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Abstract—The generalized write-once memory introduced by Fiat and .In this Correspondence’ We study the problem (.)f reusing a gener-

Shamir is a g-ary information storage medium. Each storage cell is allzed.WOM. forT” SucceSS'V? cycles. We determlng the Ze.ro-errlor

expected to store one of symbols, and the legal state transitions are Capacity region and the maximum total number of information bits

described by an arbitrary directed acyclic graph. This memory model stored in the memory fof’ successive cycles for the situation where
can be understood as a generalization of the binary write-once memory the encoder knows and the decoder does not know the previous state

which was introduced by Rivest and Shamir. During the process of ¢ yho memory, and different codes are allowed to be used in every
updating information, the contents of a cell can be changed from a-

state to a 1-state but not vice versa We study the problem of reusing CYCle. These results extend the results of Wolf, Wyner, Ziv, and
a generalized write-once memory forT' successive cycles (generations). Korner for the binary WOM to the generalized WOM.

We determine the zero-error capacity region and the maximum total

number of information bits stored in the memory for 7" consecutive

cycles for the situation where the encoder knows and the decoder does Il. DEFINITIONS, NOTATIONS, AND MODEL

not know the previous state of the memory. These results extend the In this section. we first give the mathematical model of the
results of Wolf, Wyner, Ziv, and Korner for the binary write-once ' 9

memory. generalized WOM with notations as in [5]. Then we give some
examples of the generalized WOM and conclude with the definitions
of WOM codes, the capacity region, and the maximum total number
of information bits stored in the memory f& successive cycles.
Below we first introduce some concepts and notations of a directed
graph.
I. INTRODUCTION A directed graph is a paifV, &), whereV is the set of vertices

A write-once memory (WOM) is a binary information storagednd€ C V x V is the set of edges. A directed edge frano s’
medium. During the process of updating information, the conterifs denoted bys — s'. A path froms to 5" is a sequence of zero
of a cell can be changed from Gstate to al-state but notice ©Of more edges if of the forms = s; — 53 — -+ — 5 = 5",
versa This class of WOM includes punch cards and digital Opticéﬁhe notations = s’ is used to represent the fact that there exists a
discs in which binary data is represented by blariks)(and dots Path froms to s'. A cycle is a nonempty path from a vertex to itself.
(1's). Due to the updating technology, the dots cannot be removdy directed graph which does not contain cycles is a directed acyclic
Rivest and Shamir [1] showed that, if the encoder knows and t§&aPh, abbreviated as DAG. A rooted DAG s a triplé, &, r) such
decoder does not know the previous state of the memory, WOM ci}gt (V. €) is a DAG, the root € V, and for anys € V' there is a
be reused very efficiently by using the same code for every updatip@th fromr to s. In the sequel, we only consider rooted DAG's. We
cycle. Wolf, Wyner, Ziv, and Iiner [2] studied the WOM from an assumeV = {0.1,---.¢ — 1}%; and0 is the root.
information-theoretical point of view. They determined the capacity A 9eneralized WOM is g-ary information storage medium. Each
region and the maximum total number of information bits stored #forage cell is expected to store one goymbols, and the legal
the memory for fixed’ successive cycles by using arbitrary code§tate transitions are described by a rooted directed acyclic graph

for every cycle. Cohen, Godlewski, and Merkx [3] presented a clab¥: ), abbreviated ag), £)-WOM. During the process of updating
information we can update to s’ if and only if s = s’. This
memory model can be seen as a generalization of the binary write-
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Example 2:V = {0,1,2,3}, £ = {0 — 1,0 — 2,0 — 3},
during the updating process, a storage cell if'astate may be left
unchanged or updated to thé"“or “2” or “3” state. A storage cell

in an %" (i = 1,2,3) state is then forever stuck at th¢ ‘state.

Example 3: V = {0,1,2,3}, £ = {0 — 1,1 — 2,2 — 3},
during the updating process, a storage cell i'astate may be left
unchanged or updated to thé"“or “2” or “3” state. A storage cell
in a “1” state may be left unchanged, or updated to thedr “3”
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Theorem 3.1: The zero-error capacity region of ti®, £)-WOM
is Ap(V, &) = Ry (V,€).
The proof of Theorem 3.1 will be given in Section IV.

Remark: Heegard [6] determined the-error capacity region for
the deterministic WOM, which has the same representation form as
Theorem 3.1 (zero-error capacity region). In [6], Heegard first derived
an inner bound for the-error capacity region of the noisy WOM.
Then he showed that this inner bound is tight for the deterministic

state. A storage cell in &" state may be left unchanged or updatedVOM. It should be pointed out that the proof of the converse part
to the ‘3” state. A storage cell in a3" state is then forever stuck of [6, Theorem 3] is not complete.

at the ‘3" state.

Assume that thgV, £)-WOM consists ofn storage cells. The
initial state of all the storage cells i9™ (root). We want to reuse the

For a given rooted DAGYV, &), we define its transition matrix as
A = (aij)gxq, Wherea,;; = 1 if there is a (zero or nonzero) path
from vertexi to vertexj, anda;; = 0, otherwise. We denotg,,

(V, £)-WOM for T successive cycles. We only consider the followings the all-one row vector of length, andI,, as the unit matrix of
case: The encoder knows and the decoder does not know the previmaerm. If @ is a matrix, we usé&) to denote its transpose matrix.

state of the memory. The encoder and decoder can use arbitrary cod
for every cycle, and there are no decoding errors (zero-error case).

Notation: For the vectors
,an) € V"
y“ = <y1vy27"'ayn) € V”

/»77‘— '/» .
" = (wy, w0,

we denoter” — y" ifand only if 2, —= y;, i =1,2,--- ,n.

Definition 1: An (n,T, My,---, M) code for the(V, £)-WOM
consists ofl” pairs of encoding and decoding functiofs':, g:) } =1,
where the message index ses = {1,-:-,M;}, the encoding
functionsf,:I;xV" — V™, and the decoding functiong: V" —— I,.
These encoding and decoding functions satisfy: For mnye I,
mo € Ib,---,mr € Ip, denoteyy = (0,---,0) = 0 € V"
and yi' = fe(me,yiy),t = 1,---,T. Then,y;, = yi and
ge(yf) = my, t = 1,---,T.

Denote

R: = (1/n)log, M, t=1,---,T.

The T-tuple (Ry,---,Ry) is called the rate vector of this code.

The closure of the set of all rate-vectorsr (V,E) is called the
capacity region of thgV, &)-WOM. The maximum total number
of information bits stored in one storage cell of thg, £)-WOM
during theT" updating cycles is

.
Cr(V.€) = max {Z Ri(Ri,Rs,--+,Rr) € Ar(V,€)

t=1

I1l. MAIN RESULTS

%emark: The transition matrix defined here is based on the path set
(not based on the edge €8t The matrix4 described here is actually
the incidence matrix of the “transitive closure” of the original DAG
plus the identity matrix.

Theorem 3.2: The maximum total number of information bits
stored in one storage cell of th&, £)-WOM during theT updating
cycles is

Cr(V,&) =log,(14- A" 7" - 15).

The proof of Theorem 3.2 will be given in Section V.

Remark: For a binary WOM, the transition matrix is

)
an(y 1) (1)=r+

Hence, the maximum total number of information bits stored in one
bit position of the binary WOM during th& updating cycles is
log,(T + 1) (see Wolf, Wyner, Ziv, and Brner, [2]).

We consider the following two types of generalized WOM's.

D V={01,,q—1}E ={0>1,0>2,---,0 > ¢g—1}.

q—1}.

and

Corollary 3.1:

We present an information-theoretic single-letter characterizationl) The capacity region of théV, £1)-WOM is

for the capacity regiond, (v, £), and a formula for the maximum

total number of information bit€'r(V, £) stored in one storage cell

of the (V, £)-WOM during theT updating cycles.

Let H(-) represent the entropy of a random variable or a probability

vector; H (-|-) represent the conditional entrop};,. denote the set
of nonnegative real numbers; and

V= {(vi,02) € V’]|ry = v2}.

For the two random variableX’,Y which take values inY, we
denoteX = Y if for any (z,y) € V, Pr{X = 2,Y =y} = 0.
Let the random variabless,, S,,---,Sr form a Markov chain
which takes values V. We denoteS; — S — --- = Sy,
if for every t 2,3,---.T, S;(=v =— S:. Assume
Br(V,€) {(Ri,Rs,---,Rr) € %RI|there exist random
variables Sy, S2,- -+, Sy, S5 = S» — --- = Sy, such that
Ry < H(S1), Re < H(52|51),---,Rr < H(S7|ST-1)}.
The setR¢(V, ) is the closed set generated By (V, ).

Ar(V,&) = {(BRi1,Rs,---,Rr) € RL| there exist proba-
bility vectors p = (pi”, p{”, -+ p(P)), t = 1,2, T,
such thatkR, < H(p"V), R, < (2! pi"HHPY), t =
2,3,.--, T}
The maximum total number of information bits stored in one
storage cell of théV, £, )-WOM during theI" updating cycles
is Cr(V,&1) = log,[1l + (¢ — DT
Proof:
1) AssumeS;, S2, -+, St are random variables which take values
iny,andS; — S, — --- = S,. Let

PV =Pr{Si =4} j=01..q-1

Pl =Pr{Si = j|Si—1 = 0},
j=0.1,---,q—1, t+=2,3,---,T

t=1,2,---,T.

2)

P =y pt" i),
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Then We show that; , = C5%~" by induction ong. From Corollary 3.1
we know that3; » = ¢ + 1,¢ > 1. This implies that the assertion is
H(S1) = HpY); Pr2 =t 41,02 P

! true forg = 2. Assume the assertion is true fer= k, then
a—

H(St|5171) = ZPr{Stfl = j}H(SﬂSt,l =j). , . .
B =14 3 = 14 O = o
Since = 2
Pr{S. =j|Si-1=j}=1, j=1,2,---,q—1, t=2,3,-..,7 This implies that the assertion is true for= k + 1. Therefore, by
induction, we know the assertion is true. Hence

we have _—
Cr(V,&) =log, C, T . a
H(S|S—i=j)=0, j=12-.q-1t=23--T 7V, &) =logs Coms
This implies that Remark: The capacity regiotdr (V, £2) is given by Theorem 3.1.
H(S:|Si_1) =Pr{Si_1 = 0} H(S:|Si_1 = 0) Unlike Corollary 3.1, here the capacity region has no more explicit
) description.
=Pr{Si—1 =0}H(p"").
From IV. PROOF OF THEOREM 3.1
q—1 . . . .
: g . In this section, we generalize the methods of Wolf, Wyner, Ziv,
Pr{Si—1 =0} = Pr{Si—2> = j}Pr{Si—1 = 0|Si—2 =
FLoet } ; Sz = 3PS |St—2 =7} and Korner [2] for proving the coding theorems of binary WOM to

prove Theorem 3.1. The proof of Theorem 3.1 is divided into two
parts: 1) proof of the direct part of Theorem 3.1, and 2) proof of the

(-1 - 0 converse part of Theorem 3.1. In order to prove Theorem 3.1, we
=Pr{Si—2 = 0}p, == Hpo introduce some properties of typical sequences.
=1

:PI‘{St,Z = 0} PI‘{St71 = 0|St72 = 0}

it follows that A. Properties of Typical Sequences

—1
H(Si|Si—1) = fl—[]]gi))H(p(t) . In this subsection, we only list those properties of typical sequences
o ‘ which we need for establishing our results. For details of typical

. . - o sequences and the proofs of these properties, we refer to the book
The capacity region of the, £1)-WOM is given by Theorem 3.1. \iinten by Csisar and Korner [8]. If A is a finite set|A| denotes

2) The transition matrix of the), £;)-WOM is the cardinality ofA in this correspondence.
A= {1 1q_1} Let X', Y be two finite sets, and 162(.X) be the set of probability
0 I | distributions onX. For ™ € X", let N(a|z") be the number of
occurrences oft € X in z". The type ofz" is the distributionP,~
on X, defined by

=1

Then

1q'AT_]'1;:1+(q_1)T' 1
Pon(a) = =N(a|z"), € X.
The result follows from Theorem 3.2. | e (a) n (ale®), @€

Remark: If we takeq = 2 in Corollary 3.1, then we get the resultsLet 7" (X) be the set of types. FaP € 7" (X'), we denote

of [2] for binary WOM.
Tp = {z" € X"

Pon = P}
Corollary 3.2: The maximum total number of information bits

stored in one storage cell of th¥’, £,)-WOM during thel updating AssumeX is a random variable, which takes values.in If its

cycles is probability distributionPx € 7"(X), we denoteTs, = T%. For
q—1 a pair of sequences
Cr(V, &) =log, CTH8 Y =N [log, (T + i) — log, i
(V. &) B2 lg—1 ;[ s ( ) g i 2" = (21, ) € A"
whereCy, = n!/m!(n — m)l and
Proof: The transition matrix of thegV,&;)-WOM is U, = y" = (y1, ,yn) €EY"

(uij)gxq, Whereu;; = 1,10f j > i, uy; = 0, if j<i. Here
. let N(a,b|z™, y™) be the number of occurrences(af b)) € X' x ) in
U, = {g"_l 41*1} {(zi,y:)}=1- The joint type ofz” andy™ is the distributionP.» =
a-1 on X x Y, defined by
where04_1 is the zero vector of length — 1.

Therefore, Py yn(a,b) = lN(a, bla",y"), a € X, beEY.
n
t—1
1,-U 7 1, =1+ Zlq,l Uy 154, In the same way, we can defiffé’ (X x ) andT:, P € T"(X x
j=0 Y). SupposeX,Y are two random variables, which take values in

X and ), respectively. If the joint probability distributio®x y €
T (X x Y), then the marginal distributio®®y € 7"(X) and
! Py € T*(Y). We denoteTs. . =T% . Forz™ € T%, we denote
Ba =143 Bjqmr, t>1g>2. ’ ) ey A *
Jj=1 T{}lx(;l'n) = {yn € y7z|]—{l,7z.y71 = P‘\'7y}_

DenotefBiq = 14- Uy " - 15, t = 1,2,---. Then
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Property 4.1: For anyP € P(.X), there exists a sequence of typesix m € I, = {1,---, M}, andu € T3, then

P, € T"(X), such that
) Pr{Fn NG(u) = 0} = Pr{for every b € G(u),7, # m}

- L
M,

exp{—ku/M:}

ax | P, (r) — P(x . n— oo
max|P, () — P(z)| =0,  n—oc

Property 4.2:

IN

[7™(X)] < (n+ 1)I*

< exp{—(n+ 1)7(122"H(52‘51)/xwz}
Property 4.3: , =exp{—(n+1)" 2"} =0, n — oo
(n 4 1)7 2 <7y | < 270, Therefore,
Property 4.4: For anyz" € Ty, we have Pr{3m € I and u € T5,,s.t. Frn N G(u) = 0}
(n 4 1)1 ¥IIgnHOIX) o T (2™)] < gnH(Y|X) < Mo - |TZ| - exp{—(n+ 1)7q22né}
<@ ep{-(n+1) T2 =0, 0 oo,

B. Proof of the Direct Part of Theorem 3.1

The Direct Part of Theorem 3.1AssumeS,, .So, -+, Sy are ran-
dom variables, which take values Wy and$; — S — -+ —
St. For any fixedé >0 (very small), set

This implies that whem is sufficiently large, there exists a partition
of Tg,, which satisfiedroperty &. This completes the proof of the
direct part of Theorem 3.1. O

M, =2"HEU=E C. Proof of the Converse Part of Theorem 3.1

M, =2HSdSe—0=8l -y =9 3 ... T, The Converse Part of Theorem 3.1f  there  exists  an
(n,T,My,---,Mr) code for the (V,&)-WOM, then the rate

For n sufficiently large, there exists dm, T, M, - -, Mr) code for vector

the (V, £)-WOM.

Remark: M:,---, Mr are assumed to be positive integers. Thié(l//n)10g2 M, (1/n)logy Mz, -+, (1/n)logy My) € Ry (V. €).

assumption does not affect the asymptotic behavior of the code. Proof: Let Wy, Ws,---, W, be independent random variables,
uniformly distributed over the message skt = {1,---, M},
= 1,2,---,T, respectively. Let{(f,,g.)}i=; be theT pairs of
gcodlng and decoding functions for the, T, M, ---, M) code.
DenoteYy" = 0 (zero vector),

Proof: For simplification, we only prove the direct part of
Theorem 3.1 fofl' = 2. It is easy to extend our proof for genef@l
Note that we can define the encoding and decoding function for tﬂ
tth cycle in the same way as for the second cycle.

By Property 4.1, we can assunfs, s, € 7"(V x V). This Y = (Yin,Yig, o+ Vi) = ful(W, Y t=1,--,T.
assumption does not affect the asymptotic behavior of the foIIowing ’ - i
code construction. It follows thatYy"; = Y;", andg,(Y{") = WY1, = Yi,

Suppose{Fm}M2 is a partition ofT%,, i.e, FnNF,. =0, t = L2 T, ¢ = 1,2,---,n. BecauseW, and Y/, are

m=1

m # m'; and M2, F,.. = TZ,. There exists arin, T, M;, My) independent, we have

m=1
code for the(V, £)-WOM, if this partition satisfies the following HW,) = W,V y) = HW, Y7 [Yi )
property. Y 2
Property&: For anyu € Tg, and anymz € I» = {1,---, Ma}, > H(Y[Y™) > HW,|Y,",) = HW,)

there exists a vectar € Fi,,, such thatu = «.
The encoding and decoding functions can be defined as followdvherel) follows from the fact that’," = f.(W:, Y/Z,); 2) follows

The first cycle: By Property 4.3, we can choosd, different from the fact thaty:(Y;") = W. Therefore,
eleme_n’[srul,ruz,_---,vM1 € ’Tg?l, encoding functionfi(:) = v, HW,) = H(Y V")), t=1,2,---,T.
decoding functiong; (v;) = 1.

The second cycleWe know that for anyu € T¢g , and any Let L be an index random variable, which uniformly distributes over
j €I, ={1,---, M}, there exists a vector;(u) € F};, such that the index se{1,2,---,n}, andL is independent of all other random
u = z;(u). We can define the encoding functiga(j,») = =;(u), variables. Then

and the decoding functiog(z) = j, if z € Fj. 1 1 i
In what follows, we show that there exists such a partitiof §f, n log, M = QH(W’) = gH(}t 1)
by using a random coding method. With evérg 7¢,, we connect
a random index, which is uniformly distributed over the message < S HYi[Yier)
setl, = {1,---, M.}, and all these random indices are independent. i=
Define 2HY LY 12.L)
Fo. ={b €Tg,|r, =m}, m=1,2,---, M. <HY,r[Yici1)

Then {F,,})2, forms a random partition offZ,. For a fixed wherel) follows from the fact that

m=1
v € Tg , set n
G(u) = {z € TL |u = x}, by = |G(u)). HY:; Y10, L) = ZPI‘{L =i}H(Y; Yoo, L =)

1 n N
~ D HY Y1),
T =1

SinceS| = S, thenT, ¢, (u) € G(u). By Property 4.4, we have

2 o
ku = |G(w)] 2 [T, 5, (w)] 2 (n 4 1)7 7 2",
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For everyt = 1,2,---,T, Yi_y 1. = Yi., but random variables whereb!") = 0, j ¢ V. We know thab!"” = (b1, 6!}, -, b!")_ ),

Yi, Yo, Yl . may not form a Markov chain. We take a newi = 0,1 ,q—1;t = 2,3,---,T, are probability vectors,
set of random variable§,, S, - - -, S, which take values iV, and B(t) = b(f))qxq t = 2,3,---,T, are stochastic matrices, and
the joint probability distribution is defined by dD . BY — 4O Then,

Pr{S: = j1,5 = j2,---, St = jr} H(Sl):}[(d‘:l))

=Pr{Y1,L = jl} Pr{Ysr = jo|Y1,L = j1}

g—1
_ (t—1) () _
< Pr{Yr L =julYro1L = jra H(5|Si—1) = Zdi H®;), t=23,.T.

i=0
It is not difficult to see that for every = 1,2,..-,T, the random Suppose
variables(S:—1, S¢) and (Y;—1,., Y%, L) have the same probability , O a0 "
distribution. Therefore§; = Sy = --- = Sr, and Ab-1g =070 000 ), t=0,1,2,---,T,
H(S1)=H(Y1,.L), where A’ = I, (unit matrix of orderg).
H(S:(|Si—1) =HY: 1[Yer 1),  t=2,3.---.T. Lemma 5.2: For anym = 1,2,---,T we have
Hence

ST H(Sri1-i]Sr—) <A77 - log, (A7 - 15).

1
—10{:‘;2 .A/It S H(St|5171)§ t= 1,2,' . ,T

where Sy = 0. This implies that Equality holds if and only if for every = 1,2,---,m

1 ) , y o " (-1 -1 ooy
<; log, M, nflogg Ms,---, ; log, Ml-) ERr(V,E). O b%ﬂ—o 1 621:; 6 7, ifjeVs (®)
0, if j V.
V. PROOF OF THEOREM 3.2: Proof: We prove this lemma by using induction amn.
A vector & = (wo,a1,---,14-1) is called positive if  Casem =1: Fromd' T) =0,j &€ Vi, we have

o, &1,y tq—1 >0, We denote "
H®") < log, [Vi] = log,(a; - 15).

log, ® = (log, @0, logy x1,-- -, log, x4—1).
) - _ Therefore,
A vectorp = (po,pi1,- pq 1) is called a probability vector if
Do, Pls *yPg—1 2> 0 andV”’_1 pi; = 1. It follows from theLog sum H(Sr|Sr_1) = Sd(“”}l(b“’)‘) <d@Y .10 (A-15)
inequality (see [10, p. 29]) that Hiet= = " L= 82 a
Lemma 5.1: For a positive constant vector Equality holds if and only Iﬁ)(l) — 1/, if j €V, andb(l) -0
A= (Ao Ar, - a Ago1) if j & V;. This implies that the assertion is true for = 1. Assume
- that the assertion is true forn = k. Below we prove the assertion
and a probability vector is true form = k + 1.
p= (])07]717”'?])‘7_1) k+1
ZH(ST+171|5T71)
q—1 =1
H(p) + [log, A] - p” < log, |: )\,;:| = log, (A~ 1g). k
; ! =H(5'1'7k|51>/c71)+z H(Sp11-4|Sr—1)
. . . =1
Equality holds if and only if
ey Y CH(Sr—0|Sr—p)+d T - log, (4" - 1)
q
i = A 2, i =0,1,---,q—1. Kk o e ,
p /[,Zo ;} ? q :ngl k l)H(bgl k))+d(1 k—1) _Bu k) 10g2(Ak . 1;)
1=0

For a DAG (V, &) with 0 as the root, we denote q—1 Pty . .

=N "d TR RGBT 0T L og, (AR - 19)].

Vi={jeVi=j}, i=0,1,---,q—1 ;(z [H(b; )+b; 08, ( )l

whereV, = V. The transition metrix of the DAC{V.,E') is defined By Lemma 5.1 and the fad"z('Tj_k) =0, ¢ Vi, we have
asA = (aij)qxq, Wherea;; =1, j € Vi, anda;; =0, j € Vi. Let ’

a; :(ai,Oa("i,ls'"aa/i,qfl)-s I:O,l..(]_l H(b(T L))-i—b(T ") lng(Ak <10§‘, <Z Hsk)>
rey;

For the random variableS§,, Sz, -- -, S, which take values iV, b e
=log,(a;- A" - 17).

and$S; — S, — --- = Sr, we define

A9 =Pr{S; =i}, i=01,---,q—1; t=1,2,---,T Hence
k+1
(t) — (4 4(t) () _ Tk .
d = (dy . dy’ e dy2y), t=12,---.T ZH(STH,AST,;)ng’A’1~log2(Ak+1~1j).
whered'?, t = 1,2,---,T are probability vectors. Assume =t
0 ) ) Equality holds if and only if for every = 1,2,---,k+1, (#) holds.
by j = Pr{St = j|Si—1 =i}, This implies that the assertion is true for= & + 1. This completes

i,j=0,1,---,g—-1; t=2,3,---,T the proof of the lemma. O
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Proof of Theorem 3.2:From Lemma 5.2, we have binary WOM to the generalized WOM. By considering the previous
r_1 state of the memory as side-information available to the encoder and
Z H(Si41]8:) <d -log, (A" 71 -15). decoder, Wolf, Wyner, Ziv, and &ner [2] studied the binary WOM
= in the following cases:

(E+, Dy4) Both the encoder and decoder know the previous state

By Lemma 5.1 andH (S,) = H(d"), we have of the memory.

H(S1)+ H(S2|51)+ -+ H(S7|S7 1) (E4, D_) The encoder knows and the decoder does not know the
1) 1) Tt e previous state of the memory.

SH()+d 7 -log,(A 1) (E_, D4) The encoder does not know and the decoder knows the
<logy(1,- A1 10), previous state of the memory.

h lit holds i and onlv if f L ‘ (E_, D_) Boththe encoder and decoder do not know the previous
w erhe If(ejqualk:.y 0 I.S : T}nconyl Tle"er”— ;Tz_]? N E state of the memory.
(#) holds. This implies thaCr(V, &) = log,(1, - “1g). Using zero-error ande-error as performance criteria, they in-
Below we present a combinatorial proof for the converse part ggstigated the problem of determining the capacity region and the
Theorem 3.2. The main idea of this proof comes from Simonyi arfiaximum total number of information bits stored in the memory for
Tardos [9], who presented a combinatorial proof of the converde successive cycles.
coding theorem for write-unidirectional memory. The generalized WOM can be studied in the same way as that
considered by Wolf, Wyner, Ziv, anddtner [2]. Here we study the

Property: For an(n, T Mi,---, Mr) code of(V, £)-WOM, we  generalized WOM only in the casd,., D_) with zero-error codes,

have because this case is the most interesting and natural one. It should be
T . pointed out that some other results for the binary WOM in [2] can
HMi <-4 7 - 1] also be established for the generalized WOM. There are still some
=1 unsolved difficult problems for the generalized WOM, for example,
Proof: Assume in the casesE_, D_) and(E_, D) with e-error codes, the explicit
. 7 formula for the maximum total number of information bits stored in
V(T) = {(vi,v2,,0or) EV |1 = 12 = -+ = vr }.

the memory forI" successive cycles is not known to us.
It is easy to verify that

V()| =1,-A"1 18,
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Remark: The proof above is only valid for zero-error codes. It is
not difficult to see from the proofs of Theorems 3.1 and 3.2 in Section
IV and V that Theorems 3.1 and 3.2 are still true feerror codes.

VI. CONCLUSIONS

In this correspondence, we study the problem of how to reuse a
generalized WOM foff” successive cycles. When the encoder knows
and the decoder does not know the previous state of the memory and
different codes are allowed to be used in every cycle, we determine
the zero-error capacity region and the maximum total number of
information bits stored in the memory f@t successive cycles. These
results extend the results of Wolf, Wyner, Ziv, andrder for the



