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The cross correlation of a, with an offset of itself is stud-
ied by considering the polynomial a(l — w¥)x + 3(1 ~ w'™*)2' +
'y(l - ws")xs. We want to be certain that the reduction of the trace
of previous polynomial is not identically zero. There is a number of
procedures for limiting the choices of (a.3.v) in order to do so,
while insuring at the same time that a,(a.3.v) and a,(a’,3',4")
have small cross correlation for different choices. If case n is not
divisible by 4, we may pick (o.3.~) so that « and ;3 are never
simultaneously zero, and choose the ~’s from distinct (additive)
cosets of G,/ in GF(2"), giving 2"/? possibilities for . Altogether,
not counting phase shifts as distinct gives (2" ~ 1)/(2" ~ 1)2"/?
coding sequences. Our control over the degree of the reduced trace
polynomial gives all cross correlations, including the nontrivial
autocorrelations, lying between — [ 2("+2/2 4 1) and 20"+3/2 _ 1,

If case n is divisible by 4, it suffices, since s and ¢ are rela-
tively prime, to avoid o« = ;3 = 0 and choose 4 from distinct
cosets, not including the zero coset of G/, in GF(2"). This gives
((22"_1)/(2" — 1))(2"/2 — 1) coding sequences. (A more careful
choice gives (2" —1)/(2" — 1)2"/? coding sequences.)

The description we have given above can actually be materially
simplified in practice, as follows. We are considering sequences such
as tr(yw®? ). w°" always belongs to GF(2"/?) which has its own trace
map tr. We claim that for each v~ € GF(2") there isa ¢ € GF(Q"/Q)
such that tr(yw®’) = tr(cw®’). This is an easy consequence of the
following trivial observation.

As ¢ ranges through GF(2"/?), tr(cx) ranges through all linear
functionals on GF(?"/ %) over GF(2), since it has the right dimension
and cardinality. Thus, tr(vyz) must be of form tr ce.

What all of this means in practice is quite simple. With the choices
of y as described earlier (distinct cosets of G, > in GF(2")), the
sequences tr(yw'") just run through the various phases of a single
maximal sequence of length 2"/2 — 1, (and through the all zeros
sequence if we pick the coset G,,/» itself).

The merit of the general theoretical discussion that we gave lies
only in the uniformity of treatment.

Finally, it is clear how this procedure generalizes to choice of an
additional power of w, the best being w” with 7 = 2(n+1/2 41 for
purpose of controlling rank and cross correlation. Relative primality
becomes a (minor) issue here, easily overcome by judicious choice of
coefficients. In the case at hand, the ged of 2" — 1 and 2("+1/2 4 1
is 3 if n is even but not divisible by 4; it is 5 if n is divisible by
8, and one in all other cases.

Detailed choices are left to the reader.
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Perfect (d, k)-Codes Capable of Correcting
Single Peak-Shifts

V.1. Levenshtein and A.J. Han Vinck

Abstract— Codes, consisting of sequences 0 ~ 110 “21--.0 “N1, where
d < a; < k, and call them (d,k)-codes of reduced length N are
considered. We introduce a definition of arbitrary (d,k)- and perfect
(d, k)-codes capable of correcting single peak-shifts of given size t. For the
comstruction of perfect codes, a general combinatorial method connected
with finding “good” weight sequences in Abelian groups is used, and the
concept of perfect t-shift N-designs is introduced. Explicit constructions
of such designs for t = 1,¢ = 2, and t = (p — 1)/2 are given, where p
is a prime. This construction is not only effective, but also universal in
the sense that it does not depend on the (d, k)-constraints. It also allows
to correct automatically those peak-shifts that violate (d, k)-constraints.
Furthermore, our construction is naturally extended to (d, k)-codes of
fixed binary length and allows the determination of the beginning of
the next codeword. The question whether the designed codes can be
represented as systematic codes with minimal redundancy is considered as
well. In particular, for any (d, k)-code with n g-ary (g =k —d+12>2)
information digits, a method of finding r g-ary check digits is given such
that the resulting systematic code is capable of correcting single peak-
shifts of size 1, where r is determined uniquely by ¢"~! — 2(r — 1)
< 2n +1 < ¢" — 2. This code is perfect if 2n + 1 = ¢q" — 2r.

Index Terms—Peak-shift correction, (d. k)-codes, perfect (d, k)-codes

1. INTRODUCTION

In high-density magnetic recording systems, runlength-limited
(RLL) sequences are used to increase density and control self clocking
[1]. The read-out mechanism detects changes in magnetization and
thus from the RLL sequence we can derive a so called (d,k)-
sequence, where d + 1 and k + 1 correspond to the minimum
and maximum length of the RLL substrings, respectively. A
(d. k)-sequence is represented by consecutive zero-symbol runs of
length ¢, d < ¢ < k. between pairs of one symbols. Read-out
circuitry imperfection and clock jittering may cause misdetection of
magnetization transitions and is supposed to result in peak-shifts left
or right in the (d.k)-sequence.

Shamai and Zehavi [2] give bounds on the capacity of the bit-
shift magnetic recording channel. Kolesnik and Krachkovski [3]
obtained asymptotic bounds on the achievable rates of bit-shift,
error-correcting codes. Fredrickson and Wolf [4] introduced a class
of single bit-shift detecting codes. Codes designed specifically to
cope with a single bit shift and multibit shifts of a single position
are discussed by Kuznetsov and Vinck and by Ytrehus in [5], [6],
respectively. Ferreira and Lin [7] give several code constructions
based on the representation of constrained sequences as integer
compositions. Abdel-Ghaffar and Weber [8] extends the results given
in (4], [6]. We discuss the design of encoding and decoding for the
multibit peak-shift channel.

In Section 11, we give a definition of a multibit peak-shift and a
general definition of a code capable of correcting single peak-shifts of
size t. We concentrate on codes C' consisting of (d, k)-sequences, and
call them (d, k)-codes. For (d. k)-codes with k-d > 2t, we introduce
the concept of a perfect code capable of correcting single peak-shifts
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of size f. We remark that the problem of constructing maximum
(d. k)-codes is reduced to the same problem for (d. k)-codes with a
fixed number N\ of substrings.

In Section I, we give a universal and effective construction of
(d. k)-codes capable of correcting single peak-shifts of size f. The
construction is universal in the sense that it does not depend on the
(d. k)-constraints and, in particular, allows to correct single peak-
shifts of size ¢ that disturb these constraints. The main idea of the
construction consists of using a finite Abelian group G of order m to
partition any code C" into 1 subcodes, each having the desired crror
correcting properties [9]. Since at least one of these subcodes has size
at least ||/ m, this construction is efficient if the order of the group
G is sufficiently small. In the framework of this construction, we
reduce the problem of finding perfect (d. k)-codes of reduced length
N capable of correcting single peak-shifts of size ¢ to the problem
of finding “good” weight sequences in Abelian groups and introduce
the concept of perfect #-shift \'-designs.

In Section IV, we give explicit constructions of perfect ¢-shift »-
designs for + = 1 and any N and for + = (p — 1)/2, where p
is a prime, and N = (p" —1)/(p—1). Moreover, we find the
necessary and sufficient conditions for the existence of perfect 2-shift
N -designs.

In Section V., we consider the problem of finding the minimum
redundancy r of systematic codes that arc contained in the constructed
perfect (d. k)-codes of reduced length N capable of correcting single
peak-shifts of size . This problem is connected with the existence
of a particular ordering of perfect t-shift .N'-designs. We show that
the lower bound r > [1();;.,(2?)' + 1)‘[ is attained in some cascs,
where [.u] is the smallest integer at least » and ¢ = A — d + 1.
Furthermore, for any (d. k)-code with n ¢-ary information digits we
give a method of finding the minimum number of ¢-ary check digits
such that the resulting systematic (d. k)-code is capable of correcting
single peak-shifts of size 1.

1. DEFINITION OF CODES CAPABLE OF CORRECTING
SINGILE PEAK-SHIFTS OF GIVEN SIZE

Following [5], [10], we consider codes consisting of binary sec-
quences of the following sort

A= 0N O L L0 107 L (1)

We call V' (number of substrings) the reduced length of the binary
sequence . The length of the sequence a in the terms of binary
digits is L = 3%, 4+ .

Let d and k be nonnegative integers O < ¢ < k. The sequence
(1) is called d-sequence it d < a;.i = 1.2.---. N, (d, k)-sequence
if 4 < n;, < k. = 1.2.--..N. There is a natural one-to-one
correspondence 4 between d-sequences e in (1) of reduced length
N and the words

sala) = (o —doay —do-ooan —d).
= (. da i) ()
of length N over the alphabet of nonnegative integers. In particular
for d = 0, « is a O-sequence and
Fola) = (. ag. - iay). 3)

Note that in case of (J.k)-sequences ;q(a) is a word over the
alphabet {0.1.---.q — 1}, where ¢ = &k — d + 1.
We say that the words

01 10" L 0™ T 0N T L0 Y L
=12 N -1,

where a,4p > j  and

011 0™ 0N L0 L

where 7 = N

are obtained from (1) by a shift of the ith peak to the right in j digits,
and say that the words

PARSRI NS FER(ALS YV RS hab PERIUAR S
where a, > j and i=1.2.--.N -1
0"'10™* 1. 0" 10T L. wherea; > j and =N

are obtained from (1) by a shift of the ith peak to the left in j digits.

The important consequence of the previous definition of a peak-
shift is that for multibit peak-shifts phrases are neither destroyed nor
generated by peak-shifts, and thus

1) the reduced length .\ does not change;

2) the overall binary length of a sequence a given by L =
Z;\:l a; + N changes only when the length of the Nth
substring changes.

Definition: A code (' consisting of scquences (1) of reduced
length N (or/and binary length L) is called a code capable of
correcting single peak-shifts of size 1, if it is possible to determine
uniquely a codeword from any word that can be obtained from it by
a shift of a peak to the left or to the right in at most ¢ digits.

Definition: A code C' consisting of sequences (1) of reduced
length N (or/and binary length L) and capable of correcting single
peak-shifts of size t is called maximum if it contains the greatest
number of words among codes with the same property.

We concentrate on codes (' consisting of (d. k)-sequences, and
call them (d, k)-codes. In the next section, we give a universal and
effective construction of (d. k)-codes of reduced length V' capable of
correcting single peak-shifts of size t. The construction is universal
in the sense that it does not depend on (d.k)-constraints and, in
particular, allows (o correct single peak-shifts of size ¢ which disturb
these constraints. On the other hand, the construction is effective
to the extent that any (d. k)-sequence (1) transformed into another
(d. k)-sequence by any single peak-shift of size + can be obtained
from one (and only one) codeword by a single peak-shift of size at
most £,

In this connection we introduce the following definition.

Definition: A (d.k)-code C' of reduced length .V capable of
correcting single peak-shifts of size ¢ is called perfect if k-d > 2t and
any (d+t. k —t)-sequence of reduced length " can be obtained from
one (and only one) codeword by a single peak-shift of size at most ¢.

This definition is a natural analog of the classical definition for
error-correcting codes although there are essential distinctions. In
the classical case, any word of Hamming space can be obtained
by permissible errors from one (and only one) word of a perfect
code. In our case it is valid in gencral only for the subset of (d +
t. k —t)-sequences of the set of (d. k)-sequences under consideration.
However, it should be noted that any (d.k)-sequence that is not a
(d +t. k ~ t)-sequence can already be obtained by permissible errors
from a sequence that is not (d. k). The second distinction is connected
with the definition of a maximum code. If in Hamming space every
perfect code is maximum, in our case (as well as in case of perfect
codes capable of correcting single deletions [11]) perfect codes can
have different sizes. However, it will be shown later that among them
always exist perfect codes whose sizes are very close to maximum.

Remark 1: From the previously stated definitions, it immediately
follows that a (J. k)-code of binary length L capable of correcting
single peak-shifts of size ¢ is maximum, if and only if it is a union
of similar maximum (d. k)-codes consisting of words (1) of binary
length L and reduced length .\ for all N.L/(k+1) < N <
L/{d + 1). However, the length L of transmitted codewords can
be changed in virtue of a shift of the last peak, and a question
arises whether the decoder can determine uniquely the position of
this peak in the reccived message. Now, we verity that for some
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natural assumptions it is possible without using merging digits.
Considering (d, k)-codes, we can assume that the permissible size
t of shifts does not exceed d and that any two neighbor peaks cannot
shift simultaneously (really we use a stronger similar assumption
concerning all peaks of a codeword). Then the decoder can determine
the last peak of a transmitted codeword of length L as a peak that
is closest to the Lth position. Indeed, if the last peak did not shift,
it takes the Lth position in the received message. If the last peak
shifted to the left or to the right in at most ¢ positions, both neighbor
peaks did not shift and are situated at distance at least d + 1 > ¢
from the Lth position of the received message. Thus, the decoder
can determine the last peak of the transmitted codeword and hence
its reduced length without using merging digits.

This remark allows us to concentrate on (d, k)-codes of a fixed
reduced length N. However, in Table I we present the sizes and
efficiencies of some (d, k)-codes of binary length L capable of
correcting single peak-shifts constructed by our method.

[II. A COMBINATORIAL PROBLEM CONNECTED WITH THE
CORRECTION OF SINGLE PEAK-SHIFTS OF GIVEN SIZE

For constructing codes capable of correcting peak-shifts, we use
a general combinatorial method that was suggested in [9]. The main
idea of this construction consists of using a finite Abelian group G
of order m to partition any code C into m subcodes, each having
the desired error correcting properties. Since at least one of these
subcodes has size at least [C'|/m, this construction is efficient if the
order m of the group G is sufficiently small.

Let G be a finite (additive) Abelian group of order m = |G| and
W := {wj.wz.---,wn} be a sequence of not necessarily different
elements of G. We refer to W as weight sequence. For any code C,
consisting of sequences a in (1), and any element geG we define
the subcode

N
C(W.,g):= {aEC : Zaguvi =g. where
i=1

(a1 ag. - an) = pola)}. )

Here, o; w; denotes the sum of «; elements w; of the Abelian group
G. The problems are to find necessary and sufficient conditions on
a sequence W = {w,wa,---,wn} for which every of m = |G|
subcodes C'(W, g) of a code C is capable of correcting single peak-
shifs of given size ¢, and to find the minimal order m of the group
G in which the suitable sequence W exists.

Notice that for a code C, consisting of d-sequences (1), we can
determine (see (2)) subcodes

N
Ca(W,g) = {aeC’,Zﬁiwl =g, where

=1
(8182, Bx) = wala)}.

It is easy to see that this is the same class of subcodes as given in
(4) since

~
Cy(W,g) = C(W,g+ a’Zw,).
=1

The following definition and Theorem 1 are the basis for the codes
to be designed.

Definition: A set H := {h1.ho, -+, hn} C G is called a t-shift
N-designin G if forany j = 1,---,tandany ¢ = 1,---, V all 2N¢
elements * jh; are different and not equal to zero.

The values *j h; are considered to be the syndromes that result
after a peak-shift in a codeword.

We fix some weight sequence W = {w, ws, -+, wn } of elements
of G.

Theorem 1: For any code C', consisting of sequences a in (1),
any subcode C(W,g) as defined in (4), is capable of correcting
single peak-shifts of given size ¢, if and only if the set H :=
{hy.hay-+-,hn} of G, where

hi = w; — w41, i=1,---,N -1, hn = wn, )

is a t-shift N-design in G.

Proof: Sufficiency follows from the fact that for a sequence v =
071107%1---0" N1, obtained from a codeword a by a shift of the
ith peak to the right (or lefty in j digits, the difference ", viw; —
Zle aw; is equal to Fj(w; — wig) ifi=1,2.---,N=1lorto
*jw; if i = N. The + sign corresponds to a right shift. On the other
hand, if H is not a ¢t-shift V-design in G, for any d-sequence a in
(1), where d > t, there exist two different single peak-shifts of size
at most ¢ giving rise to the same syndrome. Then these peak-shifts
transform e in two different sequences of reduced length NV, which
belong to the same subcode C'(W, g) and, hence, this subcode cannot
be capable of correcting peak-shifts of size ¢

It is significant to note that (5) gives a one-to-one correspondence
between W = {wy,we, -, wn} and H = {hi,ho. - hn}. W
is uniquely determined for any ordering of the t-shift N-design
H = {hl,hg,"',hN} by

N
wi=Y hj i=12,
=t

and will be denoted as W (H). By Theorem 1, for any code C,
consisting of sequences (1), any subcode C(W(H),g), geG, is
capable of correcting single peak-shifts of size ¢. If we change the
ordering of H, we change W(H). In Section V, we use a special
ordering of the f-shift V-design H in order to choose a particular
weight sequence W (H ) and decrease the redundancy of (d, k)-codes
capable of correcting single peak-shifts. O

,N, ©)

Later, we will see that for any ¢ and IV there exists a t-shift V-
design in an Abelian group of sufficient small order. Let m(N,t)
denote the minimum order of the Abelian group G in which there
exists a t-shift N-design. According to the definition for such a design
m(N,t) > 2N + 1. Therefore, a t-shift N-design in G is called
minimum if |G| = m(N,t) and perfect if |G| = 2¢tN + 1. Using
this, we have the following.

Corollary 1: For any code C consisting of sequences (1) of
reduced length IV there exists a subset of C' which is a code capable
of correcting single peak-shifts of given size ¢ and has cardinality at
least |C|/m(N,t), where |C| is the cardinality of the code C.

The cardinality |C| of C = CJ, consisting of all (d, k)-sequences
of reduced length N is |C| = (k—d + 1)". The average length
L per code symbol is (k+d +2)/2, and hence, the number of
information bits represented by a codeword divided by N'L is

log, |C| _ 2
NL ~ k+d+2
which is equal to the lower bound to the capacity C(d, k) of (d, k)-
sequences as given by Zehavi and Wolf [10]

_ .. logA(d,k, L)
(C(d, k) = Lh_x'noo 7 )

log,(k ~d+1), M

where A(d,k,L) is the number of (d, k)-sequences (1) of binary
length L). The maximum information rate C(d,k) is given as the
base-two logarithm of the largest real root of the equation

1+ Zk+2 _ Zk+1 _ Zk+l—d =0.
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In general, an exact expression for the capacity is hard to give.
However, in {10] it is shown that the capacity C'(d. k) is bounded by

2ogy(k=d+ 1) oy«

log,(k —d + 1)
(A+D+(d+1) ~

d+1

Theorem 2: Let the code C' = (7', consist of all (d. k)-sequences
of reduced length V', let & — d > 2¢t. and let there exist a perfect
t-shift \-design H. Then, any code C(WW (H).g), see (4), is a
perfect (d.k)-code capable of correcting single peak-shifts of size
t and at least one of them has size at least ¢ /(2X't 4 1). where
g =k —d+1.

Proof: let a be any (d + f.k — t) sequence o, () =

(nj.an..ax). H = {h].hz.“-.h_\'} and W(H) =
{wi.wa.-- - wx}. Since H is a perfect ¢-shift N-design then for
any ¢, Z,\:] ajw; — ¢ is equal to O or to some element %,
wherc j = l.-+-.f. i = 1.2.---.N. Realizing in the word a

a corresponding shift in j digits to left or to right we obtain a
(d. k)-sequence which belongs to the code C'(W (H).g).

Thus, the problem of constructing perfect (d. )-codes of reduced
length .V capable of correcting single peak-shifts of size # is reduced
in the framework of the method under consideration to the problem
of finding perfect t-shift "V -designs. a

IV. CONSTRUCTION OF PERFECT #-SHIFT .V -DESIGNS AND
CODES CAPABLE OF CORRECTING SINGLE PEAK-SHIFTS

In Section III, we reduced the problem of constructing codes or
reduced length \" capable of correcting single peak-shifts of given
size t to the combinatorial problem of finding #-shift \'-designs H
in an Abelian group G. Corollary 1 and Thcorem 2 shows that
the construction is the most efficient when H is a perfect f-shift
N-design, that is &G has order 2t N + 1. In this section, we give
constructions for perfect ¢-shift V-designs for + = 1, + = 2, and
t = (p —1)/2, where p is prime.

Let G¢,,, be the group of integers modulo i and F}; be (the additive
group of) the r-dimensional vector space over G'F(p), where p is a
prime.

First, notice that any nonzcro clement g of an Abelian group G of
odd order differs from its opposite element —g. Hence, the set of all
nonzero elements of the Abelian group of order 2.\'+ 1, is partitioned
into V" pairs of opposite elements {+¢. —¢}. Choosing any element
from cach such pair we obtain a perfect 1-shift V'-design, that gives
the following.

Theorem 3: A perfect 1-shift N-design exists in any Abelian
group of order 2\ + 1, and hence, m(N.1) = 2.V + 1.

In particular, the set of integers H = {1.2.---. \'} forms a perfect
1-shift N-design in Gx4q. The corresponding weight sequence
W(H) is defined by (6).

Example: For N = 7, W(H) = {wi.wa s wq w5 weowrp =
{13.12.10.7.3.13.7}. The values *i./ = 1.2.-...\ of changes
determine the position of the erroneous peak and the direction of
the shift.

We show how it is possible to use Remark 1 and Theorem 3 for
constructing effective (d. k)-codes of binary length L capable of cor-
recting single peak-shifts (of size 1). For any fixed N. L/(k + 1) <
N < L/(d+1). we consider the code C' consisting of all (d.k)-
sequences of binary length L and reduced length N and use the
perfect 1-shift V-design A of Theorem 3 to choose by Theorem 1
the largest subcode C'(11°(H). ¢). By Corollary 1, it contains at least
1/(2N + 1) of all words of C'. A union of these codes of all given
above lengths \' gives rise (seec Remark 1) to a code consisting of
some number V(d. k. L) of (d.k)-sequences with binary length L

TABLE I
EFFICIENCIES FOR SEVERAL (d. &)-CODES OF
FIXED BINarRY LENGTH L = 16 AND 24

(d.k) (1,3) (1.5) (1.7) 2.5) 3.7
A(d. k. 16) 165 431 551 41 17
AL 24) 3505 15911 23830 557 157
C(d. k) 0.55 0.65 0.68 0.46 0.40
17 (d k. 16) 1 39 52 4 3
R(d. k. 16) 0.22 0.33 0.37 0.13 0.10
V(d k. 24) 185 976 1561 44 1S
R(d. k. 24) 0.31 0.41 0.43 0.23 0.16

and being capable of correcting single peak-shifts. In Table I, for
L = 16 and L = 24, we present sizes 1(d. k. L) and efficiencies
Rid. k. L) = log V{(d. k. L)

L
of obtainable codes in comparison with analogue values for the set
of all (d.k)-sequences of binary length L.

In the case t = 2, for any Abelian group G of order 4\ + 1, we
consider the directed graph I'(G) with as vertices the 2.V pairs of
opposite elements {+g. —g}. From vertex {4+g.—y} there exists a
dirccted edge to vertex {+h. —h}, ifand only if h = 2g or h = —2g.
For any element /i in an Abclian group ¢ of odd order there exists a
unique element geG such that I = 2. Therefore, in I'(G). only one
cdge begins at each vertex and only onc edge leads to each vertex.
Hence, the graph T'(() is partitioned into directed cycles. From the
construction of T(G), it follows that a perfect 2-shift V-design in G
exists, if and only if we can choose N\ pairwisc nonadjacent vertices
among the 2.\ vertices of [(G). It follows that a perfect 2-shift \'-
design in G cxists, if and only if the graph I'(G) consists of only
even cycles. As an example for groups G of order 25, the graph
(G5 ) has only two cycles

- { DS 62) D
@@9@@@ & ,

consisting of 10 and 2 vertices, and the set {1.4.9.11.6.5} forms
a 2-shift 6-design in Gys. In the same way, the graph T(F3) is
partitioned into 6 cycles of length 2. We now show that the condition
that the graph ['(G) is partitioned into only even directed cycles is
cquivalent to the following arithmetical condition:

(2”*'—’ — 1IN+ 1) =1

forany ( =0.1.---.N — 1. (8)

Let the vertex {y. —gy} of T'(G) belong to a cycle of length 2¢ + 1.
(=0.1.--.N = 1. Then (227" +1)g =0or 2* "' = 1)g=0
and ( # 0. and thus the order of ¢ is a common divisor of 2/ t% — 1
and 4.\ +1. On the other hand, if ( is the minimum number for which
(8) is not fulfilled and a prime p is a common divisor of 2**! — 1
and 4\ + 1 then in G there exists an element g of order p and hence
(22*' +1)g = 0 of (2*F' = 1)g = 0. Using the minimality of
the number ¢, it is casy to show that the length of a cycle that goes
through vertex {4+g.—g} is equal to 2( 4 1. As a conscquence we
have the following.

Theorem 4: A perfect 2-shift \'-design in an Abelian group G of
order 4\ + 1 cxists, if an only if the graph T(G) consists of only
even cycles or cquivalently, if and only if (8) is fulfilled.

The first criterion of existence of a perfect 2-shift \'-design is a
convenient check for the computer and for explicit constructions in
case a perfect 2-shift V-design exists. The second criterion shows
that the question of existence of a perfect 2-shift V-design depends
only on the number theoretical nature of the order of the group,
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but not its structure. Using that 2°~! — 1 = 0 (mod p) note that
forany p = 4n +3, 2?71 — 1 = 4! — 1 = 0O(mod p), 4
has an odd (multiplicative) order (mod p), and if p = 4n + 3 is
a divisor of 4N + 1, then (8) is not satisfied. If p = 4n + 1 is a
divisor of 4V + 1 and 4 has some odd order 2¢ + 1 (mod p), then
24" _1=4"-1=0 (mod p), 2¢+1 < n < N, and the condition
(8) is not satisfied as well. On the other hand, if (8) is not satisfied
and a prime p is a common divisor of 2**? — 1 and 4N + 1 for
some £ = 0,1,---, N — 1, then 42! — 1 = 0 (mod p), and hence,
4 has an odd order (mod p). Therefore, we have the following.

Corollary 2: A perfect 2-shift N-design in any Abelian group G
exists, if and only if the factorization of 4N + 1 contains only primes
p (of the type 4n + 1) such that 4 has an even order (mod p).

The corollary allows us to quickly check the condition whether
a perfect 2-shift N-design exists or not. The following numbers
4N + 1, 1 < N < 25, satisfy the condition of Theorem 4
and corollary 2: 5,13,17,25,29, 37,41, 53,61, 65,85,97,101. On the
other hand, it is interesting to mention that for n < 250, the only
primes of the type 4n + 1, such that 4 has an odd order (mod p), are
73,89,233,281,337,601,617,881, and 937.

If a perfect 2-shift /V-designs does not exist we suggest another
construction of 2-shift N-designs that are minimum.

Theorem 5: The set of integers H := {h; = 2i—1,i=1,---,N}
forms a 2-shift V-design in Gan.2.

Proof: 1t is sufficient to check that the congruences h; — h; =

0,2(h; — h;) = 0 mod(4N 4+ 2) hold only for i = j and the
congruences h; + h; = 0,2(h; + h;) = 0, h; + 2h; = 0,
hi —2h; = 0 mod(4N + 2) do not hold for any ¢ and j, 1 <

i,j <N. a

Corollary 3: 4N +1 < m(N,2) < 4N + 2.

We now give a general construction for the specific case where
t = (p —1)/2, and p is a prime. It is known that in the r-dimensional
vector space F, there exist (p” — 1)/(p — 1) one-dimensional
subspaces and (p” — 1)/(p — 1) projective vectors the first nonzero
coordinates of which are equal to 1 which generate these one-
dimensional subspaces. We denote the set of these vectors by H.

Theorem 6: Let t = (p — 1)/2, where p is a prime, and N =
(p" —1)/(p — 1), then H, forms a perfect t-shift V-design in F}
and hence, m(N,t) = 2tN + 1.

Proof: First remark that 2t N 4+ 1 = p". The proof follows from
the fact that the numbers £¢,¢ < (p — 1)/2 give different elements
from GF(p) and thus different scalar products with any vector from
H. Furthermore, one-dimensional subspaces, generated by any two
vectors from H, have only zero vector as intersection. O

Note that for the conditions of Theorem 6, a perfect t-shift V-
design exists in G- as well. It can be obtained if every projective
vector (c1, ¢z, -+, ¢, )eHy is replaced by the number ¢; +c2p+-- -+
¢p" ! (but not the number cip” !t 4 cap”™ 2 4+ -+ +c).

Example: lett =3,p=7,r = 2and N = 8. The perfect 3-shift
8-design H7 in F consists of eight vectors: (1,0), (1,1), (1,2), (1,3),
(1,4), (1,5), (1,6), (0,1) and the weight sequence
W(H?) = {(0,1),(6,1),(5.0).(4,5),(3.2),(2,5),(1,0),{0,1)}.
The corresponding set H =
perfect 3-shift 8-design in Gag.

Notice that if ¢+ < (p—1)/2, p is a prime and {(p"~' —1)/
(p—1)< N < (ph —1)/(p—1), then any N vectors of H,, form a
t-shift N-design in F;. Since |Fﬂ =p and p"~! < N(p — 1) then
m(N,t) < p(p — 1)N. By the Chebyshev inequality, there exists a

{1.8.15,22,29,36,43,7} forms a

prime p such that 2¢ + 1 < p < 4t. It follows that in any case the
value m(N,t) does not exceed 16t>N.

This perfect t-shift N-designs H can be used in Theorem 2 to
construct perfect (d, k)-codes C(W(H),g) capable of correcting
single peak-shifts of size ¢. At this point we want to consider other
properties of the weight sequence W = {w1, w2, - -+, wn } connected
with correction of errors of different sorts. Following [9], we say
that W has property A,, Bﬂ,C‘s if under the conditions a) k; and
¢ are ~1,0,+1 such that 37 J|k| < s,Z_l|Z| < s b) ki
and ¢; are 0 or 1 such that ):l ki < SE, b < s,0) ki and
¢; are nonnegative integers such that 7 ki < s, Z'\; 4 < s,
tespectively, the equality S0 | ksw; = SV, f;w; holds in G only
if k; = ¢; (modulo 2, in the case A;), i = 1,---, N. It is easy to
show that for any binary code C of length N and any sequence
W with property A, or B,, all subcodes C(W,g) are capable
of correcting at most s usual (0 — 1 and 1 — 0) or asymmetrical
(0 — 1) errors, respectively. Furthermore, for any code C' consisting
of sequences (1), and for any sequence W, having the property C,,
all subcodes C'(W, g) are capable of correcting at most s deletions
of zeros. The order of a group G in which there exists a sequence
W with property As, Bs,Cs is at least 3.5 Ci, > 5, Ci, and
le o Cf+ N_1. Tespectively; if this order is attained, we call the
corresponding W perfect. In the first case it is p0551ble only if any
element g has order 2 and hence G = FJ and Zl oCh = 27,
For s = 1, all nonzero elements of G form a perfect W that
gives the perfect single-error-correcting Hamming codes, the single
asymmetric-error correcting Varshamov—Tenengolz codes (12] and
the perfect single asymmetric-deletion correcting codes, constructed
in [9]. It is known that there does not exist another perfect W, having
property A, except for s = 3, N = 23, = 11 (Golay code) and the
trivial cases 2s+1 = N, r = N —1. There is a natural generalization
of the properties A, and B, for the g-ary case. Notice also that any
g-ary code of length N, with ¢-shift [V-designs as weight sequences,
is nothing else than a code capable of correcting a single usual error
of size Ti,i < t.

These examples and the examples of weight sequences W (H)
from the perfect ¢-shift V-designs show that the general combinato-
rial approach under consideration is universal and fruitful.

V. MINIMUM REDUNDANCY OF (d, k)-CODES CAPABLE
OF CORRECTING SINGLE PEAK-SHIFTS OF GIVEN SIZE

We can use the constructions of perfect t-shifts NV-designs H and
Theorem 2 in order to partition any (d, k)-code C of reduced length
N into 2¢tN + 1 codes C(W(H),g), each capable of correcting
single peak-shifts of size ¢. In this section, we consider the problem
of dividing N q-ary symbols of (d,k)-codes C(W(H),g) into
information and check symbols, where ¢ = k — d + 1.

A code C of length N over the alphabet {0, 1,---,q — 1} is called
systematic if it is possible to partition all its digits into two parts of
n (n > 1) and r (N = n 4+ r) digits such that for any filling of the
n digits (called information digits), there exists a unique filling of the
remaining = digits (called check digits) leading to a valid codeword.
It is evident that a systematic code contains exactly ¢" words. The
number r is called the redundancy of the code C of length N.

Next, we consider the problem of ﬁnding the minimum redundancy
r such that for any code C(W(H),g), where C = CJ is a
code from all ¢" (d,k)-sequences of reduced length N and H
is a perfect ¢-shift N-design, there exists a systematic subcode of
redundancy r. Since the size of such a subcode is equal to ¥
and the number of these disjoint subcodes is equal to 2¢N + 1, then
(2tN + 1)¢V ™" < ¢V and hence

r > [log, (2tN +1)],
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where [z] is the smallest integer at least 2. To prove that this bound
is attained, it is sufficient to show that, if

T AN F1< g ©)

there exists a particular ordering of a perfect ¢-shift .V -design in the
group Ga:n41 such that the weight sequence W1 (H) contains the
weights 1.g.-++.¢" . We find such an ordering for ¢ = 1 and any
g2 2

Theorem 7: Let C' = C3, be the code consisting of all (d.k)-
sequences of reduced length ¥, ¢ = k —d + 1 and N > 3 of
g >3, N >5if g > 2. Then, there exists a perfect 1-shift V-design
H in Gaxy1 such that any (d. k)-code C{W(H).g). geGan+1 (by
Theorem 1 capable of correcting peak-shifts of size 1) contains a
systematic subcode of redundancy

r = [log, (2N + 1)]. (10)
Moreover, if log, (2.V + 1) is an integer, every code C'(WW (H).g)
is a perfect systematic code capable of correcting peak-shifts of size
1 and has redundancy r = log, (2:V + 1).

Proof: Define the number r from the inequalities (9) and
consider the sequence of r numbers

¢ g=1.¢" (g=1.glg =g~ L1 (11)
For ¢ > 3. these numbers decrease and, hence, are different in
Gont1. For 0 <7 < r—2and r > 2 any number ¢'(¢ — 1) is
not opposite to 1 since ¢'(g — 1)+ 1< ¢" ', andfor 0 < i < j <
r —2 and r > 3, any pair of numbers ¢'(¢ — 1) and ¢’(¢ — 1)
are not opposite to each other, since ¢'(q—1) + ¢’(¢ — 1) <
(@™*+¢ N g-1) < ¢"~'. Hence, for ¢ > 3, the sequence
(11) consists of different elements of G~ 41, not opposite to each
other. From (9), we know that » < N for N > 3 and ¢ > 3
and thus we can add N — r elements of G\ 41 to construct an
ordered perfect 1-shift V-design H, in which the last elements form
the sequence (11). The corresponding weight sequence 13°(H ) ends
with the weights ¢"~'.¢" 72, ... ¢. 1. and the Theorem is proved for
¢ > 3. For ¢ = 2 and the condition that N > 3, it follows that r > 4.
In this case, we consider the sequence of » numbers

272 0mT L 9% 3, -1, (12)
By analogy, it is easy to show that the sequence (12) consists
of different elements of G4, any two of them are not oppo-
site to each other, and construct a perfect 1-shift V-design H.
The corresponding weight sequence 11°(H) ends with the weights
271, 92772 ... 2?.1.2, which proves the Theorem for ¢ = 2. [

Example: Letd = 1.k = 3.t = 1.V = 10. Then, ¢ = 3 and
2N 4+ 1 =¢" —2r for r = 3. Using (11), we find the perfect 1-shift
10-design H = {3.4.5.7.8.9.10.6.2.1} and the weight sequence
W(H) = {13.10.6.1.15.7,19.9.3.1}. For C' = C{% any (1,3)-
code C(W(H).g) geGa. is a perfect systematic code of reduced
length 10 and of redundancy 3 capable of correcting peak-shifts of
size 1.

The ordering of a perfect 1-shift V-design in G4 given in
Theorem 7 allows us to give a solution to the following problem.
What is the minimum amount of ¢-ary check digits needed to add to
a code C'y . of reduced length n such that the resulting (d. k)-code is
capable of correcting single peak-shifts of sizel1? From Theorem 7,
it follows that it is sufficient to add r digits, where r is the minimum
number such that

2n4+r)+1<q" (13)

TABLE II
MINIMUM REDUNDANCY 7 OF SYSTEMATIC (d. k)-CODES WITH n
INFORMATION g-ARY DIGITS CAPABLE OF CORRECTING
PEAK-SHIFTS OF SIZE 1 (¢ = k—d+ 1)

n q= 2 3 4 5 6 7
2 4 2* 2 2 2 1*
3 4 3 2 2 2 2
4-5 5 3 2 2 2 2
69 5 3 3 2 2 2
10 5 3* 3 2> 2 2
11-15 6 4 3 3 2 2
16-21 6 4 3 3 3 2
22 6 4 3 3 3 2>
23-25 6 4 3 3 3 3
TABLE III

A PARTICULAR ORDERING OF THE PERFECT 2-SHIFT .\ -DESIGN
H N Gynyy aAND W(H) FOR ¢ = 5

m N H W
13 3 {3.4,1}

17 4 {53.4,1}

25 6 {5.6,9,11,4,1}

29 7 {6,7,5,16,20,4,1}

37 9 {5,22,16,24,14,6,20.,4,1}

41 10 {7,12,28,3,16.18,31,30,4,1}

Since (13) does not hold if we replace » by r—1, then 2(n +r — 1) +
1 > ¢"7' and hence,

r—1

T =2 =)<+ 1< ¢ = 2n (14

The number » is uniquely determined by (14) because the function
q" — 2r is increasing for r > 1 if ¢ > 3. and for r > 2 if ¢ > 2. For
2n 4+ 1 = ¢" — 2r. the resulting (d.k)-code is a perfect systematic
code capable of correcting single peak-shifts of size 1.

In Table 1I, we give the minimum value of r according to (14) for
n < 25 and ¢ < 7. The cases which give rise to perfect systematic
codes are marked with a star.

We assume that if there exists a perfect 2-shift N-design H (see
Theorem 4 and Corollary 2) and for some ¢ and r the inequalities (9)
are fulfilled then there exists a particular ordering of H such that
the weight sequence V1 (H) contains the numbers 1,q.---.q" " .
In this case, any (d.k)-code C' (VW (H).qg), yeG4x41, contains a
systematic subcode of redundancy r = [logq(-l.\' + 1)] and if
log, (4. +1) is an integer, every code C(W(H).g) is a perfect
systematic code capable of correcting peak-shifts of size 2 and has
redundancy » = log, (4.¥' + 1). We checked that this assumption is
true for small .V and ¢. As an example, Table 1II gives the desirable
H and W (H) for the initial values of m = 4N +1 =13.17.---.41
and ¢ = 5. The check symbols are underlined. It should be noted
that for .V = 10 the check positions can not be located at the end of
W (H) and for N = 6 the corresponding codes are perfect systematic
codes capable of correcting single peak-shifts of size 2.

Note that if there exists a prime p such that t = (p — 1)/2. and
q=k—d+1 = p. we can determine for a code C' = C'y"}. consisting
of all (d.k)-sequences of reduced length N'()\' > 3). the number r
from the inequalities

P <ANF1 <.

and taking into account that N > r we construct an ordered t-
shift V-design H in F} for which the last r elements are the
projective vectors (1.p —1.0.---.0). (0.1l.p — 1.0,---.0).---.
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(0.-+-.0,1.p — 1),(0,0.---.0,1). The corresponding weight se-
quence W (H) ends by r unit vectors. Therefore, if ¢t = (p ~ 1)/2.
C = Cyand ¢ = k—d+1 = p any of p" subcodes
C(W(H).g). geF,. contains a systematic code with redundancy
r = [log,(2¢N + 1)]: moreover, if 2¢tN + 1 = p", then the code C
is partitioned into p” perfect codes C'(W (H ). g) capable of correcting
single peak-shifts of size ¢, each of which is a systematic code with
redundancy r = log,(2¢N + 1).

Example: lett =1.p=3.¢q=k—-d+1=23,and N = 13.
Then, 2tN + 1 = p® and, thus, r = 3.

Then,
1111111100100
H= {0 10011221121 0
0012121201021
and
0210210211100
WH)y= {00 2 2 210612101 0}
1110101011001

give rise to systematic (d, k)-codes of reduced length 13 and of
redundancy 3, which are perfect codes capable of correcting single
peak-shifts of size 1 for any d and k such that k — d = 2.

VI. CONCLUSION

We introduce a definition of arbitrary (d, k)- and perfect (d, k)-
codes capable correcting single peak-shifts of given size t. For
the construction of perfect codes we use a general combinatorial
method connected with finding “good” weight sequences in Abelian
groups and introduce the concept of perfect #-shift N -designs. We
give explicit constructions of such designs for + = 1, ¢+ = 2, and
t = (p — 1)/2, where p is a prime. Our construction is not only
effective, but also universal in the sense that it does not depend on the
(d, k)~constraints. It also allows to correct automatically those peak-
shifts that violate (d, k)-constraints and to determine the beginning
of the next codeword.

For an ideal multibit peak-shift channel, decoding errors that do not
occur in the Nth substring do not propagate to subsequent blocks, as
the length of the codeword does not change. However, if a decoding
error occurs in the Vth substring, the first symbol of the next block
is in error. If *tw; is a valid syndrome, we make a decoding error
in this block. Only if again in the Nth substring a decoding error
occurs, we may speak of error propagation. By appropriate choice of
w, we may avoid this phenomenon.

Catastrophic error propagation occurs whenever random errors are
involved. These errors completely ruin the structure of the codewords.
They insert new phrases or delete existing phrases in a codeword and
thus synchronization regarding the beginning of the first symbol of a
codeword is completely lost. One way to solve this problem is to fix
the length of the codeword to a certain value. We can construct codes
with a fixed binary length L by considering the union of all codewords
of binary length L belonging to the (d, k)-codes of reduced length
N, L/(k+1) < N < L/(d+1). The codewords of fixed binary
length start with d zeros and end with a symbol equal to 1. These
codewords can be stored without merging digits.
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An Updated Table of Minimum-Distance
Bounds for Binary Linear Codes

A.E. Brouwer and Tom Verhoeff

Abstract—Tables with lower and upper bounds for dn..(n. k), the
maximum possible minimum distance of a binary linear code with word
length n and dimension k are shown.

Index Terms—Binary linear codes, lower and upper bounds on mini-
mum distance

I. NEw TABLE OF BOUNDS

We present some corrections and a further update on [64]. The up-
date consists of new Tables 1 (Bounds), II (Index), and V (Statistics),
and new lists of Labels and References. We also add one more
condition to the list of Formal Invariance Conditions (see below).
We adhere to the terminology used in [64], but here the references
that appear in the table of bounds will be called labels (to avoid
confusion with regular references).

The following corrections have been incorporated. The {69, 12, 29]
code (labeled MS) from [40] has been withdrawn since it is not linear
[67]. The [73,49,9] code (labeled V) from [35] has been withdrawn
since it was in fact a {73, 46, 9] code (cf. [44]). Part of the damage
done to the table by this withdrawal is repaired using a [64,40,9]
Goppa code and a [68,42,10] code found by Shearer. It is quite
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