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Abstract Relative dimension/length profile (RDLP), inverse relative dimension/length
profile IRDLP) and relative length/dimension profile (RLDP) are equivalent sequences of a
linear code and a subcode. The concepts were applied to protect messages from an adversary
in the wiretap channel of type II with illegitimate parties. The equivocation to the adversary
is described by IRDLP and upper-bounded by the generalized Singleton bound on IRDLP.
Recently, RLDP was also extended in wiretap network II for secrecy control of network cod-
ing. In this paper, we introduce new relations and bounds about the sequences. They not only
reveal new connections among known results but also find applications in trellis complexities
of linear codes. The state complexity profile of a linear code and that of a subcode can be
bounded from each other, which is particularly useful when a tradeoff among coding rate,
error-correcting capability and decoding complexity is considered. Furthermore, a unified
framework is proposed to derive bounds on RDLP and IRDLP from an upper bound on
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RLDP. We introduce three new upper bounds on RLDP and use some of them to tighten the
generalized Singleton bounds by applying the framework. The approach is useful to improve
equivocation estimation in the wiretap channel of type II with illegitimate parties.

Keywords Generalized Hamming weight (GHW) - Relative dimension/length profile
(RDLP) - Trellis complexity - Wiretap channel - Wiretap network
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1 Introduction

The dimension/length profile (DLP) [2] of an [#, k] linear code is a sequence of length n + 1.
Two equivalent concepts are inverse dimension/length profile (IDLP) and length/dimension
profile (LDP), which are sequences of length n + 1 and k + 1, respectively. The original idea
of DLP came from [3]. LDP was named as support weight distribution [8] or effective length
[19]. Wei [21] showed that LDP characterizes the secrecy of the wiretap channel of type II
[17]. He called it generalized Hamming weight (GHW) hierarchy because one component is
minimum Hamming weight.

Independently, many researches were made on trellis complexities of linear codes. Each
linear code has a well-defined minimal trellis diagram. Wolf [22] devised the Viterbi decod-
ing algorithm [10] on the diagram. The decoding efficiency is mainly measured by state and
branch complexities. The Wolf bound was derived as an upper bound on state complexity.
Muder [16] showed that the bound is achieved for maximum distance separable (MDS) codes
and almost achieved for perfect codes. The application of DLP to trellis complexity was intro-
duced by Forney [2]. He found the DLP bound on state complexity profile and showed its
connection to MDS codes. Reuven and Be’ery [18] extended DLP to entropy/length profile
(ELP) for studying trellis complexities of nonlinear codes.

Extending the work of [21], Luo et al. [12] proposed the wiretap channel of type II with
illegitimate parties. The adversary is more powerful than that of [21], i.e. he can tap not only
partial transmitted symbols but also some data symbols. The minimum uncertainty, i.e. equiv-
ocation, of the legitimate parties’ data symbols to the more powerful adversary is described
by the inverse relative dimension/length profile (IRDLP) of a linear code and a subcode,
which is a two-code generalization of IDLP. Similarly, DLP and LDP are extended to the
relative dimension/length profile (RDLP) and relative length/dimension profile (RLDP) of
a linear code and a subcode, respectively. Luo et al. [12,14] found the generalized Single-
ton bounds on these three sequences and provided partial code constructions achieving the
bounds. Complete constructions are based on the MDS conjecture [15, p. 265]. Later, Wang
et al. [20] showed a tighter bound, but the calculation by a cumbersome algorithm is not
acceptable when the dimensions of the two codes are large.

In this paper, we introduce new relations about relative profiles (i.e. RDLP, IRDLP and
RLDP), and apply them to trellis complexity. Intuitively, in a minimum trellis diagram for a
linear code, a subcode provides more information for decoding but no previous work involved
the discussion. We also consider how to tighten the generalized Singleton bounds. The sig-
nificance is from a lot of applications, e.g. to get better estimation of the equivocation in
[12]. The idea is as follows: we first introduce new tighter upper bounds on RLDP and then
translate them to RDLP and IRDLP.

The rest of the paper is organized as follows. Section 2 is for preliminaries. We first intro-
duce basic notations. Then, the relative profiles and their properties are given. The generalized
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Relative profiles of a linear code and a subcode

Singleton bounds on the profiles are shown in Proposition 1. Finally, for RLDP in Definition 1,
we provide two equivalent expressions (Propositions 2 and 4) and their relation (Proposition
3).

Section 3 defines the conjugates of RDLP, IRDLP and RLDP (or briefly cRDLP, cIRDLP
and cRLDP) of a linear code C and a subcode C'. They are determined from the relative
profiles of dual codes C 1 and C1, and vice versa, see Proposition 5. By giving a code
pair equivalence, generator matrices of C and C! are assumed in the form of (25). Using
the structure, Theorems 1 and 2, mainly based on Lemma 6, show some new inequalities
about RDLP, IRDLP, cRDLP and cIRDLP. Conditions for achieving the equalities are dis-
cussed. Furthermore, Theorem 1 implies that Luo’s bounds can be derived from Forney’s
MDS bounds [2] though the former is a two-code generalization of the latter. By combining
Proposition 5 and Theorem 2, Corollary 4 presents new bounds on RDLP and IRDLP which
are useful to investigate bounds on state complexity profile of Sect. 5.

Section 4 has two subsections. Section 4.1 introduces three new upper bounds on RLDP.
The first two are Theorems 3 and 4 which extend the generalized Plotkin and Griesmer bounds
on LDP, respectively. Theorem 5 shows another bound which is not merely a natural gener-
alization on LDP since the support weight of C! is involved. Relations among the bounds are
discussed. Section 4.2 introduces a unified framework to derive bounds on RDLP and IRDLP
from an upper bound on RLDP. It consists of two parts: bound refinement (Algorithm 1) and
bound translation (Proposition 9). Note that the framework is adaptable for the generalized
Singleton bounds. Applying Algorithm 1, we refine the bounds of Theorems 3 and 4, and
compare them with the Singleton one, see Propositions 7 and 8. Then translating them by
Proposition 9, Corollary 8 tightens the generalized Singleton bounds on RDLP and IRDLP,
which provides better equivocation estimation than that of [12].

For given C and C', Sect. 5 defines ordered RDLP and ordered IRDLP to investigate
relations between state complexity profiles s(C) and s(C 1y see Theorem 6. Particularly, the
DLP and Wolf bounds [2,22] are obtained if C! is a zero code. On one hand, the relations
show that the bounds are “duality” results from two-code perspectives, which are not revealed
from previous researches. On the other hand, they also provide a method to estimate s(C)
when s(C) is known, and vice versa. (However, in previous literature little was known about
relations between s(C) and s(C!).) The work of this section is particularly useful in some
applications where a tradeoff among coding rate, error-correcting capability and decoding
complexity has to be considered, e.g. [13]. Final conclusions are in Sect. 6.

2 Preliminaries

This section consists of three subsections. Section 2.1 introduces some notations. Section 2.2
defines relative profiles, discusses their properties and then shows the generalized Singleton
bounds. Besides the definition of RLDP in Sect. 2.2, Sect. 2.3 presents another two equivalent
forms and related properties. Note that the results of the section are mainly from [11,12].

2.1 Notations

— Let GF(g) be a finite field with ¢ elements 0, ..., ¢ — 1 and GF(g)* be a k-dimensional
vector space over GF(g). Assume codes and matrices are over GF(g) unless otherwise
specified.

— Let F}, x denote the set of [n, k] linear codes.

— Denote 0" by an [n, 0] linear code (i.e. a zero code).
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— For a matrix Ay, and a row vector X € GF(q)k, the occurrence of x in the columns of
A is denoted by

max) = |{i : AD =x", 1 <i <n},
where A® is the ith column of A and x” is the transpose of x. For U € GF(g)¥, define
ma(U) =D ma(x).
xelU

Adopt m 4 (#) = 0 where ¢ is an empty set.

— Forsets Sy and S», S1 € S> means S is a subset of S and S; C > means S is a proper
subset of S,.

— Let N, betheset{l,...,n}.

— For alinear code C of length n and J C N, the subcode of C on J is defined as

Cr={(c1,....cn) €C:¢; =0 fori ¢ J}. 1)

The projection of C on J is defined as

Py(C) ={(Ps(©)1,..., Py(©)n) :e=(c1,...,cp) € C} @
where
ci ifjeld,
Pjc)j=1" 3
7(©); [0 otherwise. ©
For example, assume C is a binary [7, 4] Hamming code with generator matrix
1000011
G— 0001111
10100101
0010110

and J = {1,2,5,6,7}. Cy is spanned by the first and the third rows of G. P;(C) is with
generator matrix

1000011
0000111
0100101
0000110

Note that the restriction of C;(P;(C)) to J is a shortened(punctured) code
[15, pp. 28-29].
— For an [n, k] linear code C, its support is defined as

supp(C) = {i : (c1, ..., ¢p) € C,ci #0}
and its support weight is defined as
ws(C) = [supp(C)|.

Ifk = 1, then ws(C) = wt(c) for all nonzero ¢ € C, where wt(c) is the Hamming weight
of c.
— Let C+ denote the dual code of C.
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Relative profiles of a linear code and a subcode

— Forintegersequencess = {so, ..., sp,}andt = {ry, ..., t,},sis said to be upper-bounded
(lower-bounded) by tif s; < #;(s; > ¢;) for 0 <i < n, which is denoted by

s<t(s>t).

Denote s = tif s < t and s > t. Furthermore, an upper(a lower) bound t on s is said to
be achieved if s = t, and said to be tighter than t' if s <t < t'(s > t > t') where t' is
an integer sequence of length n + 1.

— Let [x] be the largest integer not greater than x and [x] be the smallest integer not less
than x.

— For integers a and b > 0, denote the g-ary Gaussian binomial coefficient [15, p. 443]

by
4 I if b =0,
b| = b-1¢"7=1  Gherwise
q i=0 gb=i_] )

2.2 Relative profiles and generalized Singleton bounds

In this subsection, we introduce three character sequences of a linear code and a subcode.
They are RDLP, IRDLP and RLDP, which extend the DLP, IDLP and LDP of a linear code,
respectively. Three equivalent bounds on the sequences are shown in Proposition 1, and each
bound is a generalized Singleton bound.

Definition 1 (RDLP, IRDLP and RLDP [12]) Let J be a subset of A,. For an [n, k] linear
code C and a subcode C! of dimension k1, their RDLP is defined as a sequence K (C, C 1) =
{K;(C,CY:0 <i <n} where

Ki(C, C") = max{dim(Cy) — dim(C}) : |J] = i}.
Their IRDLP is defined as K (C, C!) = {K;(C,C') : 0 < i < n} where
K;(C,C" = min{dim[P;(C)] — &im[P;(C)] : |J| = i}.
Their RLDP is defined as M (C, C') = {M,(C,C") : 0 < r < k — ki} where
M,(C,C"y = min{|J| : dim(C;) — dim(C}) = r}.
Particularly,
K(C) = K(C,0"), K(C) = K(C,0"), M(C) = M(C,0")

are the DLP, IDLP and LDP of C [2], respectively. In addition, denote their components by
K;(C), K;(C)and M, (C), where 0 <i <nand 0 <r <k.

Wei [21] called M, (C) the rth GHW of C in studying the wiretap channel of type II
[17]. Forney [2] applied K (C) and K (C) to trellis complexity. Luo et al. [12] introduced
M, (C, CY), called the rth relative generalized Hamming weight (RGHW) of C and cl,
in a more generalized wiretap channel. Lemma 1 shows that the character sequences can be
determined from each other.

Lemma 1 ([12]) Let C be an [n, k] linear code and C' be a subcode of dimension k1. For
0<ic<n K;(C, Cl) and K;(C, Cl) are both nondecreasing with i from Ko(C, Cl) =
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E()(C, cH=0wkK,C,chH= En(C, CYY = k — ky. The increment at each step is at most
lie forO<j<n-—1,

0<Kju(C.ch-kK;cC.ch=l, )
0<Kjn(C.ch-K;c.ch=l )

ForO<r <k—ky, M-(C,CY is strictly increasing with r from My (C, CYY = 0. Further-
more, forO <i <nand0 <r <k —ky,

Ki(C.CY =k —k — K,—i(C,Ch, (6)
K;(C,CY = max{r : M,(C,C") < i}, @)
M,(C,C") = min{i : K;(C,C") > r}. )

Remark 1 From (7) and (8), K;(C, C) > r if and only if M, (C, CH <ifor0<i<nand
0<r<k—k.

Roughly speaking, by (6) and (7), smaller M leads to larger K and smaller K, ie. an
upper bound on M derives a lower bound on K and an upper bound on K. These properties
will be refined in Proposition 9 of Sect. 4.

In the model of [12], the adversary is more powerful than that of [17], i.e. he can tap
not only partial transmitted symbols but also the data symbols of illegitimate parties. The
minimum uncertainty, i.e. equivocation, of the legitimate parties’ data symbols to the more
powerful adversary is described by IRDLP and upper-bounded by the following generalized
Singleton bound on IRDLP, see Proposition 1. By using (6) and (8), the bound is translated
to RDLP and RLDP.

Proposition 1 (Generalized Singleton Bounds [12]) For an [n, k] linear code C and a sub-
code C' of dimension ky, their RDLP satisfies
K(C,CY>LOK) £ {LOK); :0<i<n)
={0,...,0,1,....k—ky,....k—ki}
where max{i : LO(K); =0} =n — k. LO(K) is achieved if and only if K,,_; (C, ch=o.
Their IRDLP satisfies
K(C,CYY <UPK)2{UPK);:0<i<n}
={0,...,0,1,...,k—ky,....k—ki}
where max{i : UP(I?)i =0} = ky. UP(E) is achieved if and only ifEk(C, CY =k —ki.
Their RLDP satisfies
M(C,CHY<UPM) 2 {UPM), :0<r <k—k)
={0,n—k+1,n—k+2,...,n—ki}.
U P(M) is achieved if and only if M, (C, C') = n—k+ 1. IfC! = 0", LO(K), UP(K) and

U P (M) degenerate to those of [2,21]. Furthermore, if one of LO(K), UP(E) and U P (M)
is achieved, then so are the other two.

Proposition 1 shows the equivalence of LO(K), U P(I? ) and U P(M). Each bound is a
generalized Singleton bound. If C! = 0", the classic Singleton bound is retrieved from
UP(M);. Note that C is not necessary to be an MDS code for achieving the bounds, see
[12]. In Sect. 4, we shall tighten the generalized Singleton bounds, which provides better
equivocation estimation than that of [12].
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2.3 Equivalent descriptions of RLDP

In this subsection, two equivalent forms of RLDP (in fact the th component) are expressed
in Propositions 2 and 4. A relation between them is given in Proposition 3 for studying
Proposition 6 of Sect. 4.

Let C and C! be an [n, k] linear code and a subcode of dimension k; with generator
matrices G and G, respectively. Without loss of generality, assume

Gl)
G = )
(G2 kxn

where G2 is of size (k — k;) x n. A subcode D of C is called a relative subcode of C and
clif DN C' = 0", and denoted by

D> (C,Ch.
ForO<r <k —ky,let
D.(C,CH={D:D>(C,C",dim(D) =r}
be the set of r-dimensional relative subcodes of C and C', and
Ui k—r ={U : U € Fij—r, dim[Pp; (U)] = ki}

be the set of [k, k —r] linear codes whose projection on the first k| components has dimension
k. In particular, Do(C, C') = {0"} and Uy 1 = {GF(q)*}.

Proposition 2 (First Equivalent Form of RLDP [11]) Let C be an [n, k] linear code and C 1
be a subcode of dimension ky. For0 <r <k — ki,

M, (C,CY = min{fws(D) : D> (C, C"), dim(D) = r}
= min{ws(D) : D € D,(C,CH}. (10)

IfC' = 0", then (10) is the expression of the rth GHW in [21]. In particular;

M(C,CH = min wt(c).
ceC—-C!

By Proposition 2, Liu et al. [11] showed the following proposition. Furthermore, by the
idea of [1] we obtain Lemma 2 of which the proof is similar to the discussion after Lemma
6 of [1]. These results are to show Proposition 6.

Proposition 3 ([11]) For a given D € D, (C, CH(1 <r <k —ky), let Roxx be any given
Sull row-rank matrix such that RG is a generator matrix of D. Then the dual code U of the
row space of R satisfies U € Uy x—,. Furthermore, the mapping ¢ : D, (C, ch - U k—r

D—U
is a one-to-one correspondence and
ws(D) =n —mglp(D)] =n—mgU). an

Lemma2 For 1 <ry <ry <k — ki, let Dy € Dy, (C,C") and Dy € D,,(C,C"). Then
©(D1) 2 ¢(D2) if D1 € Ds.

By Propositions 2, 3 and Lemma 2, we have the following expression.
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Proposition 4 (Second Equivalent Form of RLDP [11]) Let C be an [n, k] linear code and
C! be a subcode of dimension ky. For0 <r <k — ki,

M, (C, Cl) =n—max{mgU) : U € Fy j—r, dim[PNk1 U)] = kr}
=n—max{mg(U) : U € Uy k—r}, (12)

where G is specified by (9). If C' = 0", then (12) is the expression of the rth GHW in [4].

3 Conjugates of RDLP, IRDLP and RLDP

Conjugates of RDLP, IRDLP and RLDP (cRDLP, cIRDLP and cRLDP) are defined as
sequences changing “max” with “min” or “min” with “max” in the concepts of Defini-
tion 1. They are determined by the RDLP, IRDLP and RLDP of dual codes (see Proposition
5), and also determined from each other (see Corollary 1). Theorems 1 and 2 show some
connections about the bounds of [2,12,20], and derive new bounds on RDLP and IRDLP for
studying trellis complexity in Sect. 5.

Definition 2 (cRDLP, cIRDLP and ¢cRLDP) Let J be a subset of N,,. For an [n, k] linear
code C and a subcode C! of dimension k;, their cRDLP is defined as a sequence K (C, C hy =
(K:(C,C") : 0 <i <n} where

Ki(C, C") = min{dim(Cy) — dim(C}) : |J| = i}.
Their cIRDLP is defined as I?(C, Cl) = {I?i(C, Cl) :0 <i < n} where
K:(C, C"y = max{dim[ Py (C)] — dim[P;(C1)] : |J] = i}.
Their cRLDP is defined as M (C, C!) = {M,(C, C!): 0 < r < k — k} where
M, (C, C") = max{|J| : dim(C) — dim(C}) = r}.
Particularly,
K(C) = K(C,0", K(C)=K(C,0") and M(C)= M(C,0"

are called the chP, cIDLP and cLLDP of C, respectively. In addition, denote their compo-
nents by I?,-(C), E[(C) and 1l7lr(C), where 0 <i <nand0 <r <k.

Definitions 1 and 2 will be frequently used in the rest of the paper. We suggest the readers
to look up them when evaluating results. Lemmas 3 and 4 present relations between C; and
P;(C).

Lemma 3 (First Duality Lemma [2]) For an [n, k] linear code C and a set J C N,
dim[P;(C)] + dim(Cps,—y) = k.

Lemma 4 (Second Duality Lemma [2]) For an [n, k] linear code C and a set J C N,
dim[P;(CH)] +dim(C,) = |J|.

By using Lemmas 3 and 4, Proposition 5 shows that the RDLP, IRDLP and RLDP of C

and C! are determined by the cRDLP, cIRDLP and cRLDP of C 14 and C+, and vice versa.
The properties are useful in getting the new bounds of Corollary 4. In addition, we shall apply
them to study trellis complexity in Sect. 5.
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Proposition 5 Let C be an [n, k] linear code and C' be a subcode of dimension k. For
0<i<nand0<r <k —ki,

Ki(C.ch = K;(c'. ch, (13)
KiC.Ch = Ki(C'", ¢hy, (14)
M, (€. CY) = n = Mi_jy—r(C'. Ch). (15)

Proof First,
K:(C,C") = min{dim(Cy) — dim(C}) : |J] = i}
— min{dim[P;(C'")] = dim[P;(C1)] : || = i}
= Kic'".ch,
where the second equation follows from Lemma 4. The proof of (14) is similar. Finally,
M,(C,C") = max{|J]| : dim(C) — dim(C}) = r}
D max{|J] : iim[P;(C'"")] = dim[ P, (C1)] = r}
D max{|J] : dim(C'")p; _y — dim(CL) g =k — Ky — 1}
— max{|N, — J| : dim(C'"); — dim(CH); =k — kj — r}
= n—min{|J] : dim(C'"),; — dim(CL); =k — k; — r}
= n— Mgy (C'. C),
where (a) and (b) follow from Lemmas 4 and 3, respectively.
Equation 13 implies that the equivocation to the adversary of Luo’s wiretap channel is also
described by cRDLP. By combining (6) and (14), cIRDLP can determine the equivocation

when dual codes are applied to coset coding scheme. In addition, from Proposition 5, the
conjugates can be determined from each other as follows, which is similar to Lemma 1.

Corollary 1 Let C be an [n, k] linear code and C U be a subcode of dimension k. For
O0<i<nand0<r <k —k,

Ki(C.CY) =k —k — K,i(C.CY, (16)
K;(C,C" = min{r : M,(C,C") > i}, (17)
M,(C,C") = max{i : K;(C,C") <r}. (18)

Remark 2 1t follows similarly to Remark 1 that I?,-(C, Cl) < rifand only if Iqr (C, Cl) >
forO<i<nandO0 <r <k —k;.

The rest of the section will show some new relations about the sequences of Definitions 1
and 2, see Theorems 1 and 2. The relations deriving bounds on RDLP and IRDLP are based
on the following Lemma 5 and Corollary 2.

Lemma 5 Let C! and C? be two subcodes of an [n, k] linear code C such that C = Clec?
where @ denotes the direct sum of vector spaces. Then

cleclccy, (19)
P;(CY + P;(C?) = P;(C), (20)
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where J C N,,. Furthermore,

dim(C,) — dim(C}) > dim(C?), (1)
dim[P;(C)] — dim[P;(CY] < dim[P; (CH)]. (22)

Proof First,C}, C3 € C;and then C} +C% < C,.Inaddition, C} NC?% = 0" or otherwise
contradicts C' N c2/ = 0", which proves (19). Second, we show P;(C')+ P;(C?) € P;(C)
and P;(C')+ P;(C?) D P;(C). The former claim follows from P;(C'), P;(C?%) C P;(C).
For the latter one, given ¢ € C, there exist cl = (c}, AU c,ll) eClande? = (c%, R cﬁ) €
C? such that ¢ = ¢! + ¢2. By using (3), for 1 < j <n,

1 2 . .
cj—}—cj if j elJ,

= P;(c' i+ P ).
0 otherwise. 7€) (€,

Py(c); 2[

Thus P;(Cl) + P;(C?) D P;(C) and so (20) follows. Furthermore, (21) and (22) follow
from

dim(C,) > dim(C} @ %) = dim(C}) + dim(C?)
and

dim[P;(C)] = dim[P;(C")] + dim[P;(C?)] — dim[P;(C") N P;(C?)]
< dim[P;(CH] 4 dim[P;(C?)],

respectively.

The equality in (19) does not always hold. For example, let C } and C ? be the linear codes
generated by (1011) and (0111), respectively. For J = {1, 2}, dim(C;) = dim(C%) =0
but dim(Cy) = 1. Lemma 5 immediately yields the following inequalities used to prove
Theorems 1 and 2.

Corollary 2 For a linear code C, let C' and C? be two subcodes such that C = C' @ C?,
where @ denotes the direct sum of vector spaces. Then

K(C,CcYH > K(C?, K(C,C"Y<K([C?, (23)
R.chy = R(C?). K(.c<K(). (24)

By (6) the inequalities in (23) are equivalent, and by (16) the inequalities in (24) are
equivalent. Conditions for achieving the equalities are studied in Corollaries 3 and 4. Let C’
be a linear code by permuting some coordinates of C, and C’! be the subcode of C’ under
the same operation on C'. The RDLP, IRDLP, RLDP and their conjugates of C’ and C" are
the same as those of C and C', since J traverses all subsets with size i of {1, ..., n}. Hence,
code pairs (C, C1) and (C’, C'!) can be seen as equivalent.

Definition 3 (Code Pair Equivalence) Let C(C’) be a linear code and C! (C’") be a subcode.
Code pairs (C, C') and (C’, C'!) are called (permutation) equivalent if C = {o (¢) : ¢ € C'}
and C! = {o(c) : ¢ € C''}, where o (-) is any compound of coordinate permutations. If
C! = 0", then the (permutation) equivalence of linear codes [6, p. 20] is retrieved.

Considering equivalence, we can always assume that C! has a standard generator matrix
G'. By appending k — ky rows to G', a generator matrix G of C is obtained. Then adding
some rows of G! to the other k — ki rows of G,
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Gl
o= ().,
G kxn

Gl = (Ek1><k17 Dk]X(n—/(]))v (25)

2
G” = (O(k—kl)Xklv G?k—h)x(n—/q))*

where E is an identity matrix and O is a zero matrix. Let C* and C* be the [, k — k1] and
[n — k1, k — k1] linear codes generated by G? and G*, respectively. For k = ki, G2 and
G* vanish and we adopt C? = 0" and C* = 0"~*I. Lemma 6 shows two key identities for
proving Theorems 1 and 2.

Lemma 6 Let C2 and C* be the linear codes generated by G* and G* in (25), respectively.
For0 <i <n,

Ki(C2):lKi(C*) if0<i<n—k, 6)

k—kiy ifn—k <i<n.

= K (C*) i j —
.t - le(C ) 0 <i<n—ki, on

k—ki ifn—k <i<n.
Proof The case k = kj is trivial. Consider k > k. For k; = 0, the theorem is obvious since

C? = C*. We discuss the case k; > 1 and only show (26). (27) can be similarly shown by
using the “substituting” skill of (30) and details are omitted.

Casel 0 <i < n—kj.Clearly, Ko(C?) = Ko(C*) = 0. Consider the case 1 <i <n—kj.
The idea is as follows: we first show (28) and use it to obtain (32); then, we prove (33) and
finally derive the result by combining (32) and (33).

First, for any J' ¢ Nj, — Ny, with |J'| = i, we show
dim(C2,) < max{dim(C2) : J C N, — N, |J| = i} (28)

by constructing J” € N, — Nk, with |J”| = i such that C2, C C;,,. Without loss of gener-
ality, assume that J' = {jy, ..., ji} suchthat ji, ..., j1 € Ng, and jiq1, ..., ji € Ny —Ng,,
where 1 </ <i. By using (1),

Cg,={(cl,cz,...,cn)GCZ:c,=0,t¢J/}

={(crco,.ccien) €CP iy = 0,0 & (i1, - Jid} s (29)

where the second equation follows since the first k| components of C? are all zero (see (25)).

Sincei < n—kj, thereexist j{, ..., j; € Ny =N, suchthat {j{, ..., j/} N {jiy1,...,ji} =
#. Let

J" = JY U Gt - i) (30)

Then J” € N, — N, and therefore C 3, cC?, by combining (1), (29) and (30). This leads
to

dim(C?)) < dim(C3,) < max{dim(C%) : J C N, — Ni, |J| = i}. (31)
Second, from (28),
max{dim(C%) T C N, =i} < max{dim(C%) SNy =Ny, 1T =)
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and furthermore
max{dim(C?) : J C N, |J| =i} = max{dim(C?) : ] TN, — Ny, I =i}). (32)

For Ji € Ni, ' with |J1| =i and J = {j + ki1 : j € i} € Ny — Ny, dim(C3) = dim(C7)
since the first k; components of C? are all zero. Then

max{dim(le) S SN, M =) = max{dim(C%) 2 J SNy = N I =i} (33)
Finally, K; (C?) = K;(C*) follows by combining (32), (33) and Definition 1.
Case2 n — k; < i < n. It follows that

K;(C?) = max{dim(C7) : J C Ny, |J| =i}

@k — &y — min{dim[ Py, s (CH)]: J S Ny, 1] = i)

= k — ki — min{dim[P; (C)]: J C N, |J| =n — i},
Qi -k,

where (a) follows from Lemma 3 and (b) follows since n —i < k1 and the first k| components
of C? are all zero.

By combining Corollary 2, Lemma 6 and Forney’s MDS bounds [2], we obtain the fol-
lowing relations about RDLP and IRDLP.

Theorem 1 Let C be an [n, k] linear code and C' be a subcode of dimension k1. Considering
equivalence, assume that their generator matrices are in the form of (25). Let C* and C* be
the linear codes generated by G* and G* in (25), respectively. For 0 < i < n,

@ Ki(C*) if0<i<n-—ki,
Kic.ch) £ gyeny 2 RCD To=r=nh
k—ky ifn—k <i<n.

© 0 if0<i<n-—k,
c
> 1i—(n—k) ifn—k<i<n-—k, (34)
k —k; ifn—k <i<n.
- (@) ~ if 0 <i <k,
Kic,ch € K 2] cost=n
Ki—, (C*) ifky <i <n.
© 0 if0<i <k,
C
< Ji—k ifk <i<k, (35)

k—k ifk<i<n.

Proof The case k = kj is trivial because C = Ccl, c? = 0" and C* = 0" %1, Consider
k > k. In (34), (a) follows from Corollary 2; (b) follows from Lemma 6; (c) follows from
[2, Theorem 5]. In (35), (a) follows from Corollary 2 and (c) follows [2, Theorem 5]; (b)
follows from

! The coordir%ates of C* are labeled by 1, ..., n — kj corresponding, respectively, to the coordinates k| +
1,..., nof C-.
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1
Qg —ky — K, i(CY)

@ lk—kl—Kn_i(C*) ifO<n—i<n—kiy,

Ki(C?)

0 ifn—ki<n—i<n.

® |o if0<i <k,
Kk, (C*) ik <i <n.

The above (1) and (3) follow from the special case of (6) and (2) follows from Lemma 6.
Remark 3 (c) of (34) and (c) of (35) are LO(K) and U P(I? ) of Proposition 1, respectively.

Theorem 1 shows that LO (K ) and U P(K) can be obtained by applying Forney’s bounds
to C*. In addition, (a) and (c) of (35) imply that Wang’s bound [20] is tighter than UP(E).
Corollary 3 shows that the conditions on the equalities of Theorem 1 characterize linear codes
and subcodes achieving the generalized Singleton bounds.

Corollary 3 Considering equivalence, any of LO(K), UP(I?) and U P (M) is achieved by
an [n, k) linear code C and a subcode C' of dimension ki, if and only if the following two
conditions hold:

— K(C,CH=K({C?»orK(C,C" = K(C?),
C* is an MDS code,

where C? and C* are the linear codes generated by G? and G* in (25), respectively.

Proof The case k = kj is trivial because C = C', C? = 0" and C* = 0", Con-
sider k > kj. By Proposition 1, any of LO(K), UP(I?) and U P(M) is achieved if and
only if LO(K) is achieved. In addition, by using (6), K (C, chH = K(CH is equivalent
to E(C, chH = E(Cz). Thus it suffices to show that LO(K) is achieved, if and only if
K(C,CYH = K(C?) and C* is an MDS code. By Theorem 1, L O(K) is achieved if and only
if the equalities in (@) and (c) of (34) hold. Moreover, by using [2, Theorem 5], the equality
in (c) of (34) holds if and only if C* is an MDS code.

The following example illustrates the property of Corollary 3.
Example 1 Letn =9,k =5, ki =2 and g = 8. In (25), let

Wl 00
G'=[0 w10 and D = Opy7
0 0 0 @ ol 357

be matrices over GF(8) = F>[x],3,, |, where w is the primitive element x. In fact, G*
generates a [7, 3] Reed-Solomon code C* [15] which is an MDS code. Let C, C Iand C?2
be the linear codes generated by G, G! and G? in (25), respectively. It is easy to see that
dim[P;(C)] = dim[P;(CY)]+dim[P;(C?)]forJ C {1,...,9}. Thus K(C,C") = K(C?).
Specifically,

K(C,C")=LO(K)=10,0,0,0,0,1,2,3,3,3},

K(C,C")=UP(K)=1{0,0,0,1,2,3,3,3,3,3},

M, CchH =UPWM)=1{0,5,6,7).

Lemma 7 determines the cDLP and cIDLP of a linear code, which is for proving the

following Theorem 2.
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Lemma 7 For an [n, k] linear code C,
K(C)=1{0,...,0,1,...,k}, (36)
K(@C)={0,1,....k, ... k}. (37)

Proof From the special case of (16), it is clear that (36) and (37) are equivalent. We only
give a proof of (37). From Definition 2, for 0 <i <n,
I?i(C) = max{dim[P;(C)] : |J| =i}

where J C {1, ..., n}. Let G be a generator matrix of C. For any set J with |J| = i, itis
easy to see that dim[P;(C)] = rank(Gcol(s)), Where Geol(y) 1S @ matrix consisting of the
columns of G indexed by J. For 0 <i <k,

Ki(C) = max{rank(Geoi)) : |J| =i} =i
since rank(G) = k. For k < i < n, it can be shown similarly that I?,'(C) =rank(G) = k.

By combining Corollary 2, Lemmas 6 and 7, we get the following relations about cRDLP
and cIRDLP. Using Corollary 1, the proof is similar to that of Theorem 1.

Theorem 2 Let C be an [n, k] linear code and C! be a subcode of dimension k. Considering
equivalence, assume that their generator matrices are in the form of (25). Let C* and C* be
the linear codes generated by G and G* in (25), respectively. For 0 < i < n,

0 if0<i <k,

Ki(c.ch =K «cH=1{~
i ) = KlC) [K,-_,q(c*) ifkj <i<n.

0 if0<i<n—(k—ky, (38)
T li-m—k=k)] ifn—(k—k) <i<n.
K:(C*) ifO<i<n—k,

k—k ifn—k <i<n.

=V

J(C.CY = Ki(C?) =[

] if0<i<k-—k,
’ Lo=r=RTa (39)
k—k ifk—k <i<n.

By using Proposition 5, Corollary 4 shows two new bounds on RDLP and IRDLP. Note
that by (6) the bounds are equivalent.

Corollary 4 Let C be an [n, k] linear code and C U'be a subcode of dimension k1. For dual
codes ClL and C+,

K€Y <UPK) = {01, ...k —ki, ... k— ki), (40)
R ¢ =>Lo®)=10,...,0,1,.... k—ki}. (41)
Considering equivalence, the following statements are equivalent:

— UP(K) is achieved by CIJ' and C*;
- I:\O(E) is ach/i\eved by Cll and C*+;
- K(C,.ch=K(C?;
K(C,ch=K(C?.
The above C? is the linear code generated by G in (25).
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Proof The case k = kj is trivial because C = C!, C? = 0" and C* = 0% Consider
k > k. By Propositions 5, (40) and (41) follow from (39) and (38), respectively. From (6),
U P(K) is achieved by Cll and C+ if and only if LO(I?)Ais achieved b)\/ them. By Theo-
rem 2, U P(K) is achieved by C'* and C- if and only if K (C, C!) = K(C?): LO(K) is
achieved by C 1+ and C* if and only if K(C,CY = K(C?). This proves the equivalence of
four statements.

Remark 4 Clearly, 1?(9 ¢l = K(C?) and K(C, chH = K (C%) if ¢! = 0. Therefore,
both U P(K) and L O(K) are achieved by G F(¢)" and C L. The observation will be used to
study the Wolf bound of Sect. 5.

Though UP(K) and LO (E ) can also be obtained from (4) and (5), Theorem 2 and Cor-
ollary 4 provide more useful properties, especially including conditions with the bounds

achieved. In addition, by replacing c! + and C1 with C and C! in (40) and (41), we still have
K(C,C"Y) <UP(K) and K(C,C') > LO(K) (42)

correspondingto LO(K)and U P (E ) of Proposition 1, respectively. The following paragraph
shows a nontrivial example in which both U P(K) and L O(K) are achieved.

Example 2 Letn =4,k = 2,k; = 1 and g = 2. In (25), let G* = (101) and D = (010)
be matrices over GF(2). Let C, C! and C? be the linear codes generated by G, G! and
G?, respectively. Then dim[P;(C)] = dim[P;(C")] + dim[P;(C?)] for J C {1,...,4}.
Therefore, E(C, ch = I?(Cz) and so U P(K) and LO(E) are both achieved.

4 Bounds on relative profiles

This section is mainly about how to tighten the generalized Singleton bounds in Proposition 1.
The significance is from a lot of applications, e.g. to get better estimation of the equivocation
in [12]. The approach is composed of two parts:

— first, we tighten the generalized Singleton bound on RLDP by introducing new upper
bounds;

— second, general refinement and translation are proposed to derive bounds on RDLP and
IRDLP from an upper bound on RLDP (in particular the versions for the new bounds are
tighter).

4.1 Upper bounds on RLDP

The first upper bound on RLDP is the generalized Singleton bound, see Proposition 1. In this
subsection, we show three new upper bounds. The first two are Theorems 3 and 4 which are
shown by using an important inequality in Proposition 6. The third one in Theorem 5 cannot
be obtained from previous researches on LDP since it involves wg(C 1), Relations among
the bounds are discussed in Example 3, Corollaries 6 and 7. Note that we only consider
1 <r <k — ki because My(C,C') = 0.

We begin with the following lemma about the number of subcodes.

Lemma 8 ([7, p. 19]) The number of [n, k] linear codes including a subcode of dimension
L ln—r
ris| .,
q

By Lemma 2, Lemma 8, Propositions 3 and 4, we have the following inequality.
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Proposition 6 For1 <r <s <k —ky,
(1-g M, (C,CY < (1 —q "M (C,Ch. (43)

The equality holds if and only if there exists an s-dimensional relative subcode D of C and
C! such that

— Condition 1. ws(D) = Ms(C, C");
— Condition 2. for all t-dimensional(r <t < s) subcodes D’ of D,

ws(D") = M;(C, Ch).
Forr =s — 1 and q = 2, (43) is Theorem 1 of [4] if C' = 0.

Proof Denote M, (C, ch briefly by M,.. The theorem is obvious for » = s. Consider r < s.
In the following, the first part shows (43) and the second part shows the condition for the
equality.

First, we show (50) and then prove (43) by (51). Distinguish the following steps.

— By Proposition 4, for » < i < s there exists U € U x—; such that
mg(U)=n—M,-. (44)
— Consider the set of [k, k — i 4 1] linear codes including U, i.e.

{(Vi:VieFiiv1,UCV;, j=1,...,1()}

1 q—1
since dim[P/\/k1 )]

where [(i) = [l ] = =1 (by Lemma 8). Note that dim[PNk1 (Vi)] = k; for all V;
q

k1. By Proposition 4,
Mi—y <n—mg(Vj). (45)
Then for all V;

a (b)
me(Vi —U) L mg(V;) —maU) < M; — M;_,, (46)

where (a) follows from U C V; and (b) follows from (44) and (45). Clearly,
the equality in () of (46) holds < the equality in (45) holds. 47
— Summing up the left-hand side of (46) over all j,

(i) (@)
> mevi =) Cme | | Jv; - v)
j=1 j=1
1G)
=me||JVi-U
j=1
2 mGlGE(@)* - U]

©p_ mg(U)

D ;. (48)

where
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(a) follows from (V; — U) N (V;, — U) = @ for ji # j» (both V; and V}, are of 1
dimension greater than U); '
(b) follows from GF(g) — U < U, v; — U
(¢) follows from mg[GF(¢)*] = n and U N [GF(¢)f — U] = #;
(d) follows from (44).
Combining (46) with (48), forr <i <

1)

q' —1
Mi =2 m(V; = U) = - — (M; = Mi—1) (49)
j=1
or
Q=g HMi—1 <1 —qg " Dypm;. (50)
— Using iterations of (50),
l—qg™" l—q™"
M, < mMrJrl <= 1_7(]—sMS (5D

which proves (43).

Second, we use Proposition 3 to show the condition for the equality in (43).

Only if part. Assume the equality in (43) holds. By Proposition 2, there exists an s-dimen-
sional relative subcode D of C and C! such that wg(D) = M, which satisfies Condition 1.
The following paragraph shows D satisfies Condition 2.

By Proposition 3, ¢(D) € Uy x—s and mglp(D)] = n — M. Since D’ is a subcode
of D, p(D) C ¢(D’) € Uy x— by Lemma 2. For any 7(r <t < s) and any W satisfying
o(D) € W € Uk x—, we show mg (W) = n— M, by induction on ¢ (in a decreasing manner).

— The case t = s is obvious since D’ = D.

— Fort =i(r <i <s),assume mg(W) = n — M; for any W satisfying ¢(D) C W €
Up —i-

— Consider t = i — 1. For any W’ satisfying (D) C W’ € Uk r—i+1, there exists Wy €
Uy ki such that (D) € Wy C W'. Then mg(Wy) = n — M; by the hypothesis. Because
the equality in (43) holds, all the equalities in (51) hold. Hence the equality in (49) holds
and then the equality in (b) of (46) holds. Thus mg(W') = n — M;_; by (47).

In particular, mg[@(D')] = n — M, since (D) C ¢(D’) € Uy r— By (11), ws(D’) =
n —mglep(D’)] = M; which proves Condition 2.

If part. Assume D is an s-dimensional relative subcode of C and C I and also satisfies
the two conditions. It suffices to show all the equalities in (51) hold, or M; 1 = n —mg(V;)
forany i(r <i <s)andany V;.

For any given i and j, we have V; € U x—i+1 by dim[P/\/k1 (Vi)] = ki. Then wg
[go_l(Vj)] =n—mg(V;) by (11), where ¢~ is the inverse of ¢ and (p_l(Vj) isan (i — 1)-
dimensional relative subcode of C and C!. On the other hand, ws[<p_l (V)] = M;_; by
Condition 2 and thus M; 1 = n — mg(Vj).

Generally, the generalized Singleton bound on RLDP is not tight and conditions for achiev-
ingitis strict. Thus we consider tighter bounds. One possible improvement is from the Plotkin
bound [15, pp. 41-42] which is strongly linked with equidistant codes. For linear cases, this
bound is achieved by linear constant-weight codes [23]. The generalized Plotkin bound on
LDP was given in [5]. We extend it to RLDP by Proposition 6. Note that the classic Plotkin
bound is on the size of a code while the following is on a parameter like minimum distance.
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Theorem 3 (Generalized Plotkin Bound on RLDP) For 1 <r <k — ky,
1—qg™"
1
M,(C,C") < Lm(n_kl)J' (52)

Ifc L' = 0", then (52) is the generalized Plotkin bound on LDP [5]. Furthermore,

—r

1_
M,(C.C) = 1

m(ﬂ —ky) forall r (53)

if and only if it holds forr = 1.

Proof For the first part, (52) follows since for all r

—r

(a) 1 —
Mr(c,cl)%1 1

b 1—-qg"
1
7_q7(k7k1)Mk*kl (Cc,CH) =< ]

m(” — k), (54)
where (a) and (b) follow from Propositions 6 and 1, respectively. For the second part, it
suffices to show the “if”” part. Note that

—r

l—gq

4 1@ LB 1-gq
lMl(CsC)EMr(C7C)§1

m(" — k1), (GR))

where (a) and (b) follow from Proposition 6 and (54), respectively. If

o
MC.Cly= =T
1(C, = TG 1),

then all the equalities in (55) hold for all r.
Remark 5 If (1 —g~")(n — k) < M,(C, C'), then by (52)

qk—kl S L Mr(C5 Cl) J )
Mo (C,CYH) = (1 —g™")(n—k)

Letting k1 = 0 and r = 1, the classic Plotkin bound for linear codes is derived.

We say (C, C') satisfying (53) achieves the weak Plotkin bound. Theorem 3 describes
a sufficient and necessary condition for achieving it. By Proposition 6, Corollary 5 shows
another condition from the perspective of equal support weights of subcodes.

Corollary 5 Code pair (C, C') achieves the weak Plotkin bound if and only if there exists
a (k — ky)-dimensional relative subcode D of C and C! such that
- ws(D)=n—ky;
— for all t-dimensional(1 < t < k — k1) subcodes D' of D, ws(D') = M,(C, C").
Clearly, subcode D satisfying the above conditions is a linear constant-weight code.

The generalized Plotkin bound on RLDP is tighter than the Singleton one in most cases.

Moreover, we shall show in Sect. 4.2 that the refined Plotkin one is always tighter, see
Proposition 8.

Example 3 (Plotkin and Singleton) Let C be a binary [10, 3] linear code with generator
matrix G and C'! be a subcode of dimension 1 with generator matrix G such that

1111000000
G=10011101101
0101011011
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and G' is the first row of G. The generalized Plotkin bound on RLDP is achieved, while the
generalized Singleton bound on RLDP which suggests M (C, C') < 8 is not tight.

Another idea of improving Proposition 1 is from the Griesmer bound [15, pp. 546-547],
which is tighter than the Plotkin bound in many cases. The generalized Griesmer bound
on LDP was given in [5]. Theorem 4 provides its extension on RLDP. We first show some
preliminaries. For 1 <r < j <k —kj, let

Lr(j,d>=[dqf1 . o=
’Vq__qu(] — l,d)-l if j >r.
Similar to Theorem 2 of [4], by Proposition 6
M;(C.C") = L, (j, M;(C.CY). (56)
Then similar to Theorem 3 of [4],
. — 1y
b= d+z{q radt 0

Note that the approach of [4] based on GF(2) can be easily generalized to GF(q).
Theorem 4 (Generalized Griesmer Bound on RLDP) For 1 <r <k — ky,

k—ky—r 1
(g — DM, (C,C")

ki + M, (C, C! At
n > ki + M ( )+ > [ 7@ =D —‘

i=1

(58)

IfC!' = 0", then (58) is the generalized Griesmer bound on LDP [5]. The equality in (58)
holds for all r if and only if it holds for r = 1. Furthermore, if the equality in (58) holds for
all r, then

r—1 1
M,(C,Cl = Z [%W . (59)
i=0

Proof Denote M, (C, C1) briefly by M,.. The proof consists of three parts: the first part proves
(58) by (60); the second part shows the fact that the right-hand side of (58) is increasing with
r and then proves the condition for the equality of (58), see (61) and (63); the third part proves
(59) by (64).

First, (58) follows because for all r

k—ky—r

I)Mr-‘ (a) (b)

M, + ’V < My — ki, (60)
,21: q'(q" = 1) ‘

where (a) follows by combining (56) with (57), and (b) follows from Proposition 1.
Second, we show the equality in (58) holds for all r if and only if it holds for r = 1. It
suffices to prove the “if”” part. Assume the equality in (58) holdsfor» = 1.For 1 < j < k—kq,

k—ki—(j+1)

@ (g—DMjy
n >k +Mj+ ; [m (61)

: k=i =Gi+1) 41

®) g/t —1 q—1 g/t —1

=hr {qf“ —Mr Z;‘ Gl =1 T
=
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k—ky—(j+1)

_ _ -1 (g —DM;
_kl+<M’+(qf“—qM’D+ ; {q"“(qf—l)w ©
k—ki—j
q—1 (q—l)Mj"‘
o ’Jq(qf—l) ’% 2. Ll(q,_l)
k—ki—j

B | (@ - DM,
= w3 [0 )

i=1

where (a) and (b) follow from (60) and Proposition 6, respectively. If j is replaced by j + 1,
then (63) becomes (61). Therefore the right-hand side of (58) is increasing with r, which
proves the second part.

Finally, we show (59). If the equality in (58) holds for all r, then all the equalities between
(61) and (62) hold. Comparing the last items in the right-hand sides of (61) and (62), for
l<i<k—k —r

@-DM [ @=DM,y | [ M
qui(qr _ 1)—‘ - ’ti+l(qr—1 _ 1)—‘ - - ’ti+r—l—‘ : (64)

k—ki—r
n =k + M+ z
i=1

@ k—ki—r M

a 1

Skt M+ D FW
i=1

k—k1—1

i
i=r q

r—1
b M
QM40 [—1-‘

i
i=0 4

Therefore

_(q - I)Mr—‘
qi(q" =1

where (a) follows from (64) and (b) follows from the equality in (58) for » = 1. This proves
the third part.

Example 4 Let C be a binary [6, 3] linear code with generator matrix G and C! be a subcode
of dimension 1 with generator matrix G' such that

100000
G=(001011
011101

and G' is the first row of G. It is easy to see that the generalized Griesmer bound on RLDP
is achieved and (59) holds.

Theorem 4 yields the following two relations.

Corollary 6 (Griesmer and Plotkin) If (C, C') achieves the weak Plotkin bound, then it
achieves the generalized Griesmer bound on RLDP.
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Proof By using (53),

k—ky—r

_ 1
kl+Mr(C,C1)+ Z [—(q l)M,(C,C)—‘
i=1

q'(q" = 1)

1—q" g qg—1 1—q"
= ki + ———s (n— k) + [ : x (n—kl)]
1— q—(k—kl) le qi(qg" — 1) 1 — q—(k—kl)

=n.
Then it follows by combining the above formula with (58).

Corollary 7 (Griesmer and Singleton) The generalized Griesmer bound on RLDP is tighter
than the generalized Singleton bound on RLDP.

Proof For1 <r <k —ky,

k—ky—r 1
@ | (g — DM, (C.C)
n =k +M/(C,C)+ [—
Z‘ q'(q" =1

>k +M(C,C )+ (k—ki—r)
=k—r+ M (C,ChH,

where (a) follows from (58), and (b) follows since M, (C, C1) > 1forr > 1 (by Lemma 1).

Theorem 5 shows another upper bound which is sometimes tighter than the generalized
Plotkin and Griesmer bounds on RLDP (e.g. see Example 6). A linear code C is called a
relative constant-weight (RCW) code to subcode C! if all codewords in C — C! have the
same weight. Note that C is an equidistant code if it is an RCW code to a zero code.

Theorem 5 (RCW Bound on RLDP [27]) Let C be an [n, k] linear code and C' be a subcode
of dimension k1. For 1 <r <k — ky,

1—g~" ws(Ch)
M, (C,ChH < L Ty ("_ gk—h )J ©

IfC' = 0", then (65) is the generalized Plotkin bound on LDP [5]. Furthermore,

1—q~" C!
M,(C,Cl) _ 1 q (n— ws(CY)

Ty = ) forl <r <k —k,

if and only if C is an RCW code to C' with ws(C) = n.

4.2 Bound refinement and translation

For applications, we are sometimes more interested in bounds on RDLP and IRDLP. The first
example is that the equivocation of [12] can be expressed by IRDLP. Therefore, bounds on
IRDLP describe the secrecy of that model. Another example will be motivated by Theorem
6 of Sect. 5. When bounds on RDLP and IRDLP are obtained, trellis complexities of a linear
code and any subcode can be evaluated.

In this subsection, we mainly focus on how to translate any upper bound on RLDP into a
corresponding lower bound on RDLP and an upper bound on IRDLP, which was not men-
tioned by previous work. A unified framework consisting of the following parts is introduced:
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— bound refinement, i.e. tightening an upper bound u on RLDP to a strictly increasing one
u’ by Algorithm 1;
— bound translation, i.e. translating u’ to bounds on RDLP and IRDLP by Proposition 9.

Particularly, the refined generalized Plotkin and Griesmer bounds on RLDP by Algorithm
1 are tighter than the Singleton one, see Propositions 7 and 8. By combining them with
Proposition 9, the generalized Singleton bounds on RDLP and IRDLP are tightened, see
Corollary 8.

Assume that M (C, C') is upper-bounded by an integer sequence

u={ug=0,ui,...,ur—g, <n}.

(Here, up = 0 and ug—x, < n follow from My (C, CH =0and My, (C, ch <n, respec-
tively.) Generally, u is not necessarily strictly increasing and even not nondecreasing. On the
other hand, since M, (C, C') is strictly increasing with r, we can always refine u to a tighter
integer upper bound

/ / ’ /
u = {uy = U, Uy ooy Up = Uk—k, }

such that u; is strictly increasing with r, see Algorithm 1. (Clearly, u, = 0 or otherwise u
is invalid.) The procedure works from “tail” uy_, to “head” ug step by step. If u,_1 > u,,
adjust u,_1 to u, — 1(< u,) for meeting the strictly increasing requirement. For example,
u =1{0,1,2,3,5}ifu={0,3,4,3,5}.

Input: an integer upper bound u = {ug = 0, uy, ..., uk—k, < nj
Output: a tighter integer upper bound w’ = {ug = uo, u', ..., uj_; = ui—y,} where
u,. is strictly increasing with r
r<k—ky;
while » > 0 do
u, < uy;

if r > 1and u,_ > u, then
up—1 < uyr — 1;
end
r<r—1;
end
Algorithm 1: Refinement of an upper bound on RLDP

By Proposition 1, the generalized Singleton bound on RLDP does not need to be refined
because it is strictly increasing. Even without Algorithm 1, the generalized Griesmer bound
on RLDP is tighter than the Singleton one, which immediately yields Proposition 7.

Proposition 7 The refined generalized Griesmer bound on RLDP by Algorithm 1 is tighter
than the generalized Singleton bound on RLDP.

The generalized Plotkin bound on RLDP is not always tighter than the Singleton one, but
fortunately the refined one is.

Proposition 8 The refined generalized Plotkin bound on RLDP by Algorithm 1 is tighter
than the generalized Singleton bound on RLDP.

Proof Note that UP(M),—x, = n — ki (see Proposition 1) coincides with the right-hand

side of (52) for r = k — k;. Then the result follows since the refined sequence is strictly
increasing, i.e. the increment at each step is at least 1.
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K,(C,C") K,(C.C"
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Fig. 1 Universal bounds on K (C, C') and l?(C, C])

The refined RCW bound on RLDP is not always tighter than the Singleton one, especially
when g > 2, see the following example.

Example 5 (Example I cont.) Consider the upper bounds on RLDP:

— Singleton. M(C,C") < v’ ={0,5,6,7},
— Plotkin. M(C,C") <u? ={0,6, 6,7},
— Griesmer. M(C,C") <u® ={0,5,6,7},
- RCW.M(C,CYH <u ={0,7,8,8}.

Clearly, u® and uf is the tightest and achieved by C and C'; u” is only a bit looser at
M (C, Cl); o is the worst one. By applying Algorithm 1, the refined bound u'’”? from u?”
equals to {0, 5, 6, 7} which is achieved; however, the refined bound u” from u” equals to
{0, 6, 7, 8} which is still not achieved.

Since an upper bound u on RLDP can always be refined to u’ by Algorithm 1, assume in
the following that u is already strictly increasing. Then it can be translated to the following
bounds on RDLP and IRDLP depicted in Fig. 1.

Proposition 9 (Universal Bounds on RDLP and IRDLP) Let C be an [n, k] linear code and
C! be a subcode of dimension k. Assume their RLDP satisfies

M(C.CYHY <u={ug=0,ur,....up4, <n (66)
where W is a strictly increasing integer sequence. Then their RDLP satisfies

K(C,CYHY>GLOK) £ {GLO(K); :0<i <n)
={0,...,0,1,.... 01, ...,k —ky, ...,k —ki}
where max{i : GLO(K); =r}=u,4+1 — 1 for 0 <r < k — ky. Their IRDLP satisfies
K(C,C"Yy <GUPK) 2 {GUP(K); :0<i <n)
={0,...,0,1,...,1,...,k—ky,....k—ki}

where max{i: GUP(I?),- =r}=n—uk_g—r for0 <r < k —ky. Furthermore, GLO (K)
and GU P (K) are both achieved if and only if (66) is achieved.

Proof Wefirstshow K (C, C') > GLO 0 (K) by using the monotonicity of RDLP and Remark
1 (see (68) and (69)), and then prove K(C ch < GUP(K) by using (6) (see (71)). Since
M, (C, c! ) < u,p for0 <r’ <k — ky, it follows from Remark 1 that for all r’

K., (C.CH=r. (67)
Combining (4) and (67),
Kup1—1(C,CY > Ky (C,CHY =1 > 7
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where 0 < r < k — k. Since K,,, (C, CYH>rand K;(C, CY is nondecreasing with i,
Ki(C,CYY>r foru, <i <upp1—1<urqy; and 0<r <k —kj. (68)

In addition, since K,,,H,1 >k —k; and K, (C, C') < k — k; (see Lemma 1),
Ki(C,CY =k —k; forug_y, <i <n. (69)
Then
K(C,C"y > GLO(K) (70)
is obtained from (68) and (69). For the second part, it is easy to verify that
GUP(K)i =k —ki —GLO(K),_; for0<i <n. (71)

Then K (c,chy < Ggup (I? ) follows from (6), (70) and (71). The last statement follows
immediately from (6) through (8).

Remark 6 lfu, =n—k+rforl <r <k—kj,then GLO(K) = LO(K) and GUP(E) =
U P(K), i.e. the generalized Singleton bounds of Proposition 1 are derived.

By combining Propositions 7 through 9, the generalized Singleton bounds on RDLP and
IRDLP are tightened as follows.

Corollary 8 [fuof (66) is the refined generalized Plotkin or Griesmer bound on RLDP, then
GLO(K)and GU P(K) are tighter than LO (K ) and U P (K) of Proposition 1, respectively.

As to the wiretap channel of [12], the equivocation of the legitimate parties’ data symbols
to the adversary is upper-bounded by U P(K). Corollary 8 implies that the estimation of
equivocation can be improved. The following paragraph provides an example to perform the
bound translation of Proposition 9.

Example 6 Let C be abinary [18, 4] linear code with generator matrix G and C! be asubcode
of dimension 2 with generator matrix G' such that

100011100101010001
010010011101100001
000110110110110110
001011011011011010

and G' is composed of the first two rows of G. Consider the following upper bounds on
RLDP:

— Singleton. M(C,C") <u® = {0, 15, 16}.
— Plotkin. M(C, C!) < u? = {0, 10, 16).
— Griesmer. M(C, C") < u$ = {0, 10, 16}.
- RCW. M(C,CY <u ={0, 10, 15}.

It is easy to verify that the RCW bound is achieved by C and C'. Since each u-sequence is
strictly increasing, the corresponding GLO(K) and GU P(K) can be obtained from Prop-
osition 9. The results are depicted in Fig. 2. Clearly, GLO(K) and GU P(I? ) derived from
the generalized Singleton bound on RLDP are the worst. Those derived from the Plotkin and
Griesmer ones are the same since u” = ué. Those derived from the RCW one are the tightest
and achieved.
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Fig.2 GLO(K) and GU P(K) derived from upper bounds on RLDP of Example 6

5 Application of RDLP to trellis complexity

The trellis [10] for a linear code C is a directed graph with an initial vertex op and a final
vertex 0,. The vertices (or called states) of the graph are partitioned into subsets Xo(C) =
{oo}, 21(C), ..., X, (C) = {o0,}. Each edge from a state in X;_(C) terminates at a state in
Xi(C) for 1 <i < n, and is labeled by an element in G F(g). A codeword of C is uniquely
represented by a path from oy to o, and vice versa. Note that X; (C) is a vector space. For
trellis construction, we refer the readers to [10, Chaps. 4.1, 4.2 and 9.4].

By applying the Viterbi algorithm [10,22], we can devise the maximum-likelihood soft-
decision decoding based on trellises. The state complexity profile [2] of an [n, k] linear
code C is defined as s(C) = {s;(C) : 0 < i < n} where

5i(C) = dim[X; (C)].
The state complexity
Smax (C) = max{s; (C)}

is the key to measure the decoding efficiency. Forney [2] introduced the ordered DLP and
ordered IDLP of C to describe s(C), and showed a lower bound on it (DLP bound). An ear-
lier research of Wolf [22] provided an upper bound on 5,4, (C) (Wolf bound). More notable
results were shown in [9,16,24], etc.

In trellis-based decoding, sometimes we only need to decode codewords in a subcode
C! when coding rate varies. Typically, the attempt is to enhance error-correcting capabil-
ity when fewer users are involved, e.g., in wireless communications [13]. Unfortunately,
relations between s(C') and s(C) were not known from previous work. In this section, we
generalize Forney’s approach and introduce the ordered RDLP and ordered IRDLP of C
and C!. By using the concepts, Theorem 6 shows a relation between s(C 1y and s(C), which
reveals connections between the DLP and Wolf bounds. For 0 < i < n, define

iT={l,...,i} and iT={i+1,...,n).
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Note that 0~ = n+ = (. The following paragraphs use the notations of [2].

Definition 4 (Ordered RDLP and Ordered IRDLP) For an [n, k] glear code C agc)l a subcode
C! of dimension k1, their ordered RDLP is defined as a sequence K (C, C') = {K ;(C,C") :
0 <i < n} where

% 1 : : 1
Ki(C,C") =dim(C;-) — dim(C,-).
. . = =
Their ordered IRDLP is defined as K (C, C!') = {K;(C,C") : 0 <i < n} where
= 1 : : 1
K(C,C") =dim[P;-(C)] — dim[P;-(C)].
Particularly,
— — = =
K(C)= K(C,0" and K (C)= K(C,0"
are the ordered DLP and ordered IDLP of C [2]. In addition, denote their components by
K :(C) and K ;(C), where 0 < i < n.

Lemma 9 shows that the state complexity profile of a linear code C is the difference
between the ordered DLP and ordered IDLP of C.

Lemma9 ([2]) Let C be an [n, k] linear code. For 0 <i < n,
. . = —
5i(C) =k —dim(C;-) —dim(C;+) = K;(C) — K;(C).
By Lemma 9, Proposition 5 and Remark 4, we get the main result.

Theorem 6 Let C be an [n, k] linear code and C' be a subcode of dimension ky. For
0<i<n,

= (a) (b) ~

KiCc.ch = Ki(C.CY < 5:(0) —si(CY) < K€ ch — Kic' . ch. ()

Furthermore, if C' = 0", (a) and (b) are the DLP bound [2] on s(C) and the Wolf bound
[22] on spax (C), respectively.

Proof We first show (72). On one hand,

@ =

1 = ol 2 2 .l
5i(C) —si(CY) = [Ki(C) = Ki(CH]-[Ki(C) — K;(C)]
= N_® 1
= Ki(C,C)—- K, C)
®) ~ 1 1
> Ki(C,C") — Ki(C,C),
where (a) and (b) follow from Lemma 9 and |i ™| = i, respectively. On the other hand,
1 = N _ R 1
5i(C) —s5i(C) = Ki(C,C') — Ki(C,C")
< Ki(C,ChH - Ki(C,Cch
= K/(C'T.ch — K .

where the last equation follows from Proposition 5. For the second claim, it is clear that (a)
of (72) yields the DLP bound on s(C) if C! = 0". For (b) of (72), if C! = 0",

5i(C) = 5:(C) — 5:(0") < Ki(GF(q)", C) — Ki(GF ()", Ch) (73)
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for 0 <i < n. By using Remark 4,
K(GF(@)",CYH =UP(K) ={0,1,....k—ki,...,k—ki}, (74)
K(GF(q)",CYH =LOK)=1{0,...,0,1,....k —ki}. (75)
Combining (73) through (75),
— ifk <n —k, then
i if0<i <k,
si(C) <1k ifk<i<n-—k,
(n—1 ifn—k <i <n;
— ifk > n —k, then
[ if0<i<n—k,
si(C)y<in—k ifn—k<i<k,

n—i ifk<i<n.

Both of the cases yield s;,4, (C) = max{s; (C)} < max{k, n — k}, i.e. the Wolf bound.

Remark 7 If C is an MDS code and C! = 0", then the equalities in (72) hold, see [2]. In
addition, (b) of (72) can also be derived by combining (a) of (72) and s(C) = s(ChH) proved
in [2].

Theorem 6 provides a method to estimate s(C 1y when s(C) is known, and vice versa. This
method is particularly useful in choosing a suitable C! from C (or expanding C' to a “bigger”
linear code C) when a tradeoff among coding rate, error-correcting capability and decoding
complexity is considered. The result also implies that the DLP and Wolf bounds are “dual-
ity” results, which is seen from two-code perspectives but cannot be revealed from previous
researches on trellises. Similar to Forney’s approach, our result can be easily generalized to
estimate the branch and section complexities of C 112,101 when those of C are known. The
details are omitted here.

6 Conclusions

The relative profiles (i.e. RDLP, IRDLP and RLDP) of a linear code and a subcode were
applied to the wiretap channel of type II with illegitimate parties. Recently, RLDP was
extended in network coding for secrecy control purpose [25,26]. Some bounds on RLDP and
IRDLP were given in [12,20].

In this paper, we introduce new relations which not only reveal connections among
some known results from two-code perspectives (see Theorems 1 and 2) but also facilitate
researches of trellis complexity (see Theorem 6). Specifically,

— Theorem 1 implies that, considering equivalence, the generalized Singleton bounds on
RDLP and IRDLP can be obtained by applying Forney’s MDS bounds to linear code C*
generated by G* of (25).

— Theorem 2 provides new bounds U P (K) onRDLP and L O (K)onIRDLP corresponding,
respectively, to LO(K) and U P(I? ) of Proposition 1.

— Theorem 6 shows that the DLP and Wolf bounds are “duality” results from two-code
perspectives. By using this theorem, the state complexity profile of a linear code and that
of a subcode are bounded from each other.
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In addition, a unified framework is proposed to derive bounds on RDLP and IRDLP from
an upper bound on RLDP, see Algorithm 1 and Proposition 9. We introduce three new upper
bounds on RLDP (Theorems 3, 4 and 5) and use the first two to tighten the generalized
Singleton bounds by applying the framework, which provides better equivocation estimation
than that of [12].
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