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Abstract—We design 4-ary codebooks using Reed Muller codes MIMO beamforming codebooks using Reed Muller codes for
for multiple-input multiple-output (MIMO) beamforming sy s- A7, = 4,8, 16, 32.
tems. -An upperbound on the maximum correlation magnitude  gjnca the generator matrix for Reed Muller code can be eas-

metric of a 4-ary codebook is derived from the minimum Ham- . - .
ming distance of the corresponding binary linear block code The ily obtained, the 4-ary codebooks using Reed Muller codes ca

4-ary MIMO beamforming codebooks for the number of transmit € obtained instantly. Thus, there is almost no design cexapl
antennas equal to4, 8, 16, and 32 are tabulated. We show that the ity for 4-ary codebook design using Reed Muller codes. An

4-ary codebook using Reed Muller codes provides the same syl ypperbound on the maximum correlation magnitude metric of
error probability (SEP) as the LTE codebook when the number 6 5 451y codebook is derived from the minimum Hamming dis-
transmit antennas is four and the number of feedback bits isdur. . . .
. o tance of the corresponding binary block code. It is showh tha

Index Terms— Grassmannian codebook, —multiple-input the 4-ary codebooks using Reed Muller codes have the same

multiple-output (MIMO) beamforming, Reed Muller code. symbol error probability (SEP) performance as the codebook
in LTE standard in [11] foiM, = 2 and4.
|. INTRODUCTION This letter consists of six sections. In Section I, we dibscr

ébe system model. In Section Ill, we design 4-ary codebooks
using binary linear block codes and an upper bound of the max-

ited feedback have been considered to reduce the feedbacQ%u;n ::orsrelatl_tlonl\ryﬁgn!tude met(rjlc forftary coddebé)oks is de
formation rate [1]- [15]. The codebooks adopted for rece yed. In section 1V, design procedure of =-ary code ookgis

standards demonstrate trends towards systematic finite-alp eed Muller COd?S IS descnbed_. In Section V, r?umen(_:allnesu
bet codebooks [11, p. 63], [12, p. 457]. A binary codebook gére presented. Finally, conclusions are drawn in Section VI
sign for MIMO beamforming systems using limited feedback

based on the Grassmannian beamforming criterion was invest 1. SYSTEM MODEL

gated in [13]. We denote the number of transmit antennas andye consider a MIMO beamforming system using limited
the number of feedback bits by and F', respectively. Then, feedback with)M, transmit antennas andl/, receive anten-
the number of weight vectors in a codebookfS In [1], the nas shown in Fig. 1. We assume that maximal ratio combin-
codebooks were designed only for the casé/hf= 4 and8. ing (MRC) is used at the receiver. AW-ary symbols with
In[2], quadrature amplitude modulation (QAM) and phasé shiynit average energy is pre-encoded by a beamforming weight
keying (PSK) codebook design was investigated. A problegactor w — (w1, wa, ..., war, )T from a 4-ary codebookV,

of QPSK code_boo_k in [2] is that the number of feedback bi%here(-)T denotes transpose a@?ﬁﬁ |w;|2 = M. Note that
cannot be arbitrarily _chosen. In [3], 4-ary rank-1 and rank-wl_ —1,-1,50r—jforalli = 1,2, ..., M, for a 4-ary code-
codebooks were designed fbf, = 4 over correlated and dual book. Th itted sianal is qi . herel
polarized channels. In [5], codebooks ff, = 2,3,4 were 00K The transmitted signalis given Q)én:tw 8, WhereL,
tabulated. In [6], 4-ary codebooks for MIMO beamforming art$ the transmit symbol energy. Thus, the transmit energy per
tabulated only fo\/, = 4,6, and8. antenna igZ; /M. We denote the transmit bit energy which is
In this letter, we design 4-ary codebooks using Reed Mullgflual toE; / log, M, by Ej,. We use a 4-ary codebook that con-
codes for MIMO beamforming systems wiftf, = 2™. The SISts of2f" weight vectors. The transmitter selects the weight
elements in a 4-ary codebook are—1, j, or —j, wherej — Vectorw from the codebookV using the feedback signal from

/=1. By using this 4-ary codebook, the average power traniée receivgr. T_he output signal of the maximal ratio combine
mission at the transmit antennas is constant, and compuihthe receiveris given by
tional complexity for finding the optimum weight vector and

My,
' - [ B E,
the storage requirement can be reduced. We tabulate 4 ary » HHw s+ zfn — 2 (Z hzwz> s+ zfn
t =1

M,
Copyright (c) 2013 IEEE. Personal use of this material isrpged. How- ‘
ever, permission to use this material for any other purpasest be obtained . . .
from the IEEE by sending a request to pubs-permissions@iege Y. G. WhereH is the M, x M; channel gain matrix whose elements
Kim is with the Department of Electrical & Computer Engirieg; Univer- h; ; are independent and identically distributed (iid) circlyla

sity of Seoul, Seoul, Korea 130-743 (e-mail: ygkim@iegg).orA. J. Han tri lex G . fadi . ith it .
Vinck is with University of Duisburg Essen, Duisburg, 470%3ermany (e- symmetric complex Gaussian tading gains with unit variance

mail: han.vinck@uni-due.de). andhy is thel'" column vector ofHH. The gain from thejth

Among closed-loop transmit diversity schemes, multipl
input multiple-output (MIMO) beamforming systems with im
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transmit antenna to theh receive antenna is; ;, andn is a codeword in a binary linear block code Then, we can have
M, x 1 additive white Gaussian noise (AWGN) vector withthree cosets defined as
varianceN, /2 per dimension. The combining weight vector

at the receiverg, is equal toHw. The instantaneous signal- (L 1L 1L 1 L1 +C={[1,1,1,1,.., 1,1] + c|c € C}
to-noise ratio (SNR) at the receiver after MRC is given by  [0,1,0,1,...,0,1]4+C = {[0,1,0,1,...,0,1] + c|c € C}
||Hw|[* 3% We use(-)" and|| - || for conjugate transpose [1,0,1,0,...,1,0] 4+ C = {[1,0,1,0,...,1,0] + c|c € C}.

and vector two-norm, respectively.
Since the modulo two addition H9, 1] can be tabulated as

Ill. 4-ARY CODEBOOK DESIGN USING BINARY LINEAR

[0,0] + [0,1] = [0,1]
BLock CODES [0, 1]+ [0,1] = [0, 0]
A. Design Procedure 1,1 +[0,1] = [1,0]
In this subsection, we design 4-ary codebooks for MIMO [1,0] +[0,1] = [1, 1]
beamforming from binary linear block codes based on the
Grassmannian criterion. the corresponding operation in a 4-ary codebook for adding
The Grassmannian beamforming criterion for MIMO beani, 1] to [c2;—1, c2;] produces(—jw;)* = jw}, wherew; =
forming codebook designis to [15] q(cai—1,c2i).
Similarly, the corresponding operation in a 4-ary codebook
) 1 for adding]0, 1] to [c2;—_1, c2;] producesjw;)* = —jw?. Also,
maxglg; L= ﬁtz|""H"|2 1) the corresponding operation in a 4-ary codebook for adding

[1,1] to [e2i—1, cai] produces-w;. Then, the three correspond-
where w,v are weight vectors in a codebooky and Ing4-ary codebooks forthe three cosgtsl, 1,1, ..., 1,1] +C,
Mttty 1— L whvy|2 L [wilv|2 is called the minimum chordal dis- [0,1,0,1,...,0,1]4+C,and[1,0,1,0, ..., 1,0] +C are defined as

tance. Thus, the Grassmannian beamforming criterion is to -W = {—wlweWw}
min max |w'v| (2) (_JW)* = {(_JV‘;) lw e W}
o W) = {Gw)"lwe W}

where we cal|w!lv| the correlation magnitude metric betweemespectively. Since
weight vectorsw andv. By using the MIMO beamforming

codebook that satisfies the Grassmannian criterion, the 8NR [((Gw)™) 7 (jv)"]
the receiver can be maximized [4]. = |((—jw)") T (—=jv)*|
To make a connection between a binary linear block code and = |wiv] +wav} + -+ war, v}y, |

a 4-ary codebook, we define QPSK mappig@), as = |wioy + whva + - - + why va, |
- 1 2 T M t

q(00) = 1 = |wily|
a0) = = |(=w)"(~v) ®
q(11) = -1 where(jw)*, (jv)* € (JW)*, (—jw)*, (—jv)* € (—iW)*,
q(10) = —j. —w, —v € =W, andw, v € W, the 4-ary beamforming code-
o ) books(—jiW)*, (iW)*, (W), andW have the same maxi-
Then, we can define inverse QPSK mappird,(-), as mum correlation magnitude metric and the same error perfor-
4 mance. Thus, we consider only the binary linear block code
¢ (1) 00 that has botH0,1,0,1,...,0,1] and[1,1,1,1,...,1,1] as the
g ') = o1 rows in the generator matrix. Removifig 1,0, 1, ..., 0, 1] and
(-1 = 11 1,1,1,1,...,1,1] in the generator matrix, the new generator
q71(_]) 10. matrix G of the binary linear block codé is obtained. The

corresponding 4-ary codebodk can be obtained by the QPSK

Using the QPSK mapping, a codewotd= [cy, ¢y, ...,c,] Mapping from the binary linear block code
in a binary linear block cod€ is mapped to a weight vec- By removing the two rows[1,1,1,1,...1,1] and
tor w = [wy,ws,...,wr]7” in a 4-ary codebookV, where [0,1,0,1,...,0,1], we do pot generate codewords that
w; = qcai1,c) fori = 1,2, ..., M, and the block length produces the equlvalen_t vv_e|ght vectors. [1f1, 1., 1,..., 1,.1]
n = 2M,. We use the mappingg-) andq~!(-) also for vec- and|0,1,0,1,...,0,1] exist in a generator matrix of a linear
tors. For exampleg([0,0,1,1,0,1,1,0]) = [1,—1,j,—4]7 block codeC,
and ¢~ ([1,-1,5,—4]%) = [0,0,1,1,0,1,1,0]. Note that
we represent a codeword and a weight vector by a row vec-
tor and a column vector, respectively. We assume that meithe c+[0,1,0,1,..,0,1] €C
[1,1,1,1,...,1,1],0,1,0,1, ...,0,1],nor[1,0,1,0, ..., 1,0]isa c+[1,0,1,0,...,1,0] € C

c+[1,1,1,1,..,1,1]€C
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wherec € C, since all the linear combinations of the rowsrom (5)
in the generator matrix are codewords in the binary block

codeC. A binary block codeC for 4-ary codebook design [wilwa|® = (a0 —a2)® + (a1 — as)®
should have only one codeword amang+ 1, 1,1,1, ..., 1, 1], < (Bo = B2)* + (a1 + a3)
c+1[0,1,0,1,...,0,1], andc + [1,0, 1,0, ..., 1,0]. Otherwise, = (Bo— )2+ (Bi + Ba)
the weight vectors are wasted since the four vectors are-equi 9 o

alent. For example, if we have the weight vedtborl, ..., 1] < (Bo=F2)" +d

in a codebookV, havinglj, 4, ..., 517, [-1,—1,...,—1]%, or = (My—dy’+d°

[~4,—7, -, —j]T in the codebooRV should be avoided since

Since we assume tht, 1,1,1,..., 1, 1] is included in the gen-
erator matrixc+1,1,1,1, ..., 1, 1] isa codeword it is a code-
word. As a resultd,,i, < M, /2. Then, the squared correlation

they are equivalent, i.e.

1 -1 — . o =
1 j 1 _;. magnitude metric is upperbounded as

I (== = sl < (Mo — dug)? 4 2.
1 J -1 —J

(4) Thus, an upperbound of the maximum correlation magnitude
metric,C M ,ax, IS given by

CMmax < (M — dumin)* + d2,1,,. (6)
B. Minimum Hamming Distance and Maximum Correlation
Magnitude Metric This upperbound shows that a 4-ary codebook with a small
value of C M. can be designed by the corresponding binary

In this subsection, we derive an upperbound on the maximuimear code with the minimum Hamming distantg;,,.
correlation magnitude metri€; M,,.«, of a 4-ary codebookV
asa functio_n of 'Fhe mi_nimum Hamming distandg,,i_n, of the_ IV. 4-ARY CODEBOOK USING REED MULLER CODES
corresponding binary linear block code. We consider a linar
linear block codeC with the block lengthn = 20 and the
minimum Hamming distanceé,;,,.

The squared correlation magnitude metric between t
weight vectorsv; andws is given by

In this section, we find 4-ary MIMO beamforming code-
books using Reed Muller codes. Reed Muller codes have
hl 1,1,1,...,1,1] and[0,1,0,1,...,0,1] in the generator ma-

B [17, p. 105]. Note that the weight vectdt, 1, ...,1]7

is always included in the codebook/ by QPSK map-
ping of the all-zero codewordo,0,0,0,...,0,0] in the bi-

(wilwa|® = |w] wa1 +wiswan + - +winwam* nary block codeC.  From (4), the binary codewords
= (a0 —a2)? + (a1 — as)? ) [1,1,1,1,..,1,1], [0,1,0,1,...,0,1], and [1,0,1,0,...,1,0],
which correspond to weight vector§—1,—1,...,—1]7,
. . . T . . . T .
wherecqyg, a1, as, andas are the number aof’s, j's, —1’s, and [J;J, -+ J]", and[—j4, =3, ..., —j]" , respectively, should be re-

—j’s, respectively, inw? o w2, which is the Hadamard productmoved in the corresponding binary blopk c@leBy removing
(or the entrywise product) betweeri andw,. Note thato + [1,1,1,1,....1,1] and[0,1,0, 1, ...,0, 1] in the generator ma-

o1 + g 4 as = M,. trix, a generator matrig is obtained for the binary linear block
; o - X codeC of which codewords are mapped to weight vectors by
Assuming thatwv; = ¢(c1) andws = ¢(c2), the vectows; o QPSK mapping.

w2 and the codeword, —c, are related as A rth order binary Reed Muller code with a parameter

denoted by RN, m), has the block length = 2™, the di-

a = fo mensionk = 1+ (7) +--- 4+ (), and the minimum Ham-
az = [ ming distancel,i, = 2™~ [17, p. 105], wherex = 2.
ar+as = P14+ The number of rows in the generator matrix for thé or-

der(n, k) Reed Muller code i&. Since[l,1,1,1,...,1,1] and

wheregsy, 51, B2, ands are the number dio’s, 01's, 11’s, and [0,1,0,1,...,0, 1] are always included in the generator matrix,
10's in the codeword, — ¢, respectively, and + 81 + fa + the available rows of the generator matrix for the beamfogmi
By = M,. codebooks i — 2. Since we select the firdt rows from the

availablek — 2 rows for designing the beamforming codebook

For example, if we assume that = [0,0,0,1,0,0,0,0] . .
¢z = [0,0,0,1,1,0,1, 1], thencs — c; = [0,0,0,0,1,0,1,1). With 2" weight vectorsf” < & — 2. Thus,
Thus, By = 2, 51 = 0, B = 1, andB3 = 1. Since m m m
wi = [1,7,1,1]T andwy = [1, 7, —j, —1]7, thenw? o wy = F<-1+ (1> + (2> +ot <T)
[1,1,—4,—1]F. Thus,ap = 2, a1 = 0, a2 = 1, andaz = 1in
this example. The procedure of finding 4-ary beamforming codebooks with

If the Hamming distance between andc; is d, the Ham- the number of transmit antennag;, and the number of feed-
ming weight ofca — ¢, is given byd = 285 + 51 + fB3. Then, back bitsF' from Reed Muller codes is following.
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1) Find the generator matrix of Reed Muller code with the In Fig. 2, we show the SEP as a function Bf/N, for
block lengthn = 2M; and the parametet The param- the codebook using Reed Muller codes, DFT codebook, and
eterr is the minimum ofy’ that satisfies the following LTE codebook [11, p. 63] employing QPSK signaling with
inequality (M, F) = (2,2), (4,4), (16,5) and(32,6). For M; = 2 and

F = 2, the codebook using Reed Muller codes whose weight
F<—1+ (m) 4ot (m) vectors ard1, 1]7, [1,4]%, [1,—1]T, and[1, —j]%, is the same
1 v’ as the DFT codebook and the LTE codebook. There is no LTE
Select the firsi + 2 rows from the generator matrix of codebook available fob/;, = 16 and M; = 32. For M, = 16

therth order binary Reed Muller code with block lengtiRndM; = 32, itis shown that the codebook using Reed Muller
n = 2M,. This (F + 2) x 2M; matrix is denoted by7,. codes has almost the same SEP performance as the DFT code-

2) Removing the first two rows, whichafg 1,1, 1, ...,1,1]  book. Ei‘le V\1/6€i9ht5 in the DFT codebook fof; = 4 andF = 4
and[0, 1,0, 1, ..., 0, 1], from the matrixGo, we obtain the aree 7>*7/1%, wherel = 0,1,2,3 andk = 0,1,...,15. For
F x 2M, generator matrix. My = 4andF = 4, it is shown that the codebook using Reed
3) Obtain a binary linear block codkby taking all the lin- Muller codes has the same SEP performanc.e as the LTE code-
ear combinations of the rows @, i.e. C is the row space book. ForM; = 2andF’ = 2, the codebook using Reed Muller

of the F' x 2, generator matrixz. codes provides.4 dB gain over the DFT codebook. Note that
4) Apply QPSK mapping t@, and obtain the transpose ofthe LTE codebook fon/y = 4 and F' = 4 includesﬂTj;J. In

the codebool . a practical implementation, the weights in the DFT and LTE
An example forM; = 4 andF' = 3 is following. codebooks must be quantized. Thus, the performance of the
o« My=4,F=3 DFT and LTE codebooks in a practical implementation would

be poorer than our simulation results. Furthermore, 4-adge

11111111 books have reduced complexity for finding the optimum weight
0601010101 vector. The optimum weight vectowr,, is found at the re-
Go = 0 01 1.0 011 ceiver by
00001111
— 2
000 0O0O0T11 Wopt = argmax |[Hwl|
After removing the two rows[1,1,1,1,...,1,1] and M, | M, ?
[0,1,0,1,...,0,1], the generator matrix fok/; = 4 and = arg max hiwi| . (7)
F = 3is given as WEW; g; o
00110011 Using a 4-ary codebook rather than an infinite alphabet code-
G = 8 8 8 8 (1) (1) i i book, computation of; jw; in (7) is simplified from multi-

plication to sign change and permutation of the real and the

All the linear combinations of the rows from the generatdfaginary parts of complex numbers.
matrix G produce the2!" codewords. The codebook’
can be obtained by QPSK mapping to Hecodewords. VI. CONCLUSION

In Table I., ”I, |V, and V, generator matrices for 4'ary code- 4_ary codebook design for MIMO beamforming Systems us-
books using Reed Muller codes far; = 4,8,16, and32 jng Reed Muller codes has been investigated. The 4-ary code-
are tabulated, respectively. Due to the width ||m|t, in Eawpl books using Reed Muller codes were tabulated MJ‘ —

for M, = 32, the (2m — 1)* row and the(2m)™ row are 4 g 16, and32. It was shown that the 4-ary codebook using
for the transmit antenna, 2, ..., 16 and the transmit antennareed Muller codes provided the same SEP as the LTE code-

17,18, ..., 32, respectively, wheren = 1,2,..., F. Thus, the pook for M, = 4 andF = 4 by computer simulations.
(2m — 1)t row and(2m)*® row in Table V corresponds to the

weight vectorw,, in a codebookV. In Table Il, minimum
chordal distances;,;,, minimum Hamming distanced,iy, ] . ]
correlation magnitude metric; M., and upperbounds (6) [ B- Mondal, T. A. Thomas, and M. Harrison, *Rank-independ

. codebook design from a quaternary alphabetCanf. Rec. 41st
onC'Mpax of the 4-ary codebooks using Reed Muller codes for  agjjomar Conf. Sgnals, Systems, Computers, Pacific Grove, CA,
M; = 4,8,16,and32 are tabulated. An advantage of the 4-ary 2007, pp. 297-301.
codebooks using Reed Muller codes is that design proceslurg2] D. J. Ryan, I. V. L. Clarkson, I. B. Collings, D. Guo, and M.
extremely simple and does not require any searching algorit Honig, "“QAM and PSK codebooks for limited feedback MIMO
As a result, 4-ary codebooks for massive MIMO system with beamforming,"lEEE Trans. Commun., vol. 57, pp. 1184-1196,
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TABLE Il
GENERATOR MATRICES FOR4-ARY CODEBOOKS USINGREED MULLER

8 AND F = 4,5,6,7,8,9.
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TABLE IV

GENERATOR MATRICES FOR4-ARY CODEBOOKS USINGREED MULLER CODES FORM¢

16 AND F' = 5,6,7,8,9,10.
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TABLE V

GENERATOR MATRICES FOR4-ARY CODEBOOKS USINGREED MULLER CODES FORM,

32 AND F = 6,7, 8.

My =32, F =6

32, F =7

My =

My =32, F =8
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