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ABSTRACT

In the analysis of linear electrical networks, an inverse problem can be inferring all edge impedances only from known external
voltage sources and measured resulting edge currents. Given all external edge voltages u,,; and all resulting edge currents i, we
present a new calculation method for the edge resistances R, with the assumption that the reactance is everywhere zero (e.g., a
resistive network). Our considerations are based on affine subspaces and their intersection. We show, that in case of having a

sequence of [ > 3 measurements (uextl Jip),

, (uextl, i,), we can calculate R uniquely in every such network. For a sufficiently

large but still small cuboid grid, we can reduce the number of needed measurements to 2.

1 | Introduction

In frameworks such as network theory and associated inverse
problems like electrical impedance tomography (EIT), among
others, determining impedances from current measurements
represents a well-known nonlinear inverse problem. The theo-
retical approach presented here is rooted in network theory, but
is also applicable to solving the inverse problem in tomographic
contexts when a network model is employed for the forward
problem. It uses a small number of 2 or 3 measurements to cal-
culate the inverse problem.

We will give a brief review of related work dealing with imped-
ance reconstruction. In network theory, a solution to the inverse
problem is given in the framework of the inverse power flow
problem [1]. However, the required number of measurements
is at least equal to the number of nodes inside the network.
Another approach with only two measurements for a three-node
network section is given in [2]. But still, there is no calculation

given for larger networks. In tomographic applications such as
magnetic resonance EIT (MREIT), it has been demonstrated [3]
that the inverse problem is not unique when only a single cur-
rent measurement is available. Additionally, it was shown that,
in a special case, two measurements can uniquely determine
the solution to the inverse problem. Similar results have been
reported in [4-6]. However, since EIT is based on conservative
current densities, these findings cannot be extended to inverse
problems involving eddy currents, as in magnetic induction to-
mography (MIT). An iterative method for the MIT framework
is presented in [7], where two measurements are sufficient to
solve the inverse problem in two-dimensional (2D) and three-
dimensional (3D). However, this method is less accurate and
general than the approach under consideration here.

This paper presents a novel method for arbitrary networks,
assuming a resistive network model, which is based on the
intersection of affine subspaces. It generally requires at most
three measurements and only two measurements for most 3D
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settings. Further, it achieves an exact solution for noiseless data.
However, it is also fairly stable for noisy data.

The paper is outlined as follows: In the first section, we mathe-
matically introduce the underlying forward problem. In the sec-
ond section, we show how to calculate all possible solutions R
for the electric resistances from a single measurement of exter-
nal edge voltages u,,, and resulting total edge currents i. After
that, we show how a sequence of measurements of edge voltages
and resulting edge currents provide a unique solution to the in-
verse problem in at most three steps. Further, we show that in al-
most all 3D-cuboid settings, only two measurements are needed.
Finally, we discuss how the algorithm performs under the effect
of measurement errors or noisy data and we will show an exam-
ple coming from the MIT setting.

2 | The Forward Problem

Since the solution presented in this paper is limited to resistive
networks, the forward problem is also restricted to a resistive
network model. Each edge in the network can contain a volt-
age source with a fixed voltage and a resistance strictly greater
than 0. The resulting voltage across an entire edge depends on
both the voltage source and the resistance, and consequently,
on the overall network configuration. Let us consider a network
with n nodes and m edges. In the forward problem, the vector
of external edge voltages, u,,, € R™, and the diagonal resistance
matrix, R = diag(R;);", are given. We assume R; > 0Q for all
edges i € {1, ... ,m}. Using these, the resulting voltage across
each edge is first calculated, followed by the determination of
the total edge currents, i € R™. This can be done as follows using
nodal analysis [8]. We denote by N € R™"™ the node edge inci-
dence matrix and by Y € R™" the corresponding nodal admit-
tance matrix, defined by

Y=N-R!'-NT @

With u,,, € R™ being the vector of external edge voltages, we

first get the nodal potential vector ¢ € R" as a unique solution of
Y-¢= _N'R_l'uext' (2)

Here, the uniqueness is ensured by choosing an arbitrary node
having zero potential. In this paper, we choose the node number
n as the one with zero node potential. Using ¢, we further get the
edge currents by evaluating

i=i(Ruy)=R" (uy+N"-¢). ©)]
Remark 1. The forward problem i(R,u,,,) is nonlinear in R,
but linear in u .

3 | The Inverse Problem

The nonlinear inverse problem, we consider here, is to deter-
mine the edge resistance in R based on a sequence guextj, i; ) of
external edge voltages and the related resulting total edge cur-
rents. Given a single pair (u., i) of this type, the task is to find
the set of all diagonal matrices R, such that (2) and (3) hold. First,

we show how to determine this set, which turns out to be always
an affine subspace in the vector space of all diagonal matrices
of dimension m. Taking into account a sequence (uextj,ij> of
such pairs, we subsequently show how to derive a unique solu-
tion by computing the intersection of all corresponding affine
subspaces.

There is one assumption to the network we need to make:

Assumption 1. The inverse calculation of the resistances
of two resistors in a series connection can never be calculated
uniquely. Only the sum can be calculated. So, for every node that
has only two edges, we need to delete this node and represent
the adjacent edges by one resistance only. Based on this, we can
assume, that every node in the network has at least three adja-
cent edges.

3.1 | Kernel of the Nodal Analysis

Recall that the kernel of the nodal analysis in (3) is the set of all
external edge voltages u,,, such that the resulting currents i are
0A. For n being the number of nodes, it is well known, that the
dimension of the kernel isn — 1 (cp. [8]). In this section, we show
that for choosing the node number n to have zero node potential,
the first n — 1 columns of NT form a basis of the kernel, which
is independent of R. To correctly represent all physical units, we
use the units A for Ampeére, V for Volt, and Q for Ohm in some
instances as a factor in the equations.

Definition 1. We define the sink voltage matrix

Ui =NT -1V e R™"
and for any node k € {1, ... ,n — 1}, the kth sink voltage vector
by
usink(k) = Usink e € R™ (4)

being the kth column vector of Ug,. Further, for later use, we
define

Usink,red = (usink(l)! LR usink(n - 1)) € Rmx(n—l)

as the first n — 1 columns of Ug,,,.
Remark 2. 1t is well-known (cp. [8]), that the kernel of the
nodal analysis is of dimension n — 1 and that the row rank of N
isn — 1. Further, deleting an arbitrary row of N leads to a matrix
of full row rank n — 1. Deleting the n-th row is equivalent to the
choice of the zero potential node being the node number n. Thus,
U ink req is of full column rank n — 1, and the column vectors are
linearly independent and span a (n — 1)-dimensional space of
R™. This space is now to be shown to be the kernel of the nodal
analysis for node n with zero potential, independent of R.

Lemma 1. Choosing node number n to have zero node poten-
tial, the set
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‘I/lsink = Span{usink(k)| ke {15 = 1}} (5)

is the (n — 1)-dimensional kernel of the nodal analysis, where

{ugn ) | k € {1, n—1}}

is a basis of Uy, which is independent of R.

Proof. The dimension statement directly follows from
Remark 2. It remains to show that for every vectoru , = Uy, - a@
with an arbitrary coefficient vector a € R" with a, =0 the
equation

i(R u.) = 0A. 6)

holds. Inserting u.,, = U, - @ in (2) and using (1), we get

Y-¢=-N-R'.Ugy,-a © Y-¢=-YaV. (7)

The unique solution under the precondition a, = 0 is the triv-
ial solution ¢ = — aV (cp. [8]). We now set ¢ = —aV in (3) to
receive

i=R" (upy +N"-(—aV)) =R (Ugy -a—N"-aV) =0A.
This means Uy, is the kernel of the nodal analysis and the set
of column vectors of U,y 4 i8 its basis. Since N is independent

of R, the basis {ug, (k) | k € {1, ... ,n—1}}isas well. o

3.2 | A Special Mathematical Solution
of the Inverse Problem

Given a pair (u, i) of external edge voltages and resulting total
edge currents, we show that the element-wise quotient u,, /i is
a simple mathematical but potentially non-physical solution of
the inverse problem. From now on the quotient of two vectors is
always to be considered element-wise. The presence of negative
resistance is temporarily accepted.

Lemma 2. Given a pair (Ue.i) and setting
R(uy, i) = diag(u., /i), Equation (3) based on (2) is valid.
Thus, R(Uey, i) is a solution of the inverse problem set by (Uey, i)

Proof. The resulting currents hold the Kirchhoff's junction
rule, that is,

N -i=0A.

Thus, entering R~ (u, i) = diag(i/ue) in (2), the equation
for the determination of the node potential becomes

Y'(]bz _N'diag(i/uext)'uextz -N-i=0A (8)

and thus the trivial solution ¢ = 0V in the

right side of (3), we get

0V follows. Using ¢ =

R_l(uext’ l) . (uext +NT ) d)) = R_l(uext’ l) CUext = i (9)

3.3 | The Solution Set of the Inverse Problem

Based on a given pair (M.i) and its related matrix
R(uy, i) = diag(u. /i), we show that the set of all possible
solutions R such that (2) and (3) hold, always has the same affine
subspace structure.

Lemma 3.
1. Using the notation from Lemma 2, a diagonal matrix Ris a
solution of the inverse problem set by the pair(uext, i) if and only

if
R = R(tey, i )+dlag( S‘nk)=diag<w> 10)

fOl"Cl Ugink € Mmk

2. The solution set of the inverse problem, given a single pair
(u, i), is the affine subspace

. k
‘%(ueXt’l) =R( Uy L ) + 1fsmk/[ - {dlag( ot s;n ) | Ugink € -I/smk}

an

Proof. Let R be any diagonal matrix of resistances, not nec-
essarily a solution of the inverse problem set by (uy, i). Setting
U, =R -iwe get by Lemma 2 and Remark 1:

ext?

i = (R (U 1), Uey) = E(Ry Weyy) = E(R, Uy) + E(R, Wy — Ueyy)
12
Thus, R is a solution of the inverse problem set by (1, i), that
is, i =i(R,u.y), if and only if i(R, Uy — U, ) = 0. Further by
Lemma 1 U, — U, € ker(i(R, o)) if and only if there exist a
Ugink with ﬁext Uext = Usinks that IS, R= dlag(( ext + usmk) /l)

This proves 1. and therefore automatically 2. O

Remark 3. Since dim(Vyy ) =n—1 (cp. Lemma 1), we also
have

dim (& (U, 1)) =n—1.

3.4 | Finding a Unique Solution

In this section, we show how to find a unique solution to the
inverse problem by the intersection of a sequence of affine sub-
spaces. Methods on how to compute those intersections and
also criteria on how to guarantee that the result only contains
a single element can be found in [9]. We summarize this paper
for our problem in the subsequent theorem. For the sake of
convenience, we adapt the representation of & (U, i) to the
notation used there. Using (4) and (5) and setting s = % and
A= (diag(i)™ - U we can write

sink,red>

R (Ueyi 1) = R(s,A) = {diags +A-x) | xR}, (13)
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A sequence of [ measurements with related affine subspaces
Ry =R(8,A¢), k=1, ...,1 only has a unique solution R, if
n;c:l R = {R}, that is, the dimension of the intersection is 0.

Theorem 1. Given a sequence of measurements
(Uex,»B), k=1, ... ,I, with the corresponding solution sets
Ry = R (8¢, Ay ), the solution for R can be calculated by solving
the equation

A, A, X1 S$—8
A, Ay X, §3—8;

. = O (14)
A, 4;) \x 5;—8;

The solution (X,, ... ,x;) is unique, that is, the dimension of the
intersection of the affine subspaces is 0, if and only if the matrix
in Equation (14) has full column rank. The solution R is then cal-
culated by

R = diag(sk +Ak . xk)
with an arbitraryk € {1, ... ,l}.

Now we calculate the number I that we need at least so that R
can be determined uniquely. Therefore, we want the affine sub-
spaces to be maximal independent from each other. This means
the intersection of two such subspaces is minimal.

Definition 2.

1. Let %, and %, be two affine subspaces of a d-dimensional
space &. We call the two subspaces maximal independent if the
intersection is not empty and of minimal dimension:

dim(%#, N #,) = max (0,dim(%,) + dim(%,) — dim(X)).

2. We call a sequence of affine subspaces maximal independent,
if the intersection of all subspaces is not empty and of minimal
dimension.

Now, we can turn to the question of how many measurements
we need for a unique determination of the resistances.

Theorem 2. Given a network with n nodes and m edges and
a sequence of measurements (uextk, ik), k=1, ..., such that the
corresponding solution sets R := R (Uey , iy ) are maximal inde-
pendent, we can show

exty 2

dim(ni_, #,) =max(0,l-(n—1)—(-1)-m). (15
Consequently, the solution for R is unique if and only if

I-n-1)-(1-1)-m<0 (16)

Proof. We can calculate the dimension of the intersection of
two maximal independent subspaces by

dim (%, N #,) = max(0,2(n — 1) — m).

The dimension of the intersection of three maximal independent
subspaces is:

dim (%, N&,NR5)
=max(0,2(n—-1)-m+n—-1)—m)
=max(0,3(n—1)-2m).

By induction, we get the dimension of the intersection of [ max-
imal independent subspaces

dim(ni_, %) =max(0,l- (n—1)—(—-1)-m).

From the assumption!- (n —1) — (I - 1) - m < 0 we get

dim(n!_, %) =0. O

4 | Number of Needed Measurements

In this section, we show that the number of measurements re-
quired with the proposed method is very small. For an arbitrary
network three and for a cuboid grid network of sufficient but still
small size, only two measurements are needed for uniqueness.

4.1 | In General Networks

Theorem 3. In an arbitrary network we need at most
three measurements, with maximal independent solution sets
R1, R,, R, to get a unique solution for the inverse problem.

Proof. From Assumption 1, we get that every node has at least
three edges. Furthermore, every edge has exactly two nodes.
Thus, we have the following inequality for n nodes and m edges:

S
IN
Wi
3

We evaluate the Equation (16) from Theorem 2 for I = 3 and get

3-(n—1)—2-m§3-(§m—1)—2~m

=2m-3-2m=-3<0,
which proofs

dim(n}

k=19fk)=0. O

4.2 | In Cuboid Grids

The inverse power flow problem is a subproblem in various
electromagnetic tomographic techniques for biological tissue,
such as MIT [10] and EIT [11, 12]. In these cases, the problem is
better known as inverse problem of the (reduced) eddy current
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problem. Techniques like the finite integration method [13, 14]
and the finite formulation of electromagnetism [15, 16] are often
used in these contexts. These methods discretize the Maxwell
equations onto lattices and co-lattices, ensuring the integral
form of the Maxwell equations is valid. In the reduced eddy cur-
rent problem, these techniques are simplified to only the lattice,
omitting the co-lattice. In this case, the inverse power flow prob-
lem is the inverse problem of the reduced eddy current problem.
A commonly used lattice structure is the cuboid grid [7], which
will be discussed in this section. However, the results for cuboid
grids are generally applicable to most 3D lattices. We show that
for a grid of size larger than 3 x 3 X 3 nodes, our method requires
only two measurements.

Let us denote the height, width, and depth of the grid network
with the variables i, j, k. The number of nodes is

n=i-j-k
and the number of edges is
m=3-i-j-k—i-j—i-k—j-k.

Theorem 4. In a grid network with i,j,k > 3, we need two
measurements, with maximal independent solution sets R, %,
to get a unique solution for the inverse problem.

Proof. Sincei,j, k > 3 we have:

Pijok>i-j+i-k+j-k

We evaluate the inequality (16) from Theorem 2 with [ = 2 and
get

I-n-1)—-(1-1)-m
=2-(i-j-k=1)=@-i-j-k—ij—i-k—j-k)
<2:(i-j-k=1)=2-i-j-k
=-2<0

Which proofs

dim(%, N %) =0,

such that only two measurements suffice to determine R
uniquely. O

5 | Stability Analysis

The algorithm performs optimally for data sets devoid of mea-
surement errors or noise. In this section, we examine the effects
of measurement errors on the algorithm’s performance. We per-
formed simulations with randomly generated 3D cuboid grids
whose boundary conductances were uniformly distributed be-
tween 0.2 and 28S. On these networks, we used randomly gen-
erated external edge voltage sources, uniformly distributed
between —1 and 1V. Subsequently, the resulting edge currents
were calculated. This process was repeated twice for each ran-
domly generated network to obtain two sets of external edge
voltage sources and corresponding edge currents. In order to
simulate measurement errors, the edge currents were multiplied
by random error factors with 2.5%, 5%, and 10 % error.

We have carried out simulations with different configurations
of rectangular networks, external voltage sources, and mea-
surement errors. In all these simulations, the results are similar.
Therefore, we have decided to present the results of a 3D grid,
since only two measurements are required to solve the problem,
whereas, for example, three measurements are usually neces-
sary for 2D grids.

We then calculated the edge resistances using only the correct
external voltage sources and the resulting incorrect edge cur-
rents. We then compared the calculated edge resistances with
the original edge resistances for each edge. For example, for a
network with 1000 edges, a single simulation gives 1000 dif-
ferent results. For each result, we calculated the relative error,
rounded it to the nearest percentage, and recorded it in a table.
This was done for all errors except those exceeding 100 %, which
were summarized in the last column. This entire procedure was
repeated for numerous different networks.

We used 100 different networks, and for each simulation, an
error of 2.5%, 5.0% and 10.0% was applied to the resulting edge
currents. First, we observe from Figure 1 that the error of the
calculated edge resistances grows proportionally with the per-
cental measurement error. However, it also shows that for a high
percentage of the edges, the calculated edge resistance exhibits
a reasonable error. However, especially in the case of a percen-
tal error of 10% and two measurements about 1% of the edges,
the error exceeds 100%. Please note that for faulty input data,
it is possible that the algorithm calculates negative resistances,
which are then evaluated as errors with more than 100% devia-
tion. These can be quickly identified as faulty. In the case 0of10%
error, this affects 29% (0.31% total) of the edges evaluated with
100% deviation.

Generally spoken, to achieve more accurate results, one poten-
tial approach is to calculate the resistances using more than the
two current measurements. The described algorithm can use
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Reconstruction in a 2D layer of a 3D cuboid grid with a current measurement error of 5%: (a) object layer position and original edge

conductances; (b) two external voltages and two resulting currents; and (c) reconstructed edge conductances.

any number of measurements. The right column of Figure 1
shows the improvement of the calculated resistances when three
instead of two measurements were simulated. For a direct com-
parison, we utilized the same 100 networks as in the previous
figure, with two of the three measurements being identical to
those used previously, and an additional third measurement in-
cluded. The figure shows that the number of errors exceeding
100% has entirely disappeared for the cases of 2.5% and 5% cur-
rent measurement errors.

A small but significant number of errors above 100% can
still be seen in the histogram for an error of 10% even for a
number of three measurements. Here, however, a fourth mea-

surement leads to the desired result, which can be seen in
Figure 2.

However, depending on the external voltage sources used, the
network configuration, and the measurement error, the number
of measurements required for reliable data may exceed 3. Still, it
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will remain significantly smaller than the total number of net-
work edges.

Finally, we provide an example within the MIT setting. Here,
the electric field induced by an external harmonic magnetic field
can be interpreted as external voltages applied to the edges of
the network model. Additionally, at low frequencies of the har-
monic magnetic field, the effect of the secondary magnetic field
is minimal and does not significantly impact the primary field
(i.e., we adhere to the magneto-quasi-static approximation).
Consequently, the network model behaves as a resistive net-
work, allowing the use of the presented calculation methods to
solve the inverse problem. An example of such a calculation is
shown in Figure 3. There, we consider the reconstruction of the
edge conductances of a 3D cuboid grid with 17 X 9 X 8 nodes, by
showing one of its 2D sections. The 3D object is exposed to an
external undulator field, as presented in [17, 18]. The measure-
ment error for the currents is 5%.

6 | Conclusion

The introduced algorithm uniquely and exactly solves the non-
linear inverse power flow problem for any network with a max-
imum of three measurements; for the majority of 3D networks,
even two measurements are sufficient. However, in the presence
of measurement errors or noisy data, the algorithm may produce
significant errors on individual network edges. By utilizing
more than the required number of measurements, most of these
errors can be mitigated.
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