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Abstract—Write-unidirectional memories (WUMs) were introduced by
Willems, Vinck, and Borden as an information-theoretic model for storing
and updating information on a rewritable medium with the writing con-
straints: During the odd (resp., even) cycles of updating information, the en-
coder can only write 1’s (resp., 0’s) in selected bit positions of WUMs, and
not change the contents of other positions. In this correspondence, moti-
vated by the research works ofWolf, Wyner, Ziv, and Körner on write-once
memories (WOMs), we study the problem of how to reuse aWUM for fixed
successive cycles with nonperiodic codes (i.e., all coding strategies are

permitted for every cycle). For the situation where the encoder knows and
the decoder does not know the previous content of the memory, we deter-
mine the zero-error capacity region, the average capacity, and the max-
imum total number of information bits stored in theWUM for fixed suc-
cessive cycles. Motivated by the research works of Heegard onWOMs with
symmetric input noise, we introduce two models of WUMs with symmetric
or asymmetric input noise. By using -error as performance criterion, we
extend the above results for WUMs to the two models of WUMs with sym-
metric or asymmetric input noise.

Index Terms—Capacity, capacity region, codes, noisy WUMs, reusable
memories, write-unidirectional memories.

I. INTRODUCTION

Write-unidirectional memories (WUMs) were introduced by
Willems, Vinck [1] and Borden [2] as an information-theoretic model
for storing and updating information on a rewritable medium with the
writing constraints: During the odd (resp., even) cycles of updating
information, the encoder can only write 1’s (resp., 0’s) in selected bit
positions of WUMs, and not change the contents of other positions.
The writing constraints are due to the storage technology in the 1980s
for a class of rewritable digital disks (see [27]). The capacity and code
constructions of WUMs have been extensively studied since then. For
research works on this topic, see [1]–[14]. These research works help
us to have a better understanding on rewritable storage medium from
an information-theoretic point of view.

One can consider the previous content of the memory as side infor-
mation available to the encoder and/or the decoder. By using zero-error
and "-error as performance criteria, the authors of [1]–[14] studied the
capacity problems of WUMs in the following four cases:
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(E+; D+): both the encoder and decoder know the previous con-
tent of the memory;
(E+; D�): the encoder knows and the decoder does not know the
previous content of the memory;
(E
�

;D+): the encoder does not know and the decoder knows the
previous content of the memory;
(E
�

;D
�

): both the encoder and decoder do not know the pre-
vious content of the memory.

In this correspondence, we only consider the case (E+; D�). In the
sequel, all definitions, notations, and results are described for this case.
For the situation where the encoder and decoder use the same coding
scheme (period-1 codes) for all cycles, Borden [2] showed that the ca-
pacity of WUMs is log[(

p
5 + 1)=2]. For the situation where the en-

coder and decoder use two coding schemes (period-2 codes) alterna-
tively for odd and even cycles, Overveld [4] determined the capacity
region of WUMs. The WUMs are closely related to write-once memo-
ries (WOMs) defined by Rivest and Shamir [20] in 1982. For research
works on theWOMs, see [20]–[26]. Wolf, Wyner, Ziv, and Körner [22]
studied the WOMs from an information-theoretic point of view. They
determined the capacity region and themaximum total number of infor-
mation bits stored in the WOMs for fixed T successive cycles by using
arbitrary codes for every cycle. In this correspondence, motivated by
the research works of Wolf, Wyner, Ziv, and Körner on the WOMs,
we study the problem of how to reuse a WUM for fixed T successive
cycles by using nonperiodic codes, i.e., all coding strategies are per-
mitted for every cycle.We determine the zero-error capacity region and
the average capacity for the WUMs. We show that the maximum total
number of information bits stored in one storage cell of the WUMs for
fixed T successive cycles is given by C(T ) = log aT , where aT is the
T th Fibonacci number.
Heegard [16] studied the WOMs with symmetric input noise. He

determined the "-error capacity region and the maximum total number
of information bits stored in the memories for fixed T successive cycles
by using arbitrary codes for every cycle. Kuznetsov [9] investigated
the WUMs with symmetric output noise. By using the same coding
scheme (period-1 codes) for every cycle, he presented a lower bound
for the zero-error capacity of the WUMs with symmetric output noise.
In this correspondence, motivated by the research works of Heegard
on the WOMs with symmetric input noise, we introduce two models
of WUMs with symmetric or asymmetric input noise. By using "-error
as performance criterion, we determine the "-error capacity region, the
average capacity, and the maximum total number of information bits
stored in the memories for fixed T successive cycles by using arbitrary
codes for every cycle.
The rest of this correspondence is organized as follows. In Section II,

we present the basic definitions and notations, and the main results for
the WUMs. In Sections III and IV, we present the proofs for the main
results of theWUMs. In Section V, we discuss the model ofWUMs. An
equivalent definition of WUM codes is given. In Section VI, from an
information-theoretic point of view, we discuss the model of reusable
memories. Then, we introduce two specific classes of reusable mem-
ories, WUMs with symmetric or asymmetric input noise. Main results
on the capacity of WUMs with symmetric or asymmetric input noise
are given. In Section VII, we present the proofs of the main results for
theWUMswith symmetric or asymmetric input noise. Finally, we con-
clude the correspondence in Section VIII.

II. WUMS WITH NONPERIODIC CODES

Assume that a WUM consists of n storage cells. The initial state of
all the storage cells is “0.”We want to reuse theWUM for T successive
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cycles. For every cell of the memory, the encoder has three choices:
write a 1, write a 0, or leave the content of the cell unchanged. Hence,
the action of the encoder at this cell can be described by a symbol over
the alphabet f0; 1;4g where4 refers to the case when the content of
the cell is left unchanged. If the previous content of the cell is y

�

2
f0; 1g, the input (encoder’s action) of the cell is x 2 f0; 1;4g, then
the new content of the cell y 2 f0; 1g is given by y = �(x; y

�

), where
the writing function

�: f0; 1;4g� f0; 1g 7�! f0; 1g

is defined by Simonyi [3] as follows:

�(x; y
�

) = y =
y
�

; if x = 4,
x; if x = 0; 1.

(1)

Note that for the odd (resp., even) cycles, the input (encoder’s action)
of the cell is “1” (resp., “0”) or “4.” Below we give the definitions of
WUM codes, the capacity region, the average capacity, and the max-
imum total number of information bits stored in the memories for fixed
T successive cycles. We only consider the following case: The en-
coder knows and the decoder does not know the previous content of
the memory. The encoder and decoder can use arbitrary codes for every
cycle, and there are no decoding errors (zero-error case).

For

x
n = (x1; . . . ; xn) 2 f0; 1;4g

n

y
n = (y1; . . . ; yn) 2 f0; 1g

n

we denote

�(xn; yn) = (�(x1; y1); . . . ;�(xn; yn)):

For

a
n = (a1; . . . ; an) 2 f0; 1g

n

b
n = (b1; . . . ; bn) 2 f0; 1g

n

we say that an � bn, if ai � bi, 8 i = 1; . . . ; n. Denote the message
index set at the tth cycle as It = f1; . . . ;Mtg, t = 1; 2; . . . ; T .

Definition 1: An (n;M1; . . . ;MT ) code consists of T pairs of en-
coding and decoding functions

ft: It � f0; 1gn 7�!
f4; 1gn; if t is odd
f4; 0gn; if t is even

gt: f0; 1g
n 7�! It; t = 1; 2; . . . ; T

such that for every t = 1; 2; . . . ; T and mt 2 It, gt (ynt ) = mt

where yn0 = 0 (the zero vector of length n) and xnt = ft (mt; y
n
t�1),

ynt = �(xnt ; y
n
t�1), t = 1; . . . ; T .

Note that for t odd, ynt�1 � ynt and for t even, ynt � ynt�1. Denote

Rt =
1

n
logMt; t = 1; . . . ; T:

The T -tuple (R1; . . . ; RT ) is called the rate vector of this code. The
closure of the set of all rate-vectors CCCT is called the capacity region of
the WUMs. The maximum total number of information bits stored in
one storage cell of the WUMs during the T updating cycles is defined
by

C(T ) = max

T

t=1

Rtj(R1; R2; . . . ; RT ) 2 CCCT :

The average capacity of the WUMs is defined by

C = lim
T!1

C(T )

T
:

Let h(x) be the binary entropy function, i.e.,

h(x) = �x log x� (1� x) log(1� x); x 2 [0; 1]:

Let RRRT be the closure of the set consisting of all T -tuples
(R1; R2; . . . ; RT ) satisfying the following condition: There exist
0 � p1; . . . ; pT � 1 such that

0 � Rt � qt�1h(pt)

where

q0 = 1; qt = 1� ptqt�1; t = 1; . . . ; T:

Wenow state ourmain results for theWUMs as the following theorems.

Theorem 1: CCCT = RRRT .

Theorem 2: C(T ) = log aT , where aT is the T th Fibonacci
number, i.e., a�1 = a0 = 1, ai = ai�1 + ai�2, i � 1.

As a direct consequence of Theorem 2, we have the following.

Corollary 1: C = log
p
5+1
2

.

Corollary 1 shows that the average capacity is equal to the capacity
of period-1 codes. The proof of Theorem 1 will be given in Section III.
In the proof, we can see thatRRRT is a convex set. The proof of Theorem
2 will be given in Section IV.

III. PROOF OF THEOREM 1

In this section, we modify the methods of Wolf, Wyner, Ziv, and
Körner [22] for proving coding theorems of the WOMs to prove The-
orem 1.The proof of Theorem 1 is divided into two parts: 1) proof
of the direct part of Theorem 1, and 2) proof of the converse part of
Theorem 1.

A. Proof of the Direct Part of Theorem 1

The Direct Part of Theorem 1: For 0 � p1; . . . ; pT � 1 let q0 = 1,
qt = 1� ptqt�1, 1 � t � T . For any fixed � > 0 (very small), set

Mt = 2n[q h(p )��]
; t = 1; 2; . . . ; T:

For n sufficiently large, there exists an (n;M1; . . . ;MT ) code for the
WUMs.

Remark: M1; . . . ;MT are assumed to be positive integers. This as-
sumption does not affect the asymptotic behavior of the code.

Proof: Let wt = nqt for t odd and wt = n(1 � qt) for t even.
We assume thatw1; w2; . . . ; wT are positive integers. This assumption
does not affect the asymptotic behavior of the following code construc-
tion. For every t = 1; 2; . . . ; T; denote

B(wt) = x 2 f0; 1gnjwwwH(x) = wt

where wwwH(�) is the Hamming weight of the binary vector. For every
t = 1; 2; . . . ; T , let fAtmg

M
m=1 be a partition of B(wt), i.e.,

A
t
m \ A

t
m = ;; m 6= m

0
; and

M

m=1
A
t
m = B(wt):

There exists an (n;M1; . . . ;MT ) code for the WUMs, if this set of
partitions satisfies the following property.

Property | : For every t = 1; 2; . . . ; T , every u 2 B(wt�1), and
every m 2 It = f1; . . . ;Mtg, there exists a vector y(m;u) 2 Atm
such that u � y(m;u), for t odd, and y(m;u) � u, for t even.

The encoding and decoding functions can be defined as follows. Be-
cause u � y(m;u), for t odd, and y(m;u) � u, for t even, we can
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choose x(m;u) 2 f4; 1gn for t odd, and x(m;u) 2 f4; 0gn for
t even, such that y(m;u) = �(x(m;u); u). We define the encoding
function ft(m;u) = x(m;u) and the decoding function gt(y) = m,
if y 2 At

m. Below we show that there exists such a set of partitions,
by using a random coding method. With every b 2 B(wt), we connect
a random index rb, which is uniformly distributed over the message
set It = f1; . . . ;Mtg, and all these random indexes are independent.
Define

At
m = fb 2 B(wt)jrb = mg; m = 1; 2; . . . ;Mt:

Then fAt
mg

M
m=1 forms a random partition of B(wt). For a fixed u 2

B(wt�1), set

Gt(u) = fy 2 B(wt)ju � yg; t is odd

Gt(u) = fy 2 B(wt)jy � ug; t is even:

If t is odd, thenwt�1 = n(1�qt�1) andwt = nqt = n�nptqt�1.
Therefore,

kt = jGt(u)j =
n� wt�1

wt � wt�1
=

nqt�1
nptqt�1

=2n[q h(p )+ooo(n)]

where ooo(n) ! 0, for n ! 1.
If t is even, then wt�1 = nqt�1 and wt = n(1 � qt) = nptqt�1.

Therefore,

kt = jGt(u)j =
wt�1

wt

=
nqt�1
nptqt�1

=2n[q h(p )+ooo(n)]:

Fixm 2 It = f1; . . . ;Mtg and u 2 B(wt�1), then

Pr At
m \Gt(u) = ; =Pr ffor every b 2 Gt(u); rb 6= mg

= 1�
1

Mt

k

� expf�kt=Mtg

= expf�2n[��ooo(n)]g:

Therefore,

Pr At
m \Gt(u) = ; for some 1 � t � T;m 2 It; u 2 B(wt�1)

� T � 22n � expf�2n[��oo
o(n)]g ! 0; n!1:

This implies that when n is sufficiently large, there exists a set of par-
titions fAt

mg
M
m=1 of B(wt), t = 1; 2; . . . ; T . This set of partitions

satisfies Property |. This completes the proof of the direct part of
Theorem 1.

B. Proof of the Converse Part of Theorem 1

The Converse Part of Theorem 1: For an (n;M1; . . . ;MT ) WUM
code, the rate vector

1

n
logM1;

1

n
logM2; . . . ;

1

n
logMT 2 RRRT : (2)

Proof: Let W1;W2; . . . ;WT be independent random variables,
uniformly distributed over the message set It = f1; . . . ;Mtg, t =
1; 2; . . . ; T , respectively. Let f(ft; gt)gTt=1 be the T pairs of encoding
and decoding functions for the (n;M1; . . . ;MT ) code. Denote Y n

0 =
0 (the zero vector) and for t = 1; . . . ; T

Xn
t = (Xt;1; Xt;2; . . . ; Xt;n) = ft (Wt; Y

n
t�1)

Y n
t = (Yt;1; Yt;2; . . . ; Yt;n) = � (Xn

t ; Y
n
t�1) :

It follows that gt(Y n
t ) = Wt for t = 1; . . . ; T and

Yt;i = �(Xt;i; Yt�1;i) ; i = 1; 2; . . . ; n:

SinceWt and Y n
t�1 are independent, we have

H(Wt) =H (WtjY
n
t�1)

=H (Wt; Y
n
t�1jY

n
t�1)

(a)

� H (Xn
t jY

n
t�1) = H (Xn

t ; Y
n
t�1jY

n
t�1)

(b)

� H (Y n
t jY

n
t�1)

(c)

�H (WtjY
n
t�1) = H(Wt);

where (a) follows from the fact that Xn
t = ft (Wt; Y

n
t�1), and (b)

follows from the fact that Y n
t = �(Xn

t ; Y
n
t�1), and (c) follows from

the fact that gt (Y n
t ) = Wt. Therefore,

H(Wt) = H (Y n
t jY

n
t�1) ; t = 1; 2; . . . ; T:

This implies that

1

n
logMt =

1

n
H(Wt) =

1

n
H (Y n

t jY
n
t�1)

�
1

n

n

i=1

H (Yt;ijYt�1;i) : (3)

For a fixed i = 1; 2; . . . ; n; set q0;i = 1 and

qt;i =
PrfYt;i = 1g; if t is odd
PrfYt;i = 0g; if t is even

pt;i =
PrfXt;i = 4jYt�1;i = 0g; if t is odd
PrfXt;i = 4jYt�1;i = 1g; if t is even.

Note that Xt;i 2 f4; 1g for t odd and Xt;i 2 f4; 0g for t even,
and Yt;i = �(Xt;i; Yt�1;i). It is not hard to show that for every t =
1; 2; . . . ; T

qt;i =1� pt;iqt�1;i (4)

H(Yt;ijYt�1;i) = qt�1;ih(pt;i): (5)

By (3) and (5), we have

1

n
logMt �

1

n

n

i=1

qt�1;ih(pt;i): (6)

Denote

qt =
1

n

n

i=1

qt;i; t = 0; 1; . . . ; T

pt =

n

i=1

pt;iqt�1;i

n

i=1

qt�1;i

=

n

i=1

pt;iqt�1;i

nqt�1
; t = 1; 2; . . . ; T:

Then, q0 = 1 since q0;i = 1 for every i = 1; 2; . . . ; n. It follows from
(4) that

qt =
1

n

n

i=1

qt;i = 1�
1

n

n

i=1

pt;iqt�1;i = 1� ptqt�1: (7)

Note that the binary entropy function h(x) is a convex function. By (4)

1

n

n

i=1

qt�1;ih(pt;i) = qt�1 �
n

i=1

qt�1;i
nqt�1

h(pt;i)

� qt�1h

n

i=1

pt;iqt�1;i

nqt�1

= qt�1h(pt): (8)
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By (6) and (8), we have

1

n
logMt � qt�1h(pt): (9)

Hence, (2) follows from (7) and (9). This completes the proof.

Remark: By using the same argument deriving (7) and (8) in the
above proof, one can prove that the capacity regionRRRT is a convex set.

IV. PROOF OF THEOREM 2

Lemma 1: Suppose r is a real number. For x 2 [0; 1], we have

h(x) + rx � log(1 + 2r)

where equality holds only when x = 2
1+2

.

Theorem 2 can be easily derived from Lemma 2 below. Lemma 2
also gives the relationship between the Fibonacci sequences and the
binary entropy function.

Lemma 2: For 0 � p1; . . . ; pT � 1, let q0 = 1, qt = 1 � ptqt�1,
t = 1; . . . ; T . Then

T

t=1

qt�1h(pt) � log aT

where aT is the T th Fibonacci number, i.e.,

a
�1 = a0 = 1; ai = ai�1 + ai�2; i � 1:

The equality holds iff

pT�i =
ai�1
ai+1

; i = 0; 1; . . . ; T � 1:

Proof: Actually, we can prove that for everym = 1; . . . ; T

T

t=T�m+1

qt�1h(pt) � qT�m log
am

am�1
+ log am�1 (10)

where equality holds iff pT�i =
a

a
, i = 0; 1; . . . ;m� 1.

If we takem = T in (10), we obtain Lemma 2. Below we prove (10)
by induction on m. Clearly, qT�1h(pT ) � qT�1, and equality holds
iff pT = 1=2. This means that (10) holds form = 1. Assume that (10)
holds form = k. We want to prove that (10) holds form = k + 1.

T

t=T�k

qt�1h(pt)

1)
= qT�k�1h(pT�k) +

T

t=T�k+1

qt�1h(pt)

2)

� qT�k�1h(pT�k) + qT�k log
ak
ak�1

+ log ak�1

3)
= qT�k�1 h(pT�k) + pT�k log

ak�1
ak

+ log ak

4)

� qT�k�1 log 1 +
ak�1
ak

+ log ak

5)
= qT�k�1 log

ak+1
ak

+ log ak:

Step 2) follows from the induction assumption; Step 3) follows from
the fact that qT�k = 1�pT�kqT�k�1; Step 4) follows fromLemma 1;
Step 5) follows from the fact that ak is the kth Fibonacci number. From
the induction assumption and Lemma 1, we can easily see that the
equality holds iff pT�i = ai�1=ai+1, i = 0; 1; . . . ; k. This implies
that (10) holds form = k + 1. This completes the proof.

Remark: By carefully reading [3], one can see that Simonyi and
Tardos actually presented a combinatorial proof for the following re-
sult: If there exists an (n;M1; . . . ;MT )WUMcode, then T

i=1Mi �
(aT )

n, where aT is the T th Fibonacci number. Our proof of Theorem 2
is an information-theoretic proof. It also holds for "-error codes.

V. DISCUSSION OF THE WUM MODEL

From Theorem 1, we see that the expression of the capacity region of
WUM is uniform for the odd and even cycles. This phenomenon can be
explained by the following facts which were first observed by Willems
[10].
We use (t)2 to denote the residue number of tmodulo 2, i.e., (t)2 =

0, if t is even and (t)2 = 1, if t is odd. For a particular storage cell in
the WUM at the tth cycle, we denote its input as x(t) 2 f4; (t)2g,
the previous content (state) as y(t� 1), and the new content as y(t) =
�(x(t); y(t � 1)). The writing function �(�; �) is defined by (1) in
Section I. Define

x(t) =
1; if x(t) = 4

0; if x(t) 6= 4

and

y(t) = (t)2 � y(t)

where the operations are over the binary additive group f0; 1g, i.e.,
a + b = (a + b)2. From the fact that y(t) = �(x(t); y(t � 1)), we
know that y(t) = 
(x(t); y(t � 1)), where


 : f0; 1g � f0; 1g 7�! f0; 1g

is defined by


(x; s) =

0; x = 0; s = 0

1; x = 1; s = 0

0; x = 0; s = 1

0; x = 1; s = 1.

Note that at the tth cycle, there is a one-to-one correspondence between
x(t) and x(t), and as well as between y(t) and y(t).We can obtain x(t)
from x(t) by

x(t) =

4; if x(t) = 1

0; if x(t) = 0 and t is even
1; if x(t) = 0 and t is odd

and y(t) from y(t) by y(t) = (t)2 � y(t). From the above analysis,
we can redefine a WUM code as follows.

Definition 2: An (n;M1; . . . ;MT ) code consists of T pairs of en-
coding and decoding functions

ft : f1; 2; . . . ;Mtg � f0; 1g
n 7�!f0; 1gn;

gt : f0; 1g
n 7�! f1; 2; . . . ;Mtg; t =1; 2; . . . ; T

such that for every t = 1; 2; . . . ; T and mt 2 f1; 2; . . . ;Mtg,
gt(y

n

t )=mt where yn0 =0 and xnt =ft(mt; y
n

t�1), y
n

t =
(xnt ; y
n

t�1),
t= 1; . . . ; T .

Note that in this modified definition, the image space of the encoding
functions is always f0; 1gn, which does not depend on the even or odd
cycles (see Definition 1 in Section II). Heegard [16] studied the deter-
ministic reusable memories (named as deterministic WOMs), and de-
termined the "-error capacity region. By the above analysis, we see that
the model of WUMs is equivalent to a specific class of deterministic
reusable memories. From the result of Heegard [16] and the above anal-
ysis, we can also determine the "-error capacity region for the WUMs,
which is the same as the zero-error capacity region we established here.
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VI. THE INFORMATION-THEORETIC MODELS OF REUSABLE

MEMORIES AND WUMS WITH SYMMETRIC OR

ASYMMETRIC INPUT NOISE

In this section, we discuss the general information-theoreticmodel of
reusable memories, which was studied by Heegard [16] (named as the
noisy WOMs) and Ahlswede and Simonyi [14]. The model of WOMs
with symmetric input noise, introduced and studied by Heegard [16],
is a specific class of reusable memories. Heegard [16] determined the
"-error capacity region and the maximum total number of information
bits stored in the WOMs with symmetric input noise for fixed T suc-
cessive cycles by using arbitrary codes for every cycle. Motivated by
the research works of Heegard on the WOMs with symmetric input
noise, we introduce two models of WUMs with symmetric or asym-
metric input noise which are two specific classes of reusable memories.
By using "-error as performance criterion, we determine the "-error ca-
pacity region, the average capacity, and the maximum total number of
information bits stored in the memories for fixed T successive cycles
by using arbitrary codes for every cycle.

Heegard [16] as well as Ahlswede and Simonyi [14] proposed
the general information-theoretic model of reusable memories with
random errors. A probabilistic channel is introduced to describe the
state transition mechanism of storage cells in the reusable memories.
This general model of reusable memories is highly related to the
model of computer memories with defects (see [17]–[19]), which is
characterized by a channel with random parameters. Heegard [16]
studied the capacity of reusable memories for the situation where the
encoder knows and the decoder does not know the previous content of
the memories. He presented an inner bound for the "-error capacity
region. Furthermore, he showed that this inner bound is tight for the
model of WOMs with symmetric input noise.

LetX ,Y be two finite sets, called the input and output alphabets. Let
S = Y be the state alphabet. LetQQQ = fq(y) : y 2 Yg be a probability
distribution on Y , called the initial state distribution. Let

WWW = fW (yjx; s) : x 2 X ; s 2 Y; y 2 Yg

be a conditional probability distribution from X � Y to Y .
Assume that the reusable memory consists of n storage cells. Its

initial state is

sn = (s1; s2; . . . ; sn) 2 Y
n

with the probability n

i=1
q(si). In the process of updating informa-

tion, if its state is

sn = (s1; s2; . . . ; sn) 2 Y
n

and its input is

xn = (x1; x2; . . . ; xn) 2 X
n

then its output is

yn = (y1; y2; . . . ; yn) 2 Y
n

with the probability n

i=1
W (yijxi; si). The output yn also becomes

the new state of the memory for the next cycle. Assume that we want
to reuse the reusable memory for T successive cycles.

An (n;M1; . . . ;MT ; �) code consists of T pairs of encoding and
decoding functions

ft : f1; 2; . . . ;Mtg � Yn 7�!Xn

gt : Y
n 7�! f1; 2; . . . ;Mtg; t =1; 2; . . . ; T:

Let W1;W2; . . . ;WT be a sequence of independent messages with
Wt uniformly distributed over the set f1; 2; . . . ;Mtg. We obtain a se-

quence of random vectors Y n

0 ; X
n

1 ; Y
n

1 ; . . . ; X
n

T ; Y
n

T : The initial state
random vector Y n

0 is generated according to the product distribution

PrfY n

0 = sng =

n

i=1

q(si); sn 2 Yn:

At the tth cycle, the input random vector is given by

Xn

t = ft(Wt; Y
n

t�1)

where Y n

t�1 is the output random vector at the (t� 1)th cycle, i.e., the
state random vector at the tth cycle. The output random vector Y n(t)
at the tth cycle is generated by the conditional distributionWWWn through
Xn(t) and Y n(t � 1) as follows:

Pr Y n(t)=ynjXn(t)=xn; Y n(t� 1)=sn =

n

i=1

W (yijxi; si):

The output random vector Y n(t) also becomes the state random vector
at the (t+1)th cycle. Let �Wt = gt(Y

n(t)), which is the reproduction
of the random messageWt. The tth probability of error is defined as

Pe(t) � Pr �Wt 6= Wt :

The (worst case) probability of error for this code is defined as

� � max
1�t�T

Pe(t):

A rate T -tuple (R1; R2; . . . ; RT ) is said to be "-achievable if for any
" > 0 there exists an (n;M1; . . . ;MT ; �) code for some n, such that
Rt = (1=n) logMt for t = 1; 2; . . . ; T and � < ". The closure of
the set of all "-achievable rate vectors CCC�T is called the "-error capacity
region. The maximum total number of information bits stored in one
storage cell of the memories during the T updating cycles is defined as

C�(T ) = max

T

t=1

Rtj(R1; R2; . . . ; RT ) 2 CCC
�
T :

The average capacity of the reusable memories is defined as

C = lim sup
T!1

C�(T )

T
:

Heegard [16] presented an inner bound for the "-error capacity region
as follows.

Theorem 3: (An achievable rate region) Fix T auxiliary alphabets
U1;U2; . . . ;UT and choose T conditional distributions

PPP t = Pt(ut; xtjyt�1) : ut 2 Ut; xt 2 X ; yt�1 2 Y

for t = 1; 2; . . . ; T . Let the joint distribution of the random variables
(Y0; U1; X1; Y1; . . . ; UT ; XT ; YT ) take the form

q(y0)

T

t=1

Pt(ut; xtjyt�1)W (ytjxt; yt�1):

Then (R1; R2; . . . ; RT ) 2 CCC
�
T if for t = 1; 2; . . . ; T

0 � Rt � I(Ut;Yt)� I(Ut; Yt�1):

The two models of WUMs with symmetric or asymmetric input
noise can be described as two specific classes of reusable memories
as follows. The input alphabet, the state alphabet, and the output al-
phabet are given by

X = S = Y = f0; 1g:

The initial state distribution of the memories is given by

q(0) = 1� �; q(1) = �:

For a particular storage cell in the memories, assume that its state (pre-
vious content) is s 2 f0; 1g, its input is x 2 f0; 1g. Due to the sym-
metric or asymmetric input noise, the input x 2 f0; 1gmay be changed
to x0 2 f0; 1g. The conditional probability from x to x0 is given by

1) WUMs with symmetric input noise

Ws(0j0) =Ws(1j1) = 1� �
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Ws(1j0) =Ws(0j1) = �;

2) WUMs with asymmetric input noise

Wa(0j0) =1� �; Wa(1j0) = �

Wa(0j1) =0; Wa(1j1) = 1:

The output of this storage cell is y = 
(x0; s) where


 : f0; 1g � f0; 1g 7�! f0; 1g
is defined in Section V. It is easy to see that the conditional probability
W (yjx; s) from (x; s) to y for these two classes of reusable memories
is given by

1) WUMs with symmetric input noise

W (� j �; s = 0) =
1� � �

� 1� �
(11)

W (� j �; s = 1) =
1 0

1 0
; (12)

2) WUMs with asymmetric input noise

W (� j �; s = 0) =
1� � �

0 1
(13)

W (� j �; s = 1) =
1 0

1 0
: (14)

For 0 � a; b � 1, denote a � b = a(1 � b) + b(1 � a). LetRRR(s)
T

be the closure of the set consisting of all T -tuples (R1; R2; . . . ; RT )
satisfying the following condition: There exist 0 � p1; . . . ; pT � 1
such that

0 � Rt � qt�1 h(pt � �)� h(�) ; t = 1; . . . ; T

where

q0 = 1� �; qt = 1� (pt � �)qt�1; t = 1; . . . ; T:

We now state our main results for the WUMs with symmetric input
noise as the following theorems.

Theorem 4: For the WUMs with symmetric input noise, the "-error
capacity region is given by CCC(s)T = RRR(s)

T .

Theorem 5: For the WUMs with symmetric input noise, the max-
imum total number of information bits stored in one storage cell of the
memories during the T updating cycles is given by

Cs(T ) = (1� �) log �T+1 + � log �T

where the sequences f�ig1i=1 satisfy the recursive equation

�i = 2�h(�)[�i�1 + �i�2]; �1 = 1; �2 = 21�h(�):

As a direct consequence of Theorem 5, we have the following.

Corollary 2: For the WUMs with symmetric input noise, the av-
erage capacity is given by

Cs = log
1 +

p
1 + 4 � 2h(�)

2
� h(�):

Let RRR(a)
T be the closure of the set consisting of all T -tuples

(R1; R2; . . . ; RT ) satisfying the followng condition: There exist
0 � p1; . . . ; pT � 1 such that

0 � Rt � q̂t�1[h(pt(1� �))� pth(�)]; t = 1; . . . ; T

where

q̂0 = 1� �; q̂t = 1� [1� pt(1� �)]q̂t�1; t = 1; . . . ; T:

We now state our main results for the WUMs with asymmetric input
noise as the following theorems.

Theorem 6: For theWUMswith asymmetric input noise, the "-error
capacity region is given by CCC(a)T = RRR(a)

T .

Theorem 7: For the WUMs with asymmetric input noise, the max-
imum total number of information bits stored in one storage cell of the
memories during the T updating cycles is given by

Ca(T ) = (1� �) log �T+1 + � log �T

where the sequences f�ig1i=1 satisfy the recursive equation

�i =2�h(�)=(1��)�i�1 + �i�2; �1 = 1

�2 =1 + 2�h(�)=(1��):

As a direct consequence of Theorem 7, we have the following.

Corollary 3: For the WUMs with asymmetric input noise, the av-
erage capacity is given by

Ca = log
1 +

p
1 + 4 � 22h(�)=(1��)

2
� h(�)

1� �
:

Remark: Let � = � = 0 in the models of WUMs with symmetric
or asymmetric input noise, we get the model of WUMs. This fact also
implies that for the WUMs, the "-error capacity region is identical to
the zero-error capacity region.

The Proofs of Theorems 4 and 6 will be given in Section VII. Similar
to the proof of Lemma 2 in Section IV, we can prove the following two
lemmas by induction. Theorems 5 and 7 follow from these two lemmas
directly. The proofs of Lemmas 3 and 4 are omitted here.

Lemma 3: For 0 � p1; . . . ; pT � 1, let q0 = 1� � and

qt = 1� (pt � �)qt�1; t = 1; . . . ; T:

Then
T

t=1

qt�1 h(pt � �)� h(�) � (1� �) log �T+1 + � log �T

where the sequences f�ig1i=1 satisfy the recursive equation

�i = 2�h(�)[�i�1 + �i�2]; �1 = 1; �2 = 21�h(�):

The equality holds only when

pT�i =
1

1� 2�

2�h(�)�i
�i+2

� � ; i = 0; 1; . . . ; T � 1:

Lemma 4: For 0 � p1; . . . ; pT � 1, let q̂0 = 1� � and

q̂t = 1� 1� pt(1� �) q̂t�1; t = 1; . . . ; T:

Then
T

t=1

q̂t�1 h(pt(1� �))� pth(�) � (1� �) log �T+1 + � log �T

where the sequences f�ig1i=1 satisfy the recursive equation

�i =2�h(�)=(1��)�i�1 + �i�2; �1 = 1

�2 =1 + 2�h(�)=(1��):

The equality holds only when

pT�i =
2�h(�)=(1��)�i+1

(1� �)�i+2
; i = 0; 1; . . . ; T � 1:

VII. PROOFS OF THEOREMS 4 AND 6

Heegard [16] showed that the inner bound on the capacity region
of reusable memories in Theorem 3 is tight for WOMs with symmetric
input noise. By modifying his methods, we subsequently show that this
inner bound is also tight for the WUMs with symmetric or asymmetric
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input noise. In the sequel, we present the proof of Theorem 4 in details.
Since Theorem 6 can be proved in the same way, we only present a
sketch for the proof of Theorem 6.

A. Proofs of the Direct Parts of Theorems 4 and 6

The direct parts of Theorems 4 and 6 follow from Theorem 3 by
setting Ut = Xt, t = 1; 2; . . . ; T .

Proof of the Direct Part of Theorem 4:
The conditional probability distributionWWW for this specific class of

reusable memories, WUMs with symmetric input noise, is given by
(11) and (12). In Theorem 3, we set Ut = Xt and

Pt(0j0) = PrfXt = 0jYt�1 = 0g = 1� pt; (15)

Pt(1j0) = PrfXt = 1jYt�1 = 0g = pt (16)

Pt(0j1) = PrfXt = 0jYt�1 = 1g

=
(1� pt)(1� �)

(1� pt)(1� �) + pt�
(17)

Pt(1j1) = PrfXt = 1jYt�1 = 1g

=
pt�

(1� pt)(1� �) + pt�
: (18)

Denote

q
t
= PrfYt = 0g; t = 0; 1; . . . ; T: (19)

By direct computation, we have q
0
= 1� � and for t = 1; . . . ; T

q
t
=1� (pt � �)qt�1 (20)

I(Xt;Yt)� I(Xt;Yt�1) = q
t�1

[h(pt � �)� h(�)]: (21)

The direct part of Theorem 4 follows from Theorem 3, (20) and (21).

Proof of the Direct Part of Theorem 6:
The conditional probability distributionWWW for this specific class of

reusable memories, WUMs with asymmetric input noise, is given by
(13) and (14). In Theorem 3, we set Ut = Xt and

Pt(0j0) = PrfXt = 0jYt�1 = 0g = pt (22)

Pt(1j0) = PrfXt = 1jYt�1 = 0g = 1� pt (23)

Pt(0j1) = PrfXt = 0jYt�1 = 1g = 1 (24)

Pt(1j1) = PrfXt = 1jYt�1 = 1g = 0: (25)

Denote

q̂t = PrfYt = 0g; t = 0; 1; . . . ; T: (26)

By direct computation, we have q̂0 = 1� � and for t = 1; . . . ; T

q̂t =1� [1� pt(1� �)]q̂t�1 (27)

I(Xt;Yt)� I(Xt;Yt�1) = q̂t�1[h(pt(1� �))� pth(�)]: (28)

The direct part of Theorem 6 follows from Theorem 3, (27) and (28).

We note that in the preceding proofs, both (15)–(18) and (22)–(25)
actually imply that for every t = 1; 2; . . . ; T , the random variables
Yt�1; Yt; Xt form a Markov chain.

B. Proofs of the Converse Parts of Theorems 4 and 6

We only present a proof for the converse part of Theorem 4 here.
Since we can prove the converse part of Theorem 6 in the same way,
we omit the proof of it here.

Consider the WUMs with symmetric input noise described by (11)
and (12). Assume that the vector (R1; R2; . . . ; RT ) is "-achievable.
From the definition in Section VI, we know that for any " > 0
there exists an (n;M1; . . . ;MT ; �) code for some n, such that
Rt = (1=n) logMt for t = 1; 2; . . . ; T and the error probability
� < ". Let Wt, Xn(t), Y n(t), �Wt, t = 1; 2; . . . ; T be the random

variables defined in Section VI. It is not hard to see from the definition
that if Y n(t�1) is given, thenWt,Xn(t), Y n(t), �Wt form a Markov
chain. From the Data Processing Theorem, we have

I Wt; �WtjY
n(t� 1) � I (Xn(t);Y n(t)jY n(t� 1)) : (29)

Note thatWt is independent of Y n(t� 1)

H (WtjY
n(t� 1)) = H(Wt) = logMt: (30)

From the Fano inequality and the fact that PrfWt 6= �Wtg < ", we
have

H Wtj �Wt; Y
n(t� 1) � H Wtj �Wt � " logMt + h("): (31)

By (30) and (31), we have

I Wt; �WtjY
n(t� 1)

= H (WtjY
n(t� 1))�H Wtj �Wt; Y

n(t� 1)

� (1� ") logMt � h("): (32)

On the other hand, we know that

H(Y n(t)jY n(t� 1))�H(Y n(t)jXn(t); Y n(t� 1))

= I(Xn(t);Y n(t)jY n(t� 1)) (33)

and

H(Y n(t)jY n(t� 1)) �

n

i=1

H(Yi(t)jYi(t� 1)): (34)

Since Y n(t) is generated by the conditional distributionWWWn through
Xn(t) and Y n(t � 1), we have

H(Y n(t)jXn(t); Y n(t�1)) =

n

i=1

H(Yi(t)jXi(t); Yi(t�1)): (35)

From (33)–(35), we obtain that

I(Xn(t);Y n(t)jY n(t� 1))

�

n

i=1

H(Yi(t)jYi(t� 1))�H(Yi(t)jXi(t); Yi(t� 1)) : (36)

For every t = 1; 2; . . . ; T , set

PrfXi(t) = 0jYi(t� 1) = 0g = 1� pi(t) (37)

PrfXi(t) = 1jYi(t� 1) = 0g = pi(t) (38)

q
i
(t) = PrfYi(t) = 0g: (39)

By direct computation, we obtain that

q
i
(t) = 1� (pi(t) � �)qi(t� 1) (40)

H(Yi(t)jYi(t� 1)) = q
i
(t� 1)h(pi(t) � �) (41)

H(Yi(t)jXi(t);Yi(t� 1)) = q
i
(t� 1)h(�): (42)

It follows from (36), (41), and (42) that

I(Xn(t);Y n(t)jY n(t� 1))

�

n

i=1

q
i
(t� 1) h(pi(t) � �)� h(�) : (43)

From (29), (32), and (43), we obtain that

(1� ")Rt �
1

n
h(") �

1

n

n

i=1

q
i
(t� 1)[h(pi(t) � �)� h(�)]: (44)

Denote

q
t
=

1

n

n

i=1

q
i
(t); t = 0; 1; . . . ; T: (45)
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For t = 1; 2; . . . ; T , denote

pt =

n

i=1

pi(t)qi(t� 1)

n

i=1

q
i
(t� 1)

=

n

i=1

pi(t)qi(t� 1)

nq
t�1

: (46)

Since for all i = 1; 2; . . . ; n, q
i
(0) = 1� �, we know from (45) that

q0 = 1��. It follows from (40), (45), and (46) that for t = 1; 2; . . . ; T

q
t
=

1

n

n

i=1

q
i
(t)

=
1

n

n

i=1

[1� (pi(t) � �)qi(t� 1)]

= 1� (pt � �)qt�1: (47)

Since the binary entropy function h(x) is convex, we have

1

n

n

i=1

q
i
(t� 1)[h(pi(t) � �)� h(�)]

= q
t�1

n

i=1

(q
i
(t� 1)=nq

t�1)h(pi(t) � �) � h(�)

� q
t�1 h

n

i=1

q
i
(t� 1)(pi(t) � �)=nqt�1 � h(�)

= q
t�1[h(pt � �)� h(�)]: (48)

Combining (44) with (48), we know that for every t = 1; 2; . . . ; T

(1� ")Rt �
1

n
h(") � q

t�1[h(pt � �)� h(�)]: (49)

From (47), (49), and letting " ! 0, we obtain that

(R1; R2; . . . ; RT ) 2 RRR
(s)
T

:

This completes the proof of the converse part of Theorem 4.

VIII. CONCLUSION

In this correspondence, from an information-theoretic point of view,
we study the capacity of WUMs with nonperiodic codes. For the sit-
uation where the encoder knows and the decoder does not know the
previous content of the memory, we determine the zero-error capacity
region, the average capacity, and the maximum total number of infor-
mation bits stored in the WUMs for fixed T successive cycles. Further-
more, twomodels ofWUMswith symmetric or asymmetric input noise
are introduced and studied. We determine the "-error capacity region,
the average capacity, and the maximum total number of information
bits stored in the WUMs with symmetric or asymmetric input noise for
fixed T successive cycles.
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