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Abstract—Write-unidirectional memories (WUMs) were introduced by
Willems, Vinck, and Borden as an information-theoretic model for storing
and updating information on a rewritable medium with the writing con-
straints: During the odd (resp., even) cycles of updating information, the en-
coder can only write 1’s (resp., 0’s) in selected bit positions of WUMs, and
not change the contents of other positions. In this correspondence, moti-
vated by the research works of Wolf, Wyner, Ziv, and Korner on write-once
memories (WOMs), we study the problem of how to reuse a WUM for fixed
T successive cycles with nonperiodic codes (i.e., all coding strategies are
permitted for every cycle). For the situation where the encoder knows and
the decoder does not know the previous content of the memory, we deter-
mine the zero-error capacity region, the average capacity, and the max-
imum total number of information bits stored in the WUM for fixed T" suc-
cessive cycles. Motivated by the research works of Heegard on WOMs with
symmetric input noise, we introduce two models of WUMs with symmetric
or asymmetric input noise. By using e-error as performance criterion, we
extend the above results for WUMs to the two models of WUMs with sym-
metric or asymmetric input noise.

Index Terms—Capacity, capacity region, codes, noisy WUMs, reusable
memories, write-unidirectional memories.

I. INTRODUCTION

Write-unidirectional memories (WUMs) were introduced by
Willems, Vinck [1] and Borden [2] as an information-theoretic model
for storing and updating information on a rewritable medium with the
writing constraints: During the odd (resp., even) cycles of updating
information, the encoder can only write 1’s (resp., 0’s) in selected bit
positions of WUMSs, and not change the contents of other positions.
The writing constraints are due to the storage technology in the 1980s
for a class of rewritable digital disks (see [27]). The capacity and code
constructions of WUMSs have been extensively studied since then. For
research works on this topic, see [1]-[14]. These research works help
us to have a better understanding on rewritable storage medium from
an information-theoretic point of view.

One can consider the previous content of the memory as side infor-
mation available to the encoder and/or the decoder. By using zero-error
and ¢-error as performance criteria, the authors of [1]-[14] studied the
capacity problems of WUMs in the following four cases:
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(E+, D4): both the encoder and decoder know the previous con-
tent of the memory;

(B4, D_): the encoder knows and the decoder does not know the
previous content of the memory;

(E_, D4): the encoder does not know and the decoder knows the
previous content of the memory;

(E_, D_): both the encoder and decoder do not know the pre-
vious content of the memory.

In this correspondence, we only consider the case (E+, D_). In the
sequel, all definitions, notations, and results are described for this case.
For the situation where the encoder and decoder use the same coding
scheme (period-1 codes) for all cycles, Borden [2] showed that the ca-
pacity of WUMs is log[(+/5 4 1)/2]. For the situation where the en-
coder and decoder use two coding schemes (period-2 codes) alterna-
tively for odd and even cycles, Overveld [4] determined the capacity
region of WUMSs. The WUMs are closely related to write-once memo-
ries (WOMs) defined by Rivest and Shamir [20] in 1982. For research
works on the WOMs, see [20]-[26]. Wolf, Wyner, Ziv, and Korner [22]
studied the WOMs from an information-theoretic point of view. They
determined the capacity region and the maximum total number of infor-
mation bits stored in the WOM s for fixed 1" successive cycles by using
arbitrary codes for every cycle. In this correspondence, motivated by
the research works of Wolf, Wyner, Ziv, and Korner on the WOMs,
we study the problem of how to reuse a WUM for fixed 1" successive
cycles by using nonperiodic codes, i.e., all coding strategies are per-
mitted for every cycle. We determine the zero-error capacity region and
the average capacity for the WUMs. We show that the maximum total
number of information bits stored in one storage cell of the WUMs for
fixed T" successive cycles is given by C(T) = log ar, where ar is the
T'th Fibonacci number.

Heegard [16] studied the WOMs with symmetric input noise. He
determined the s-error capacity region and the maximum total number
of information bits stored in the memories for fixed T" successive cycles
by using arbitrary codes for every cycle. Kuznetsov [9] investigated
the WUMs with symmetric output noise. By using the same coding
scheme (period-1 codes) for every cycle, he presented a lower bound
for the zero-error capacity of the WUMs with symmetric output noise.
In this correspondence, motivated by the research works of Heegard
on the WOMs with symmetric input noise, we introduce two models
of WUMs with symmetric or asymmetric input noise. By using =-error
as performance criterion, we determine the s-error capacity region, the
average capacity, and the maximum total number of information bits
stored in the memories for fixed 7" successive cycles by using arbitrary
codes for every cycle.

The rest of this correspondence is organized as follows. In Section II,
we present the basic definitions and notations, and the main results for
the WUMs. In Sections III and IV, we present the proofs for the main
results of the WUMs. In Section V, we discuss the model of WUMs. An
equivalent definition of WUM codes is given. In Section VI, from an
information-theoretic point of view, we discuss the model of reusable
memories. Then, we introduce two specific classes of reusable mem-
ories, WUMs with symmetric or asymmetric input noise. Main results
on the capacity of WUMs with symmetric or asymmetric input noise
are given. In Section VII, we present the proofs of the main results for
the WUMs with symmetric or asymmetric input noise. Finally, we con-
clude the correspondence in Section VIIIL.

II. WUMS WITH NONPERIODIC CODES

Assume that a WUM consists of n storage cells. The initial state of
all the storage cells is “0.” We want to reuse the WUM for T successive
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cycles. For every cell of the memory, the encoder has three choices:
write a 1, write a 0, or leave the content of the cell unchanged. Hence,
the action of the encoder at this cell can be described by a symbol over
the alphabet {0, 1, A} where A refers to the case when the content of
the cell is left unchanged. If the previous content of the cell is y— €
{0, 1}, the input (encoder’s action) of the cell is z € {0, 1, A}, then
the new content of the celly € {0, 1} is givenby y = ®(«x, y— ), where
the writing function

®:{0.1,A} x {0,1} — {0,1}
is defined by Simonyi [3] as follows:

y—, ife =A,

(b(l’y‘)_y_{x, ife=0,1. M
Note that for the odd (resp., even) cycles, the input (encoder’s action)
of the cell is “1” (resp., “0”) or “A.” Below we give the definitions of
WUM codes, the capacity region, the average capacity, and the max-
imum total number of information bits stored in the memories for fixed
T successive cycles. We only consider the following case: The en-
coder knows and the decoder does not know the previous content of
the memory. The encoder and decoder can use arbitrary codes for every
cycle, and there are no decoding errors (zero-error case).

For

" = (21, 7) € {0,1,A}"

yn = (yle ey yn) € {0* l}n
we denote
D", y") = (@(1,91), s B,y ).
For
a" = (ar,...,a,) € {0,1}"
b" = (b1,....b,) € {0,1}"
we say that " < b",ifa; < b;,Vi =1,...,n. Denote the message
index set at the ¢th cycleas Iy = {1,..., M}, t =1,2,...,T.
Definition 1: An (n, M. ..., Mr) code consists of T pairs of en-
coding and decoding functions
n {A, 14, if ¢ is odd
T 1 ’ ’
i {0 1} — {{A,O}”, if t is even
g::{0,1}"— I, t=1,2,....T

such that for every t = 1,2,...,T and m: € Ii, g¢ (yi') = me

where y5 = O (the zero vector of length n) and =} = fi (m4,yi'1),
yf',L = (l';l'/y:‘l—1)st: 17"'7T'

Note that for ¢ odd, y;'_; < y¢ and for ¢ even, y; < y;_,. Denote
1

R: = — log M,
n

The T-tuple (Ry,..., Rr) is called the rate vector of this code. The
closure of the set of all rate-vectors Cr is called the capacity region of
the WUMs. The maximum total number of information bits stored in
one storage cell of the WUMs during the T updating cycles is defined
by

T
C(T) = max {Z Ri(Ri,Rs,...,Rr) € CT} .

t=1
The average capacity of the WUMs is defined by

C = lim @

T—co

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 50, NO. 4, APRIL 2004

Let h(x) be the binary entropy function, i.e.,
h(z) = —zlogz — (1 — z)log(l — z), z €[0,1].

Let Rr be the closure of the set consisting of all T-tuples
(Bi1,R2,...,Rr) satisfying the following condition: There exist
0 < pi,...,pr < 1 such that

0< R < q1h(p)

where

Go=1 qg=1-piqi_1, t=1,...,T.

‘We now state our main results for the WUMs as the following theorems.
Theorem 1: Cr = Rr.

Theorem 2: C(T) = logar, where ar is the T'th Fibonacci
number, i.e.,a_1 =ao = 1,a; = a;_1 +a;_2,i > 1.

As a direct consequence of Theorem 2, we have the following.
Corollary 1: C = log @

Corollary 1 shows that the average capacity is equal to the capacity
of period-1 codes. The proof of Theorem 1 will be given in Section III.
In the proof, we can see that R is a convex set. The proof of Theorem
2 will be given in Section I'V.

III. PROOF OF THEOREM 1

In this section, we modify the methods of Wolf, Wyner, Ziv, and
Korner [22] for proving coding theorems of the WOMs to prove The-
orem 1.The proof of Theorem 1 is divided into two parts: 1) proof
of the direct part of Theorem 1, and 2) proof of the converse part of
Theorem 1.

A. Proof of the Direct Part of Theorem 1

The Direct Part of Theorem 1: For0 < py,...,pr < lletgo =1,
¢t =1—piqi—1,1 <t <T.For any fixed § > 0 (very small), set

M, = 2rlaahleo=81 y — 1 o T,
For n sufficiently large, there exists an (n, M, ..., Mr) code for the
WUMs.
Remark: M, ..., Mr are assumed to be positive integers. This as-

sumption does not affect the asymptotic behavior of the code.

Proof: Let wy = ng; for t odd and w; = n(l — g;) for ¢ even.
We assume that w, ws, ..., wr are positive integers. This assumption
does not affect the asymptotic behavior of the following code construc-
tion. Forevery t = 1,2,..., T', denote

B(w) = {r € {0, 1} wr(x) = w,}

where w (+) is the Hamming weight of the binary vector. For every
t=1,2,...,T,let {AL, Mt be a partition of B(w,), i.e.,

m=1
t t ! My t
A, NA, =0, m+#m', and U 1Am = B(wy).
m=

There exists an (n, My, ..., My ) code for the WUMs, if this set of
partitions satisfies the following property.

Property & : Foreveryt =1,2,..., T, every u € B(w;—1), and
everym € Iy = {1,..., M;}, there exists a vector y(m,u) € Al
such that u < y(m, u), for t odd, and y(m,u) < w, for ¢ even.

n

The encoding and decoding functions can be defined as follows. Be-
cause u < y(m,u), for t odd, and y(m,u) < w, for t even, we can
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choose x(m,u) € {A,1}" for t odd, and x(m,u) € {A,0}" for
t even, such that y(m,u) = ®(x(m,u),u). We define the encoding
function fi(m,u) = x(m,u) and the decoding function g.(y) = m,
ify € Af,. Below we show that there exists such a set of partitions,
by using a random coding method. With every b € B(w;), we connect
a random index 7, which is uniformly distributed over the message
set I = {1,..., M}, and all these random indexes are independent.
Define

Al ={b € B(wy)|ry, = m}, m=1,2,..., M.

Then {A%, }M* | forms a random partition of B(w;). For a fixed u €
B(w;—1), set

Gt (u)

t is odd

t is even.

) ={y € B(w)|u <y},
Gi(u) ={y € B(wi)ly < u},

If ¢ is odd, then w,—1 = n(l—¢q,—1) andw; = nq; = n—npiqi—1.
Therefore,

n— wi—1 NGi—1
kt - |Gt(u)| - < t ) - < y >
we — we—1 npegi—1
— 2"[%—1’7’(1]7:)-"-0(")]

where o(n) — 0, forn — oo.
If ¢ is even, then wi—1 = ngi—1 and wy = n(l — q:) = nPrqi—1.

Therefore,
b=l = (M) = (e )
we NPqi—1

— onlat—1h(pt)+o(n)]

Fixm € Iy = {1,..., M} and « € B(w¢—1), then
Pr{A}, NGi(u) =0} = Pr{forevery b € Gi(u),r, # m}

kit
1_ 1
|: "M[t :|

exp{—k:/M:}
n[6—o(n)] }

IN

= exp{—2
Therefore,

Pr {At,, NGi(u)=0forsomel <t<T,m€ Li,u€ B('wt,l)}

<T-2°". exp{—Zn[‘Lo(nH} — 0, n — oo.

This implies that when n is sufficiently large, there exists a set of par-
titions {A%, }t, of B(w:), t = 1,2,...,T. This set of partitions
satisfies Property . This completes the proof of the direct part of

Theorem 1. O

B. Proof of the Converse Part of Theorem 1

The Converse Part of Theorem 1: For an (n, M, ..., My) WUM
code, the rate vector

<llogz\11,llogz\lg,...,llog.wr) ERT. 2)
n n n

Proof: Let Wi, W5, ..., Wr be independent random variables,
uniformly distributed over the message set I, = {1,...,M;}, t =
1,2,..., T, respectively. Let {(f;, 9:) }/—; be the T pairs of encoding
and decoding functions for the (n, M1, ..., Mr) code. Denote Yy =
0 (the zero vector) and fort = 1,...,T

X! = (X1, Xe2oo s Xen) = fr We Y2 0)
1/Ln = (}ffxlﬂyrt,% vy ytn) =2 (—lev an_l .

It follows that ¢, (Y;") = W, fort = 1,...,T and

Yii=2 Xy, Yim04), i=1,2,....n.
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Since W; and Y, | are independent, we have
H(W:)=H (W|Y"1)
=H (W.,Y " |Y,",
(a) bt 12 rI T a1 a3
> H(X{|Y ) = H(X{ Y|V
(b) n s
> H(Y|YL)
()
>H (WLY," ) = HW,),

where (a) follows from the fact that X;* = f, (W, Y ), and (b)
follows from the fact that ;" = ® (X", Y, ), and (c) follows from
the fact that g, (Y") = W,. Therefore,

H(Wy,) = H (Y|, t=1,2,....T.
This implies that

n

%log M, = LEm) = %H (Y,

t—1
n
1< .
<- ;H(h.ilh-m- 3)
Forafixedi = 1,2,...,n,setgo,; = 1 and

o Pr{Y:: =1}, if t is odd

W=\ Pe{Yi; =0}, iftiseven

o (Pr{Xy;= AV =0}, iftisodd

PLEZ A\ Pr{X,, = AlY,_1. =1},  iftiseven.

Note that X;; € {A,1} fort odd and X¢; € {A,0} for ¢ even,
and Yy, = ®(X¢,;,Yi—1,:). It is not hard to show that for every t =
1L,2,....T

Gei =1 —=priqi—1,i 4)
H( ft,iDQ—l,i) :(thl,ih(Pt,i)- ®)
By (3) and (5), we have
11 M, < ! i h(pe,i) (6)
— log M — —1ih(pti).
noooTt =y p a-1,4Pt,
Denote
! i t=0,1 T
g = — qt.i, =0,1,...,
qt L qt,i» s Ly
Do Puidi—ti ) Pridi—1i
pe ==L = = t=1,2,....T.
ngi—1
qr—1,i
Then, go = 1 since gqo,; = 1 foreveryi = 1,2, ..., n. It follows from
(4) that
DWIEEEDS 1 o
= - gt =1—— Ptiqt—1,i = 1L — pege—a.
qt n 2 qt, n 2 Pt,iqt—1, Ptqt—1

Note that the binary entropy function 2 () is a convex function. By (4)

1 n n _ L
_th—h‘ih(pt‘i):(ﬁ—] - th—l’h(pm‘)
" =1 =1 ngi—1

n
Do Ptidt—1,
=1

ngi—1

<gi—1h

=qi—1h(p:). ®)
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By (6) and (8), we have
1
- log My < qe—1h(pe). )

Hence, (2) follows from (7) and (9). This completes the proof. O

Remark: By using the same argument deriving (7) and (8) in the
above proof, one can prove that the capacity region R is a convex set.

IV. PROOF OF THEOREM 2

Lemma 1: Suppose r is a real number. For x € [0, 1], we have
h(z) + rax <log(l+2")

where equality holds only when = Ii%
Theorem 2 can be easily derived from Lemma 2 below. Lemma 2
also gives the relationship between the Fibonacci sequences and the

binary entropy function.

Lemma2: ForO < pi,....pr <l,letqo =1,q9: = 1 — prqs—1,

t=1,...,T. Then

T
> ai—ih(p:) < logar

t=1

where a is the T'th Fibonacci number, i.e.,

vV
—

a1 =a=1, a;=a;—1+a,_2, t

The equality holds iff

a;—1

i=0,1,....,T - 1.

proi = ,
i1

Proof: Actually, we can prove that forevery m = 1,...,7T

T

>

t=T—m+1

m

qi—1h(p) £ qr—mlog +logam—1 (10)

A —1

where equality holds iff pr—; = 7=, i = 0,1,...,m — 1.

If we take m = 7" in (10), we obtain Lemma 2. Below we prove (10)
by induction on m. Clearly, gr—1h(pr) < ¢r—1, and equality holds
iff p1» = 1/2. This means that (10) holds for m = 1. Assume that (10)

holds for m = k. We want to prove that (10) holds for m = k 4 1.

T
Z qt71h(]?t)
t=T—k
7

,
Z)QT—k—lll(pT—k)+ Z qe—1h{p:)

t=T—k+1
2)

ar
< qrk1h(pr—k) + qr—i log —

+logak—1
Ak —1

2 qr—k—1 |:h(p’1’7k) + pr—i log 612771} +logay
ke

4) Ao
< qr—k—1log (1 + Z 1> + log ay
k

A1

2 qr—k—1log + log ay.

Step 2) follows from the induction assumption; Step 3) follows from
the factthat gr—r, = 1—pr—rgr—k—1; Step4) follows from Lemma 1;
Step 5) follows from the fact that ay, is the kth Fibonacci number. From
the induction assumption and Lemma 1, we can easily see that the
equality holds iff pr—; = az;l/a,url, i = 0,1,..., k. This implies
that (10) holds for m = k 4 1. This completes the proof. O
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Remark: By carefully reading [3], one can see that Simonyi and
Tardos actually presented a combinatorial proof for the following re-
sult: If there exists an (n, M, ..., Mp) WUM code, then HiT:1 M; <
(ar)™, where ar is the T'th Fibonacci number. Our proof of Theorem 2
is an information-theoretic proof. It also holds for -error codes.

V. DISCUSSION OF THE WUM MODEL

From Theorem 1, we see that the expression of the capacity region of
WUM is uniform for the odd and even cycles. This phenomenon can be
explained by the following facts which were first observed by Willems
[10].

We use ()2 to denote the residue number of # modulo 2, i.e., ()2 =
0,if ¢ is even and (¢)> = 1, if ¢ is odd. For a particular storage cell in
the WUM at the tth cycle, we denote its input as z(¢) € {A, ()2},
the previous content (state) as y(t — 1), and the new content as y(t) =
®(x(t),y(t — 1)). The writing function ®(-,-) is defined by (1) in
Section I. Define

(1) = 1’
T(t) = { 0.

y(t) = (t)2 — y(t)

if2(t) = A
if2(t) # A

and

where the operations are over the binary additive group {0,1}, i.e.,
a+b = (a + b)2. From the fact that y(t) = ®(x(t),y(t — 1)), we
know that 7(t) = Q(7(¢),y(t — 1)), where

Q:{0,1} x {0,1} — {0,1}
is defined by
0, =0, s=0
, r=1 s=0
0, r=0, s=1
0, r=1, s=1.

Qa,s) =

Note that at the tth cycle, there is a one-to-one correspondence between
x(t) and T(t), and as well as between y(t) and F(¢). We can obtain z(t)
from Z(t) by

A, ifz(t) =1
if Z(t) = 0 and t is even

1, if Z(t) = 0 and ¢ is odd
and y(t) from y(t) by y(t) = (¢)2 — y(¢). From the above analysis,
we can redefine a WUM code as follows.

Definition 2: An (n, M, ...
coding and decoding functions
foo{l1,2,..., M} x {0,1}" —{0,1}",
g2 {0, 1" — {1,2,..., M,}, t=1,2,...,T

, M) code consists of T pairs of en-

such that for every t = 1,2,....7 and m: € {1,2,..., M.},
gi(yy)=m, where yy =0 and z} = fi(me, yi 1), yr =QUad, yi'1),
t=1,...,T.

Note that in this modified definition, the image space of the encoding
functions is always {0, 1}", which does not depend on the even or odd
cycles (see Definition 1 in Section II). Heegard [16] studied the deter-
ministic reusable memories (named as deterministic WOMSs), and de-
termined the -error capacity region. By the above analysis, we see that
the model of WUMs is equivalent to a specific class of deterministic
reusable memories. From the result of Heegard [16] and the above anal-
ysis, we can also determine the s-error capacity region for the WUMs,
which is the same as the zero-error capacity region we established here.
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VI. THE INFORMATION-THEORETIC MODELS OF REUSABLE
MEMORIES AND WUMS WITH SYMMETRIC OR
ASYMMETRIC INPUT NOISE

In this section, we discuss the general information-theoretic model of
reusable memories, which was studied by Heegard [16] (named as the
noisy WOMs) and Ahlswede and Simonyi [14]. The model of WOMs
with symmetric input noise, introduced and studied by Heegard [16],
is a specific class of reusable memories. Heegard [16] determined the
g-error capacity region and the maximum total number of information
bits stored in the WOMs with symmetric input noise for fixed 7" suc-
cessive cycles by using arbitrary codes for every cycle. Motivated by
the research works of Heegard on the WOMs with symmetric input
noise, we introduce two models of WUMSs with symmetric or asym-
metric input noise which are two specific classes of reusable memories.
By using e-error as performance criterion, we determine the =-error ca-
pacity region, the average capacity, and the maximum total number of
information bits stored in the memories for fixed T' successive cycles
by using arbitrary codes for every cycle.

Heegard [16] as well as Ahlswede and Simonyi [14] proposed
the general information-theoretic model of reusable memories with
random errors. A probabilistic channel is introduced to describe the
state transition mechanism of storage cells in the reusable memories.
This general model of reusable memories is highly related to the
model of computer memories with defects (see [17]-[19]), which is
characterized by a channel with random parameters. Heegard [16]
studied the capacity of reusable memories for the situation where the
encoder knows and the decoder does not know the previous content of
the memories. He presented an inner bound for the =-error capacity
region. Furthermore, he showed that this inner bound is tight for the
model of WOMs with symmetric input noise.

Let X', Y be two finite sets, called the input and output alphabets. Let
S = Y be the state alphabet. Let @ = {¢(y) : y € Y} be a probability
distribution on ), called the initial state distribution. Let

W ={W(ylz,s):x € X,s €Y,y € YV}

be a conditional probability distribution from X" x Y to ).
Assume that the reusable memory consists of n storage cells. Its
initial state is

5" = (s1,82,..

. 8) €Y

with the probability []"_; ¢(s;). In the process of updating informa-
tion, if its state is

§"=1(51,82,....8,) €Y"

and its input is

" = (w1, @0, ., a0) € X"

then its output is
y" = (ylﬂy27 e y") € :y"
with the probability [T, W (y:|x:, s;). The output " also becomes
the new state of the memory for the next cycle. Assume that we want
to reuse the reusable memory for 7" successive cycles.

An (n, My, ..., Mr,6) code consists of T pairs of encoding and
decoding functions

ff, : {1,2,...,]\1,‘} Xyn |—>‘:\:’n
{]t!y"l——) {1,2,...,]\115}’ tZI,Q,---,T.

Let Wi, Ws, ..., Wy be a sequence of independent messages with
W uniformly distributed over the set {1, 2, ..., M, }. We obtain a se-
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quence of random vectors Yy', X1*, Y7", ..., X7, Y7 : The initial state
random vector Y{" is generated according to the product distribution

Pr{}fon — 8” — Hq(57). sn € yn.
i=1

At the tth cycle, the input random vector is given by

Xy = fil(WL Y/ %)
where Y, ; is the output random vector at the (¢ — 1)th cycle, i.e., the
state random vector at the ¢th cycle. The output random vector Y (¢)

at the tth cycle is generated by the conditional distribution W" through
X"(t)and Y (¢t — 1) as follows:

Pr{}fn (f) =y" LY” (f) =z",Y" (f - 1) =s" } = H Y/V(yi |;l'L', .S‘z').
=1

The output random vector ¥ (t) also becomes the state random vector
at the (¢ + 1)th cycle. Let Wi = g:(Y " (¥)), which is the reproduction
of the random message W;. The tth probability of error is defined as

P.(t) = Pr{m " m}.
The (worst case) probability of error for this code is defined as
8§ = max P.(t).
1<t<T

A rate T-tuple (R1, R2, ..., Rr) is said to be e-achievable if for any
£ > 0 there exists an (n, My,..., Mr, ) code for some n, such that
Ry = (1/n)log M, fort = 1,2,...,T and § < ¢. The closure of
the set of all £-achievable rate vectors C’- is called the =-error capacity
region. The maximum total number of information bits stored in one
storage cell of the memories during the 7" updating cycles is defined as

T

CH(T) = Inax{ZRz|(R1, Ro,....Ry) €Cr }
t=1

The average capacity of the reusable memories is defined as

C = limsup —C (T)

T—oo
Heegard [16] presented an inner bound for the e-error capacity region
as follows.

Theorem 3: (An achievable rate region) Fix T  auxiliary alphabets
Uy, Us, ..., Ur and choose 1" conditional distributions

P, = {Pt(ut-,ib't|yt1) tug €U, € X y1 € )’}

fort = 1,2,...,T. Let the joint distribution of the random variables
(Yo, U1, X1, Y4,...,Ur, X7, Y7) take the form
T
a(yo) [ Pr(wes welye—)W (yelwe, gmr)-
t=1

Then (Ri, Ro,...,Rr) € Chiffort = 1,2,...,T
0< R <I(Us;Yy) — I(Ug; Yio1).

The two models of WUMs with symmetric or asymmetric input
noise can be described as two specific classes of reusable memories
as follows. The input alphabet, the state alphabet, and the output al-
phabet are given by

X=8§=Y={0,1}.
The initial state distribution of the memories is given by
g0)=1-5, q(1)=43.
For a particular storage cell in the memories, assume that its state (pre-
vious content) is s € {0,1}, its input is z € {0, 1}. Due to the sym-
metric or asymmetric input noise, the input # € {0, 1} may be changed
to 2" € {0,1}. The conditional probability from x to =’ is given by
1) WUMs with symmetric input noise
Ws(0]0) =Ws(1|]1)=1—«
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Wa(1]0) =W, (0|1) = o
2) WUMs with asymmetric input noise
Wa(0]0) =1—a, W,(1]0) =«
Wa(0]1) =0, W,(1]1)=1.
The output of this storage cell is y = Q(a’, s) where
Q:{0,1} x {0,1} — {0,1}
is defined in Section V. It is easy to see that the conditional probability
W (y|z, s) from (z, s) to y for these two classes of reusable memories
is given by
1) WUMs with symmetric input noise

W’(.|.,s:0):<1;a 1fa) (11)
W(|s=1)= G g) (12)

2) WUMs with asymmetric input noise
W’(-|-,s=0)=<16a ?) (13)
W(|ns=1)= G g) (14)

For0 < a,b < 1,denote a b = a(l —b) + b(1 — a). Let R(;)
be the closure of the set consisting of all T-tuples (R1, Ra, ..., Rr)
satistying the following condition: There exist 0 < pi,...,p7r < 1
such that

OSRtSqt_l|:h(pi*a)—h(a):|, t=1,...,T

where

Go=1-03, q,=1—(pe*a)q,_,, t=1,...,T.
We now state our main results for the WUMs with symmetric input
noise as the following theorems.

Theorem 4: For the WUMs with symmetric input noise, the -error
capacity region is given by Cgs) = ’Rgs) )

Theorem 5: For the WUMSs with symmetric input noise, the max-
imum total number of information bits stored in one storage cell of the

memories during the 7" updating cycles is given by
Cs(T)=(1—0)logblr4+1 + Blogbr
where the sequences {#; }?2, satisfy the recursive equation

9 =20, 146, 5], =1, Gy =2"",

As a direct consequence of Theorem 5, we have the following.
Corollary 2: For the WUMs with symmetric input noise, the av-
erage capacity is given by

L+ V144200
2

C, =log h(a).

Let 'R,,(ﬁ) be the closure of the set consisting of all T'-tuples

(Ri,Rs,....Rr) satisfying the followng condition: There exist
0 < pi,...,pr < 1 such that
0 < Ry < G [h(pe(l — ) — peh(a)], t=1,...,T
where
Ggo=1-738, ¢ =1—-[1-p(l—a)]Ge-1, t=1,...,T.

We now state our main results for the WUMSs with asymmetric input
noise as the following theorems.
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Theorem 6: For the WUMs with asymmetric input noise, the =-error
capacity region is given by C(Ta‘) = Rgr”').

Theorem 7: For the WUMs with asymmetric input noise, the max-
imum total number of information bits stored in one storage cell of the
memories during the 7" updating cycles is given by

Co(T) = (1 - pB)log Apy1 + Slog Ar
where the sequences {\; }$2; satisfy the recursive equation
Nio=2 M/ N, A =1
Ao =14+ 2—}1(&)/(1—0’)'

As a direct consequence of Theorem 7, we have the following.
Corollary 3: For the WUMSs with asymmetric input noise, the av-
erage capacity is given by
14+ V1+4-220()/0-) hiw)
2 1—a’

. = log

Remark: Let 3 = o = () in the models of WUMs with symmetric
or asymmetric input noise, we get the model of WUMs. This fact also
implies that for the WUMs, the =-error capacity region is identical to
the zero-error capacity region.

The Proofs of Theorems 4 and 6 will be given in Section VII. Similar
to the proof of Lemma 2 in Section IV, we can prove the following two
lemmas by induction. Theorems 5 and 7 follow from these two lemmas
directly. The proofs of Lemmas 3 and 4 are omitted here.

Lemma 3: For0 < py,...,pr <1l,letg, =1— 3 and

7, =1—(pe*xa)q,_y, t=1,...,T.
Then

T
DA |:h(p[ fa) — h(a)] < (1= 3)logbrqr + Blogbr
t=1

where the sequences {#; }{2, satisfy the recursive equation

6; = 2_h(u)[9i—1 +60i2], =1 6= 2t h(e),
The equality holds only when
1 2—h(u)9i
pr_i = =,  =0,1,....,T — 1.
Pr==91"%, { bi s O‘} =0,

Lemma 4: For0 < py,..., pr <1,letgo=1— /3 and

Gi=1- |:1—pi(1—oz)]¢jt_1, t=1,...,T.

Then
"

3 G [h(pt(l —a) - pth(a)} < (1 - B)log Arg1 + Blog Ar

t=1

where the sequences {\; }$2; satisfy the recursive equation

N =2 MO ON L p N, =1
Ao =14+ 2*’1(0’)/(1*(’4)_
The equality holds only when
—h(a)/(1—a)y .
p’l’fi:2 Ait1 t=0,1,...., T -1

(1 - Q/)A,j.i,_Q ’

VII. PROOFS OF THEOREMS 4 AND 6

Heegard [16] showed that the inner bound on the capacity region
of reusable memories in Theorem 3 is tight for WOMs with symmetric
input noise. By modifying his methods, we subsequently show that this
inner bound is also tight for the WUMs with symmetric or asymmetric
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input noise. In the sequel, we present the proof of Theorem 4 in details.
Since Theorem 6 can be proved in the same way, we only present a
sketch for the proof of Theorem 6.

A. Proofs of the Direct Parts of Theorems 4 and 6

The direct parts of Theorems 4 and 6 follow from Theorem 3 by
setting Uy = Xy, t =1,2,....T.

Proof of the Direct Part of Theorem 4:
The conditional probability distribution W for this specific class of
reusable memories, WUMs with symmetric input noise, is given by

(11) and (12). In Theorem 3, we set U; = X, and
P,(0[0) = Pr{X, =0|Yi—1 =0} = 1L — py, 15)
P(1]0) = Pr{X; = 1|Yi=1 =0} = p: (16)
Pf(0|1) = Pl‘{)(f, = 0|Y;_1 = 1}
(1-p)d—-a)
= 17
T p0(—a) + peo 4
P.(1]1) = Pr{X; = 1|Yiz1 =1}
prx
= - 18
(1= p)(1l— )+ pea (1%)
Denote
g, = Pr{Y, = 0}, t=0,1,...,T. (19)
By direct computation, we have g, =1 — fand fort =1,...,T
7 =1-(prxa)q,, (20)
I(Xu:Y) —I(X; Y1) =G, [h(pe xa) — R()].  (21)

The direct part of Theorem 4 follows from Theorem 3, (20) and (21).
O
Proof of the Direct Part of Theorem 6:
The conditional probability distribution W for this specific class of
reusable memories, WUMSs with asymmetric input noise, is given by

(13) and (14). In Theorem 3, we set U; = X and
P;(00) = Pr{X; = 0[Y:—1 =0} = p: (22)
P(110) = Pr{X; =1]Y;-1 =0} =1 —p; (23)
PO)l)=Pr{X;=0]Y;-1 =1} =1 (24)
P(11) =Pr{X; =1]Y;—1 =1} = 0. (25)
Denote
G = Pr{Y, = 0}, t=0,1,...,T (26)
By direct computation, we have jo =1 — S andfort =1,...,T
Ge=1—[1 = pe(1 = a)]Ge—1 27
I(X4Y:) — (X3 Yi—1) = Ge—1[h(pe(1 — ) — peh(a)].  (28)

The direct part of Theorem 6 follows from Theorem 3, (27) and (28).
O
We note that in the preceding proofs, both (15)—(18) and (22)—(25)
actually imply that for every t = 1,2,...,7, the random variables
Y:i—1,Y:, X form a Markov chain.

B. Proofs of the Converse Parts of Theorems 4 and 6

We only present a proof for the converse part of Theorem 4 here.
Since we can prove the converse part of Theorem 6 in the same way,
we omit the proof of it here.

Consider the WUMs with symmetric input noise described by (11)
and (12). Assume that the vector (R, Ra,..., Ry) is c-achievable.
From the definition in Section VI, we know that for any ¢ > 0
there exists an (n, My,...,Mrp,65) code for some n, such that

= (1/n)logM; for t = 1,2,...,T and the error probability
6 < e . Let Wy, X" (1), Y"(t), Wi, t = 1,2,...,T be the random
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variables defined in Section VI. It is not hard to see f{om the definition
that if Y (¢ — 1) is given, then W, X™(¢),Y " (¢), W form a Markov
chain. From the Data Processing Theorem, we have

IT(WeWi Y™ (t=1)) <IT(X"(tpY" ()Y (t=1)). (29)
Note that W; is independent of Y™ (¢ — 1)
H (WY (t - 1)) = H(W,) = log M. (30)

From the Fano inequality and the fact that Pr{W; # W’t} < g, we

have

H (Wi W, Y"(t— 1)) < H (W:|W:) < zlog My + h(2). (31)
By (30) and (31), we have
I (W Wi [Y™(t = 1))
=HW|Y"(t—1))— H (W:|W,,Y"(t - 1))
> (1—2)log My — h(2). 32)
On the other hand, we know that
HY"ON"(t=1)) = HY"(O)|X" (1), Y"(t - 1))
=I(X"(@0):; Y (Y™ (t-1)) (33)
and
HE O (-1 < S HEVON(-1). 64
=1

Since Y () is generated by the conditional distribution W™ through
X" (t)and Y (t — 1), we have

H(Y™ ()| X" (t),Y"(t-1)) ZH Yi(t

(1),Yi(t=1)). (35)

From (33)—(35), we obtain that
I(X"(&:Y" ()Y (t—1))

< Z[ (Yi(0)[Vi(t = 1)) — HY:(H)|X:(1),Yi(t — 1))] (36)
Foreveryt = 1,2,...,T, set
Pr{X;(t)=0]Y;(t—1) =0} =1 —pi(¥) 37
Pr{X;(t) =11Yi(t — 1) = 0} = p;(¥) (38)
7,(t) = Pr{Yi(t) = 0}. 39)
By direct computation, we obtain that
7,(t) =1 = (pi(t) xa)7;(t = 1)  (40)
HY;(0)Yi(t — 1)) =7,(t = Dh(pi(t) x ) 1
HYi(H))X(1),Yi(t = 1)) =7,(t — Dh(a). 42)
It follows from (36), (41), and (42) that
IX" (Y™ ()Y" (t = 1))
<Y @t = D]k ) = h(a)]. @3)
=1
From (29), (32), and (43), we obtain that
1 1o
(1—2)Re — —h(z) < — > 7t = DIhpi(t) * a) = h(a)]. (44)
=1
Denote
_ 1 _
7, = —1; t=0,1,....T (45)
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Fort =1,2,...,T, denote

pOPACT ARV WG ATERY
Pt = L:ln ==

2T (t=1)

=1

(46)

gy

Since foralli = 1,2,...,n,¢,;(0) = 1 — 3, we know from (45) that
g, = 1—3.Itfollows from (40), (45), and (46) thatfort = 1,2,....,T

B 1 i3 _ )
4 = n Z‘h’(f)
=1

= % Z[l — (pi(t) x )7, (t — 1)]

=1=(pe*a)g,_;- S
Since the binary entropy function & (x) is convex, we have
1 n
S (= DIi(t) + 0) = ()]
=1
=T HZ(?N — 1)/ng,_)h(pi(t) * G’)} - h(@')]
i=1
< Gy |:h (Z 7;(t = 1)(pi(t) * 0“)/"@—1) - h(a):|
=1
=q,_1[M(pe x o) — h(a)]. (48)

Combining (44) with (48), we know that forevery t = 1,2,...,T

(1—2)R: — %h(e) <Tlhpisa)—h(a). (49

From (47), (49), and letting = — 0, we obtain that
(Rl,Rz, - ,RT) € R(;)

This completes the proof of the converse part of Theorem 4.

VIII. CONCLUSION

In this correspondence, from an information-theoretic point of view,
we study the capacity of WUMSs with nonperiodic codes. For the sit-
uation where the encoder knows and the decoder does not know the
previous content of the memory, we determine the zero-error capacity
region, the average capacity, and the maximum total number of infor-
mation bits stored in the WUMs for fixed 1" successive cycles. Further-
more, two models of WUMSs with symmetric or asymmetric input noise
are introduced and studied. We determine the s-error capacity region,
the average capacity, and the maximum total number of information
bits stored in the WUMs with symmetric or asymmetric input noise for
fixed T successive cycles.
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