
308 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 45, NO. 1, JANUARY 1999

[9] G. Z. Xiao and J. L. Massey, “A spectral characterization of correlation-
immune combining functions,”IEEE Trans. Inform. Theory, vol. 34, pp.
569–571, May 1988.

[10] A. V. Oppenheim and R. W. Schafer,Digital Signal Processing. En-
glewood Cliffs, NJ: Prentice Hall, 1975.

[11] M. Bellanger,Digital Processing of Signals.New York: Wiley, 1984.

On the Capacity of Generalized Write-Once
Memory with State Transitions Described
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Abstract—The generalized write-once memory introduced by Fiat and
Shamir is a q-ary information storage medium. Each storage cell is
expected to store one ofq symbols, and the legal state transitions are
described by an arbitrary directed acyclic graph. This memory model
can be understood as a generalization of the binary write-once memory
which was introduced by Rivest and Shamir. During the process of
updating information, the contents of a cell can be changed from a0-
state to a 1-state but not vice versa. We study the problem of reusing
a generalized write-once memory forT successive cycles (generations).
We determine the zero-error capacity region and the maximum total
number of information bits stored in the memory for T consecutive
cycles for the situation where the encoder knows and the decoder does
not know the previous state of the memory. These results extend the
results of Wolf, Wyner, Ziv, and K örner for the binary write-once
memory.

Index Terms—Capacity, directed acyclic graph, information, WOM-
codes, write-once memory.

I. INTRODUCTION

A write-once memory (WOM) is a binary information storage
medium. During the process of updating information, the contents
of a cell can be changed from a0-state to a1-state but notvice
versa. This class of WOM includes punch cards and digital optical
discs in which binary data is represented by blanks (0’s) and dots
(1’s). Due to the updating technology, the dots cannot be removed.
Rivest and Shamir [1] showed that, if the encoder knows and the
decoder does not know the previous state of the memory, WOM can
be reused very efficiently by using the same code for every updating
cycle. Wolf, Wyner, Ziv, and K¨orner [2] studied the WOM from an
information-theoretical point of view. They determined the capacity
region and the maximum total number of information bits stored in
the memory for fixedT successive cycles by using arbitrary codes
for every cycle. Cohen, Godlewski, and Merkx [3] presented a class
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of linear coset codes for the WOM. Cohen and Zëmor [4] presented
a construction method for the error-correcting WOM codes.

Fiat and Shamir [5] studied the generalized write-once memory,
which is a q-ary information storage medium. Each storage cell is
expected to store one ofq symbols, and the legal state transitions
are described by an arbitrary directed acyclic graph. They extended
the results of Rivest and Shamir [1] for the binary WOM to the
generalized WOM, in the case when the encoder and decoder use
the same code for every cycle. Heegard [6] investigated the noisy
WOM and presented an inner bound for the"-error capacity region.
He showed that in some cases the inner bound is exactly the"-
error capacity region. Kuznetsov and Vinck [7] studied the general
defective channel with informed encoder as a generalization of a
memory with defects. They presented lower and upper bounds for
the maximum transmission rate. As a corollary, they derived the
capacities of the binary WOM and other constrained memories.

In this correspondence, we study the problem of reusing a gener-
alized WOM for T successive cycles. We determine the zero-error
capacity region and the maximum total number of information bits
stored in the memory forT successive cycles for the situation where
the encoder knows and the decoder does not know the previous state
of the memory, and different codes are allowed to be used in every
cycle. These results extend the results of Wolf, Wyner, Ziv, and
Körner for the binary WOM to the generalized WOM.

II. DEFINITIONS, NOTATIONS, AND MODEL

In this section, we first give the mathematical model of the
generalized WOM with notations as in [5]. Then we give some
examples of the generalized WOM and conclude with the definitions
of WOM codes, the capacity region, and the maximum total number
of information bits stored in the memory forT successive cycles.
Below we first introduce some concepts and notations of a directed
graph.

A directed graph is a pair(V ; E), whereV is the set of vertices
and E � V � V is the set of edges. A directed edge froms to s0

is denoted bys ! s0: A path from s to s0 is a sequence of zero
or more edges inE of the form s = s1 ! s2 ! � � � ! sk = s0:

The notations =) s0 is used to represent the fact that there exists a
path froms to s0: A cycle is a nonempty path from a vertex to itself.
A directed graph which does not contain cycles is a directed acyclic
graph, abbreviated as DAG. A rooted DAG is a triple(V; E ; r) such
that (V; E) is a DAG, the rootr 2 V, and for anys 2 V there is a
path fromr to s: In the sequel, we only consider rooted DAG’s. We
assumeV = f0; 1; � � � ; q � 1g%; and0 is the root.

A generalized WOM is aq-ary information storage medium. Each
storage cell is expected to store one ofq symbols, and the legal
state transitions are described by a rooted directed acyclic graph
(V; E), abbreviated as(V; E)-WOM. During the process of updating
information we can updates to s0 if and only if s =) s0: This
memory model can be seen as a generalization of the binary write-
once memory.

Remark: The writing (updating) constraints here are described by
the paths (not edges) of a rooted DAG(V; E): We adopt this point
of view from the original paper by Fiat and Shamir [5].

Example 1: V = f0; 1g; E = f0 ! 1g; the (V; E)-WOM is a
binary WOM. A storage cell in a “0” state may be left unchanged, or
updated to the “1” state. A storage cell in a “1” state is then forever
stuck at the “1” state.
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Example 2: V = f0; 1; 2; 3g; E = f0 ! 1; 0 ! 2; 0 ! 3g;
during the updating process, a storage cell in a “0” state may be left
unchanged or updated to the “1” or “ 2” or “ 3” state. A storage cell
in an “i” (i = 1; 2; 3) state is then forever stuck at the “i” state.

Example 3: V = f0; 1; 2; 3g; E = f0 ! 1; 1 ! 2; 2 ! 3g;
during the updating process, a storage cell in a “0” state may be left
unchanged or updated to the “1” or “ 2” or “ 3” state. A storage cell
in a “1” state may be left unchanged, or updated to the “2” or “ 3”
state. A storage cell in a “2” state may be left unchanged or updated
to the “3” state. A storage cell in a “3” state is then forever stuck
at the “3” state.

Assume that the(V; E)-WOM consists ofn storage cells. The
initial state of all the storage cells is “0” (root). We want to reuse the
(V; E)-WOM for T successive cycles. We only consider the following
case: The encoder knows and the decoder does not know the previous
state of the memory. The encoder and decoder can use arbitrary codes
for every cycle, and there are no decoding errors (zero-error case).

Notation: For the vectors

xn = (x1; x2; � � � ; xn) 2 V
n

yn = (y1; y2; � � � ; yn) 2 V
n

we denotexn =) yn if and only if xi =) yi; i = 1; 2; � � � ; n:

Definition 1: An (n; T;M1; � � � ;MT ) code for the(V; E)-WOM
consists ofT pairs of encoding and decoding functionsf(ft; gt)gTt=1,
where the message index setsIt = f1; � � � ;Mtg, the encoding
functionsft:It�Vn 7�!Vn, and the decoding functionsgt:Vn 7�!It:
These encoding and decoding functions satisfy: For anym1 2 I1,
m2 2 I2; � � � ;mT 2 IT ; denoteyn0 = (0; � � � ; 0) = 0 2 Vn

and ynt = ft(mt; y
n
t�1); t = 1; � � � ; T: Then, ynt�1 =) ynt and

gt(y
n
t ) = mt; t = 1; � � � ; T:

Denote

Rt = (1=n) log2Mt; t = 1; � � � ; T:

The T -tuple (R1; � � � ; RT ) is called the rate vector of this code.
The closure of the set of all rate-vectorsAT (V; E) is called the
capacity region of the(V; E)-WOM. The maximum total number
of information bits stored in one storage cell of the(V; E)-WOM
during theT updating cycles is

CT (V; E) = max

T

t=1

Rtj(R1; R2; � � � ; RT ) 2 AT (V; E) :

III. M AIN RESULTS

We present an information-theoretic single-letter characterization
for the capacity regionAT (V; E); and a formula for the maximum
total number of information bitsCT (V; E) stored in one storage cell
of the (V; E)-WOM during theT updating cycles.

LetH(�) represent the entropy of a random variable or a probability
vector;H(�j�) represent the conditional entropy;<+ denote the set
of nonnegative real numbers; and

V̂ = f(v1; v2) 2 V
2jv1 =) v2g:

For the two random variablesX;Y which take values inV, we
denoteX =) Y if for any (x; y) 62 V̂ , Pr fX = x; Y = yg = 0:
Let the random variablesS1; S2; � � � ; ST form a Markov chain
which takes values inV: We denoteS1 =) S2 =) � � � =) ST ;
if for every t = 2; 3; � � � ; T; St�1 =) St: Assume
BT (V; E) = f(R1; R2; � � � ; RT ) 2 <T

+j there exist random
variablesS1; S2; � � � ; ST ; S1 =) S2 =) � � � =) ST ; such that
R1 � H(S1); R2 � H(S2jS1); � � � ; RT � H(ST jST�1)g:

The setRT (V; E) is the closed set generated byBT (V; E):

Theorem 3.1: The zero-error capacity region of the(V; E)-WOM
is AT (V; E) = RT (V; E):

The proof of Theorem 3.1 will be given in Section IV.

Remark: Heegard [6] determined the"-error capacity region for
the deterministic WOM, which has the same representation form as
Theorem 3.1 (zero-error capacity region). In [6], Heegard first derived
an inner bound for the"-error capacity region of the noisy WOM.
Then he showed that this inner bound is tight for the deterministic
WOM. It should be pointed out that the proof of the converse part
of [6, Theorem 3] is not complete.

For a given rooted DAG(V; E); we define its transition matrix as
AAA = (aij)q�q, whereaij = 1 if there is a (zero or nonzero) path
from vertex i to vertex j, and aij = 0, otherwise. We denote1mmm
as the all-one row vector of lengthm, andIm as the unit matrix of
orderm: If Q is a matrix, we useQc to denote its transpose matrix.

Remark: The transition matrix defined here is based on the path set
(not based on the edge setE). The matrixA described here is actually
the incidence matrix of the “transitive closure” of the original DAG
plus the identity matrix.

Theorem 3.2: The maximum total number of information bits
stored in one storage cell of the(V; E)-WOM during theT updating
cycles is

CT (V; E) = log2(1qqq �AAA
T�1 � 1cqqq):

The proof of Theorem 3.2 will be given in Section V.

Remark: For a binary WOM, the transition matrix is

AAA =
1 1
0 1

and

(1; 1)
1 1
0 1

T�1
1
1

= T + 1:

Hence, the maximum total number of information bits stored in one
bit position of the binary WOM during theT updating cycles is
log2(T + 1) (see Wolf, Wyner, Ziv, and K̈orner, [2]).

We consider the following two types of generalized WOM’s.

1) V = f0; 1; � � � ; q�1g; E1 = f0! 1; 0! 2; � � � ; 0! q�1g:

2) V = f0; 1; � � � ; q � 1g; E2 = f0 ! 1; 1 ! 2; � � � ; q � 2 !
q � 1g:

Corollary 3.1:

1) The capacity region of the(V; E1)-WOM is
AT (V; E1) = f(R1; R2; � � � ; RT ) 2 <T

+j there exist proba-
bility vectors ppp(t) = (p

(t)
0 ; p

(t)
1 ; � � � ; p

(t)
q�1); t = 1; 2; � � � ; T;

such thatR1 � H(ppp(1)); Rt � (�t�1
i=1 p

(i)
0 )H(ppp(t)); t =

2; 3; � � � ; Tg:
2) The maximum total number of information bits stored in one

storage cell of the(V; E1)-WOM during theT updating cycles
is CT (V; E1) = log2[1 + (q � 1)T ]:

Proof:
1) AssumeS1; S2; � � � ; ST are random variables which take values

in V, andS1 =) S2 =) � � � =) ST : Let

p
(1)
j =PrfS1 = jg; j = 0; 1; � � � ; q � 1

p
(t)
j =PrfSt = jjSt�1 = 0g;

j = 0; 1; � � � ; q � 1; t = 2; 3; � � � ; T

ppp(t) =(p
(t)
0 ; p

(t)
1 ; � � � ; p

(t)
q�1); t = 1; 2; � � � ; T:
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Then

H(S1) = H(ppp(1));

H(StjSt�1) =

q�1

j=0

PrfSt�1 = jgH(StjSt�1 = j):

Since

PrfSt = jjSt�1 = jg = 1; j = 1; 2; � � � ; q�1; t = 2; 3; � � � ; T

we have

H(StjSt�1 = j) = 0; j = 1; 2; � � � ; q � 1; t = 2; 3; � � � ; T:

This implies that

H(StjSt�1) =PrfSt�1 = 0gH(StjSt�1 = 0)

=PrfSt�1 = 0gH(ppp(t)):

From

PrfSt�1 = 0g =

q�1

j=0

PrfSt�2 = jgPrfSt�1 = 0jSt�2 = jg

=PrfSt�2 = 0g PrfSt�1 = 0jSt�2 = 0g

=PrfSt�2 = 0gp
(t�1)
0 = � � � =

t�1

i=1

p
(i)
0

it follows that

H(StjSt�1) =

t�1

i=1

p
(i)
0 )H(ppp(t) :

The capacity region of the(V; E1)-WOM is given by Theorem 3.1.
2) The transition matrix of the(V; E1)-WOM is

AAA =
1 1qqq�1

0 Iq�1
:

Then

1qqq �AAA
T�1 � 1cqqq = 1 + (q � 1)T:

The result follows from Theorem 3.2.

Remark: If we takeq = 2 in Corollary 3.1, then we get the results
of [2] for binary WOM.

Corollary 3.2: The maximum total number of information bits
stored in one storage cell of the(V; E2)-WOM during theT updating
cycles is

CT (V; E2) = log2CCC
TTT+qqq�1
qqq�1 =

q�1

i=1

[log2(T + i)� log2 i]

whereCCCnnn
mmm = n!=m!(n � m)!:

Proof: The transition matrix of the(V; E2)-WOM is UUUqqq =
(uij)q�q, whereuij = 1, if j � i; uij = 0, if j < i: Here

UUUqqq =
UUUqqq�1 1

c
qqq�1

0qqq�1 1

where0qqq�1 is the zero vector of lengthq � 1:
Therefore,

1qqq � UUU
t�1
qqq � 1cqqq = 1 +

t�1

j=0

1qqq�1 � UUU
j
qqq�1 � 1

c
qqq�1:

Denote�t;q = 1qqq � UUU
t�1
qqq � 1cqqq; t = 1; 2; � � � : Then

�t;q = 1 +

t

j=1

�j;q�1; t � 1; q � 2:

We show that�t;q = CCCttt+qqq�1
qqq�1 by induction onq: From Corollary 3.1

we know that�t;2 = t+ 1; t � 1: This implies that the assertion is
true for q = 2: Assume the assertion is true forq = k, then

�t;k+1 = 1+

t

j=1

�j;k = 1 +

t

j=1

CCCjjj+kkk�1
kkk�1 = CCCttt+kkk

kkk :

This implies that the assertion is true forq = k + 1: Therefore, by
induction, we know the assertion is true. Hence

CT (V; E2) = log2CCC
TTT+qqq�1
qqq�1 :

Remark: The capacity regionAT (V; E2) is given by Theorem 3.1.
Unlike Corollary 3.1, here the capacity region has no more explicit
description.

IV. PROOF OF THEOREM 3.1

In this section, we generalize the methods of Wolf, Wyner, Ziv,
and Körner [2] for proving the coding theorems of binary WOM to
prove Theorem 3.1. The proof of Theorem 3.1 is divided into two
parts: 1) proof of the direct part of Theorem 3.1, and 2) proof of the
converse part of Theorem 3.1. In order to prove Theorem 3.1, we
introduce some properties of typical sequences.

A. Properties of Typical Sequences

In this subsection, we only list those properties of typical sequences
which we need for establishing our results. For details of typical
sequences and the proofs of these properties, we refer to the book
written by Csisźar and K̈orner [8]. If A is a finite set,jAj denotes
the cardinality ofA in this correspondence.

Let X ;Y be two finite sets, and letP(X ) be the set of probability
distributions onX : For xn 2 Xn, let N(ajxn) be the number of
occurrences ofa 2 X in xn: The type ofxn is the distributionPx
on X , defined by

Px (a) =
1

n
N(ajxn); a 2 X :

Let T n(X ) be the set of types. ForP 2 T n(X ), we denote

Tn
P = fxn 2 XnjPx = Pg:

AssumeX is a random variable, which takes values inX : If its
probability distributionPX 2 T n(X ), we denoteTn

P = Tn
X : For

a pair of sequences

xn = (x1; � � � ; xn) 2 Xn

and

yn = (y1; � � � ; yn) 2 Yn

letN(a; bjxn; yn) be the number of occurrences of(a; b) 2 X �Y in
f(xi; yi)g

n
i=1: The joint type ofxn andyn is the distributionPx ;y

on X � Y, defined by

Px ;y (a; b) =
1

n
N(a; bjxn; yn); a 2 X ; b 2 Y:

In the same way, we can defineT n(X �Y) andTn
P ; P 2 T n(X �

Y): SupposeX;Y are two random variables, which take values in
X andY, respectively. If the joint probability distributionPX;Y 2
T n(X � Y), then the marginal distributionPX 2 T n(X ) and
PY 2 T n(Y): We denoteTn

P = Tn
X;Y : For xn 2 Tn

X , we denote

Tn
Y jX(xn) = fyn 2 YnjPx ;y = PX;Y g:
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Property 4.1: For anyP 2 P(X ), there exists a sequence of types
Pn 2 T n(X ), such that

max
x2X

jPn(x)� P (x)j ! 0; n!1:

Property 4.2:

jT n(X )j � (n+ 1)jXj:

Property 4.3:

(n+ 1)�jXj2nH(X) � jTnX j � 2nH(X):

Property 4.4: For anyxn 2 TnX ; we have

(n+ 1)�jXjjYj2nH(Y jX) � jT n
Y jX(x

n)j � 2nH(Y jX):

B. Proof of the Direct Part of Theorem 3.1

The Direct Part of Theorem 3.1:AssumeS1; S2; � � � ; ST are ran-
dom variables, which take values inV, andS1 =) S2 =) � � � =)
ST : For any fixed� > 0 (very small), set

M1 =2n[H(S )��]

Mt =2n[H(S jS )��]; t = 2; 3; � � � ; T:

Forn sufficiently large, there exists an(n; T;M1; � � � ;MT ) code for
the (V; E)-WOM.

Remark: M1; � � � ;MT are assumed to be positive integers. This
assumption does not affect the asymptotic behavior of the code.

Proof: For simplification, we only prove the direct part of
Theorem 3.1 forT = 2: It is easy to extend our proof for generalT:
Note that we can define the encoding and decoding function for the
tth cycle in the same way as for the second cycle.

By Property 4.1, we can assumePS ;S 2 T n(V � V): This
assumption does not affect the asymptotic behavior of the following
code construction.

SupposefFmg
M
m=1 is a partition ofTnS , i.e., Fm Fm = ;,

m 6= m0; and M

m=1 Fm = TnS : There exists an(n; T;M1;M2)
code for the(V; E)-WOM, if this partition satisfies the following
property.

Property|: For anyu 2 TnS and anym2 2 I2 = f1; � � � ;M2g,
there exists a vectorx 2 Fm , such thatu =) x:

The encoding and decoding functions can be defined as follows.
The first cycle: By Property 4.3, we can chooseM1 different

elementsv1; v2; � � � ; vM 2 TnS ; encoding functionf1(i) = vi;
decoding functiong1(vi) = i:

The second cycle:We know that for anyu 2 TnS , and any
j 2 I2 = f1; � � � ;M2g, there exists a vectorxj(u) 2 Fj , such that
u =) xj(u): We can define the encoding functionf2(j; u) = xj(u),
and the decoding functiong2(x) = j, if x 2 Fj :

In what follows, we show that there exists such a partition ofTnS ,
by using a random coding method. With everyb 2 TnS , we connect
a random indexrb which is uniformly distributed over the message
setI2 = f1; � � � ;M2g, and all these random indices are independent.
Define

Fm = fb 2 TnS jrb = mg; m = 1; 2; � � � ;M2:

Then fFmg
M
m=1 forms a random partition ofTnS : For a fixed

u 2 TnS , set

G(u) = fx 2 TnS ju =) xg; ku = jG(u)j:

SinceS1 =) S2, thenTnS jS (u) � G(u): By Property 4.4, we have

ku = jG(u)j � jT n
S jS (u)j � (n+ 1)�q 2nH(S jS ):

Fix m 2 I2 = f1; � � � ;M2g; andu 2 TnS ; then

PrfFm \G(u) = ;g = Prffor every b 2 G(u); rb 6= mg

= 1�
1

M2

k

� expf�ku=M2g

� expf�(n+ 1)�q 2nH(S jS )=M2g

= expf�(n+ 1)�q 2n�g ! 0; n!1:

Therefore,

Prf9m 2 I2 and u 2 TnS ; s:t: Fm \G(u) = ;g

�M2 � jT
n
S j � expf�(n+ 1)�q 2n�g

� q2n � expf�(n+ 1)�q 2n�g ! 0; n!1:

This implies that whenn is sufficiently large, there exists a partition
of TnS , which satisfiesProperty |. This completes the proof of the
direct part of Theorem 3.1.

C. Proof of the Converse Part of Theorem 3.1

The Converse Part of Theorem 3.1:If there exists an
(n; T;M1; � � � ;MT ) code for the (V; E)-WOM, then the rate
vector

((1==n) log2M1; (1=n) log2M2; � � � ; (1=n) log2MT )2RT (V; E):

Proof: Let W1;W2; � � � ;WT be independent random variables,
uniformly distributed over the message setIt = f1; � � � ;Mtg;
t = 1; 2; � � � ; T; respectively. Letf(ft; gt)gTt=1 be theT pairs of
encoding and decoding functions for the(n; T;M1; � � � ;MT ) code.
DenoteY n

0 = 0 (zero vector),

Y n
t = (Yt;1; Yt;2; � � � ; Yt;n) = ft(Wt; Y

n
t�1); t = 1; � � � ; T:

It follows that Y n
t�1 =) Y n

t ; and gt(Y n
t ) = Wt; Yt�1;i =) Yt;i;

t = 1; 2; � � � ; T; i = 1; 2; � � � ; n: BecauseWt and Y n
t�1 are

independent, we have

H(Wt) =H(WtjY
n
t�1) = H(Wt; Y

n
t�1jY

n
t�1)

1)

� H(Y n
t jY

n
t�1)

2)

� H(WtjY
n
t�1) = H(Wt)

where1) follows from the fact thatY n
t = ft(Wt; Y

n
t�1); 2) follows

from the fact thatgt(Y n
t ) = Wt: Therefore,

H(Wt) = H(Y n
t jY

n
t�1); t = 1; 2; � � � ; T:

Let L be an index random variable, which uniformly distributes over
the index setf1; 2; � � � ; ng; andL is independent of all other random
variables. Then

1

n
log2Mt =

1

n
H(Wt) =

1

n
H(Y n

t jY
n
t�1)

�
1

n

n

i=1

H(Yt;ijYt�1;i)

1)
= H(Yt;LjYt�1;L; L)

�H(Yt;LjYt�1;L)

where1) follows from the fact that

H(Yt;LjYt�1;L; L) =

n

i=1

PrfL = igH(Yt;LjYt�1;L; L = i)

=
1

n

n

i=1

H(Yt;ijYt�1;i):
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For everyt = 1; 2; � � � ; T; Yt�1;L =) Yt;L, but random variables
Y1;L; Y2;L; � � � ; YT;L may not form a Markov chain. We take a new
set of random variablesS1; S2; � � � ; ST ; which take values inV, and
the joint probability distribution is defined by

PrfS1 = j1; S2 = j2; � � � ; ST = jT g

= PrfY1;L = j1g PrfY2;L = j2jY1;L = j1g

� � �PrfYT;L = jT jYT�1;L = jT�1g:

It is not difficult to see that for everyt = 1; 2; � � � ; T; the random
variables(St�1; St) and (Yt�1;L; Yt;L) have the same probability
distribution. Therefore,S1 =) S2 =) � � � =) ST , and

H(S1) =H(Y1;L);

H(StjSt�1) =H(Yt;LjYt�1;L); t = 2; 3; � � � ; T:

Hence
1

n
log2Mt � H(StjSt�1); t = 1; 2; � � � ; T

whereS0 = 0: This implies that

1

n
log2M1;

1

n
log2M2; � � � ;

1

n
log2MT 2 RT (V; E):

V. PROOF OF THEOREM 3.2:

A vector xxx = (x0; x1; � � � ; xq�1) is called positive if
x0; x1; � � � ; xq�1> 0: We denote

log2 xxx = (log2 x0; log2 x1; � � � ; log2 xq�1):

A vector ppp = (p0; p1; � � � ; pq�1) is called a probability vector if
p0; p1; � � � ; pq�1 � 0 and�q�1

i=1 pi = 1: It follows from theLog sum
inequality (see [10, p. 29]) that

Lemma 5.1: For a positive constant vector

��� = (�0; �1; � � � ; �q�1)

and a probability vector

ppp = (p0; p1; � � � ; pq�1)

H(ppp) + [log2 ���] � ppp
c � log2

q�1

i=0

�i = log2(��� � 1
c
qqq):

Equality holds if and only if

pi = �i

q�1

j=0

�j ; i = 0; 1; � � � ; q � 1:

For a DAG (V; E) with 0 as the root, we denote

Vi = fj 2 Vji =) jg; i = 0; 1; � � � ; q � 1

whereV0 = V: The transition matrix of the DAG(V; E) is defined
asAAA = (aij)q�q, whereaij = 1, j 2 Vi, andaij = 0, j 62 Vi: Let

aaai = (ai;0; ai;1; � � � ; ai;q�1); i = 0; 1; � � � ; q � 1:

For the random variablesS1; S2; � � � ; ST ; which take values inV;
andS1 =) S2 =) � � � =) ST ; we define

d
(t)
i =PrfSt = ig; i = 0; 1; � � � ; q � 1; t = 1; 2; � � � ; T

ddd(t) =(d
(t)
0 ; d

(t)
1 ; � � � ; d

(t)
q�1); t = 1; 2; � � � ; T

whereddd(t); t = 1; 2; � � � ; T are probability vectors. Assume

b
(t)
i;j = PrfSt = jjSt�1 = ig;

i; j = 0; 1; � � � ; q � 1; t = 2; 3; � � � ; T

whereb(t)i;j = 0, j 62 Vi: We know thatbbb(t)i = (b
(t)
i;0; b

(t)
i;1; � � � ; b

(t)
i;q�1);

i = 0; 1; � � � ; q � 1; t = 2; 3; � � � ; T; are probability vectors,
BBB(t) = (b

(t)
i;j)q�q; t = 2; 3; � � � ; T; are stochastic matrices, and

ddd(t�1) � BBB(t) = ddd(t): Then,

H(S1) =H(ddd(1))

H(StjSt�1) =

q�1

i=0

d
(t�1)
i H(bbb

(t)
i ); t = 2; 3; � � � ; T:

Suppose

AAAt � 1cq = (�
(t)
0 ; �

(t)
1 ; � � � ; �

(t)
q�1)

c; t = 0; 1; 2; � � � ; T;

whereAAA0 = Iq (unit matrix of orderq).

Lemma 5.2: For anym = 1; 2; � � � ; T we have
m

l=1

H(ST+1�ljST�l) � ddd(T�m) � log2(AAA
m � 1cq):

Equality holds if and only if for everyl = 1; 2; � � � ;m

b
(T+1�l)
i;j = �

(l�1)
j

r2V

�
(l�1)
r ; if j 2 Vi

0; if j 62 Vi:

(�)

Proof: We prove this lemma by using induction onm:

Casem = 1: From b
(T )
i;j = 0, j 62 Vi; we have

H(bbb
(T )
i ) � log2 jVij = log2(aaai � 1

c
q):

Therefore,

H(ST jST�1) =

q�1

i=0

d
(T�1)
i H(bbb

(T )
i ) � ddd(T�1) � log2(AAA � 1cq):

Equality holds if and only ifb(T )i;j = 1=jVij, if j 2 Vi, andb(T )i;j = 0,
if j 62 Vi: This implies that the assertion is true form = 1: Assume
that the assertion is true form = k: Below we prove the assertion
is true for m = k + 1:

k+1

l=1

H(ST+1�ljST�l)

=H(ST�kjST�k�1)+

k

l=1

H(ST+1�ljST�l)

�H(ST�kjST�k�1)+ddd(T�k) � log2(AAA
k � 1cq)

=

q�1

i=0

d
(T�k�1)
i H(bbb

(T�k)
i )+ddd(T�k�1) �BBB(T�k) log2(AAA

k � 1cq)

=

q�1

i=0

d
(T�k�1)
i [H(bbb

(T�k)
i )+bbb

(T�k)
i � log2(AAA

k � 1cq)]:

By Lemma 5.1 and the factb(T�k)i;j = 0; j 62 Vi; we have

H(bbb
(T�k)
i ) + bbb

(T�k)
i � log2(AAA

k � 1cq) � log2
r2V

�(k)r

= log2(aaai �AAA
k � 1cq):

Hence
k+1

l=1

H(ST+1�ljST�l) � dddT�k�1 � log2(AAA
k+1 � 1cq):

Equality holds if and only if for everyl = 1; 2; � � � ; k+1; (�) holds.
This implies that the assertion is true form = k+1: This completes
the proof of the lemma.
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Proof of Theorem 3.2:From Lemma 5.2, we have

T�1

t=1

H(St+1jSt) � ddd
(1) � log2(AAA

T�1 � 1cq):

By Lemma 5.1 andH(S1) = H(ddd(1)), we have

H(S1) +H(S2jS1) + � � �+H(ST jST�1)

� H(ddd(1)) + ddd
(1) � log2(AAA

T�1 � 1cq)

� log2(1q �AAA
T�1 � 1cq);

where equality holds if and only if for everyl = 1; 2; � � � ; T � 1;
(�) holds. This implies thatCT (V; E) = log2(1q �AAA

T�1 � 1cq):

Below we present a combinatorial proof for the converse part of
Theorem 3.2. The main idea of this proof comes from Simonyi and
Tardos [9], who presented a combinatorial proof of the converse
coding theorem for write-unidirectional memory.

Property: For an(n; T;M1; � � � ;MT ) code of(V; E)-WOM, we
have

T

i=1

Mi � [1q �AAA
T�1 � 1cq]

n
:

Proof: Assume

V̂(T ) = f(v1; v2; � � � ; vT ) 2 V
T jv1 =) v2 =) � � � =) vT g:

It is easy to verify that

jV̂(T )j = 1q �AAA
T�1 � 1cq:

Supposef(ft; gt)gTt=1 areT pairs of encoding and decoding func-
tions of an (n; T;M1; � � � ;MT ) code for the(V; E)-WOM, see
Definition 1 in Section II. Denote

Q(n; T ) = f(yn1 ; y
n
2 ; � � � ; y

n
T )jy

n
i 2 V

n
; and there exist

m1 2 I1; m2 2 I2; � � � ; mT 2 IT ; such that

y
n
0 = 0; y

n
t = ft(mt; y

n
t�1); t = 1; � � � ; Tg:

From Definition 1 of the(V; E)-WOM code we know that there is
a one-to-one correspondence between two setsI1 � I2 � � � � � IT
andQ(n; T ): Hence

T

i=1

Mi = jQ(n; T )j:

Since for every(yn1 ; y
n
2 ; � � � ; y

n
T ) 2 Q(n; T ); we have yn1 =)

yn2 =) � � � =) ynT : Then (yn1 ; y
n
2 ; � � � ; y

n
T ) 2 [V̂(T )]n: Therefore,

Q(n; T ) � [V̂(T )]n; and

T

i=1

Mi = jQ(n; T )j � jV̂(T )jn = [1q �AAA
T�1 � 1cq]

n
:

Remark: The proof above is only valid for zero-error codes. It is
not difficult to see from the proofs of Theorems 3.1 and 3.2 in Section
IV and V that Theorems 3.1 and 3.2 are still true for"-error codes.

VI. CONCLUSIONS

In this correspondence, we study the problem of how to reuse a
generalized WOM forT successive cycles. When the encoder knows
and the decoder does not know the previous state of the memory and
different codes are allowed to be used in every cycle, we determine
the zero-error capacity region and the maximum total number of
information bits stored in the memory forT successive cycles. These
results extend the results of Wolf, Wyner, Ziv, and Körner for the

binary WOM to the generalized WOM. By considering the previous
state of the memory as side-information available to the encoder and
decoder, Wolf, Wyner, Ziv, and K̈orner [2] studied the binary WOM
in the following cases:

(E+; D+) Both the encoder and decoder know the previous state
of the memory.

(E+; D�) The encoder knows and the decoder does not know the
previous state of the memory.

(E
�

;D+) The encoder does not know and the decoder knows the
previous state of the memory.

(E
�

;D
�

) Both the encoder and decoder do not know the previous
state of the memory.

Using zero-error and"-error as performance criteria, they in-
vestigated the problem of determining the capacity region and the
maximum total number of information bits stored in the memory for
T successive cycles.

The generalized WOM can be studied in the same way as that
considered by Wolf, Wyner, Ziv, and K̈orner [2]. Here we study the
generalized WOM only in the case(E+; D�) with zero-error codes,
because this case is the most interesting and natural one. It should be
pointed out that some other results for the binary WOM in [2] can
also be established for the generalized WOM. There are still some
unsolved difficult problems for the generalized WOM, for example,
in the cases(E

�

;D
�

) and(E
�

;D+) with "-error codes, the explicit
formula for the maximum total number of information bits stored in
the memory forT successive cycles is not known to us.
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