
1130 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 50, NO. 7, JULY 2002

Performance Bounds for Optimum and Suboptimum
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Abstract—The transmission over the memoryless additive white
Class-A noise (AWCN) channel is considered. For uncoded trans-
mission, an exact expression for the symbol error rate is derived.
For coded transmission, the Chernoff bound on the pairwise error
probability is calculated and the performance achieved on the real
and the complex AWCN channels is compared. Moreover, a low-
complexity, suboptimum decoding metric is derived and analyzed
employing the cutoff rate as a performance criterion.

Index Terms—Class-A noise, cutoff rate, impulsive noise, subop-
timum reception.

I. INTRODUCTION

I N CLASSICAL coding theory, the additive white Gaussian
noise (AWGN) channel model is widely applied. It is moti-

vated by the assumption that the transmitted data is corrupted by
thermal noise which is present in every real physical receiver.
However, in many cases, the transmission is additionally dis-
turbed by man-made noise. Sources for man-made noise are e.g.
radio frequency emissions from all sorts of electronic devices,
especially if a large number of independent devices is crowded
in a small geographical area [13]. The growing number of elec-
tronic devices used in all day life, especially wireless commu-
nication systems, generate an increasing number of man-made
noise environments and makes this noise-type more and more a
concern for the design of modern communication systems.

Man-made noise is typically impulsive and therefore not in-
cluded in the AWGN model. In [7] and [13], it has been reported
that transmission systems designed under the AWGN assump-
tion typically suffer from sever performance degradations when
exposed to impulsive noise. This shows the need to adapt com-
munication systems to man-made noise.

In [5], Middleton introduced his Class-A, Class-B, and
Class-C models for man-made noise. The derivation of the
models is based on the mathematical analysis of the phys-
ical, noise-generating process (see [1] and [5]). Although
the derivation incorporates many simplifications, numerous
examples have shown the excellent agreement of the models
with measured data from both natural and man-made noise
environments. In this paper, the Class-A model is considered.
It is distinguished from the Class-B and Class-C models by the
assumption that the man-made noise does not cause transients
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in the receivers RF stages. Due to its simplicity and wide
applicability, many authors have considered the Class-A model.
In [6] and [16], algorithms to determine the Class-A model’s
parameters are developed, and in [2] and [4], the model is
extended to include antenna-array observations. The Class-A
model has also been applied to communications problems. In
[13], the performance of binary signaling employing antipodal,
orthogonal, andON–OFFkeyed signals is considered. Moreover,
the optimum and suboptimum locally optimum Bayes (LOB)
detectors are discussed. In [7], the performance of QAM
modulation schemes is studied, and [8] addresses trellis-coded
modulation under Class-A noise. Furthermore, [9] investigates
the impact of Class-A noise on mobile communication systems.

In this paper, we discuss the performance of uncoded and
block-coded transmission over the additive white Class-A noise
(AWCN) channel. The optimum MAP decoder and a subop-
timum receiver with a lower complexity are considered. The
choice of a particular system setup is avoided as much as pos-
sible to keep the analysis general.

In Section II, the Class-A model is briefly reviewed and the
AWCN channel is described using the terminology of communi-
cation theory. This nonphysical interpretation gives an intuitive
understanding of the Class-A process, and the results presented
in this paper naturally follow from this interpretation. Moreover,
it motivates a simple algorithm for generating realizations of the
Class-A process.

Section III addresses the performance of coded and uncoded
transmission when employing MAP decoding. The results
mainly extend the investigations given in [13]. Based on the
MAP decoding rule discussed in Section III-A, for uncoded
transmission, a relation between the symbol error rate (SER)
achieved for the AWCN and AWGN channels is derived in
III-B. This formula is useful since for the AWGN channel the
SERs achieved by most memoryless modulation schemes of
practical interest, e.g., ASK, PSK, and QAM, are well known
(see [10]). Hence, this result also includes the analysis of
QAM modulation given in [7]. A performance analysis of
coded transmission is given in Section III-C. It is based on the
derivation of the Chernoff upper bound on the pairwise error
probability (PEP). The result for the complex AWCN channel
is a straightforward extension of the result for the real AWCN
channel already given in [13]. However, the comparison of
both bounds shows an elementary difference between the real
and complex channel.

In Section IV, a suboptimum decoding metric with lower
complexity than the MAP metric is derived. A similar metric
was applied in [7] and [8] and analyzed using simulation
results for a particular coding scheme. Here, a different idea
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for the derivation is employed that naturally follows from the
nonphysical interpretation of the Class-A model introduced in
Section II. For this receiver, the upper Chernoff bound on the
PEP is derived, and in Section IV-A, the cutoff rates achieved
by the suboptimum and optimum decoders are compared.
Since the cutoff rate is based on random coding arguments,
this analysis is general and does not depend on a particular
error-correcting code.

II. CLASS-A NOISE MODEL

The sender encodes the information by a block codewith
cardinality , codewords , and code symbols

. is the set of points of an arbitrary real or complex
signal constellation, e.g., the ASK or QAM signal constellation.
The bold-faced notation is employed to denote vectors. The’s
are transmitted over the memoryless AWCN channel. The com-
ponents of the received vector are then given
by

(1)

The ’s are independently identically distributed (i.i.d.) ac-
cording to Middleton’s Class-A noise model (see [1] and [5]).
If the real channel is considered, , and are real random
variables, otherwise they are complex. We use the abbreviation

(2)

to write the Class-A probability density function (pdf) for the
complex channel

(3)

with the complex valued argument . For the real channel, the
pdf is given by

(4)

Note that is the weighted sum of infinitely many Gaussian
pdfs with increasing variance

(5)

where the parameter defines the mean variance of the
Class-A noise. The Class-A model combines the presence
of an additive man-made noise componentwith average
variance and an AWGN component with variance ,
i.e., holds. The parameter defines
the relative variance of both noise components. The additional
AWGN component is introduced in the Class-A model to
describe the impact of thermal noise which is naturally present
in every real physical receiver. The model’s third parameter,

, is called the impulsive index. For small, say ,
the Class-A noise is highly structured (impulsive) whereas for

the pdf becomes Gaussian (see [13]). Finally, the

signal-to-noise ratio (SNR) of the AWCN channel is defined as
, where denotes the expectation

operator and the noise power spectral density.
To gain more insight into the nature of the AWCN channel,

we introduce a nonphysical interpretation of this channel em-
ploying the terminology of communication theory. Following
this approach, each transmitted code symbolis disturbed by
AWGN with a pdf . The variance of this noise is
determined by the realization of the randomchannel state

using (5). Since the channel is memoryless, the channel
states are taken independently with probability
[see (5)], where is the Poisson distribution (see [14]),
and the capital is introduced to emphasize that the channel
state is a discrete random variable. The channel state is unknown
to the observer of the channel output. Hence, the Class-A pdf is
given by the expectation over all possible states

For the complex Class-A distribution, the real and imaginary
parts of are statistically dependent. This results from the
fact that the real and imaginary components of the complex
Gaussian pdf always have the same variance . In
other words, onlyone realization of the channel state de-
termines the variance ofboth components such that, loosely
speaking, the real and imaginary components of the received
samples always have the same, but unknown, reliability. In
reverse, it can be concluded that the statistical dependence of
the real and imaginary components provides the receiver with
information about the channel state.

From the nonphysical interpretation of the Class-A process,
an algorithm to generate realizations of this process naturally
follows. In the first step, the realization of the channel stateis
determined. Since tends to zero for increasing [see (2)], it
is sufficient to consider only a finite number of states to achieve
a given accuracy. Once is determined, the noise is generated
by the straightforward computation of a Gaussian distributed
random variable with variance . The only difficulty of this
algorithm is to evaluate realizations of the Poisson distributed
random channel state. However, this is relatively simple com-
pared to directly generating the random variable from the con-
tinuous Class-A pdf (see [14]).

III. OPTIMUM RECEPTION

A. MAP Decoding Rule

The maximuma posteriori (MAP) receiver minimizes the
probability of a decoding error (see [15]). It chooses the code-
word which maximizes thea posterioriprobability that
the codeword was sent given that was received. Since the
channel is memoryless, it holds that

and, since the noise is additive, it can be written
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It is assumed that every codeword is sent with equal probability
. To simplify the MAP decoding rule, all factors

independent of the codewordare neglected since they do not
affect the maximization. Rewriting the resulting expression in
terms of logarithms shows that MAP decoding is equivalent to
choosing the codeword which maximizes the additive decoding
metric

(6)

where the final expression holds for the specific example of the
complex AWCN channel. The decoding metric assigns a deci-
sion region to each codeword , i.e.,

(7)

With this region, the MAP decoding rule can be reformulated:
given a received vector, choose the codeword for which

holds. Given that the codewordwas transmitted,
we denote the probability of a correct decoding result by

. Then, the probability of a decoding error for coded
transmission immediately follows as

(8)

B. Uncoded Transmission

The MAP decoding metric for uncoded transmission is ob-
tained from (6) by setting the codeword length to . This
yields

where holds since and the code are identical for
. Since for the codeword and the received vector

are scalars, the bold-faced notation for vectors is not used. Ac-
cording to this metric, the receiver chooses the symbolwhich
has the minimum Euclidean distance to the received symbol.
Hence, the decision regions defined in (7) are equivalent to the
decision regions for the AWGN channel (see, e.g., [15]).

Employing (8), the error probability is now calculated as

In this expression, the integrand is the Gaussian distribution
with variance . Moreover, as stated above, the decision re-
gions over which we integrate are equivalent to the decision re-
gions of the AWGN channel. Hence, the expression in the square

brackets gives the error probability for an uncoded transmission
over the AWGN channel with variance . We denote this prob-
ability by and get our final result of

(9)

This means that, for every uncoded (i.e., memoryless) transmis-
sion scheme for which the decoding error probability for the
AWGN channel is known, the decoding error probability for the
AWCN channel immediately follows from (9). This result holds
for the real as well as for the complex channels. In the sense of
the state model for Class-A noise (see Section II), the result in
(9) can be understood intuitively: since gives the
SER achieved if the channel has taken state, the total SER is
simply given by the expected value over all channel states.

C. Coded Transmission and Chernoff Bound

In the case of coded transmission, the evaluation of the exact
error probability given by (8) is very difficult. Therefore, the
union bound is used to obtain an asymptotically tight upper
bound

where is the pairwise error probability (PEP), i.e.,
the probability that in the binary decision betweenand the
decoder erroneously decodes given that was trans-
mitted (see [15]). Defining , the PEP is
given by

Since is an additive decoding metric, the Chernoff
bounding technique yields

(10)

(see [15]) with the Chernoff factors

(11)

where this integration is one-dimensional (1-D) for the real and
two-dimensional (2-D) for the complex channel. The parameter

is used to minimize the bound, and since the channel
noise is additive [see (1)], holds.
If MAP detection is used, minimizes the Chernoff
factor and the bound in (10) can be tightened by a factor of
(see [12]). With this we obtain

The Chernoff factor only depends
on the Euclidean distance between
the code symbols and . Therefore, the abbreviation
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Fig. 1. Chernoff factors for the real and complex channels withT = 10 ,
various parametersA, and MAP decoding.

is introduced which yields the
final result for the complex channel

(12)

The above expression is a straightforward extension of the Cher-
noff factor for the real channel (see [13])

(13)

Although both factors are functions of and the noise vari-
ance , it can be shown that they actually depend on the ratio

only.
In Fig. 1, and are plotted for

and various different values of. Additionally, the Cher-
noff factor for the AWGN channel

(14)

(see [15]) is depicted. For , the curves for the real and
the complex channels are similar and almost match the bound
for the AWGN channel. The behavior is in agreement with the
fact that for large the channel converges to the AWGN channel
(see [5]). As becomes smaller, i.e., the noise becomes more
impulsive, the curves for the complex channel show a better per-
formance, especially in the region of the error floor. This be-
havior could be expected since, for the complex channel, the
decoder can exploit the additional channel state information
provided by the statistical dependence of the real and imagi-

nary components of the complex Class-A distribution (see Sec-
tion II).

IV. SUBOPTIMUM RECEPTION

The calculation of the MAP decoding metric [see (6)] is quite
complicated. To obtain a simpler receiver, a suboptimum de-
coding metric with lower complexity is derived in this section.
In the following, only the complex AWCN channel is consid-
ered since the results for the real channel are similar.

The starting point of the derivation is the state model for
AWCN channel (see Section II). The suboptimum receiver
jointly estimates the codeword and the channel state vector

, where is the channel state while
transmitting the code symbol . Employing the MAP
estimation rule for the joint estimator yields

where is the probability that, given that was re-
ceived, the channel states are given byand the codeword

was transmitted. The pdf is Gaussian with
mean and variance , and is the proba-
bility that the channel is in state [see (2)]. Since infinitely
many states exist, we restrict the number of states consid-
ered for the maximization to . This corresponds
to a truncation of the infinite sum in the Class-A pdf [see (3)],
after terms. Following the procedure described in Sec-
tion III-A, the suboptimum decoding metric is finally obtained
as

Note that for this metric is equivalent to the MAP de-
coding metric for the AWGN channel (see [15]), since, for
, several terms independent of the codeword can be cancelled.
Comparing the complexity of the MAP decoding metric

[see (6)] and the suboptimum metric is not
directly possible since calculating requires the evalu-
ation of an infinite sum which is not possible in the practical
situation. Therefore, to simplify the complexity comparison, we
assume that the sum in (6) is also truncated after theth term.
Then, to calculate , one evaluation of and
evaluations of are required for each received sample.
In contrast, for the suboptimum metric, these operations are not
required: since the terms are independent of the received
sample, they can be precomputed and included in the metric
calculation using a fast table-lookup operation.

It is interesting to note that, based on an approximation of the
Class-A pdf, in [7] and [8] the same metric was derived
for the special case . However, the receiver is not com-
pared to the MAP decoder and analyzed using simulation results
only.

For uncoded transmission, the suboptimum decoder is
equivalent to the MAP decoder and its performance is there-
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fore also given by (9). To obtain a performance measure for
coded transmission, the Chernoff factors for the suboptimum
decoding metric are derived following the same procedure as in
Section III-C. Again, the factors only depend on the Euclidean
distance between the code symbols, so we
obtain

(15)

with the parameter . If the MAP decoding metric for the
AWGN channel is employed, i.e., holds, the integral can
be solved analytically.

Numerical investigations show that the optimal choice of
depends on the distance. This means that the min-operator
and the product in (10) cannot be exchanged. Therefore, a
comparison of the Chernoff factors for optimum and subop-
timum reception is not useful since the best choice offor the
suboptimum reception always depends on the particular code-
words and the signal constellation adopted. To overcome
this problem, in the next section, both receivers are compared
employing the cutoff rate as a performance criterion.

A. Cutoff Rate

The cutoff rate is derived based on random coding argu-
ments and provides a general performance measure similar to
the channel capacity [3]. We define as the average number
of information bits transmitted per channel use. Then, it can be
shown that, for any code length, a code with exists
such that for its decoding error probability the following holds
[3]:

The formula shows that, for any , an arbitrarily small
decoding error probability can be achieved by increasing.

Employing the Chernoff factors derived in the previous sec-
tion, the cutoff rates can be calculated easily using the relation

(16)

see [11], [12], where and are the probabilities that
the symbols and from the channel input alphabet are
transmitted respectively. For our analysis, it is assumed that
every symbol of is equally likely to be transmitted, i.e.,

. For MAP decoding, it was already
discussed in the previous section that the Chernoff factors

Fig. 2. Cutoff rates for the complex AWCN channel(A = 1; T = 10 )
adopting binary and 16-QAM modulation with MAP and suboptimum
decoding.

are minimized by so the expression for the
cutoff rate reduces to

where is given by (12), (13), and . How-
ever, for suboptimum reception, the sum and the min-operator
cannot be exchanged in (16) since the optimum choice ofde-
pends on the distance . Hence, the cutoff rate of the subop-
timum decoder is given by

Since the formulas for and are very complicated,
both expressions are compared employing numerical methods.
The minimization operator in the expression for is evalu-
ated by an iterative algorithm. Since in the SNR region under
investigation the Chernoff factors are observed to strongly grow
for and increasing , the iterative minimization pro-
cedure operates on the interval . The first esti-
mate for minimizing is determined by exhaustively searching
though the interval with a step size of

. In the interval around the located minimum, the
exhaustive search is then repeated with the reduced step size

. This procedure is repeated until the cutoff
rate , evaluated in theth iteration, fulfills the stop cri-
terion . For almost all cases, the
minimum found in the first iteration could not be significantly
improved by decreasing the step size. Hence, the initial step size

seems to be sufficient to find the global minimum
in the interval . Although this is no strict mathe-
matical proof, from our investigations we conclude that numer-
ically solving the minimization operator is not critical and the
algorithm indeed finds the global minimum.

In Fig. 2, the cutoff rates for optimum and suboptimum
decoding are depicted for the example of the complex AWCN
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Fig. 3. Cutoff rates for the complex AWCN channel(A = 0:1; T = 10 )
adopting binary and 16-QAM modulation with MAP and suboptimum
decoding.

TABLE I
PERFORMANCE OF THESUBOPTIMUM DECODER ON THEAWCN CHANNEL

ADOPTING QAM MODULATION

channel with parameters . Both binary and
16-QAM modulation are considered. For the conventional
AWGN receiver (i.e., ), especially in the low SNR region,
a large divergence between the optimum and suboptimum
decoder can be observed. However, for binary modulation,
already for , the suboptimum decoder almost achieves
the performance of MAP decoding. In contrast, for 16-QAM
and the worst case SNR, a value of is required. For other
SNR values, typically smaller values are sufficient.

Fig. 3 shows the cutoff rates for the complex AWCN channel
with parameters and . In contrast to the ex-
ample discussed previously, the performance degradation when
employing the conventional AWGN receiver is larger.
This could be expected since for smallerthe AWCN channel
becomes more impulsive. Additionally, it can be observed that,
compared to the case , for both modulation schemes,
smaller values are sufficient to almost achieve the perfor-
mance of the MAP decoder. This shows that the performance
of the suboptimum decoder depends on the channel parameters.

From the figures, it seems that the suboptimum decoder
achieves the performance of MAP decoding if is chosen
large enough. Therefore, the relative difference

has been further analyzed for the channels with all possible
combinations of the parameters

, 4-QAM and 16-QAM modulation. For
the numerical study, the SNR values from to 40 dB were
investigated with a step size of 2 dB. For all examples, it could
be observed that at a certain point a further increase ofcould
not further reduce . Hence, even for , the subop-
timum decoder cannot achieve the performance given by MAP
decoding. We conclude that, for small, the decoder’s per-
formance is mainly limited by the truncation of the Class-A
pdf to terms, whereas, for larger, the degradation is
caused by the suboptimum estimation criterion employed to de-
rive .

In Table I, some numerical results are summarized. The fifth
column gives the remaining that could not be removed
by increasing . In the fourth column, the value required to
achieve a relative difference % is given. The idea be-
hind choosing % is that such a small value is typi-
cally negligible in the practical situation, and therefore the per-
formance of MAP decoding is practically achieved. Note that

is actually a function of the SNR. In the table, the worst
case SNR is considered that typically lies in the region where
the cutoff rate approaches its maximum (see Fig. 2).

The table shows that an increase of or the size of the
QAM modulation alphabet decreases the performance of the
suboptimum receiver. Particularly if both and are large,
the performance significantly degrades as illustrated by the two
cases in Table I for which % could not be achieved.
However, for both cases, a difference % could already
be achieved using . Hence, we conclude that for channel
parameters of and and modulation schemes up to
16-QAM the suboptimum decoder shows an excellent perfor-
mance while providing a lower complexity than the MAP de-
coder. In all other cases, no general statements are possible and
the decoders performance must be analyzed separately.

V. CONCLUSION

The interpretation of the Class-A random process using a
state model is useful to gain more insight into the nature of the
AWCN channel. It not only leads to a low-complexity algorithm
to generate realizations of Class-A distributed random variables,
but also enables an intuitive interpretation of the results obtained
in this paper.

The first part of the paper addresses the transmission over the
AWCN channel using MAP decoding. We show that the SER
for uncoded transmission is obtained by averaging over the SER
obtained for each channel state. Therefore, a simple relation be-
tween the SER of the AWCN and the AWGN channel exists. The
analysis of the Chernoff factors for the real and complex AWCN
channel shows that the complex channel is superior over the real
channel in terms of the achievable SER. Loosely speaking, for
the complex channel, the receiver can use the information that
the noise on the real and the imaginary components originated
from the same channel state.

The derivation of a low-complexity suboptimum receiver
using the state model for the Class-A noise is given in the
second part of the paper. The performance analysis using the
cutoff rate shows that, for small, the truncation of the infinite
sum-term in the Class-A pdf and, for large, the suboptimum
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design criteria limit the performance of the suboptimum
decoder. The number of statesemployed by the suboptimum
decoder should be adapted to the modulation scheme, the SNR,
and the parameters . However, for and
schemes up to 16-QAM, a value of is sufficient to keep
the relative difference over MAP decoding below 3%.
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