ON THE BRODY HYPERBOLICITY OF
MODULI SPACES FOR CANONICALLY
POLARIZED MANIFOLDS

ECKART VIEHWEG and KANG ZUO

Abstract

We show that the moduli stackt, of canonically polarized complex manifolds with
Hilbert polynomial h is Brody hyperbolic. Hence ifMienotes the corresponding
coarse moduli scheme, and if U> My, is a quasi-finite morphism, induced by a
family, then there are no nonconstant holomorphic nm@ps U.
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0. Introduction

Given a polynomiah, let.#y be the moduli functor of canonically polarized complex
manifolds with Hilbert polynomiah. By [31], there exists a coarse quasi-projective
moduli schemeéMy, for .#,, but in generaMy, will not carry a universal family. Except
for curves, there are no known natural level structures that can be added to enforce
existence of fine moduli schemes. However, C. S. Seshadri and ar i€otistructed
finite coveringsZ — My, which are induced by a universal family i##},(Z) (see
[31, Th. 9.25]). Moreover, if a general element.in},(SpecC)) has no nontrivial
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104 VIEHWEG and ZUO

automorphism, then there exists an open subscmﬂﬁle Mp which carries a uni-
versal family. It is the aim of this article to show that both the coveridgand the
open subschermflﬁ are Brody hyperbolic. More generally, we show that the moduli
stack.#}, is Brody hyperbolic in the following sense.

THEOREMO.1

Assume that for some quasi-projective variety U there exists a family - U €
h(U) for which the induced morphism: U — My, is quasi-finite over its image.
Then U is Brody hyperbolic; that is, there are no nonconstant holomorphic mag
y:C— U.

Assume that the variety in Theorem0.1is an open subvariety of a projective
dimensional manifold¥ with B = Y \ U a normal crossing divisor. We conjecture
that the quasi-finiteness @f implies thatsz%((log B) is weakly positive over some
open dense subset of (see Def3.1) and thatk (22, (log B)) = r. Paper B3] gives
an affirmative answer if, for all the fibres ® — U, the local Torelli theorem holds
true, and Theorerfi.1 adds some more evidence.

An algebraic version of Theorem 1 (saying that, for abelian varieties or for
A = C*, all algebraic morphismg : A — U have to be constant) has been shown
by S. Kowvacs in [L5] and [16] (see also23]).

The nonexistence of abelian subvarieties of moduli stacks presumably can a
be deduced from the bounds for the degree of curves in moduli space8)(dé&&]|
[17]) by following the arguments used to provg [Th. 2.1].

Our arguments do not imply that the variétyin Theorem0.1is hyperbolic in
the sense of S. Kobayashi, except of courd¢ i a compact manifold and hence the
Brody hyperbolicity equivalent to the Kobayashi hyperbolicity. We do not speculat
about possible Diophantine properties of moduli schemes which conjecturally a
related to hyperbolicity (se€.§]).

A question similar to Theorerfi.1 can be asked for moduli of polarized mani-
folds, that is, for the moduli functor of paixs : V — U, s#) where f is a smooth
projective morphism witlwg semiample for all fibre§ of f, and wheres” is fibre-
wise ample with Hilbert polynomiah. Hence4?,(U) is the set of such pairs, up to
isomorphisms and up to fibrewise numerical equivalencesarBy [31, Sec. 7.6],
there exists a coarse quasi-projective moduli schEpier 47,

In [32] we have shown that, fod an elliptic curve or fold = C*, there are
no nonisotrivial smooth familie¥’ — U with wy,y relative semiample. Being opti-
mistic, one could ask the following.
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QUESTIONO.2
Does the existence of sore: V — U, 2#) € &, (U), for which the induced mor-
phismg : U — Py is quasi-finite over its image, imply that U is Brody hyperbolic?

The methods used in this paper give an affirmative answer to Quésfionly under
the additional assumption that, for some> 0 and for all fibresF of f, the v-
canonical magc — P(HO(F, wg)) is smooth over its image. Exceptdfy = OF,
this additional assumption is by far too much to ask for, and we do not consider th
case in our paper.

An outline of the content of this paper and a guide to the proof of The@rém
are given at the end of Section 1.

1. A reformulation

TheoremO.1 follows immediately from the next proposition. In fact, if there is a
holomorphic map : C — U, we can replace) by the Zariski closure of (C), and
the proposition tells us that the Zariski closure must be a point, and hence that
constant.

PROPOSITIONL.1
Assume that for some :fV — U € .} (U) the induced map : U — My, satisfies

dimU = dimg(U) > 0.

Then there exists no holomorphic map C — U with Zariski-dense image.

Propositionl.1is formulated in such a way that, given a proper birational morphisn
U’ — U, the assumptions allow us to replaée: V — U by the fibre product
f’": V' =V xy U — U’. We call such a pullback famil¥” a smooth birational
model for f.

By the next lemma, the conclusion in Propositiofiis compatible with replacing
f by any smooth birational model.

LEMMA 1.2

Lett : U' — U be a projective birational morphism between quasi-projective va-
rieties. Then a holomorphic map : C — U with Zariski-dense image lifts to a
holomorphic map/’ : C — U’.

Proof
LetUg C U be an open set with| -1, an isomorphism. The image(C) meetsJo;
hencey’ exists on the complement of a discrete sulfset C. Let A be a small disk
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in C, centered ah € A. The projective morphism factors througi’ — U x PM
for someM, and the composite ppy’|a+ : A* — PM is given by meromorphic
functions. Obviously, it extends to a holomorphic mapsnand the image of the
induced mapy — U x PM liesinU’. O

Using Lemmal.2, we assume in the sequel that the quasi-projective vatiety
Propositionl.1is nonsingular.

For the proof of Propositiori.1, we first gather and generalize some methods
of an algebraic nature, in particular, the weak semistable reduction theorem of
Abramovich and K. Karu (se€]) and the positivity results for direct images of cer-
tain sheaves (seé?], [14], [28], [29]). In Section 4 both are applied to certain product
families, and the main result, Propositidri, is quite similar to the one obtained by
Abramovich in [L]. It allows us to replace the family : V — U by a smooth bira-
tional model of the -fold productf’ : V' — U and to assume the stronger positivity
properties stated in Corollady3and Propositiort.4. Whereas the results of Section
2 hold true for arbitrary smooth projective morphisms, those of Section 3 and 4 u
the semiampleness ai- for all fibresF of f.

Starting with Section 5, we assume that, contrary to Propositibor Proposi-
tion 4.4, there exists a holomorphic map: C — U with dense image. In order to use
covering constructions, as we did 87 for dim(U) = 1, we choose a hyperplahé
on V whose discriminant locus ovéf is in a general position with respect ¢qC).

At this point the ampleness afg is needed.

In Section 6 we use the cyclic covering, obtained by taking a root ol of
to compare and to study certain Higgs bundles and their pullbadk fbhe main
properties are gathered in Lemrfigb. Finally, Section 7 contains some curvature
estimates that show that the existence pfncoded in Lemma&.5, contradicts the
Ahlfors-Schwarz lemma. The content of this section is influenced by the work of J.-
Demailly [7], S. S.-Y. Lu and S.-T. Yau4?], Lu [21], and Y.-T. Siu P7] on hyperbol-
icity.

2. Mild reduction

Let f : X — Y be a morphism between projective manifolds with connected gener:
fibre. Abramovich and Karu constructed i?] p generically finite proper morphism
Y’ — Y and a proper birational ma’ — (X xvy Y’)” such that the induced mor-
phismg’ : Z’ — Y’ is weakly semistable. Hefelenotes the main component, that is,
the component dominant ovr. We do not recall the definition of weak semistability
but just list the main properties needed later.
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Definition 2.1

A morphismg’ : Z' — Y’ between projective varieties is called mild if

(@) disflat, Gorenstein with reduced fibres;

(b)  Y’is nonsingular an&’ normal with at most rational singularities;

(c)  given a dominant morphisi; — Y’, whereY] has at most rational Goren-
stein singularitiesZ’ xy- Y; is normal with at most rational singularities;

(d)  givenY, an open subvariety of” with g"l(Y(’,) — Y3 smooth, a nonsingular
curveC’, and a morphismr : C' — Y’ whose image meets), the fibred
productZ’ xvy, C’ is normal, Gorenstein with at most rational singularities.

In [2] the definition of a mild morphism uses just the first three conditions, and,by [
Lems. 6.1 and 6.2], those hold true for weakly semistable morphisms. As pointed c
by Karu in [L1, proof of Lem. 2.12], the proof of property (c) carries over word for
word to show (d). Hence (d) holds true for weakly semistable morphisms as well.

Hence, starting withf : X — Y, over someY’, generically finite ovelY, one
can find a mild model of the pullback family, that is, a mild morphigm 2’ — Y’
birational toX xy Y’ — Y’. However, it might happen that one has to blow up the
general fibre, and the smooth locusgdfwould not be the pullback of the smooth
locus of f. Nevertheless, the existencegdfwill have strong consequences for direct
images of powers of dualizing sheaves.

LEMMA 2.2
Letd : Z' — Y’ be mild.
0] If Y” — Y’is a dominant morphism between manifolds, then

pry: Z' xy Y — Y” is mild.

(i) Letd’ : Z” — Y’ be a second mild morphism. Then
(g/, g”) 1 7 Xy Z' — Y ismild.
(i)  Forall v > 1the sheaf ngw, is reflexive.
Proof
(i) Property (a) in Definitior2.1 is compatible with base change, and in (c) one en-
forces the compatibility of (b) with base change as well.
(i) Since Z” has rational Gorenstein singularities, property (c)Zbmplies that

Z' xy Z” has at most rational Gorenstein singularities. The other properties ask

for in (a) and (b) are obvious. For (c), remark ttZdt xy- Y] is normal with rational
Gorenstein singularities, and hence

(Z// Xy’ Yi) Xy’ Z = (Z// Xy’ Z/) Xy’ Yi
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has the same property. The same argument Wjtteplaced byC’ gives (d).

The sheafg;wE,/Y, is torsion free and hence locally free outside of a closec
codimension-two subvariety of Y’. SinceZ’ is normal and equidimensional over
Y’, for Up C Y’ open and foNp = g'~1(Ug) one has

-1
HO(VO, CUE//Y/) = HO(VO \ g/ (T)’ w%'/Y’)’

and thereby
HUo, g,y yv) = HOUo \ T, g,y y).

So g;wg,/Y, coincides with the maximal extension gf,jw;,/w [ynT tOY’. O

LetV — U be any smooth projective morphism between quasi-projective manifold:
We choose fory and X projective nonsingular compactifications, with\ U and

X'\ V normal crossing divisors, in such a way that— U extends to a morphism
f: X —>Y.Ifg:Z — Y denotes the weak semistable reduction, we choose
birational morphisn¥ : Y; — Y such that the main compone‘q = (Y xvy Y1) is
finite overY;. Let A(Yi/Yl) denote the discriminant locus ¥ of Yi — Y1, and let

B: = Y1\ e 1(U) be the boundary divisor. Blowing up a bit more, we can assum
thatYy is nonsingular and tha&(Yi/Yl) + By is a normal crossing divisor.

By Y. Kawamata’s covering construction (sex.[ Cor. 2.6]), there exists a non-
singular projective manifold/;, finite overY;. In particular, there is a morphism
Y, — Y, and by Lemma.X(j) the pullback ofZ" — Y’ is again mild.

Let us choose a desingularizatign: X1 — X xvy Yz such that

(pryoy)*(B1 + A(Y1/Y1))

is a normal crossing divisor.

Changing the smooth birational model, we may repldday its preimage iry
and by abuse of notation rename pty : X3 — Yy asf : X — Y. We also writeY’
instead ofY; andZ’ instead ofZ xy- Y,. Doing so, we reach the following situation.

LEMMA 2.3
Any smooth projective morphism with connected fibres has a smooth birational moc
V — U which fits into a diagram of morphisms of normal varieties

C T o Y )

Y X X/ z X" 7 (2.3.1)
N S T O (O
U-—>Y< Y <~y <=y =5y

with the following properties:
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0] Y,Y, X, Z,and X are nonsingular projective varieties;

(i)  risfinite, and Xis the normalization of X<y Y’;

(i)  p ands are birational, ands is a blowing up with center in the singular locus
of X/;

(iv) for B =Y\ U, thedivisors B+ A(Y'/Y) and *(B+ A(Y'/Y)) are normal
crossing divisors;

v) d:2' — Y ismild.

COROLLARY 2.4

Conditions (i) — (v) stated in Lemnia3imply that
(vi) X’ has rational singularities;

(vii)  forall v > 1there exist isomorphisms

/v = 7w = v
g*a)zl/Y/ — f* CUX///Y/ < g*a)Z/YM

in particular, gkw‘g/Y, is a reflexive sheaf;
(viii) for all v > 1there exists an inclusion

5 g g*wE/Y, — ¥ f*a)‘)’(/Y,

which is an isomorphism over U;
(ix)  forall v > 1there exists some Nand an invertible sheaf, on Y with

A, det(g*a);/Y,) Ny

In Corollary 2.4(ix) the determinant og*w;/Y, IS iy dei(g*a)g/Y,mT), whereT is
any codimension-two subvariety wig;a);/Y,mT locally freeand : Y\ T — Y
the inclusion.

Proof
SinceA(X’/X) c f*A(Y’/Y) are both normal crossing divisors, one obtains (vi).
Z'is normal with rational Gorenstein singularities; hedtez/,y: C wx» /vy and
Wy = 8x8% W5,y C Sxwyy v, The sheaf on the left-hand side is invertible, the
one on the right-hand side is torsion free, and both coincide outside of a codimensic
two subvariety. Hence they are equal, and one obtains the first isomorphism in (vi
For the second one, one repeats the argument fostead ofs. By Lemma2. Ziii),
all the three sheaves in (vii) are reflexive. Part (viii) has been showaBjiLgm. 3.2]
(see also?4, Th. 4.10]).
Let B, denote the zero divisor of det; hence

det(g.wy,y/) ® Oy/(B,) = v det(f.o)y).
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In order to show thaB, is the pullback of &-divisor onY, we have to show that the
multiplicities of two components dB, coincide whenever both have the same image
in Y. To this end, given any componeBtof Y \ U, consider a general cur@which
intersectsB in some poiniy. ReplacingC by a neighborhood of, we assume that
this is the only intersection point.

Let us writeTc = T xy C, whereT stands for any of the varieties in the diagram
(2.3.1). Similarly, if h : T — T’ is any of the morphisms in the diagrat 3.1), hc
denotes the restriction dfto Tc.

By Definition 2.1(d), the varietyZ is again normal, Gorenstein with at most
rational singularities, and, fa& sufficiently generalXc and X¢ will be nonsingular.
Applying part (viii) with Y replaced byC, one obtains a natural inclusion

€ Ge, @y vy — TE(feawkg o), (2.4.1)

and the zero divisor of dét) is the restriction 0B, to Y¢. In order to show (ix), we
just have to verify thaB, is the pullback of &)-divisor onC.

By [13], there exists a finite morphis®’ — C, totally ramified ing, such that
Xc xc C’ has a semistable modsl— C’.

By Definition 2.1(d), the pullback ofZ; to some nonsingular covering Gf re-
mains normal with rational Gorenstein singularities. By flat base chafige)(is
compatible with further pullbacks. Hence we may as well assume for a moment tf
Y¢ — C factors througiC’. Then

pry: S =Sxc Y. — Y¢ and  gc:Zc — Y&

are two flat Gorenstein morphisnts,andZ, are birational, and both are normal with
at most rational singularities. Therefore, repeating the argument used to prove (v
one obtains

gé:*w;/c/yé = Pra wus(/yév
and the divisorB,,|Yé is the pullback of a divisofT on C’. SinceC’ — C is totally
ramified inq, the divisorIl is itself the pullback of &-divisor onC. O

3. Positivity of direct image sheaves

As in [28] and [29], we use the following convention: I# is a coherent sheaf on a
guasi-projective normal variety, we consider the largest open subschémy¥; —

Y with i*.# locally free. For

%
o = S, <b=®, or ® = det

we define
D(F) =i, D(*F).
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Definition 3.1

Let.Z be a torsion free coherent sheaf on a quasi-projective normal vatietyd let
# be an ample invertible sheaf. L&t C Y be an open subvariety.

(@) .7 is globally generated ovét if the natural morphism

HOY, 7)) ®@ Oy — F

is surjective ovelJ.
(b) .7 is weakly positive ovel if the restriction of.%# to U is locally free and if
for all « > 0 there exists somg > 0 such that

(7)) @ #P

is globally generated ovéy.
(c) & isample with respect to if there exists somg > 0 such that

ST # L

is weakly positive ovet).

The basic properties of weakly positive sheaves are listedlindec. 2.3]. In partic-
ular, the definition ofveak positivity over Woes not depend on the ample sheéf
(see B1, Lem. 2.14]), and, if# is weakly positive ovet) and.# — ¥ surjective
overU, then¥ is weakly positive ovet) (see B1, Lem. 2.16]). Moreover, weak pos-
itivity is a local property. If for each poinid € U there is a neighborhoddp with .%
weakly positive oveldg, then.% is weakly positive ovel.

By definition, most of the properties of weakly positive shea%esarry over to
sheaves that are ample owgr

LEMMA 3.2
Let »# be an ample invertible sheaf on Y. Thénhis ample with respect to U if
its restriction to U is locally free and if and only if for some> 0 there exists a
morphism

P # — s,

surjective over U.

Proof

If . is ample with respect to, for all 8 sufficiently large and divisible,
P (S 7)) @ # 2P @ P

is globally generated ovét, as is its quotient sheaf

bz 7P,
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We may assume tha¥’?~1 is very ample, and we obtain the morphism asked for in
Lemma3.2. On the other hand, if there is a morphism

Pov — s FH e,

surjective oveltJ, the sheaS’(.#) ® .1 as a quotient of a weakly positive sheaf
is weakly positive ovel. O

The basic methods for studying positivity properties of direct images are contained
[29], [29], [30], and [31]. Unfortunately, in P8] and [29] we used “weak positivity”
without specifying the open set, whereas3i][we mainly work with smooth families
or families without nonnormal fibres. So we have to recall some definitions in thi
section, and we have to make the arguments carefully enough to keep track of
open set.

Let f : X — Y be a surjective projective morphism of quasi-projective mani-
folds. We want to extend the constructions frds@,[Sec. 2] to the case of dif¥) > 1.

For an effectiveQ-divisor D € Div(X), the integral parfD] is the largest divisor
with [D] < D. For an effective divisof® on X, and forN € N — {0}, the algebraic

multiplier sheaf is /
x|} = (o (= [1])

wherer : T — X is any blow-up withl'" = 7,I" a normal crossing divisor (see, e.g.,
[8, Def. 7.4], or B1, Sec. 5.3]).

Let F be a nonsingular fibre of . Using the definition given above fét, instead
of X, and for a divisof1 on F, one defines

() = Min{N e N\ {O); wp{%} :a)F}.

By [8] or [31, Sec. 5.4]e(l"|r) is upper semicontinuous, and there exists a neigh:
borhoodV of F with e(l'ly) < e(|g). If £ is an invertible sheaf orr with
HO(F, %) # 0, one defines

e() = Max{e(IT); I1 an effective divisor and’r (T1) = £}.

PROPOSITION3.3

LetU C Y be an open subscheme, étbe an invertible sheaf, |dt be a divisor on
X, and let# be a coherent sheaf on Y. Assume that, for some @ the following
conditions hold true:

(@ V= f"1U)— U issmooth with connected fibres;

(b) & is weakly positive over U (in particulag |y is locally free);
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(c) there exists a morphism*# — #N(—TI"), surjective over V;
(d)  none of the fibres F of fV — U is contained i, and for all of them,

el[r) = N.

Then {(Z ® wx,v) is weakly positive over U.

Proof

By [31, Lem. 5.23], the restriction of the sheéif= f.(Z ® wx,y) toU is locally
free. The verification of the weak positivity is done in several steps. Let us first sho
the following.

CLAIM 3.4
In order to prove Propositior3.3, we are allowed to assume th& is ample with
respectto U.

Proof

Let # be a very ample sheaf on, and letp : Y — PM be an embedding. For a
general choice of the coordinate plartég ..., Hy, the intersectiorH; N (Y \ U)

is of codimension two irY. We choose a codimension-two subscheimeith T >
HiNn(Y\U)fori =0,..., M. By definition, in order to show thal,(.Z ® wx,v) is
weakly positive oveld, we may replac by Y\ T and assume that; N(Y\U) = @.
Moreover, forT large enoughf will be flat. By the local nature of weak positivity,
it is sufficient to show thaf, (¥ ® wx,y) is weakly positive over

M
Uo=U\JHi.
i=0
In fact, one can coved by such open sets for different choices of the coordinate
planes.
Givena > 0, we choos@ = 1+ 2 - « and consider thdth power map

0:PM — PM  with 0(xo, ..., xm) = (xS, ..., x$).

Let Y’ be the normalization of—1(Y), and letr : Y/ — Y be the induced map. For
the pullbacks#” of 0p1(1) to Y/, one obtaing*. 7 = 2.

Leaving out codimension-two subscheme¥inot meetingJo, we may assume
thatY’ is nonsingular. TheixX’ = X xv Y’ is nonsingular. In factf’ : X’ — Y’ is
smooth over ~1(U), andz’ : X’ — X is smooth over

M
X\ 7 eHD.

i=0
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Let us choose?’ = t*.7 ® #'N and.¢’ = t/* £ ® t'* . The sheaf#’ is ample
with respect taJ; = t71(Uo). Applying Proposition3.3to .#’ instead of.#, one
finds

f(L @ox v) = f,@"L @ wx /v) @ A

to be weakly positive oved,,. By flat base change, this sheaf is isomorphic to
T (2 @ wx)v) @ H =18 @ A

Hence for allg sufficiently large and divisible, the sheaf
S(zm-ﬁ(r*(g)@%p/)@%/ﬁ _ .L,*(SZu-ﬁ((go))@%/(Zﬂ-&-l)'ﬂ _ t*(szu.,s(g)@%ﬁ)
is globally generated ovét;. We obtain morphisms

P oy — (S &) © AP,
surjective ovetJ),, and

Prov — @) @ #F,

surjective ovetJo. For g large enoughr, 6y ® 7P is generated by global sections,
and hences* ?#) (&) ® %P is globally generated ovéio. O

Claim 3.4 allows us to assume tha¥ is ample with respect t&J. Then the sheaf
2Nn(—y . T) will be globally generated ove¥ for somen > 0. ReplacingN by
N -5 andl" by - T, we may assume tha¥’N (—T") itself has this property as well.
From now on, this assumption replaces conditions (b) and (c) in PropoSifion

Leaving out a codimension-two subsetYofot meetingJ, we continue to as-
sume thatf is flat. Let us fix some nonsingular compactificatirof Y and a very
ample invertible shea#” onY such thaty MY +1®wy is ample. We write = o/ |y
and# = 9MY+1 @ oy,

CLAIM 3.5
& ® «/9MY+1 @ wy is globally generated over U.

Proof

Let us choose a compactificatidhof X such thatf extends to a morphisrh : X —
Y. Moreover, we choose” andT such that#N(—T') is again globally generated
overV. Lett : X’ — X be a blow-up such that*T" = I" is a normal crossing
divisor, and letf’ = f o r. Assumption (d) in Propositiof.3implies that

/

& = f);(-[*j@ﬁx,(_ [%]) ®a)x//y> — f_*(j@w)‘(/y)
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is an isomorphism ovdd. Hence it is sufficient to show that

éa/®@7‘dimY+l®w?
is globally generated ovad. Blowing up a bit more, and enlarging’ by adding
components supported X' \ t~1(V), we can assume that ()N @ Ox (-I") is

globally generated ovexX’ as well. Under this assumption, Clairb has been shown
in [31, Cor. 2.37, part 2]). O

To finish the proof, we consider for ay> 0 thex-fold product
X=X xy---xy X (x-times)

andf®: X* - Y. Leto : X® — X% be a desingularization, and [ét*) = %00,

o o

7@ =a*<®pﬁ“$), and @ =a*(2pﬁ‘ F).

i=1 i=1
The morphismf @ : X@® — Y and the sheaf?® again satisfy assumption (a) in
Proposition3.3. Moreover, we assume&’N(—TI") to be globally generated ovaf;
henceZ@" (—I'®) is globally generated over’ = V xy --- xy V. Assumption
(d) holds true fol" @ by the following.

CLAIM 3.6
We have @@ |gr) = e(T'|g).

Proof
The proof, similar to the one of3[l, Cor. 5.21], is by induction om. Obviously,
e('®) > e = e(I"). Let C be the support of the cokernel of the inclusion

T @

}—)a)pr.
e

WFT {

Applying [31, Prop. 5.19], to théth projection py : F* — F, one finds subschemes
C; of F with C = prfl(Ci). Since this holds true for = 1,...,r, C must be
empty. m|

By Claim 3.5, the sheaff”) (@ g wxw,y) ® # is globally generated ovey.
Hence Propositiof3.3follows from the next claim.

CLAIM 3.7
There exists a morphism

f*(a)(g(ot) ® wx(w/Y) — Sa(f*(f & CUX/Y))7
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surjective over U.

Proof
The natural morphism,wyw — wxe induces a morphism

f*(Ol) (,,%(Ot) ® Cl)x(a)/y) —> ff <<® pl’lk g) ® a)xa/y),
i=1

which is an isomorphism ovéy. By flat base change, the right-hand side is nothing
but

Q) (L @ wx/v). O
Therefore Propositiofi.3is proved. O

COROLLARY 3.8
Let f: X — Y be a projective surjective morphism between quasi-projective man
folds with connected general fibre. Assume that, for some open subscheme, U

V=flu —u

is smooth and thabr, is semiample for all fibres F= f~1(u) with u € U. Then
fiwy v is weakly positive over U.

Proof

Using Proposition3.3 (with T'|y = 0), one can copy the arguments presented in
[31, proof of Cor. 2.45] to obtain Corollary.8 as a corollary to Propositiod.3. We
leave this as an exercise since Coroll@r$ has been shown under less restrictive
assumptions inJ0, Th. 3.7], using different (and more complicated) arguments

Remark 3.9
By [19], the assumption®r, is semiample for all fibre&, with u € U” is equivalent
to the f-semiampleness @,y . Hence for allv sufficiently large and divisible, the
natural morphism

f* foy )y — o%/y

is surjective ovel. In particular, Corollarys.8implies thatwy,y is weakly positive
overV.

Let us end this section by stating a stronger positivity result. Although it holds tru
by [14] for arbitrary families of manifolds of general type, we formulate it just for
families with a semiample canonical sheaf. Recall tha®ij,[for a projective sur-
jective morphismf : X — Y with connected general fibre, we defined Mar to
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be the smallest integer for which there exists a finitely generated subfi&dof
C(Y) of transcendence degrg@verC, a varietyF’ defined ovelK , and a birational
equivalence

X xy Spe¢ C(Y)) ~ F' xspeck) Spe¢ C(Y) ).

THEOREM3.10
Under the assumptions made in Corollary, for all v sufficiently large and divisible,

i (det( f*w"x/Y)) = Var(f).

Proof

This has been shown i2§] if the general fibres off are of general type, and ii7)
in general (see alsd.f] or [30]). O
Remark 3.11

Let f : V — U be the morphism considered in Propositiof. Sincewg is ample on
the fibres off, we can replace the variefy in the definition of Va¢ f) by its image
under a multicanonical map and hence assume that it is also canonically polariz
One obtains a morphisgr : Spe¢K) — My, andK must contain the function field
of ¢(U)eq In particular, the assumption dign(U)) = dim(U) implies Var f) =
dim(U).

4. Products of families of canonically polarized manifolds
Againlet f : X — Y be a surjective projective morphism between quasi-projective
manifolds with connected fibres, and l&tC Y be a nonempty open subvariety such
that

f:v=f71u) —u

is smooth and such thak,,y is f-semiample.

In [32, Prop. 2.7], we showed that, for curvésthe ampleness of c(etkw;/Y)
implies the ampleness oy vy forv > 2. In [31, Th. 6.22] one finds a similar
statement ovel. In order to extend the latter t6, one would like to control the
nonlocal free locus of*wg(/Y. This could be done by using natural compactifications
of moduli spaces, but those exist only for curves, for surfaces of general type, or
[11] under strong assumptions on the existence of minimal models.

Fortunately, the mild reduction of Abramovich and Karu can serve as a substitu
using, in particular, the reflexivity of the sheaves in Corollar(vii).

We assume in the sequel that dlt) = Var(f) and thatv — U fits into the
diagram considered in Lemnia3. SinceY’ is finite overY, one finds Vafg) =
Var(f) = dim(Y’), and Theoren3.10implies that de(tg*a);/w) is big for all v suf-
ficiently large and divisible. We choose such> 3, and we assume, in addition,
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that

and the multiplication morphisms
(et y) — f*w€7U
are surjective for alB. Define
e = Max{e(w}); F afibre ofV — U}.
By Corollary2.4(ix), there is an invertible sheaf, onY and someN, € N with
A, = det(g*a);/Y,)N“.

Writing B = Y \ U for the boundary divisor, let us fix an ample invertible sheaf
such thate7 (—B) is ample. Since

k() = K (detgwy y)) = dim(Y),

there exists someg > 0 and some effective divisdd with A} = <7 (D). Replacing
N, by some multiple, we can assume

detg.wy /)" = 7*a/ (D) Ve,
Definerg = rank(f*a);/Y) andr = N, - ro.
PROPOSITION4.1
Let X" denote a desingularization of the rth fibre product< - - - xy X, and let

f . XM - Y be the induced morphism. Then, for Alisufficiently large and
divisible, the sheaf

10 @k ) ® PP @ Oy(~p-v-(v-1)-D)

is globally generated over U and

wf('(f>/Y ® fO* (P DR oy(—-v-(v-1) - D))

is globally generated over V= f ~-1(U).

Proof
We again use the notation from Lemr&. By LemmaZ2.X(ii), mildness of a mor-
phism is compatible with fibre products; hence

g/r:Z/r =Z/XY/-'-XYI Z/—>Y/
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is again mild.

For the normalizatiorX’™ of X xv Y’, we choose a desingularizatia"
with centers in the singular locus ot "), and we choose a nonsingular blow-up
X" which dominates botZ " andZ’". We again obtain a diagram

\Vii < X(r) ) x/(r) o® Z(r) P X//(I’) 350 Z/I’
AT
U——=Y<—"—Y<~——Y<~——Yy——>Y

which satisfies the assumptions made in Lemin3aOne finds, for all integerg > 0,

r
r
9@y = X gl v (4.1.1)

In fact, by flat base change and by the projection formula, both sheaves coincide o
the largest subvariety of’, whereg;w’z‘,/Y, is locally free. By definition, the right-
hand side of4.1.7) is the reflexive hull of the tensor product on this subscheme, an
by Lemmaz2.Ziii) the left-hand side is reflexive; hence both are equal. Corolfady
implies the following.

CLAIM 4.2

(@) The sheaf ) is reflexive, and there is an isomorphism

Iz
a)z(r)/y/
r
), 1 ~ ©
x Oz0,y = 09 907y
(b)  There is an inclusion

(), "

() "
*k wz(r)/yr

*
— 1, Dy 0y
which is an isomorphism over’'U

Proof

Part (b) and the first part of (a) are nothing but Coroll@ry(viii) and (vii). For
the second part of (a), Corolla/4(vii) allows us to replace the left-hand side by
g’;w’g,r/Y, and the right-hand side k)" g;w’g,/Y,, and to apply4.1.7). O

By constructiong®™ : Z() — Y’ is smooth ovet)’ = t~1(U), and

g0 U) =V =V xy U
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Now we play the usual game. For the integer 3 chosen above, and fop =
rank(g.w% ,y/), there is a natural inclusion

fo

detg.wy y) —> QR (@ ) (4.2.1)
which locally splits over the open s¥{, Whereg*wE/Y, is locally free, in particular,
overU’. By the choice of , one obtains an inclusion

r
o/ (D) P — QG y) = 9y s (4.2.2)

again locally splitting ovel)’. In fact, the splitting inclusions in4(2.1) and ¢.2.2
exist overY;, and since the sheaves on the right-hand sides are reflexive, they exte
toY’.

Forw = wze) v ande?’ = g"*r*7/(D)", consider? = w®' LBy (4.2.2,
o’ ® o'~D® has a section whose zero divisdrdoes not contain a whole fibre
overU’, and

v v=De _ v-(v-1)-e-v? ® "’ ® Ve vv-1e-v? ® Oz¢y(v - T).
All fibres of V' — U are of the form
F'=F x---xF,
and 31, Cor. 5.21] implies
e(l|rr) < &(wfr) = e(wg) <&

Soe(v-T'|gr) <v-e andforN = v - e, assumption (b) in Propositicgh3holds true.
By Corollary 3.8, the sheafy,»” " ©~D~® js weakly positive ovet)’. Since

g(r)*gir)wv‘(w(e—l)—e) s wv~(v~(e—1)—e) — gv‘(v—l)e@ ﬁz(r)(—vr)

is surjective ovelV", we can apply Propositiof.3 (for 2"~ instead of.#) and
obtain the weak positivity of

0 (L @ wzm ) = gir)(a);(r)/w) ® t*2/ (D)~ =D

(r)y pB-v

overU’. Sinceg, @7y 1 reflexive, one has the multiplication morphism

wp : S (@050 y) — gir)w%/\f”
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By Claim4.2(a), the left-hand side iS# (R g.@Y y,), Whereas the right-hand side is

X' g*a)g‘/”Y,; hence the assumption on the surjectivity of the multiplication morphisn
carries over, angkg is surjective ovel’. Since

gg)(a);(r)/y/) ® T*«Q{(D)_U.(]}_D
is weakly positive ovel’, for all g sufficiently large and divisible,
(90 @) ) ® T/ (D)) @ 7P

and
0 @5, jy) ® T/ (D) PV @ orrf

will be globally generated ovey’. By Claim4.2(b), one has a morphism

w0y @ P07 — 1 (10 )@ Z(D) PN @ P,

surjective overJ. Although the sheaff, © f((l:)/v is not necessarily reflexive, the
finiteness ofr allows us to apply the projection formula and to obtain thereby a mor

phism

T*ﬁY/ ®.£Z/ﬂ (=1 — f(r)(a) ®%—ﬁ-v-(v—2) R ﬁy(—lB ARV (1) — l) . D),

X(')/Y)
surjective oveld . For 8 large enough, the sheaf on the left-hand side will be generate
by global sections; hence for thogethe sheaf on the right-hand side is globally
generated ovad . Since we assumed

r r
f )*f( ) x<r>/Y N wx(f)/Y

to be surjective oveY, the same holds true forreplaced bys - v, and

oy ® TP C2 @ Oxin(=p-v- (v = 1) - D))

is globally generated ovar'. O

From now on, we ignore the original morphisimand work only with the morphism
f ). To keep notation as simple as possible, we allow ourselves to change it age
Doing so, we can restate the results of the Sections 2, 3, and 4 in the following wa

COROLLARY 4.3

LetU be a quasi-projective manifold, and Iét: V — U be a smooth projective
surjective morphism with connected fibres, wWir( f) = dimU), and with g
semiample for all fibre§ of f.
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Then there exist a proper birational morphism- U, a projective compacti-
fication Y of U, a projective morphism :f X — Y, an invertible sheafs, and an
effective divisor D on Y, such that for allsufficiently large and divisible one has the
following:

(@) f:V = f"1(U) - U is smooth with connected fibres;

(b) X and Y are projective manifolds, and\XV and B= Y \ U are normal
crossing divisors;

(c) <« is ample, and D> B;

(d) f*(w;/Y) ® «/(D)~" is globally generated over U;

(e) w;(/Y ® f*a/(D)™" is globally generated over V.

Proof
By Lemmaz2.3, we find a smooth birational modél: V — U of f : V. — U which
fits into the diagram (2.3.1) in Lemn#a3. We may replac& — U by V" — U and
apply Propositiont. 1. Properties (a) and (b) obviously hold true. Since we assume
o/ (—B) to be ample and > 3, for the invertibles”’ = .&7*~2(—B) and for the
divisor

D'=@w-1-D+B,
one obtains property (c) and, by Proposition, (d) and (e). O

If one starts with any smooth morphism in Proposition, one knows by Remark
3.11that the variation is maximal. Lemnia2 allows us to blow up the base; hence
Corollary4.3allows us to replace the original morphism by a new one, satisfying ac
sumptions (a)— (e). Therefore Propositibri and hence Theorem 1 are immediate
consequences of the next proposition, which is shown at the end of Section 7.

PROPOSITIONA.4

Given U, let f: X — Y be a projective surjective morphism satisfying conditions
(a)—(e) in Corollary4.3for somev, &/, and D. Assume moreover that=adim(F)

is even, that r= dim(U) > 1, and thatw{. is very ample for all fibres F of V> U.
Then there exists no holomorphic map C — U with dense image.

5. Construction of cyclic coverings
Starting from a morphisnf : X — Y satisfying the assumptions in Propositibra
for an invertible sheaf7, a divisorD, and a natural number, let us consider

L =wx/y ® f*,Qf(D)_l.

Blowing up X with centers outside 0¥, we may assume that the global sections of
£" generate an invertible sheaf. If E denotes the divisor oX with 57 (E) = %,
thenE has support irK \ V and hence it is a normal crossing divisor.
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Let us assume there exists a holomorphic mapC — U with dense image,
contrary to Propositior.4. In this section we choose some divisor and some cyclic
covering of X, depending ory, and finally this construction helps to show that such
a holomorphic map cannot exist.

By Corollary 4.3(d), we have for somé a morphism@‘ ™ oy — f,.2", sur-
jective overlJ, and by Corollaryt.3(e), the induced morphisms

+1
@ﬁx — f* " — P

are both surjective over. By assumption, one obtains embeddings
V — P=P(f.%"|v) — P’ x U.

The projection td?* extends to the morphism : X — P¢, defined by the sections
of the sheaf. For all hyperplane$i in P¢, one has

& = Ox(7*(H) + E).

Let P’ denote the dual projective space. For a hyperplene P¢, we write
[H] € P* for the corresponding point. For eaote U and forF, = f ~1(u), the set
of all [H] e P¢ with Fy, N H nonsingular and not equal &g, is open. LetS, denote
the complement. Byq, exp. 17, Sec. XVII, Prop. 3.2], for general pointsf (£ — 1)-
dimensional components &, the intersectiorF, N H will have just one ordinary
double point of typeA;, that is, a singularity given locally analytic as the zero set of
the equation? + - - - + x2 in C". Hence the locudy, consisting of hyperplaned
with Fy N H having other types of singularities or with, C H, is of codimension at
least two inP’.

Asin [6, exp. 17, Sec. XVII, Sec. 6.1], those properties can also be considered
families, and the corresponding sets depend algebraically on the parameter. In pat
ular,

S={(H],w; Fy Cc H or FyNH singulay

is a closed subset @ x U. Let us choose a codimension-two closed subsciEme
of P¢ x U, contained inS such thatS\ T is nonsingular, of pure codimension-one,
and

S\T C {([H], u); Fy ¢ H and Fy;NH has one ordinary double point of typ?q}.

Given[H] € P!, let Sy and Ty be the intersections diH]} x U with SandT,
respectively.
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LEMMA 5.1

There exists somgH] € P¢ such that T; N y(C) = @, such that § meetsy (C)
transversally, and such that*(H) is nonsingular andr*(H) + E a normal crossing
divisor.

Here “Sy meetsy (C) transversally” means that for a local sectwwof &y with zero
set(Sy)red, the holomorphic functiornr* (o) has zeros of order one.

Proof
The given mapy : C — U induces a holomorphic map

7 :P'xC— P x U.

Sincey is holomorphicA® = 7~1(T) is a complex subspace Bf x C. Let A®
be the complex subspace pf1(S) given locally by the following condition. Let
be a local equation 08 on P! x U. ThenA®@ is the analytic subspace of the zero
set of p*o, where the multiplicity ofy*o is larger than or equal to two. We choose
A=ADUAO,

By [9, p. 172],A has a decomposition

A= U Aj
iel
in irreducible components. The index seis countable since each poipte C has

a small neighborhoot (p) such that?’ x U (p) meets only finitely many of those
components. As usual,

dim(A) = Max{ dim(Aj); i € 1}.

CLAIM 5.2
We havadim(A) < ¢ — 1.

Proof
If ¥ is not an embedding of a small neighborhood of a ppirt C, then

Pt x {pyn A®

consists of all hyperplandd passing througip, and its dimension ig — 1. The set
of those points is discrete. For all other poiptsind for all componenta; of A@,
one has

dim (P x {p} N Aj) < £ —2.
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In fact, letU (p) denote a sufficiently small neighborhood @fA general[H] € P
does not pass through(p), and for those that do, the intersection is transversal
except for alf[H] in a codimension-two subset Bf .

If Aj is one of the components afV, then for allp € C,

dim (Ai NP x {p}) =dim(T NE* x {y(p)}) < € —2.

In both cases, if\j is a component oA with A; C Pt x {p}, we are done. Otherwise,
choose forj = 1, 2 two pointsp; € C with

PY x {pj} N Aj # 0.

ThenP! x {p1} N A is not dense im\; . Obviously, the dimension @ x {p1} N Aj is
larger than or equal to dit) — 1, and by Ritt's lemma (se®[p. 102]), both must
be equal. Hence

dim(Aj) = dim (P* x {py}nA))+1<¢-1. o

CLAIM 5.3
The imagepr; (A) does not contain an open analytic subsetWpPt.

Proof
We show Clain.3 by induction on¢, using Claim5.2 but not the definition oP* as
a dual projective space. ff= 1, the set py(A) is countable.

In general, ifW C pry;(A), we choose a poinp € C such that none of the
countably many components afis contained i x { p}. Moreover, for each € I,
we choose a poird; € pry(Aj). Let H ~ P‘~1 be a hyperplane, passing through
but not containing any of the poings. Then, for each componeny;, the intersection
Aj N H x C cannot be dense in; and

dim(AjNnH xC) <1 —1.

Hence
dm(ANH xC) <¢—-2=dim(H) — 1,

and sinceV N H is an open analytic subset bff, contained in pf(A N H x C), this
contradicts the induction hypotheses. O

Recall that we assumed that the global section®afenerate the invertible subsheaf
2 of Z. In particular,

HO(X, ) = HO(X, 2") = HO(PY, e (D)),
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and for[H] in some Zariski-open subscherfig of P, the preimager*(H) will be
nonsingular andr*(H) + E a normal crossing divisor. By Claifa.3, we can find
points[H] in Ifbg \ pri(A), and for all of them the properties asked for in Lemina
hold true. O

From now onH is fixed, and we writd = BU Ty andSfor the closure oS54 in Y.
We do not use anymore the fact thigf is of codimension-one, and in the next step
we replacey by a blow-up with the centers partly containedTig.

LEMMA 5.4

Assume that, contrary to Propositign4, there existy : C — U with a dense image.

Then we may assume, in addition to Corolldr§(a), (b), (d), and (e), that there exists

a general section of#” = a)‘;(/Y ® f*o/ (D)~ with zero divisor H+ E, and divisors

Sand T inY such that

0] SNU isdensein S,and $ T and f*(S+ T) are normal crossing divisors;

(i) X — Y and H— Y are both smooth overd =Y \ (SUT);

(i) the fibres of H— Y over \y = Y \ T are reduced with at most an ordinary
double point;

(v) y©ONT =4y,

(v) H is nonsingular, and €E) is contained in B;

(vi) 7 is semiample, ample with respect tg, ¥nd D > B.

Proof
All this can be done by blowing u) in centers not contained in(C) and replacing
f : X — Y by a desingularization of the pullback family. O

The section of#” with zero divisorH + E gives rise to a cyclic covering’ : 2’ —
X (see, e.g.,4, Sec. 3]). Condition (ii) of Lemma.4implies that

9:Zo=y' ' 1Uo) — Uo
is smooth; hence it gives rise to a variation of Hodge structiites: R"g,Cz,.

LEMMA 5.5
The monodromy o¥y = R"g.Cz, around the components of S is finite.

Proof
Here we use the assumption, that the dimengiohthe fibres off is even. A general
curveC meetsStransversally. Replacin@ by some open subset, we can assume tha
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for a given componers of S,
CNSUT)=CNS ={p}.

The restriction
Yc:Zc=2Z'xyC >> Xc=XxyC

of the finite morphism)’ : Z' — X is a cyclic covering of ordev, totally ramified

alongHc = H xy C. By the definition ofSandT, the fibreH, = Hc N Fp has one
singular pointg, and we can choose locally analytic parametersa neighborhood
of p e C andt, xq, ..., Xp in a neighborhood aff € Xc such thatH¢ is the zero-set
of Zinzl xi2 + t nearq. Then locally neanpgl(q) the coveringZc is given by the

equation
n
doxE+t+2z.
i=1

Sog~1(p) has one isolated singularity, a double point of tyge 1. As is well known
(see, €e.0.,40, p. 132]), in even dimension the local monodromy group offgn4
singularity is finite, and as ing] or [20, p. 41], one obtains the same for the global
monodromy. O

6. Higgs bundles

Notation 6.1
In this section we assume thét: X — Y satisfies the conditions stated in Propo-
sition 4.4, except possibly that/ is not ample but only semiample and big. For the
given holomorphic mapy : C — U, we assume, moreover, the existence of the
divisorsS, T, H, andE satisfying the conditions in Lemnia4.

We defineA = f*(T) andZ = f*(S). Recall that the original boundary divisor
B is contained ifT . So the nonreduced componentodr the components af + 3,
mapping to codimension-two subvarietiesygfare all supported irff ~1B.

Lets : X’ — X be a blow-up ofX with centers inA + ¥ such thatH’ + A’ + X/
is a normal crossing divisor, wher®’ = §*A, ¥/ = §*%, andH’ is the proper
transform ofH. For £ = wx/y ® f*o7(D) L, we write. ¥’ = §*%. ForE =
8*(H + E) — H/, one finds?’” = Oy (H' + E).

Letg: Zg — Ug be the fibre space (considered at the end of Sec. 5) obtained |
restricting the cyclic covering’ : Z' — X, given by the divisoH + E in Lemma
5.4. We chooseZ to be a desingularization of the normalization of the fibre produc
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X" xx Z'. Let us denote the induced morphisms by

v<2 7 %, 5

1l

Y<—X —X

Finally, we writeIT = g~1(SU T), and we identifyZo with Z \ TI.
In the sequel we writd, (— log e) for the dual of1(loge).

By [5], for all k > 0 the local constant systeRig, Cz, gives rise to a local free sheaf
¥ onY with the Gauss-Manin connection

Vit — % ® Qy(log(S+T)),
where we assume th#f is the quasi-canonical extension of

(R*g,Cz,) ®c Oy\(suT)»

that is, that the real part of the eigenvalues of the residues around the component
S+ Tliein |0, 1).

By [25], ¥ carries a filtration# P by coherent subsheaves. If the monodromies
around the components & + T are not unipotent, the# P's are not necessarily
subbundles. However, this is the case outside of the singular lo&s 0f. By abuse
of notation, we drop the assumption ti¥ais projective in the first part of this section,
leave out a codimension-two subscheviigand assume thdt, f/, andg are flat and
thatS+ T is nonsingular.

So the induced graded sheaVeB*—P are locally free, and they carry a Higgs
structure with logarithmic poles alorf§j+ T. Let us denote it by

k k
(g0 (0. gt (V) = (E.6) = (D E<9, D bq0).
gq=0 q=0

Asin [32], we consider a second system of sheaves relatédiad to the paitX, H).
We define
FPA = RIF/(5%(Q%,y (log 1)) ® 2" ftorsion

Here, forn =0, ..., v — 1, the invertible sheave®”’ ™" are defined as

PN _ g g @x,qw]) ) ﬁx/([n -VE/]).

As is well known (see, e.g.1D, p. 130]), the bundleEP-9 have a similar description:

EP9 = RIg,QY | (logTD).
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Let
Tpgq: FP9 — FPL9l @ Ql(logT)
and
fpq: EPY — EPLTL @ Ql (log(S+ T))
be the edge morphisms of the tautological exact sequences
0— f*Q}(ogT) ® 8*(2f yloga)) @ £
— 8" (gr(@f(logA)) ® 2V — 5*(Qf y(ogr) @ 2P -0 (6.1.1)
and
0— g"Q}(log(S+T)) ® QF 3 (ogI) — gr(2P(log))
— Qg/Yaog ) — 0, (6.1.2)
respectively, where
gr(Qh(loga)) = @f(logA)/f*Q4(logT) ® QX/Y(Iog A)
and
ar(@2(og M) = 8 (logM)/g* Q% (log S+ T) ® @5 Z(log ).
The Gauss-Manin connection is the edge morphism of
0— g*Qy(log(S+ T)) ® QY7 (log ) — gr(Q%(log M) — 2%y (log ) — O;
henc&p.q = Op.q-
LEMMA 6.2

Lete stand either foiSpecC) or for Y . Then the groug/v acts onw*szg/.(log(ﬂ +
Y*H’)) and oy, 2 Z/.(Iog(l'l)) One has a decomposition in sheaves of eigenvector

v—1
W*Qg/.(log(l'[ + W*H ) = @QX’/o |Og(A + ¥4+ H )) g/(—n)
n=0

and

QY (logMl) = @, (log(A’ + £))
v—1
o P, (loga’ + 3"+ H)) @ 2",
n=1

compatible with the tautological sequences.
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Proof
By [8, Lems. 3.21 and 3.22], there are natural inclusions

vQg, . (log(A" + 3"+ H)) — @F ,(log(IT + y*H"))

and Rﬂw*szg/.(log(n +¢¥*H’) = 0for B > 0. In fact, in B] this is just stated for
e = SpecC), but the general case follows by induction, considering the tautologice
sequences. Sincg/v acts oy, 0z with

v—1
V02 =P 2"
n=0

as the decomposition in sheaves of eigenvectors, one obtains the first decomposi
in the lemmaH’ is totally ramified inZ. Hence there is an exact sequence

0— .28, (ogI) — y.28  (log( + y*H") — QF7. (log(A’ + =) |w),
and the two sheaves on the right-hand side differ only irAheinvariant part. o
LEMMA 6.3
Using the notation introduced above, let

L Qy(logT) — Q7 (log(S+T))
be the natural inclusion. Then there exist morphigrpg : FP9 — EP-9 such that

0] the diagram

0
gpa 2%, gp-La+tl @ Ql(log(S+ T))

Tpp,q Tpp—l,q-*—l@l

= p.q Tp,q F p—1,9+1 ® Q% (log T)

commutes;

(ii) there is an invertible sheat’/, semiample and ample with respect to, Y,
an effective divisor ) and an injectionez (D’) — F™9, which is an isomor-
phism over Y\ T;

(iiiy 7,0 induces a morphism

7V Ty(~logT) = (Q¥(ogT))" — F"" @ F"-11,
which coincides over X (SU T) with the Kodaira-Spencer map
Ty(=logT) — R f,Tx,v(—log A);

in particular, this morphism is injective;
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(iv)  the morphism®n_m m are injective, for all m;
(v)  thepair
n n
(@ EN-a.4, @9”*(“4)
g=0 q=0
is a Higgs bundle with logarithmic poles along4ST , induced by a variation
of Hodge structures with finite monodromy around the components of S.

Remark 6.4
Instead of Lemma.3(jii) and (iv), we later use just the injectivity af" and ofpn—mm
form = 0andm = 1.

Proof

The proof is similar to 32, proof of Lem. 3.2]. It is well known that the bundle in (v)
is the Higgs bundle for the variation of Hodge structuresR3g..Cz,. The condition
on the monodromy follows from Lemnia5. By Lemma6.2, the sheaf

R, (@5, (log(H' + A"+ 2) ® =)
is a direct factor of£P-9. The morphisnpy q is induced by the natural inclusions

5*Q§ y(logA) — 6*Qf  (log(a + %))
— Q% v (log(a’ + =) - QF,  (log(H' + A’ + ). (6.4.1)

OverY \ (SU T), the kernel ofon_m m is a quotient of the sheaf
R™(H 105 (@M% ® 2 o).

Since the relative dimension &f’ overY isn — 1 and since?” is fibrewise ample,
the latter is zero by the Akizuki-Kodaira-Nakano vanishing theoremoSen i is
injective, as claimed in (iv).

The injective morphism ing.4.1) also exists folY replaced by Sp&€), and the
exact sequencé(1.]) is a subsequence of

0— Q¥ (log(S+T)) ® 2 v (logH' + A + %)) ® £/

— ge(Q% (log(H' + A + %)) © 2/
— Q% y(logH' + A+ %) ® 27" >0, (6.4.2)

Finally, by Lemm&6.2this sequence is obtained by taking the sheaves of eigenvecto
in the direct image of the exact sequengel(9 undery : Z — X’. One obtains (i).
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By definition, F™0 = f/ (5*(9’;(/Y(Iog A))®$/(_1)). Comparing the first Chern
classes for the tautological sequence foone finds

FM0 = /(8" (@%y (Area— A) ® 2 Y).

Recall thatf is smooth ovely \ B, for the divisorB considered in Corollary.3(c).
Hence
f*B > —Ared+ A,

andQS‘(/Y(Iog A) containsvy,y (— f*B). Moreover, by Corollaryt.3(c), D’ = D—B
is effective. By definition, = wx,y ® f*«/ (D’ + B)~! and

/

oo erton((E])

ThereforeS*(Q;}/Y(log A) @2V containswx,y (— f*B) ®.2" Y and hence the

sheaf )

() @ ox ([T ])

and (ii) holds true. For (iii), recall that ovef \ (SU T) the sheaf?’ Y is nothing
but
=52,

SinceR*$,Oxr = 0, by the projection formula the morphism
(tn,0 ® id g/ (p)-1) Iv\(sUT)
is the restriction of the edge morphism of the short exact sequence
0 f*Q} ® Q{]/?EJ ® a)g/lu — gu (@) ®wvu Tt~ QY gy ®a)\7/1u — 0.

Sincef |y is smooth witm-dimensional fibres, the sheaf on the right-hand sida/is
and the one on the left-hand sidefi§§26 ® Tv,u. Tensoring with

4Ty = f*(Q[J_l@’wGl)
and dividing by the kernel of the wedge product
f*Ql @ @)t ®wgh — oy
on the left-hand side, one obtains an exact sequence
0— Tvju — ¥ — f*Ty — 0, (6.4.3)

where¢ is a quotient oft(Q}) ® ov 1 ® f*Q[,‘l. By definition, the restriction to
Y \ (SUT) of the morphism considered in (iii) is the first edge morphism in the lonc
exact sequence, obtained by applyRYf, to (6.4.3.
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The wedge product induces a morphism
QA oyt Q) — QU oot =Tv.

Sincer = dim(U), this morphism factors throug#%. Hence the exact sequence
(6.4.3 is isomorphic to the tautological sequence

0— Tyju — Tv — f*Ty — 0. (6.4.4)

The edge morphisriiy — R! fiTv,u of (6.4.9 is the Kodaira-Spencer map. Since
we assumetl to be generically finite over the moduli space, this morphism is injec:
tive. O

Let us return to the case o¥“projective.” We choose foE P-9 andF P-9 the maximal
coherent extension of the sheaves defined above outside of a codimension-two sul
riety of Y. Of course, the morphisnt, q, 7p,q, andpp q €xtend, and the properties
(i)—(v) in Lemma6.3remain true.
By [26, p. 12],6 A 6 = 0O; hence the image of the composite
q
fn_qi1q-10 - 0bno: EM — E"H9® (X) Qv (log(S+T))
factors through

99: EM0 — E"99 @ S0} (log(S+T)).

By Lemmas.3(ii), ./ (D’) is a subsheaf of ™? and hence oE™9, and one obtains a
morphism

(D) —> pn_q.q(F" %% @ 0% (logT) — E"99 @ S9QL(logT)
0, gn-19 g SiQl (log(S + T))
and thereby a morphism

7% SI(Ty(~logT)) — E"99 g (D).

The pullback oft’Y, viay : C — Y\ T — Y, composed with thejth tensor
power of the differential of,

dy9: T(g — y*(STy (= logT)),

gives
t9: T — y*(E" @ (D) 7D).
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We choose
m=Min{qg e N; fq“(TgH) =0}

and putr = '™ and? = ™.
The morphism’* factors as

Ty(=logT) — F" 11 g (D)t 221, g1l (D)L,

By Lemma6.J(iii), the first of those morphisms is injective, and by Lema(iv),
the second one is as well. Therefaré is injective. Since we assumedC) to be
dense, the pullback of an injective morphism of sheaves updemains injective.
Hencet1l is injective, andn > 0.

Altogether, starting from the morphism in Propositibrd and from a holomor-
phic mapy : C — U with dense image, we constructed divis&and T with the
properties stated in Lemnia4, and we constructed Higgs bundles that satisfy prop-
erties (a) — (d) given in the following lemma.

LEMMA 6.5
For some m> O there exist an invertible shea#, an effective divisor Q and a
morphism of sheaves

7:S"Ty(—logT) — E"MM @ &(D)™! — EM"MMg &1
such that the composite
T=y*rody™: T — y*(S"Tv(=logT)) — y*(E"™"® o1
satisfies

(& Tisinjective;
()  FTM Cc A ®y*(«1) for a subline bundles” of

Ker (y*(Bn_mm) : y*(E"™™M) — p*(EEM @ QL (ogy ~H(9));

(c) the pair
E.0) =( P EP.6p)
p+a=n
is the Higgs bundle, corresponding to the quasi-canonical extengioof
Vo ®c Oy\(suT) for a geometric variation of Hodge structuré%, with fi-
nite monodromies around the components of S;
(d)  y(C)doesnotmeetT;
(e) isample.
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At the end of Section 7 we show that those properties lead to a contradiction to t
Ahlfors-Schwarz lemma. Hence the holomorphic myagannot exist.

Proof

All properties hold true, for the Higgs bundles constructed above, sfifemiample
and big. Choose somge> 0 such thakz" contains an ample invertible sheaf, and
consider the Higgs bundles

(E’,0") = (E®", 9 and (F', /) = (F®", 7).

Again, we first consider them onn— W, whereW is the singular locus d6U T, and
then we take the maximal extensionYoBy [26, p. 70], the morphism

0 : E®" — E®" ® Qy(log(S+T))
is given by
0 =0QIHE® - - QUE+IJE®I®---Qdg+-- - +Ide® --- @ Ide ® 0,

and similarly forF’ andz’. The decomposition as a direct sum is

@ g’'PA and @ F/Pa

p+a=k p+q=k
with : :
- @EEN ad PP -QEF.
i=1 i=1
where the direct sums are taken over@ll ..., p,, qs, ..., g, with
n n
Y p=p ad Y g=q
i=1 i=1

Again, we have morphisms

n
o . p/P.g /p.q
/’p,q—@@ppi»qi +F > BT
i—1

compatible Witht%q andzp . In particular,p;]mO is thenth tensor product opn o,
and hence injective. The same holds true;f’lQJ_lyl, which is the direct sum of mor-
phisms of the form

Pn0® - ®Pn-1,1® - & pn,0.
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Properties (i) and (v) in Lemm@&.3 remain true, withE and F replaced byE’ and
F’, for nn instead oh in (v). In (ii) one has an injection

o —s (D)1 —s F'"0 = (Fn.0)®n,
The morphism
Thno': Eno®1 (F1lgF0g... g FMgFN0g Fllg. .. FO
® - oFPeFg...0 F""1) @ Qi (ogT)
is a direct sum of morphisms of the form
ian,O ®  Qbho® - ® ian,O;

hence it induces the diagonal morphism

n
@rv  Ty(—logT) —> F/nn,OV ® F/n—l,l _ @ Fn,OV ® Fn-11

In particular, the injectivity of the morphisms in Lemri&(iii) carries over.

As noted in Remark.4, the injectivity of @ ¢V, P00 andpr/m_L1 is sufficient
to perform the constructions with” andF’ instead ofE andF, and to obtain some
m > 0 and the morphisms and? satisfying properties (a) and (b), witk replaced
by .27". The latter contains the ample she#f; hence (e) holds true.

Finally, the Higgs bundI€E’, 8) comes from the locally free extensiofi =
7@ of ng’” ®c Oy\(suT)- The eigenvalues of the residues of the induced connectio
lie in R>p; hencey” is contained in the quasi-canonical extensich Replacingy”’
by ¥”, we enlarge the sheav&sP-9, which is allowed without changing properties
(a) and (b). O

7. Curvature estimates and the Ahlfors-Schwarz lemma

Let T be the normal crossing divisor in Lemnias, and letT = Y°{_; T be its
decomposition in irreducible components. kebe the section ot = &y (Tj) with
zero sefT;. We choose a Hermitian metrig on.%4 and define

2
ri = —loglls g and r=rqg-...-rg.

Given any constant > 1, by rescaling the sectiomss that is, by replacing by e -5
for ¢ sufficiently small, one may assume that- c.

On the ample invertible line bundleZ in Lemma6.5 we choose a metrig
such that the curvature form (<7, g) is positive definite. For a positive integeywe
define a new metrig, = g-r* on.«|y\t.

Recall that a Hermitian formy, on Ty (— log T) is continuous and positive defi-
nite if each point inY has a neighborhood with local coordinateg;, ..., z,, such
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thatT NU is the zero set of; - ... - zx and such that, writingg = --- = = 1 and
kt1=-=tn=0,

dz de

w=v1 Y ay G Agt

.Lj
1<i.j<n i
for a continuous and positive definite Hermitian matiay )1<i,j<n-
LEMMA 7.1

Rescaling the;sif necessary, there exists a continuous and positive definite Hermitia
formwy on Ty (—log T) with

r20(7 IN\T» Gu) > g
Proof

We recall the formula for the curvature calculation of a line bundle with a metri
(%, 9g) (see, e.g., 1, Def. 7.1]). Let

ZLlu U xC

be a local trivialization ofZ, and letsy be a holomorphic section a¥|y which does
not vanish in any point of). Thensy corresponds to a holomorphic functibg on
U, and the metrig is given by

lIsullg = lhy |%e™?.
The curvature® (Z, g) is given by

/—1 _

Applying this formula (see als@[, proof of Prop. 3.1]), one finds

—1 _
O, Q) = O(, gr%) = O (7, ge~ 19" = O (A, g) — —Vzno‘aa logr
L ¢ _
vV—la - ~—1a _Orj
= O, g) — ; S dilogri = ©(</. 9) - ; o 0T
L _
_ a®(Li,g) +/—ladrj Adr
=0, 9) - Y T 7

i=1

Rescaling the sectiorss, one can assume that theare larger than a large constant
¢ > 1 and hence that

¢

OA. Q) — ) ], =

i=1

a®(Li, g)
Fi
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is a continuous and positive definite (1,1)-formMarMoreover,

Z -
«/ 1ozar./\8r. - ,+«/—1oezari/\8ri.

O(ﬂ gO{) A r2 _wa r2
I

i=1
The (1,1)-form

is clearly positive semidefinite oni\ T.

CLAIM 7.2
Assume again that MU is the zero set ofiz. . . - z for local coordinates z, . . ., z,
on U. Then in a small neighborhood of(TU the form

i=1

is positive definite on the subspace fF log T)|u spanned by

{2202, ..., Zk0z}.

Proof
NearT; the sectiors can be expressed as

s =zt, |Isllf =zzlltl5 =2z,

wheret; is a local basis ot and wheref; is a positive function. So

—log|ls|I§ = —logz —logz — log fi,
dz 1< of;
P T
] i j

and

So the leading term in

Ty L
> Z i A ar;
=1
nearT NU is
A/ —lo dZ| d2|
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Obviously, this form is positive definite on the subspace spanned by
{21821, ooey Zkazk} O

Since we assumed that> 1,

— ¢ — ¢
2 2 7 —la . ar. ’ —lo . Ar.
r“OAIWT, do) > o, + o iE_l ary AOry > o, + o iE_l arj A orj.

By Claim 7.2, the (1,1)-form

£

/“1a _

Wy = a)& —+ o Z arj A arj
i=1

is continuous and positive definite di (—log T). O

Lety : C — Y \ T be the holomorphic map with Zariski-dense image considere
in Lemma6.5, and lett be the global coordinate di. We take the ample bundle’
onY with the metricg, onY \ T and the Hermitian metrie, on Ty (—log T) from
Lemma7.1l Writing again

dy : Tc — v*Ty(=logT)
for the differential, one finds
y*wq = /=1l|dy ()3, dt A df,

and Lemma/.limplies the following corollary.

COROLLARY 7.3
We havey*r?0(/Iv\1. Gu) = v=1l1dy (@)I[2+,, dt A df.

Let us return to the morphism of sheaves in Lentiria

7:S"Ty(—logT) — E"™™M @ (/(D)) " EMMM @ oL,
T:=y*to(dy)": T — y*S"Ty(—logT) — y*(E""™"® o1,

By Lemma6.5(c), E""™™M is a subquotient of the quasi-canonical extension of a
geometric variation of Hodge structurég onY \ SUT. By Kawamata’s construction
(see B1, Lem. 2.5]), one finds a finite morphism : Y’ — Y with Y’ nonsingular
andS + T’ = n*(S+ T) a normal crossing divisor such that the local monodromies
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of the pullbackr *Vy aroundS + T’ are unipotent. For the discriminant’Y’/Y) of
7 :Y =Y, both

AY'/Y)+S+T and a*(AY'/Y)+S+T)

are normal crossing divisors. Moreover, for a compongndf S+ T, there exists
someyu; with

T = i - (7" Ti)red:
Since we assumed the local monodromyVgfaround the components &to be of
finite order, the local monodromy af*Vy around the components & = 7*(S) is
trivial; hencer *Vg extends to a variation of Hodge structu%acrosss/. Leth and
h’ denote the Hodge metrics &fy and V), respectively. We use the same notation
for the induced metric on the Higgs bundig@s EP-9 and@ E’P9, where the latter
is given by subquotients of the canonical extensioljpacrossT’ = 7*T. We have
an inclusion of sheaves

L (EFEM ¥y s (B R

such thatt*(h) = *(h) onY '\ SUT’.
Consider the diagram of morphisms of analytic spaces

/

o4 4 Y/

y l ; J (7.3.1)

c Y., v

whereC’ is obtained as a normalization of the fibre product. Hend¢ i€ C is a
sufficiently small neighborhood df € y~1(S), then for each) e n”l(to) there
exists a connected componéit C n’_l(U) and a coordinate functiorl on U’ for
which the mapr’ : U’ — U is given by

t—to=n'(t) = (' —tp)*° for somepug e N — {0}. (7.3.2)

By Lemma6.5(b), #(T) is contained in an invertible line bundl¢” ® y*(=/ 1),
where.#" is a sub-line bundle of the kernel f (On—m.m). If

O _mm: ETMM — MMM gl (logn*(T))
denotes the Higgs structure &1, we have a commutative diagram

_ V/*(eru—m,m)
y/* E/n m,m

)//* E/nfmfl,erl ® Q(lc/(log S’)

}//*(l)TC y”(t)@n”‘TC

r¥ %
7% % EN-m.m Y (On-mm)

v y*r*EN-M-1mtl o rr*Q(lc(Iog S
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Sot induces an inclusion
7" *ker(y* (Bn-mm)) —> ker(y"* Oh_mm)):
hence there exists a sub-line bundle
A" C ker(y" (On_m.m))
with
7" FAM c ¥ (M) @y (ra Ty c N @y (ra™h. (7.3.3)
As in [32, Lem. 1.1], usingd;_, n(-#”) = 0 and P. Griffiths’s estimates for the

curvature of the Hodge metric (seE)[ Chap. 11]), one obtains the following lemma.

LEMMA 7.4
The curvature® (4", h'|_4) of the restricted Hodge metric art”’ is negative semi-
definite on Y\ T'.

The Hodge metrit defines a metrit ® g;* on E""™M @ o7 ~1|y\g7. By Lemma
6.5a),T # 0, and since/ (C) is Zariski dense itY, we may define a nonzero positive
semidefinite Kahler formy/—1c(t) dt A df onC \ y ~1(S) by choosing

e = ||F @™ oo

LEMMA 7.5

Letu denote the lowest common multiple of all the ramification orders of componen
of 7*(S) over Y. Then there exists an effective divifbon C (i.e., a locally finite
sumy_ g P with 8 > 0) and a line bundle# ** on C with

FIME R Oc() = /W @y*a™  and a4/ W = 4™

Proof

By (7.3.9, #"* (T is a subsheaf of#”” ® y'*(r*</~1). Using the description of
7" in (7.3.2, we choose for a given poit§ € 7'~1y=1(S) a small neighborhood’
and some € N with

7" F T @ Our(p-t)) = A @y @*o Hly.

The numberp/uo is determined by the monodromy &% around the component
of S containingy (to); hence it is independent of the poitjt e 7'~ L(tp). Since the

ramification ordeyg in (7.3.2) dividesu, we may choosél to be the effective divisor
with Ty = (o - u/po) - to and

NP = FTM* @ Oc(I) ® y* . O
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Outside ofz'*I1, the metricsy’*h'* andz'*y*h* on #'* coincide; hence *h*
extends to a metrib® on.# ) and
1z m 2/(m-p)
c(t) = ||F((d) )"th@y*ggu-
In particular,/—1c(t) dt A df defines a semidefinitedhler form onC. The induced
metric F is a singular metric in the sense described7inlef. 7.1] or P2, Sec. 2].
The curvature current ofc is then defined to be the closed (1,1)-current

O(Te, F) = ——;aélogc(t).

LEMMA 7.6
There exists som& > 0 with

—O(Tg, F) > €'y*O(HI\T, Q)

in the sense of currents.

Proof

Let [I1] denote the current of integration over the divi§brAs in [7, proof of Prop.
7.2], one defines a singular metii2 on sections o7z (I1) by taking the square
of the modulus of viewed as a complex-valued function. By the Lelong-Poiacar
equation[IT] is the curvature current of this metric. One finds

QT ™, F™H) + y*O (™ IN\T, Gu-p) + [TT] = O (AW h0),

By [22, Sec. 2], the curvature current of a singular metric on a holomorphic lin
bundle on a complex manifold is compatible with pullback under holomorphic map:
Hence

7*ON W AWy = @™ Wy = -0, h).

By Lemma?7.4, the latter is negative semidefinite; her@e+ W, h(W) < 0. More-
over,[IT] > 0 in the sense of currents; hence

1 ' . 1
-0(Tc, F) = —m®(T€“, FMHy > ~Y O INT, Go)- O

LEMMA 7.7
For o > 1there exists some > 0 with

Y*O(L|\\T, Go) > €/ —1c(t) dt A dE.
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Proof
We use the notation from Lemn¥a5, in particular, the metria™ on .+, Recall
that

e(®) = ||7(@)™ [T o

and that by7.3, for all« > 0,
Y*O(FINT. Qo) = V=1y*r 2|y ()| [, dt A di.

Hence, in order to show Lemmay, it remains to verify that forr > 1 there exists
somee > 0 with

— —_ = 2/(m-
Y 21dy @015+, 2 €71 ™ [E@O™ [ gyeg
1= m 2/(m-p)
= GHT((at) )'U'Hh(ﬂ)(@y*g;u- (7.7.1)
Given a pointp € Y, choose a small polydidd with coordinates;, ..., z, in such

a way that the divisor¥ N U andSNn U are defined by the equations
Z1-...-zx=0 and Zky1 - Zxak = 0.

Letz : Y — Y be the cover ramified alon§+ T which we considered in7(3.7).
ChoosingU small enough, we may assume that the connected compbHent
7~1(U) are polydisks with coordinatdsvy, .. ., wn} and thatr is defined by

(w1, ..., wn) = (2%, ..., ZH").
Hence forS = n*(S)regand T’ = 7*(T )req, the restrictions tdJ)’ are the zero sets
of
w1:-... WK and WK+1 * - .. Wkak's

respectively.
Consider, as above, the Higgs bung@E’P9 obtained from the canonical ex-
tension ofV; alongT’, and let{e), &, ...} be a basis foE™ ™"y

CLAIM 7.8
For U and U’ sufficiently small, there exist songé > 1 and a real number ¢ 0
with

W (&l (w), € (w)) < c((=loglwal) - (=loglwal) - ... (= |09|wk|))ﬁ/

forall w = (w1, ..., wp) € U'\T.
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Proof
By [4, Th. 5.21],U, = U’ \ T’ can be decomposed into

Ug = UU/IO,K’

where the open subgdg’K depends on the index of the filtration of the mixed Hodge
structure (see], Sec. 5.7]), so that

' (€ (w), € (w)) ~ (~log[w1])'*/2- (~ logw]) '~12/2.... (~ log Jux|) " k-0/2,

forallw e U’('),K, where(ly, I, ..., k) is the multi-index of the weight filtration of
the mixed Hodge structure. Since this index set is finite, there exist goppel and
somec > 0 such that

(€l (w), € () < c((—log wal) - (—loglwa)) - .. - (—log [wk])”

for all w € U’} and for alll . Hence

N (el (w), € (w)) = ¢((—log|wi]) - (=log|wa)) - ... (= |09|wk|))ﬂ/

for all w € U’ \ T'. By the Cauchy-Schwarz inequality, we obtain

W (¢ (w), € (w)) < ¢((~log fwil) - (—log[wa]) - ... - (—log [wl))”

forallw e U\ T. O

Y is compact; hence there is a finite coverity} of Y such that, for alU and each
of the finitely many connected componettsof 7 ~1(U), Claim 7.8 holds. We may
even assume that Claim8 remains true, for the samg, for all points in a small
neighborhood of the closutg’ not lying onT"’.
We choose some >> 1 such that for all the open sdis and for the constarg’
given by Claim7.8, one has
a>p +2m.

In order to prove {.7.J), it is sufficient to show that on eadli’ there is some > 0

with

2/m

" y*heg™h)
(7.7.2)

Let us return to diagram7(3.1). As in the beginning of this section, for each
componentT; of T we consider.s = 0y (T;i) with the Hermitian metriag;, and
7*L; with the pullback metrict*g;. Let 5 be a section of%4 with zero locusT;,

2 ) _
2 ex"y (™) [2(@MI, 1)

n/*y*w‘x -

|| dy @)1, -1,
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where we assume thgthas been rescaled as needed in CorolfaBfor the constant
o, chosen above.
For the sectior = 7*s, define

ri/ = - |Og ”S/“n*gi

andr’ =r;-...-r,. Obviously, one hag' = 7*rj andr’ = 7*r.

Proof of inequality {.7.2
Let {¢1, ¢2, ...} be an orthonormal basis fak (— log T)|y with respect tav,. Then

i, ® - Qi i1 =<--- <im}
is an orthonormal basis f@" Ty (— log T)|u with respect tav, and
Y (@,® Qi) i1 < <im}

is an orthonormal basis for* S" Ty (— IogT)|y71U with respect tgy*w,,. Then, using
the morphisms in{.3.1),

' @, ® - ®diy); i1<--- <im)

is an orthonormal basis for'* 7 *SM Ty (— log T)[,,-1, with respect 1o/ * ¥ wy.
For the map

dy™: T, 1) = ¥*(S"Tv(~log D), (7.7.3)

write

Then
1/m

||dy @01, 1)

2
V*wa = (Z |C|1,,|m|2>

" dy™: n/*Tglyfl(U) — 1" y*(S"Ty(—logT)|u)

Let

be the pullback of the morphisni (7.3. By the commutativity of {.3.1), one obtains

and 1
2 e 2\YM
T y* = ( E T |CI1 ..... Im| ) .

Next, we consider the second map

| |n/*dy(8t)|y/*1nfl(u)|

y*t:y*(S"Tv(=log Tly) — y*(E"™M® o/ 1y)
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and its pullback

7 y*r Yy 7 (S" Ty (= log Tly) — ¥ 7*(E"™" ® Paa
=y ET Nt ).

For the connected componebt’ of 7—1(U), let a~! be a local generator of
7*/ Y. Then(e,®a ', &,®a ...} isabasis oE" ™M ® A W
and the morphism

't ¥ STy (= log Ty — E" ™M@ ¥ Ly,

is given by
*T(ﬂ*(¢i1®”'®¢lm Zb i e{ ®a/—l

,,,,,

and one finds

7y dy™(@0™]-1y) = D7 Gy 0Ly E @@,

.....

Since the metriec*g~ onz*.o7 1 is regular orlJ’, Claim 7.8implies

ly 0 @x*g H(y @ @a ™), Y€ ® a™)|
< cy*((—loglwa]) - (= logwal) - ... - (—log wk]))”

Here and later we allow ourselves to replace the constagtsome larger constant
whenever necessary.

For the ramification ordex; of = overT;, and for some positive functioty on
U’, one has

Jwil = di ||/}

[V | e

This description extends to the compactificatidhof U’. SinceU’ is compactg; is
bounded away from zero, and one finds

Y 0 erg (€ @a ), yE @ah)| <oyt = e yrh
On the compact sdi’, all bJ ...i, @re bounded above. Hence aﬂ*(bJ i) are
also bounded above, and the Cauchy-Schwarz inequality implies

= 2 /
172 (@O™1,,-1un ey rnog-sy < €7 V1P Y700 iml®

= oy ¥ || dy @011 | o

T *y*wy

(7.7.4)
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Since we assumed > 1 anda — 2m > g/, the right-hand side in7(7.4) is smaller
than
{Zm

n/*y*wa ’

Cn/*y*ra—2m| |7T/*d)/(at)|yffl(u/)

hence we obtain the inequality
2

‘ ‘ﬂ/*dy(at)ly/—l(u/)

N’*y*wa
1 1%k e —a /M2 1%~ m 2/m
e EJT yr(r )Hﬂ 7((0) )|y’71(U’)| 7*y*(heg1)’
as stated in{.7.2. O
Therefore Lemm@&.7is proved. O

Proof of Proposition4.4

It remains to contradict the existence of the ample shéaid of the Higgs bundles

having the properties stated in Lem@&. Those led to the estimates in this section.
Recall the Ahlfors-Schwarz lemma, as stated indn, Lem. 1.1.1] (see alsd/|

Lem. 3.2]).

LEMMA 7.9
Let ¢ be a real-valued nonnegative function@mhich locally is of the formp| f |2,
whereg is a local smooth positive function and f is a local holomorphic function.
Then there cannot exist any positive numpesuch that

dtdgloge(t) > p - c(t)

onC in the sense of currents.

Using the inequalities obtained in Lemma$ and7.7, one has for suitable constants
€ ande’,

- dorloge(t) dt A di = glaé logc(t) = —O(Tg, F)
> ey O(ANT, Qo) > € - €'v/—1ct) dt A df
in the sense of currents. Hence
dorloge(t) > 2 - e - € - c(t),

contradicting Lemma&_.9. O
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