3'° is also an upper bound. At the prini& we want to apply Proposi-
tion/3.11 (i.e. the third item of the algorithm), and we hence apply the methods fovali&y 2.18 to
P, 13 and Py 13. However, the upper and the lower bounds we obtain with this methatf akence,
the output of our algorithm would be a congruence moddlof the Galois representations attached
to f andg. We analyse the situation a bit more closely by hand. The polynoRyia| is equal to
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(X + 1)%0. The polynomialP; ;3 = Q* with Q € Z[X] an irreducible polynomial of degreks.
Evaluating@ at —1 (the zero ofP, 13) gives2° - 310 . 6869. This means that there isveeakHecke
eigenform{ in the oldspace of modulo3!° such thatf(T}3) = —1. Hence, Propositian 3.11 yields
that f andg are congruent modul®'® as weak Hecke eigenforms. Consequently, the attached Galois
representations of andg are congruent modul®!®.

We give a more formal argument for the existence of the weak Heckefergemodulo31°.
Let T be the Hecke algebra ot (I'g(149 - 13)) (asZ-algebra) and Ie'llrf}ji be the Hecke algebra
(asZ-algebra) on the image df| under thel3-degeneracy map, where as befof¢ denotes the
span of the Galois conjugacy classesfof By restricting Hecke operators, we obtain a surjective
ring homomorphisnT — T¢. The algebraﬂl“f}ji is generated by the identity matrix afidl; (see

[f] .
Equation|(3.3)). Since the minimal polynomial’Bf; is either@ or Q?, the composition

T - ol D=L, 73107

is a well-defined ring homomorphism, i.e. the desired weak Hecke eigenfodula®/”.

4.4 Congruences with Eisenstein series modul®y

Let f € S2(T'o(V)) such thatp,, is reducible (and semi-simple by definition). This means fhat
is congruent moduld to an Eisenstein series in the same level and weight at almost all primes. The
converse of this statement also holds. In the context of this article, it isahétustudy congruences
between newforms and Eisenstein series modtland to do so via the congruence number. By
computing congruences modul® with Eisenstein series, we study up to whi€hthe representa-
tion p; » 'looks equivalent to’ an extension of the cyclotomic character modtland the trivial
representation.

Let f be a newform of weight and levelN. In our algorithm, for all prime® {1 N up to the
Sturm bound, we compute the congruence numieos Py ,, which is — as before — the characteristic
polynomial of 7}, acting on[f], and the characteristic polynomial @}, acting on the Eisenstein
subspace in the given level and weight. With theve proceed as earlier, yielding an upper bound for
a congruence with an Eisenstein series as well as an unproved lowst {ate that we do not take
all operators into account).

A famous theorem of Mazur's ([M1]) states that in weighand prime levelN there is a cusp
form which is congruent to the Eisenstein series moduhb almost all primes for everg dividing
the numerator of%. One can ask in how far this theorem holds modfilo It quickly turns out
that a too naive generalisation is false. We propose to study the followingsibsequent paper.
Let f1,..., f be all newforms in prime leveN and weight2 for the trivial Dirichlet character. For
1 =1,...,r let £™ be the highest power df such thatf; is congruent at almost all primes to the
Eisenstein series of levé& and weigh2 modulo/™. Putn :=ny + ... + n,.

Question 4.1 Is n at least as big as (or even equal to) th&aluation of the numerator cﬁ%?
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4.5 Level raising modulo/™

Let f € S2(I'9(IV)) be a newform. The terrhevel Raising moduld™ in the simplest case refers to
the problem of identifying primeg 1 N such that there is a newforpmin S2(I'o(Np)) such thatf
andg are congruent modul@® at almost all primes. A necessary condition for level raising of the
form f modulo/ at the primep N when its representation is residually irreducible, is thdivides

the congruence numbefPy ,, X — (p + 1)) or the congruence numbe(P;,, X + (p+1)). Itis a
famous theorem of Ribet’s ([R]) that the converse also holds (mafjulo

It is natural to ask whether or in which sense level raising generalisemgrwences modulé®.

We start by one very interesting observation. lfebe the only newform oi'y(17) in weight 2

and letp = 59. The coefficientasg(f) = —12 and we find tha® divides c¢(Py 59, X — 60) =

c(X +12,X —60) = 72 and tha dividesc(Py 59, X + 60) = ¢(X + 12, X 4 60) = 48. However,
there does not seem to be a congruence mo@latiof with any form in levell7 - 59. Instead, there
appear to be three newforms in that level which are congruefittmdulo3 at almost all primes.
Hence, we conclude that the condition tifatdivides one of the above congruence numbers is not
a sufficient one for level raising of strong Hecke eigenforms. Thidicoa a remark by Richard
Taylor?!

We propose to study the following question in a subsequent papelf ke, (I'g(N)) be some
newform and letp 1 N be a prime. Further, lejy, ..., g, be all newforms inSy(I'g(Np)). For
1=1,...,rletf™ be the highest power dfsuch thaly; is congruent tgf modulo/™: at almost all
primes. Puty := ny + ... +n, ande := (P, X% — (p+ 1)?).

Question 4.2 Is n at least as big as (or even equal to) thealuation ofc?

References

[C] H. Carayol.Formes Modulaires et Représentations Galoisiennes a valeurs dansngai Local
complet Contemporary Mathematid$5(1994), 213-237.

[CKR] I. Chen, I. Kiming, J. B. Rasmusse@n Congruences mqd" Between Eigenforms and Their
Attached Galois Representatiors preparation.

[DT] L. Dieulefait, X. Taixés i VentosaCongruences between modular forms and lowering the level
mod/¢™. Journal de Théorie des Nombres de BordezLig?009), no.1, 109-118.

[F] G. Frey.Galois Representations Attached to Elliptic Curves and Diophantine ProbRraprint
Series of the Institut fur Experimentelle Mathematik, Universitéat Egs¢2000).

[FPR] D. Ford, S. Pauli, X.-F. RobloA Fast Algorithm for Polynomial Factorization ovép,. J.
Théor. Nombres Bordeaubd (2002), no. 1, 151-169.

This remark was made in the Problem Book for the MSRI Modular FornmsrSer Workshop organised by William
Stein in 2006.

24



[M1] B. Mazur. Modular curves and the Eisenstein idelst. Hautes Etudes Sci. Publ. Math. No.
47 (1977), 33-186 (1978).

[M2] B. Mazur. An introduction to the deformation theory of Galois representatiomsviodular
Forms and Fermat’s Last Theoreifata Institute of Fundamental Research Studies in Mathematics,
Springer, New York, 1997, 243-311.

[Magma] W. Bosma, J.J. Cannon, C. Playoli$te Magma Algebra System I: The User Langudge.
Symbolic Comput24 (1997), 235-265.

[Pohst] M. PohstA note on index divisorsn Computational number theory (Debrecen, 1989), 173—
182, de Gruyter, Berlin, 1991.

[R] K. A. Ribet. Raising the levels of modular representatioBeéminaire de Théorie des Nombres,
Paris 1987-88, 259-271, Progr. Math., 81, Birkhduser BostoripBosIA, 1990.

[S] W. Stein.Explicitly Computing with Modular Form&raduate Studies in Mathematics, American
Math Society, 2007.

[Sturm] J. SturmOn the congruence of modular form$umber theory (New York, 1984-1985),
275-280, Lecture Notes in Math., 1240, Springer, Berlin, 1987.

[T] X. TaixésiVentosaTheoretical and algorithmic aspects of congruences between modalaisG
representations?hD thesis, Universitat Duisburg-Essen, 2009.

[W1] G. Wiese.Dihedral Galois Representations and Katz Modular Fori@®cumenta Math9
(2004), 123-133.

[W2] G. Wiese.On modular symbols and the cohomology of Hecke triangle surfatesnational
Journal of Number Theory (2009)1), 89-108.

25



	Introduction
	Congruences modulo n
	Definition
	Computing congruences mod n

	Modular forms and Galois representations modulo n
	Modular forms modulo n
	Galois Representations modulo n
	Sturm bound modulo n
	Application of degeneracy maps
	Algorithm

	Examples and numerical data
	Examples of congruences in the same level
	Simple example for strong = weak
	Example in levels 149 and 149 13
	Congruences with Eisenstein series modulo n
	Level raising modulo n


