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Photonics of Topological Magnetic Textures

Vakhtang Jandieri, Ramaz Khomeriki, Daniel Erni, Nicolas Tsagareli, Qian Li,
Douglas H. Werner, and Jamal Berakdar*

Topological textures in magnetically ordered materials are an important case
studies for fundamental research with promising applications in data science.
They can also serve as photonic elements to mold electromagnetic fields
endowing them with features inherent to the spin order, as demonstrated
analytically and numerically in this work. A self-consistent theory is developed
for the interaction of spatially structured electromagnetic fields with
non-collinear, topologically non-trivial spin textures. A tractable numerical
method is designed and implemented for the calculation of the formed
magnetic/photonic textures in the entire simulation space. Numerical
illustrations are presented for scattering from point-like singularities, i.e.
Bloch points, in the magnetization vector fields, evidencing that the geometry
and topology of the magnetic order results in photonic fields that embody
orbital angular momentum, chirality as well as magnetoelectric densities.
Features of the scattered fields can serve as a fingerprint for the underlying
magnetic texture and its dynamics. The findings point to the potential of
topological magnetic textures as a route to molding photonic fields.

1. Introduction

Emergence and characteristics of stable topological textures and
quasiparticles such as vortices, skyrmions or hopfions (Hopf
solitons) are well studied and documented in the context of
field theories, for example in ref. [1–11]. With experimental re-
alizations of these textures in static magnetic and ferroelectric
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materials as well as in electromagnetic
waves,[12–20 ] much research has been
devoted to their possible utilization in
information storage, communication, and
processing.[21 ] In this respect, means are
necessary to controllably exploit, identify,
and manipulate their geometric-topological
features. The focus of this work is on
the magneto-optical response as well as
on the scattering, and formation of spa-
tially structured electromagnetic fields
due to non-collinear topological textures
formed in a magnetization vector field.
In particular, we present explicit results
and simulations for point-like magnetic
singularities with vanishing magnetic
moments.[22,23 ] This so-called Bloch-point
(BP) singularity can be viewed as a mag-
netic monopole and can be surrounded by
a hedgehog-type structure or other types
of non-collinearities;[22–27 ] some examples
are detailed below. On the microscopic

level the formation of BP is dominated by the exchange inter-
action and hence the magnetic response should be much faster
than the typical GHz magnonic response in homogeneous mag-
nets.
BPs have been studied in a wide range of materials and

on different length scales, notably BPs in domains of multi-
layers and skyrmion lattices or as engineered materials with
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structuring.[24–37 ] BP singularities are of relevance also for fun-
damental science, for instance, as emulators of electron motion
in a magnetic monopole field.[3( ] For applied science, their dis-
tinctive topological[11,23,3),40 ] nanometer scale, as well as energy
scale[41 ] features make them a compelling option for data storage
and processing.[24–37 ] To characterize and drive controllably Bloch
points is however a challenge,mainly due to their vanishingmag-
netization. Clearly, footprints of their topological characteristics
are left in their surrounding long-rangemagnetic order. Hence, a
probewhich couples directly to their intrinsic non-collinear struc-
ture would be highly desirable. Also, the question of a possible
use of BPs or similar textures as functional photonic elements
needs to be clarified.
In this work, we study the scattering and formation of struc-

tured electromagnetic (EM) waves from BPs, and illustrate the
polarization distribution and the spatial structure of the fields, as
reflected for example by the chirality density and/or the orbital
angular momentum density. While propagating EM waves are
bound in their spatial resolution to the diffraction limit, there is
no such limit on the polarization texturing.[42–4( ] In fact, the EM
fields used here can also be singular beams with the singularity
occurring on the optical axis. In this way a spatial resolution on
the nanometer scale of the magnetic singularity can be achieved.
In recent years, clear experimental and theoretical evidence has
been accumulated on how to use singular of spatially structured
fields to access new information on matter,[4)–61 ] but so far a
closed theory describing light-matter action-back-action, partic-
ularity in the context of magnetically ordered systems remains
elusive. Such a theory would bridge the gap between topological
photonics[62 ] and magneto photonics[63 ] to topological magnetic
textures.
An important issue to clarify is how the singular magnetic tex-

ture responds to external EM fields and how the fields are mod-
ified by the magnetic texture, when the frequencies of these EM
fields are in the range of magnetic excitations. Therefore, we
will set up a coupled, self-consistent magnetic-photonic model-
ing scheme for the case involving a large photon number (classi-
cal EM fields) and where the length (energy) scales of relevance
are much larger (smaller) than the atomistic ones. Under these
conditions, it is reasonable to work within classical field theories
and incorporate the atomistic electronic information, as is cus-
tomary with dielectric/permeability tensors.
To be explicit we focus here on BPs as a paradigm for highly

non-collinear systems. Our theoretical formulation is however,
applicable to other types of nonlinearities such as vortices,[64,65 ]

skyrmions, spin ice,[66,67 ] gyroids[6( ], or external magnetic fields
imparted by other structured waves.[6)–72 ] The specific system
is manifested in the appropriate magnetic free energy density
and the corresponding boundary conditions. Generally, the mag-
netic free energy density contains both the external magnetic
fieldHext(r, t) of the incoming EM waves and contributions from
intrinsic magnetic interactions H(r, t) such as exchange cou-
pling. The dynamics of the local magnetizationM(r, t), described
by the Landau–Lifshits–Gilbert equation implicitly updates for
the magnetic field at time t′ and space r! to be used as an in-
put value for Maxwell’s equations to infer the electric flux den-
sity D(r!, t!). The successive applications of this procedure ac-
counts for multiple magnetic/electromagnetic scattering events.
In the linear response regime, we analytically derive the fre-

quency and wave-vector-dependent permeability tensor that can
be used for the low-energy dynamics of the magnetic textures.
A time-harmonic dependence of ej!t is assumed and omitted
throughout the manuscript.

2. Formal Considerations

For non-collinear magnets, we seek a self-consistent spherical
rigorous-coupled wave analysis for EMwave scattering in 3D. For
instance, the theory should account for the inhomogeneities and
dynamical response of the magnetic order spherically surround-
ing the BP (see the inset in Figure 1). In the linear response
regime, we wish to analytically obtain a magnetic permeability
matrix and uncover the variation of it components along the ra-
dial direction and along the polar angle. Hereby, we assume az-
imuthally homogeneous BPs. This is accomplished belowwhere,
technically, the method reduces the problem to the solution of
a set of first-order coupled differential equations. Moreover, the
field representations are then found using the eigenvectors and
eigenvalues of the matrix generated by the Fourier components
of the constant coe,cients of the differential equations. Numer-
ically, the approach uses the recursive algorithm based on matrix
multiplication, which allows us to calculate the scattering charac-
teristics for the BP e,ciently. The method can deal numerically
with various types of impinging electromagnetic waves and BPs,
such as hedgehog and twisted. For brevity only selected results
are presented, showing that the distinct magnetic order around
the BP leads to an involved structure of the formed EM fields and
the generation of optical chirality density and orbital angular mo-
mentum in a close vicinity to the BP. Also, we find a dominant
azimuthal component of the Poynting vector close to the surface
of the BP. Only the components of the reflected electric andmag-
netic fields that appear solely by an interaction of the incident
waves with the BP show a sensitive behavior while transforming
from the hedgehog to the twisted model.
The formulation below is developed for a magnetic insula-

tor, meaning that no free currents/charges are present, and as-
sumes that the dielectric response (and hence the relative di-
electric permittivity ϵr) is nearly constant and homogeneous in
the frequency regime of interest here. These restrictions are not
fundamental, but allow the magnetic/photonic effects to be sin-
gled out. The coupled field equations of motion for magneto-
static/electromagnetic dynamics are given by

"M(r, t)
"t

= −g#0
⟧
M(r, t) ×Heff(r, t)

⟦
,

∇ ×
⟧
H(r, t) +Hext(r, t)

⟦
= $0$r

"E(r, t)
"t

,

∇ × E(r, t) = −#0
"
"t
⟧
H(r, t) +Hext(r, t) +M(r, t)

⟦

(1)

where g is the gyromagnetic ratio, H and Hext are the demagne-
tization and external magnetic fields, respectively,M is the mag-
netization vector field, ϵ0 and µ0 are dielectric permittivity and
magnetic permeability of free space. The electric polarization in-
duced by BP spin-noncollinearities (e.g., as in ref. [73]) is negli-
gible. The external magnetic field Hext is related to the incident
field and is defined by the boundary condition on a surface of the
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Figure 1. Curve showing the normalized magnetizationM0 as a function of k0x, where k0 is the free-space wavenumber. Inset shows a schematic cross-
sectional view of the BP, where the magnetic order is spherically surrounding the BP. The outer-radius of the sphere is a and the inner-radius is denoted
as b. The anisotropic region (see Appendix A) is marked by the gray color. It is divided into thin shell layers, each of which is characterized by the local
magnetic permeability matrix µij(%, rl). Outside the anisotropic structure, the medium is assumed to be free space. The relative dielectric permittivity
of the spherical BP is ϵr. The wavefront of the incident field is also depicted by thick red arrows. The direction of the associated magnetic field Hext is
indicated by dotted circles. Such a field can be realized by a radially directed elementary electric dipole, which is marked by a blue arrow and is located
on and parallel to the z-axis at a distance h from the global origin (i.e., the center of the BP).

sphere enclosing the the magnetic singularity (see the inset of
Figure 1).
The effective magnetic field Heff derives from the functional

derivative of the free energy F(M) with respect to M. For BP an
appropriate model F(M) may be represented in the form,[74,75 ]

F(M) = ∫V
d3r

⟧
As

2
(∇M)2 + &1M2 + &2M4

−
#0
2
M ⋅ (H +Hext)

] (2)

The effective field is

Heff = − 'F
'M

= Hext +H +
(

"2
"r2

+ 2
r
"
"r

− 2
r2

)
M

+ 2(
(
M − )M3)

(3)

where As is related to the exchange interaction, and &1, &2 are the
Landau parameters. We introduce the definitions ( = |&1|/µ0, ) =
−2&2/&1, and use r as the distance from the global origin, i.e., the
center of the BP, to the observation point.
We seek a material-independent formulation, but as a typical

example we consider here, the helimagnet FeGe for which the
exchange stiffness A = As/2 is 6.1 × 10−13 cm2; the saturation

magnetization isMs = 3(3 emu cm−3, and the Curie temperature
is 27(.7 K.[76 ] These parameters vary strongly if we consider a
different setting, such as spin ice.[66,67 ]

2.1. Local Magnetic Susceptibility

The non-linear coupled Equation (1) account for a multitude
of phenomena such as large-angle magnetic procession/reversal
(magnetic moment quenching is not included in these equa-
tions), trapping of electromagnetic waves, and frequency up- and
down-conversion. In the linear regime, information on the sam-
ple in its field-free state can be obtained. The task here is to de-
rive explicitly an expression for the magnetic permeability ma-
trix of the BP, which as we expect from the above discussion
should be frequency dependent and non-local. To this end, we
linearizeM with respect to small deviations caused by the exter-
nal field.We consider a time-independent ground state as the free
energy given in Equation (2) minimumHeff = 0[74 ] and examine
small deviations of these ground state solutions under a Landau–
Lifshitz–Gilbert formulation. We substitute the expression for
the effectivemagnetic field,Heff into the Landau–Lifshitz–Gilbert
equation and write[77 ]

M(r, t) = M0 + 'M = m0(r, t)M0(r) +m1(r, t)M0(r) (4)
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Here,M0(r, t) is the ground state spin configuration, which is de-
scribed by local magnetizationmagnitudeM0(r) and a unit vector
field m0(r, t). Small deviations from the initial configuration are
captured by the vector field 'M(r, t) = m1(r, t)M0(r). To first-order
in m1 we find

"m1

"t
= −g#0Ms[m0 ×Heff] (5)

In spherical coordinates with the center being at the BP singular-
ity, we write

m0
r = sin2 % cos & + cos2 %,

m0
% = cos % sin %(cos & − 1),

m0
* = sin & sin %.

(6)

Here & is a pseudo azimuthal angle which determines the geom-
etry of the spin configuration without changing the topology. For
example, for one magnetic singularity at the origin, one trans-
forms from the hedgehog configuration for & = 0 to a twisted
one for & = 60°, where % is the polar angle between the radial line
and the polar z-axis.M0 is space dependent, but still we can nor-
malize to the maximum value of the saturation magnetization
Ms, as done in Equation (5), implying )M2

s = 1. We note that no
*-dependence is present and r = (%, r).
For a time-harmonic, polarization structured (vector) EM in-

cident beam we start from Equation (5) and seek the elements
of the magnetic permeability matrix µij(%, r) = 'ij +M0(r)+ ij(%, r)
(where + i j(%, r) is a magnetic susceptibility m1 = +ij(H +Hext)).
It is possible to derive the local element + ij(%, r) explicitly. The
details involve relatively lengthy expressions, which are given in
Appendix A. Note that the magnetic permeability tensor is Her-
mitian. As detailed in Appendix A, a key signature of the spin
non-collinearity is the appearance of multiple local resonances
!res determined by the condition

!res = ±g#0Ms

⟧
ÔM0(r)

⟦
, (7)

Ô =
(

"2
"r2

+ 2
r
"
"r

− 2
r2

)
+ 2(

(
1 −M2

0

)

Importantly, this fact can be exploited to sense for BPs in the fre-
quency space without being hindered by the limited spatial reso-
lution of optical probes.

2.2. Scattering of Electromagnetic Fields: Spherical
Coupled-Wave Analysis

To calculate the scattered fields from localized magnetic non-
collinearities, we formulate a spherical rigorous coupled-wave
analysis by dividing the sphere around the magnetic singularity
into onion-type, thin shell layers, where the l-th thin layer (l = 1
· · · L) is characterized by a magnetic permeability matrix µij(%,
rl) (c.f. an inset in Figure 1). Here, rl is the radial distance of the
l-th thin shell layer and all material parameters are assumed to be
constant within each layer. It is important to mention that each
shell layer resonates at a different frequency defined by Equa-
tion (7). Hence, the magneto-optical behavior under irradiation

with a broadband vector beam, such as suggested in ref. [7(],
will be qualitatively different from a homogeneous beam. For the
numerical demonstration we choose the excitation frequency !
close to the resonance frequency of the outermost shell layer, i.e.,
!res(r = a). This means that the elements of the magnetic perme-
ability matrix attain maximum values in the outermost layer and
then decrease within the BP when approaching its global origin
(detailed derivation is given in Appendix A).
Having the magnetic permeability matrix rigorously derived,

we then substitute it into the Maxwell’s equations written in
spherical coordinates and redefine the components of the elec-
tric E-

r and magnetic H-
r fields as

S-
% = rE-

% , S
-
* = r sin %E-

*, (()

U-
% =

√
#0∕$0 rH-

% , U
-
* =

√
#0∕$0 r sin %H-

*, ())

where - = inc, r represents the incident or reflected fields. By
expanding the fields into a 1D Fourier series with respect to a
parameter . = cos % (% = [0: /]):[7),(0 ]

Φ(r, %) =
N∑

i=−N
0i(r)e

ji/. , Φ = {S% , S*, U% , U*} (10)

a set of first-order, coupled differential equations for the radially
varying field amplitudes 0i(r) = [si% , s

i
*, u

i
% , u

i
*] is obtained:

d
d1

⎡
⎢
⎢
⎢
⎢⎣

si%
si*
ui%
ui*

⎤
⎥
⎥
⎥
⎥⎦

= j
⟧
!
⟦
= j

⎡
⎢
⎢
⎢
⎢⎣

Ψ11 Ψ12 Ψ13 Ψ14

Ψ21 Ψ22 Ψ23 Ψ24

Ψ31 Ψ32 Ψ33 Ψ34

Ψ41 Ψ42 Ψ43 Ψ44

⎤
⎥
⎥
⎥
⎥⎦

⎡
⎢
⎢
⎢
⎢⎣

si%
si*
ui%
ui*

⎤
⎥
⎥
⎥
⎥⎦

(11)

Here 1 = k0r, k0 is the free-space wavenumber, N is a truncation
number of the Fourier series that will be varied to check conver-
gence, ! is a square matrix generated by the Fourier coe,cients
ofΨqq! with the (n,m) entries equal toΨn−m

qq! . If a truncation num-
ber for each field component associated with the Fourier series is
N, (−N · · · 0 · · · N), then the size of the matrix ! becomes 4(2N
+ 1) × 4(2N + 1). The implicit expressions of block matrices Ψqq!

are given in Appendix B.
Using Equation (11), the fields for each anisotropic layer are

expressed through the eigenvectors and eigenvalues of the ma-
trix !. Hence, the tangential components of the electric and
magnetic fields in the l-th shell layer characterized by a normal-
ized radial distance 1l = k0rl, namely (S%

(l)(., 1l), S*
(l)(., 1l)) and

(U%
(l)(., 1l), U*

(l)(., 1l)), can be written in the following form:

S(l)(., 1l) =
N∑

i=−N

(
4(2N+1)∑
p=1

P(l)ip,S e
j1l|2lp| C(l)

p

)
eji/.

=
N∑

i=−N

(
P
(l)

S ⋅ " ⋅ C(l)
)
eji/. (12)

U(l)(., 1l) =
N∑

i=−N

(
4(2N+1)∑
p=1

P(l)ip,U ej1l|2
l
p| C(l)

p

)
eji/.
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=
N∑

i=−N

(
P
(l)

U ⋅ " ⋅ C(l)
)
eji/. (13)

where we introduced the shorthand notation

S(l)(., 1l) = [S%
(l)(., 1l), S*

(l)(., 1l)]
T
, (14)

U(l)(., 1l) = [U%
(l)(., 1l), U*

(l)(., 1l)]
T . (15)

Here, the matrices P
(l)

S and P
(l)

U having a size 2(2N + 1) × 4(2N
+ 1) are constructed from the eigenvectors of the matrix !l in
the l-th shell layer. {2 lp} determine the elements of the diagonal
matrix " and are set by the respective eigenvalues of !l.
A relation between the unknown coe,cients C(l) and C(l−1) in

the l-th and (l − 1)-th shell layers, respectively, is determined by
the boundary conditions for the incoming and outgoing waves
on the l-th layer’s boundary:[(0,(1 ]

C(l) = [P(l)]−1 ⋅ P(l−1) ⋅ T (l−1) ⋅ C(l−1) ≡ Fl ⋅ C(l−1) (16)

Here P(l) = [P
(l)

S ,P
(l)

U ]
T is a square matrix (its size is 4(2N + 1) ×

4(2N + 1)) whose columns are the eigenvectors of the matrix !l

in the l-th shell layer, T (l−1) is related to the thickness of the (l
− 1)-th thin shell and represents the traveling wave behavior of
the space-harmonics along the radial direction. Since the rela-
tionship between the coe,cients for the adjacent layers inside
the sphere have been determined, the relation betweenC(1) in the
outermost 1-st layer inside the sphere (the nearest one to the re-
gion of an incident wave) andC(L) in the innermost L-th layer (the
closest one to the global origin) can be calculated using a recur-
sive algorithm based on the matrix multiplication: C(L) = F ⋅ C(1).
The matrix F, which is a product of matrices Fl(l = 1 · · · L), rig-
orously accounts for multiple interaction of the space-harmonics
between the shell layers, as well as their material and geometri-
cal parameters, through the eigenvectors and eigenvalues of the
!l matrix.
The electromagnetic fields in the space r > a, i.e., Region I in

the inset of Figure 1, are expressed in terms of transverse to r
electric (TEr) and transverse to rmagnetic (TMr) waves and may
bewritten using Schelkunoff–Bessel andHankel functions in the
following form:

S(I)% (r, .) =
∑N

i=−N(K ⋅ c) eji/. +∑N
i=−N S

inc
%,i e

ji/. (17)

S(I)* (r, .) = −∑N
i=−N(K̃ ⋅ d) eji/. +∑N

i=−N S
inc
*,i e

ji/. (1()

U(I)
% (r, .) =

∑N
i=−N(K ⋅ d) eji/. +∑N

i=−N U
inc
%,i e

ji/. (1))

U(I)
* (r, .) =

∑N
i=−N(K̃ ⋅ c) eji/. +∑N

i=−N U
inc
*,i e

ji/. (20)

with

K = {Kin} = jginĥ
(2)!
n (1) (21)

K̃ = {K̃in} = g̃inĥ
(2)
n (1) (22)

gin =
1
2 ∫

1

−1
d.

√
1 − .2

dP0n(.)
d.

e−ji/. (23)

g̃in =
1
2 ∫

1

−1
d.(1 − .2)

dP0n(.)
d.

e−ji/. (24)

Here P0n(.) are the associated Legendre polynomials, ĥ(2)n (1) are
the Schelkunoff Hankel functions of the second kind satisfy-
ing the radiation condition and the prime denotes differentiation
with respect to the argument. c and d are the scattering ampli-
tudes that should be determined by matching the boundary con-
ditions at r= a. The first terms on the right side in Equations (17)-
(20) represent the reflected waves, whereas the second terms are
the incident waves. The i-th Fourier component of the radial elec-
tric and magnetic fields can be written as

eir = −i/(k0∕12)ui*, hir = i/(k0∕12)
√
$0∕#0si* (25)

Equations (17) - (20) are written in a general form. The formal-
ism does not pose any restrictions on the position or nature of
the excitation sources, meaning structured light optical vortices,
vector beams[(2 ] and optical skyrmions can serve as inputs.[(3–(5 ]

What is needed for a given input field is the expansion of the in-
cident field and the scattered fields in the surrounding space (i.e.,
Region I) as well as inside the magnetically ordered materials in
terms of the same basis, which allows the boundary conditions
on the surfaces of the sphere to bematched. More details are pro-
vided in Appendix C. Without loss of generality in this work, we
analyze only the lowest-order spherical waves generated by ele-
mentary sources as shown in (C1) and (C2) of Appendix C. To em-
phasize the generality of the formalism, in Appendix C we briefly
describe also an implementation of radially and azimuthally po-
larized beams. It is established that the sum of the radially and
azimuthally polarized beams produce a circularly polarized vor-
tex beamwhich is used to probe themagnetic vortex dynamics.[65 ]

In our previousworks for periodic planar geometries[(1,(6,(7 ] we
expanded the fields into a set of space harmonics varying as ejkxnx,
where kxn are thewavenumbers along the periodicity (along the x-
axis). Here, however, we are dealing with the spherical symmetry,
and therefore, we need to use the fields’ expansion in terms of the
polar % angle (meaning in the basis of eji/. ).
At the singularity, the magnetic moment and hence the scat-

tering from it vanishes. To deal with this region numerically,
we define the fields at r = 0 that appear in the denominator of
the block matrices in Appendix B, and a small homogeneous
spherical region surrounding the global origin and having a ra-
dius b is considered. It is denoted as Region II (c.f. inset in
Figure 1) and without loss of generality is assumed to be the di-
electric background space. The fields in Region II can be writ-
ten in a similar form as those in Region I. The main differ-
ence is that instead of the Schelkunoff Hankel function ĥ(2)n (1)
we will have a standing wave that is expressed by the Schelkunoff
Bessel function ĵn(1). This is because an incoming wave ĥ(1)n (1) is
completely reflected at the global origin, thus generating ĥ(2)n (1),
which leads to the formation of the total field - the standing wave
ĵn(1) = 0.5[ĥ(1)n (1) + ĥ(2)n (1)] - in Region II[(( ] This significantly dif-
fers from the analysis for the planar geometry[(1,(6,() ], where the
transmitted field in the innermost region is represented in terms
of incoming plane waves. Moreover, there are no incident fields
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Figure 2. a) The hedgehog Bloch point (& = 00); b) the incident electric fields |Sinc% |; c), d) the reflected electric fields |Sr%| and |Sr*|, respectively; e),f)
the reflected magnetic fields |Ur

%| and |Ur
*|, respectively. Here k0a = 0.06, k0b = 0.00), ϵr = 1( and k0h = 4.
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Figure 3. a) The twisted BP; b) its projection on the equatorial cut (% = 900); c),d) the spatial distributions of the reflected electric |Sr*| and magnetic
|Ur

%| fields, respectively. The other parameters are the same as those in Figure (.

in Region II and hence, the last terms on the right side in Equa-
tions (17)–(20) should be set to zero.
Finally, bymatching the boundary conditions at r= a and r= b,

we obtain the following two equations from which the unknown
C(1) can be determined

⎡
⎢
⎢⎣
P
(1)

U −
(
K 0

0 K̃

)(
0 K

−K̃ 0

)−1

P
(1)

S

⎤
⎥
⎥⎦
C(1)

=
(
U inc

%

U inc
*

)
−
(
K 0

0 K̃

)(
0 K

−K̃ 0

)−1(
Sinc%

Sinc*

)
(26)

⎡
⎢
⎢⎣
P
(L)

U −
(
G 0

0 G̃

)(
0 G

−G̃ 0

)−1

P
(L)

S

⎤
⎥
⎥⎦
C(L) = 0 (27)

with

G = {Gin} = jgin̂j!n(1), G̃ = {G̃in} = g̃in̂jn(1) (2()

Once C(1) is found, the fields inside (using Equations (12) and
(13) together with Equation (16)), as well as outside (using Equa-
tion (17)–(24)) the BP are fully determined.

3. Numerical Results and Discussions

To validate the correctness and accuracy of the proposed formal-
ism we begin by studying two relatively simple models of electro-
magnetic scattering of the spherical transversemagneticTMr and
transverse electric TEr incident waves on: (a) a homogeneous di-
electric sphere, and b) a dielectric sphere with radially varying rel-
ative dielectric permittivities. The results are then compared with
analytical solutions obtained based on the 3D transition matrix
(T-matrix) theory[(( ] which utilizes the expressions for the fields
in terms of spherical functions in all regions. The results are not
shown here for brevity, however, very good agreement is found
for all cases. Note that for a homogeneous scatterer the fields are
decoupled and only a set of two differential equations for (Er, S% ,
U*) corresponding to the TMr wave and (Hr,U% , S*) correspond-
ing to the TEr wave are solved separately. This is not the case for
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Figure 4. The reflected electric field components |Sr%| (left figure) and |Sr*| (right figure) vs k0x at a fixed polar angle % = 900 for different azimuthal
rotation angles & : & = 00 (solid line); & = (00 (circles); & = 400 (asterisk). The other parameters are the same as those in Figure (.

the analysis of the BPs, which is characterized by the magnetic
permeability matrix. Therefore, a set of four coupled differential
equations have to be solved, as shown in Appendix B.

3.1. Hedgehog Magnetic Texture

As the simplest interesting example, consider an electric dipole
radiation source positioned on the z-axis and pointing along it
(see Figure 1). This source radiates the lowest-order spherical
waves expressed by a zero-th order spherical Hankel function[)0 ]

(see Appendix C). The only non-zero components of the inci-
dent field produced by this elementary dipole are Uinc

* , Sincr and
Sinc% (these field components are derived from the expression for
the radially directed magnetic vector potential). Hence, the sec-
ond terms on the right-hand side in Equations (1() and (1)) are
set to zero. Although our formalism is general, in this paper,
we consider a relatively simple model, when there is not a mag-
netic material beyond the BP, and the source is located in the
free space surrounding the BP. The goal of this paper is to cap-
ture the physics of BP and present fundamental studies about
its interaction with the incoming spherical wave, i.e., to study
how the fields are modified by the singular magnetic texture. The
present approach allows, in principle, to study bulk and inter-
faces with regard to dielectric as well as to background-magnetic
properties.
First, a hedgehog Bloch point (& = 00), when the unit vectors

of magnetization inside the BP have only radial components
(m0

r ≠ 0, m% = m* = 0), is considered (c.f. Figure 2a). This struc-
ture can be viewed as an emergent magnetic monopole. After
several tests for the convergence of the solutions, the truncation
number was chosen as N = 5. The BP is divided into 25 equal
thin shell layers and all material parameters are assumed to be
constant within each thin shell layer (see Section 2). The absolute
value of the incident electric field |Sinc% | and the reflected electric
|Sr%|, |Sr*| and magnetic |Ur

%|, |Ur
*| fields are demonstrated in

Figure 2b–f at k0a = 0.06, k0b = 0.005, ϵr = 12 and k0h = 4. In this
work, we develop a general, material-independent formulation,
and do not specify a particular material. However, we should
note that the radius of the sphere a should be taken to be much
smaller than the wavelength, since the electromagnetic waves are
in the range of magnetic excitations. The formalism analytically
and numerically is not restricted to a particular location of the
source. Here, the dipole is chosen to be located at a relatively
large distance from the BP and hence, the incident wavefront
impinging on the BP has a symmetric profile with respect to the
polar % angle (for a dipole source closer to the BP, the field would
lose its symmetric profile and would be concentrated in the
vicinity of the upper half of the sphere). The reflected fields show
typical profiles with strong localization in the vicinity of the BP
at around % = )00 and the %-components of both fields decrease
faster than the *-components with increasing a distance from
the surface of the BPs.

3.2. Twisted Bloch Point

Let us consider the effect of the azimuthal rotation angle & gen-
erating twisted BP in Figure 3a and Figure 3b on the EM wave
scattering. Unlike the hedgehog BP, in the case of the twisted BP
at & ≠ 0, the unit vector of magnetization is radially oriented only
at the poles of % = 00 and % = 1(00. Its orientation as a function of
% is defined by Equation (6). Let us inspect the field distributions
of |Ur

%| and |Sr*| at & = 600. These field components are excited
solely by an interaction of the incident field with the BP and con-
tribute to a formation of the scattered fields, in particular, they
are not present in the incident field, i.e., Sinc* = Uinc

% = 0. The re-
sults of the field distributions are given in Figure 3c,d. From the
figures, it follows that the field distributions for |Sr*| and |Ur

%| ex-
hibit quite different profiles from those in Figure 2d,e. The fields
are no longer localized at around % = )00, but are concentrated
closer to the z-axis of the twisted BP. The results are not shown,
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Figure 5. a), b): Time-averaged gauge-invariant optical chiral density and c),d): the magnetoelectric density for the hedgehog Bloch point (left figures)
and the twisted Bloch point & = 600 (right figures). The other parameters are the same as in Figure (.

but interestingly, Sr% andU
r
* do not show any changes from those

in Figure 2c,f at & = 00. To study this phenomenon inmore detail,
|Sr%| and |Sr*| are plotted as a function of k0x at a fixed spherical
angle % = )00 for different values of & : & = 00 (solid line); & = 200

(circles); & = 400 (asterisk). The results of the reflected electric
fields are illustrated in Figure 4. As expected, Sr% does not show
any changes when increasing & , whereas a maximum of Sr* is
decreasing inversely proportional to & . The results for the mag-
netic field show similar profiles. Namely, Ur

* is not changing by
increasing & .

3.3. Emergent Features of Formed EM Fields and
Magnetoelectric Coupling

Having shown how the noncollinear magnetic texture mold the
incoming EM waves, it is of interest to consider the specific fea-
tures of these fields. Here, several well-established quantities
will be discussed. The time-average of the important magneto-
electric pseudoscalar E · H may be expressed as QME = E ⋅H∗ =
1
2

[
S%U∗

% +
S*U∗

*

1−.2
− 1

12
"U*

".

(
"S*
".

)∗]
from which the time-averaged,

normalized (propagating) optical chiral density + follows as: [)1 ]
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Figure ). Time-averaged Poynting vector of the reflected fields as a function of a): the polar angle % at the fixed radial distance r = 1.3a, i.e., very close
to the outer surface of the hedgehog BP; b) the normalized radial distance k0r at the spherical cut % = 1(00. c),d): the same as above, but for the twisted
BP at & = 600.

+ = 1
12

ℑ
(
QME

)
(2))

and the reactive magnetoelectric density AME is[)2 ] AME =
1
12
ℜ

(
QME

)
.QME is derived directly from the fields and hence +

and AME are gauge-invariant. These values are normalized by
$0k30∕2. Here, we recall the importance of producing fields with
time-averaged, finite and possibly tunable E · H for research con-
cerning chiral materials,[)3 ] axion fields in general, and axion
electrodynamics of a 3D topological insulator in particular, as well
as to access spin-charge response in condensed matter.[)4–)7 ] Our
results for + and AME in Figure 5 for hedgehog and twisted BPs
are generated by fields determined using Equation (10). Irradi-
ating with fields having no + and AME, meaning any transverse

fields with real-valued E, upon interaction with the magnetic tex-
ture, the phases and the directions of E and H are mixed lead-
ing to a formation of localized finite + and AME. The twist in
a BP allows for more channels for scattering and hence more
mixing, enhancing the maximal magnitude of + and AME. The
strong localization of the produced magnetoelectric activity im-
plies that if we have a collection of BP-type textures, as they oc-
cur for example, in artificial spin ice or gyroid structures,[6( ] then
a lattice of + and AME will be formed. Notably, E · H has been
observed experimentally in the center of plasmonic vortices.[)( ]

Themethod identified here generates finite, time averaged + and
AME in a non-dissipative way and they are localized well beyond
the BPs, whereas in plasmonic-based methods + and AME live at
the metal-dielectric interface. Thus, our scheme is qualitatively
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Figure 7. Total angular momentum (AM) density |J⊥| (black line) and Jz (blue line) as a function of the polar angle % at the fixed radial distance r = 1.3a
for: a) the hedgehog BP; b) the twisted BP.

different and complementary to the plasmonic method. This re-
mark becomes relevant when using + and AME to probe unper-
turbed samples.
For optical forces and torques as well as for an insight into

the energy flow and the orbital angular momentum distribu-
tion, the components of the time-averaged Poynting vector P
are important. They are calculated according to the following
expressions:

Pr =
1

212
√
1 − .2

ℜ(S%U
∗
* − S*U

∗
% ),

P% =
1

213
√
1 − .2

ℜ

(
U∗

*

j

"U*

".
+ S*

(
1
j

"S*

".

)∗)
,

P* = 1

213
√
1 − .2

ℜ
(
−
U∗

%

j

"U*

".
− S%

(
1
j

"S*

".

)∗)

(30)

These components are shown in Figure 6a,c for the hedgehog BP
and the twisted BP as a function of % at a fixed radial distance r =
1.3a close to the outer surface. The Poynting vector components
are normalized by k20

√
$0∕#0. Themain contribution is carried by

P* (blue line) which is antisymmetric with respect to the equato-
rial cut % = )00. We recall that P* is the only component of the
Poynting vector which is predominantly influenced by an inter-
action of the electromagnetic wave with the BP (as inferred from
the third expression in Equation (30), which indicates that P* =
0 if the magneto-optical activity of the BP disappears). Further
numerical results and analysis evidence that the shape of P*, as
expected, does not show any substantial variations with respect
to the radial distance r (in particular its antisymmetric profile is
not changing). Another point worth noticing is that, unlike the
hedgehog BP, the % component of the Poynting vector is more
pronounced for the twisted BP (red dashed line). As for the ra-
dial component of the Poynting vector Pr, similar profiles (red

line) are exhibited for both types of BPs. Note that the radial com-
ponent of the Poynting vector is mainly affected by the homoge-
neous dielectric permittivity of the scatterer and is not sensitive
to the elements of the magnetic permeability matrix that char-
acterize the BP. Assuming gµ0Ms = 0 one readily concludes that
all non-diagonal components of the permeability matrix in Ap-
pendix A become zero, and the diagonal components are equal
to unity. Dependence of the Poynting vector components vs the
normalized radial distance k0r in some particular spherical cuts
is shown in Figure 6b,d. The P* and P% components are rapidly
decreasing in magnitudes as the radial distance grows, but are
localized clearly outside the BPs. In the far-field region (with re-
spect to the BP size) only the radial component of the Poynting
vector survives, as expected for EM wave scattering by homoge-
neous objects.
Generally, the total angular momentum density follows from

J = r × P/c2. For strongly non-paraxial beams, it is not unique
how the orbital angular momentum density L can be disentan-
gled from the spin angular momentum density S as is done in
[))] for paraxial beams (L = J − S). Hence, we will discuss here J,
keeping in mind that it encompasses both L and S. The transver-
sal |J⟂| =

√
J2x + J2y and the longitudinal Jz components of the

total angular momentum (AM) density are given by

|J⟂| =
√

.2J2% + J2*, Jz = −
√
1 − .2J% (31)

with J% = −rP* and J* = rP% , where r is taken with respect to
the global origin. The total AM density |J⟂| (black line) and Jz
(blue line) as a function of the polar angle % at the fixed radial
distance r = 1.3a for the hedgehog BP and for the twisted BP are
shown in Figure 7a,b, respectively. Obviously, in the absence of
themagneto-optical effects characterizing the BP, P* = 0, i.e. J% =
0 and hence, no total AM density along the z-axis is observed. As
for the total AM, i.e. an integration with respect to r and %, under
our prescribed geometrical parameters and the incident field, it
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will be equal to zero. For a source closer to the BP, the reflected
field is substantially stronger, concentrated in the vicinity of the
upper half of a sphere enclosing the BP, and a finite total AM re-
sults. Finally, we note that some experimental studies for the chi-
ral fields and orbital angular momentum-dependent responses
are described in ref. [100]. They can be useful for the analysis
of the reflected fields by the BP discussed in this paper, which
possess orbital angular momentum, chirality as well as magne-
toelectric densities.

4. Conclusion

The work presents an e,cient and self-consistent approach for
the analysis of EM wave scattering by hedgehog and twisted BPs.
The goal was to investigate how non-collinear magnetic textures
respond to EM fields in the frequency range of magnetic exci-
tations and how to use BPs as photonic elements that modify
the scattered (reflected) fields. The formalism is general and can
be applied to various excitation sources and spin configurations
apart fromBPs. Special attention is paid to field components gen-
erated solely by an interaction of EM waves and BPs and to their
modifications when transforming from a hedgehog to a twisted
configuration. The field’s spatial distributions, chirality density,
magnetoelectric density, Poynting vector, and total angular mo-
mentum density are numerically evaluated and analyzed.
The generalization of the formalism to the problem with both

% and *-dependent spherical objects is straightforward and re-
quires developing explicit expressions for the field components
(including the ∂/∂* terms) in a spherical coordinate system sat-
isfying the vector Helmholtz equation. As a result, the size of the
matrix to be solved becomes larger than in the problem consid-
ered here, but the analytical procedure remains the same. Finally,
it is important tomention that our EMsimulations are carried out
for a particular size of the BP, the extent to which depends on the
temperature T.[101 ] For a fixed temperature, for example, near the
Curie temperature Tc the BP radius scales as ∝(T − Tc)−1/2.

Appendix A: Magnetic Permeability Matrix

The elements of the magnetic permeability matrix: #ij(%, r) =
⎡
⎢
⎢⎣

#11 #1( #13
#∗
1( #(( #(3

#∗
13 #∗

(3 #33

⎤
⎥
⎥⎦
are implicitly written in the following form:
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- = 1

1 −
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0
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Here 'ij is the Kronecker delta function, the asterisk denotes a complex
conjugate and ! is an excitation angular frequency.

Appendix B: Block Matrices in Spherical
Coupled-Wave Analysis

Expressions of the block matrices Ψqq! in (11) are explicitly written as:

Ψ11 = 0, Ψ1( = − 1
j1
⟦#∗

13⟧⟦#11⟧−1⟦j/p⟧, (B1)

Ψ13 = −
(⟦#∗

(3⟧ − ⟦#∗
13⟧⟦#11⟧−1⟦#1(⟧

)
, (B()

Ψ14 = − 1
1(

⟦
√
1 − .(⟧⟦j/p⟧

⟦
1
$r

⟧
⟦j/p⟧ −

⟦
#33√
1 − .(

⟧

+ ⟦#∗
13⟧⟦#11⟧−1

⟦
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1 − .(

⟧
, Ψ(1 = 0, (B3)
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1
j1
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1 − .(

⟧
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Ψ41 = −⟦$r⟧
⟦

1√
1 − .(

⟧−1

, Ψ4( = 0, Ψ43 = 0, Ψ44 = 0 (B10)

with

(⟦Υ⟧)n,m = 1
( ∫

1

−1
Υ(.)e−j(n−m)/. d. (B11)

Here, ⟦Υ⟧ is a square matrix generated by the Fourier coe,cients of Υ,
with (n, m) entries equal to Υn − m; 1 = k0r.
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Appendix C: Expansion of the Incident Field

The sources of the lowest-order spherical waves are current elements.
As it is well-known a single electric-current (an elementary Hertz dipole)
with current I and length d parallel to the z-axis radiates a TMz field that can
be derived from a magnetic vector potential. When the dipole is displaced
off the origin, a radial wavefunction of the zero-th order is employed and
for the radial component of the magnetic vector potential we have

Ar = r k0Id
j4/h h

(()
0 (k0|r − h|) (C1)

where h = zh and h(()0 is the spherical Hankel function. Here h is a dis-
tance from the global origin to the source location along the z-axis. Since
(C1) is written in the coordinate system viewed from the source, we need
to expand (C1) in spherical wavefunctions referred to the global origin.
This can be accomplished using the addition theorem for the spherical
functions, and finally we get

Ar = r
k0Id
j4/h

∞∑
n=0

((n + 1)h(()n (k0r>)jn(k0r<)P
0
n(cos %) (C()

with r> = max[r, h], r< = min[r, h] and jn is the spherical Bessel function
of the n-th order. The electric and magnetic field components can be ex-
pressed through the radial component of the magnetic vector potential[90 ]

and then can be directly implemented into our formalism (see Section ().
The analysis is straightforward for radially and azimuthally polarized

beams. Assuming that the incident beam is propagating along the z-
axis, we can expand the cylindrical wave functions in terms of spherical
ones[10( ]

Jm(k⟂5)ejk||z =
∞∑
n=0

jn((n + (m + 1) n!
(n + (m)! ⋅

Pmn+m(cos%)P
m
n+m(cos-)jn+m(k0r)

(C3)

Here k⊥ and k|| are the wavenumbers along the transversal and longitu-
dinal directions with respect to the propagation axis, i.e. z-axis, Jm is the
Bessel function of the first kind with order n and - is an angle between the
wavevectors k0 and k⟂. Finally, it is required to expand the %-dependent
terms in (C3) into a 1-D Fourier series as was done in (10) and impose the
boundary conditions on the spherical shell surfaces to determine the un-
known scattering coe,cients. Nomodification of the formalism is needed.
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Danailov, C. David, A. Demidovich, M. Di Fraia, L. Giannessi, K.
Hansen, -. Kru/ič, M. Manfredda, M. Meyer, A. Mihelič, N. Mirian,
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