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Abstract--In this paper, a method to the analysis of low-

frequency electromechanical oscillations (LFEOs) based on 
continuous wavelet transform (CWT) is presented. The complex 
Morlet CWT is employed to decouple power system ringdown 
signals into single oscillatory modes (OMs) in order to estimate 
their frequencies, damping ratios, relative amplitudes and phase 
shifts as well as to detect nonstationarities.  End-effects of CWT 
may cause inaccurate estimation of relative amplitudes and phase 
shifts.  To make up for this drawback, an optimization problem is 
formulated in a least-square sense. The method is applied to 
synthetic and simulated ringdown signals and results are 
contrasted to results from Prony analysis. 
 

Index Terms--Modal identification, small signal stability, 
power system ringdowns, continuous wavelet transform, 
optimization. 

I.  INTRODUCTION 
HE occurrence of troublesome LFEOs has led to renewed 
emphasis on the study of the characteristics of OMs. 

Examples of small signal stability problems associated to 
poorly damped inter-area oscillations (with frequencies 
typically in the range of 0.2 to 0.8 Hz) are documented in 
several papers for different case histories including instances 
that have occurred in recent years in the Mexican power 
system [1], and the Pakistani power system [2]. 

The estimation of modal parameters associated to critical 
OMs have been accomplished either by using model-based 
methods (e.g. eigenanalysis from the perspectives of linear-
analysis techniques [3], and the Normal Forms method [4]) or 
measurement-based techniques. Model-based methods are 
considered off-line methods, since they depend on 
approximate data and modeling processes. By contrast, 
measurement-based methods rely on actual response of a 
power system (i.e. signal records obtained from system 
measurements or from time domain simulations). Thus, these 
methods are of interest for monitoring LFEOs in real time [5]. 

As discussed in [6]-[8], typical measurement data can be 
classified into three typical categories: i) ringdown, ii) 
ambient, and iii) probing. Ringdown data occurs when the 
system is excited by some large disturbance, (e.g. 
adding/removing large loads, generator tripping, severe short 
circuits), and results in a transient response that can be easily 
observed and distinguished from ambient noise. This transient 
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is usually assumed to be a sum of several damped sinusoids 
[6]. Ambient data is related to the fact that load switching 
throughout the day, which is random in nature, is persistently 
exciting the power system. This disturbance commonly 
appears as noise with very small magnitudes, and hence they 
cannot be easily distinguished from measurement noise [7]. 
Probing data is obtained when low-level pseudo-random noise 
is intentionally injected into the system for testing its 
performance [8]. 

There are several measurement-based methods that can be 
applied to extract modal parameters from power system 
ringdown signals. Among these are Prony analysis [9], the 
Steiglitz-McBride Algorithm [10], the Eigensystem 
Realization Algorithm [11], and Hilbert-Huang techniques 
[12].  The performances of the first three above-mentioned 
methods are compared in [13] with regard to accuracy of their 
identification. In [14], Prony Analysis and a method based on 
the Hilbert transform are compared in terms of measurement 
noise, calculation speed, accuracy, and the ability to 
discriminate between closely spaced modes. It was pointed out 
that Prony analysis is appropriate for ringdown data when 
linear and stationary signal portions are considered and is 
ineffective under noisy conditions. Hilbert transform based 
analysis can be employed to track the evolving dynamics of 
modal parameters. However, the ability of this approach to 
estimate modal parameters and to identify their temporal 
changes is obviated when applied to signals with multiple 
modal components since it cannot adequately distinguish two 
separate modes unless there is a large difference in either 
frequency or damping ratio [14]. 

The CWT constitutes an alternative mathematical tool for 
modal identification since its multi-resolution property is 
particularly useful for recognizing the features of a signal in 
both the time and frequency domains [15]. Several 
applications in civil and mechanical engineering has 
demonstrated its effectiveness in identifying natural 
frequencies and damping ratios in structural dynamic systems 
and vibrating systems [15], [16]. With regard to applications 
in power systems, past studies have focused on supervision of 
system disturbances [17], monitoring of system oscillations 
[18], and analysis of resonance phenomena in distribution 
networks [19]. However, further research is still needed for 
better exploitation of the wavelet transform concept in order to 
properly identify critical OMs. This paper presents a method 
that builds up on a previous work by the authors by employing 
the complex Morlet CWT in conjunction with an optimization 
problem in which the residual sum of the squared deviations 
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between a measured ringdown signal and a signal that is built 
on the basis of the CWT identification results is to be 
minimized. The key goal is to overcome adverse implications 
of end-effects of CWT on identification accuracy of modes’ 
relative amplitudes and phase shifts. 

The paper is organized into the following sections: Section 
II introduces some theoretical background about CWT and its 
usefulness in modal identification. Next, the proposed method 
is described in Section III. Test results are provided in Section 
IV. Finally, conclusions are given in Section V. 

II.  BACKGROUND THEORY 

A.  Continuous wavelet transform 
The CWT of a continuous time signal f(t) is expressed by 

the following inner product in the Hilbert space [20]: 
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where a is a dilation or scaling factor, b is a translation or time 
shift factor, and h*(t) is complex conjugate of a mother-
wavelet function h(t).  

It should be noted that the CWT is the sum over all time of 
the signal f(t) multiplied by scaled, shifted versions of the 
mother wavelet (i.e. the son wavelets). Hence, the CWT 
possesses localization properties in both time and frequency 
domains and consequently provides valuable information 
about f(t) at different levels of resolution and measures the 
similarity between f(t) and each son wavelet [21]. This 
indicates that the CWT can be employed for feature discovery 
by selecting a suitable mother-wavelet function. The mother-
wavelet function constitutes a window function in both 
frequency and time domains [22]. Moreover, the ability of 
multi-resolution in the CWT can automatically filter out the 
noise from f(t), and thus no additional filters are needed [15]. 

B.  Choice of the mother-wavelet 
The effectiveness of CWT-based modal identification is 

strongly determined by proper choice of the mother wavelet 
function [23]. There are several different types of mother 
wavelet functions satisfying the admissibility condition, such 
as the Mexican hat, Gabor and Morlet, which can be selected 
according to the nature of the signal to be analyzed. It has 
been demonstrated that the complex Morlet wavelet is 
appropriate for the analysis of ringdown signals due to its 
capabilities in time-frequency localization for analytical 
signals [24]. This property is especially useful for modal 
identification purposes as demonstrated in several applications 
reported in civil and in mechanical engineering for the 
analysis of multi-degree of freedom systems [15], [16]. In this 
paper, the complex Morlet wavelet is formulated as shown 
below: 

( ) b

2

c2j eeh f
t

tft
−

π=                        (2) 
where fc is the wavelet central frequency parameter and fb is a 
bandwidth parameter that controls the shape of the wavelet. 

The Fourier transform of h(t) and its dilated form are given 

by 
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Note that ( )ωaĥ is maximum at c2 fa π=ω and the complex 
Morlet wavelet can be considered as a linear bandpass filter 
whose bandwidth is proportional to 1/a or to the central 
frequency [25]. Besides, it can be interpreted that only the i-th 

oscillatory mode is strongly related to the scale 
ω
π= c2 fa [24].  

The energy spectrum of h(t) is shown in Fig. 1 for a fixed 
fc=0.2 Hz and for fb equal to 2 and 10 Hz. Note that there is no 
zero frequency component when fb=10, which implies that 
admissibility condition is satisfied. Besides, this indicates that 
an important value of fb gives a narrower spectrum thus 
allowing a better resolution for the detection of low frequency 
OMs.  

III.  PROPOSED METHOD 

A.  First stage: CWT-based modal identification 
Power system ringdown signals characterizing LFEOs can 

be represented mathematically by a sum of damped sinusoids, 
each one having the following form [26]: 
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where ( )A Me tt −α= and t denotes time. The exponential 

decay constant α and the angular frequency ω correspond to 
the real and the imaginary components, respectively, of the i-
th OM expressed as s = α+jω. M is the mode relative 
amplitude and θ is the mode phase shift. 
 

 
 

Fig. 1. Energy spectra of the complex Morlet wavelet. 
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By substituting (5) into (1), the Morlet CWT of x(t) is 
expressed as 
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If the amplitude A(t) is expanded using Taylor series and 
then truncated at the first term around t=b (i.e. the point where 
the son wavelet reaches its maximum), one can obtain 
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By substituting 
a

btr −= , rat dd = and substituting (2) into 

(7) 
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By completing the square on the exponential arguments in 
(8) and after solving the integral 
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Let ( ) ωπ+θ+ω=φ cbj fafb , then 
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If ( ) ωπ+θ+ω=φ cbj fafb , then φ−φ >> ee
 
and ( )b,axhW  
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If the i-th OM related to the k-th scale gives a significant 

contribution to (11), the term 
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By substituting t for b, (12) is rewritten in the form of time-
varying amplitude and phase angle 
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Note that the real and the imaginary part of the i-th OM can 
be estimated from the logarithm of the modulus and the phase 
of the CWT, respectively. Thus 
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Subsequently, the real part, the imaginary part, the relative 
amplitude and phase shift of the i-th OM can be computed by 
applying linear regression analysis to a set of data given 
by ( )( ) ( )( )h k 1 1 h k m mW , , , , W , ,x a b b x a b b⎡ ⎤⎣ ⎦  
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The frequency and damping ratio of the i-th OM are given 

by
π

ω=
2

f , and 
22 ω+α

α−=ζ , respectively. 

It is worthwhile to mention that modal parameter changes 
can be detected by analyzing the slopes of logarithm of the 
modulus and phase of the CWT, since the straight line fits 
with ( )t,ax khWln and ( )[ ]t,ax khWarg versus time can capture 
a mode damping change and a mode frequency change within 
a certain time window, respectively.  

CWT-based analysis of a single-mode signal can be readily 
extended to multiple-mode signals by considering that CWT 
constitutes a time-frequency signal decomposition procedure 
that allows decoupling of signal individual modal components. 
The key idea is to choose a scaling factor ka that maximizes 
the son wavelet, so that the frequency window covers only the 
mode associated with ka while all the other modes and the 
signal noise are automatically filtered out. Also, for all modes 
of interest, the linear regression analysis is to be performed as 
well as for the single-mode signal case. 

B.  Second stage: Enhancement of identification accuracy 
As discussed in Section II, the CWT works as a window 

function in both time and frequency domains. Time and 
frequency windows depend mainly on the center frequency 
parameter fc, the bandwidth parameter fb, the scaling factor a, 
and the translation factor b. Several guidelines are provided in 
a previous work by the authors for proper choice of these 
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parameters in order to estimate modal frequencies and 
damping ratios with reasonable accuracy [27].  

Notwithstanding, by analyzing the convolution operation in 
(1) in light of the mother wavelet function in (2), it should be 
pointed out that, although the CWT is focused at a given time 
and represents the signal content in that vicinity, the window 
extends equally into the past and future [28]. The span of this 
analysis window depends on both the mother wavelet function 
and scale being analyzed, near the ends of the signal. Hence, 
the wavelet's analysis window may extend significantly 
beyond the length of data, deteriorating the identification 
accuracy (this phenomenon known as end-effect [15]), 
especially for mode relative amplitudes and phase shifts. To 
make up for this inadequacy, an optimization problem is 
formulated based on results from Morlet CWT-based modal 
identification as follows 
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where p is the number of samples, Δt is the sampling interval, 

msx is a measured ringdown signal, and x is a ringdown signal 
that is built using the preliminary estimated α, ω, M and θ, 
that is, (5) for single-mode signals whereas for multiple-mode 
signals x is given by 
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The objective function in (20) considers only the 
adjustment of M and θ whereas α and ω are kept constant 
during the optimization since Morlet CWT-based modal 
identification provides good estimates for these parameters 
[27]. The optimization can be solved by using any standard 
optimization routine, such as, for instance, the fmincon 
function of Matlab’s Optimization Toolbox. 

IV.  TEST RESULTS 
Two different signal records are used to demonstrate the 

efficacy of the proposed method. For this purpose, several 
routines have been written in Matlab. Prony analysis is 
performed using the Dynamic System Identification Toolbox 
(DSI) [29]. 

A.  Synthetic multi-mode signal 
The proposed method is first applied to a three-mode 

synthetic ringdown signal with the following parameters: 
 
Mode 1: M1 = 1.0;  θ1 = 0;  f1 = 0.40 Hz;  ζ1 = 3.6148 %; 
Mode 2: M2 = 0.7; θ2 = 30°; f2 = 0.60 Hz; ζ2 = 5.30 %; 
Mode 3: M3 = 0.4; θ3 = 45°; f3 = 1.10 Hz; ζ3 = 9.60 %; 
 
The sampling rate is 20 Hz. Additionally, a sudden 

detrimental change in damping (i.e. ζNew=2.62 %) as well as a 
slight shift in modal frequency (i.e. fNew=0.38 Hz) was 

introduced to Mode 1 after 15 s in order to account for modal 
parameter changes. Fig. 2 shows a 30-s snapshot of the 
temporal evolution of the synthetic ringdown signal whereas 
the contour plot of its Morlet CWT magnitude is shown in Fig. 
3 for a range of scales between 2 and 30. It is pointed out that 
the fc is approximated to be near the typical modal frequencies 
(e.g. 0.2 – 0.5 Hz) since the scalogram of the Morlet CWT of a 
signal with dominant LFEOs will produce relatively large 
wavelet coefficients at scales where the oscillation in the 
wavelet correlates best with the low frequency signal features. 
Moreover, Morlet wavelets with low values of fc contain only 
a few significant oscillations within a Gaussian window. This 
improves the location detection capabilities of the Morlet 
CWT [25]. Besides, fb is set to 25 since an important value of 
fb provides a suitable resolution for the detection of low 
frequency oscillatory modes and also precludes non-
fulfillment of the admissibility condition.  

 The Morlet CWT possesses three salient peaks at the 
scales 21, 14, and 7 as highlighted with dashed lines in Fig. 3. 
These peaks are taken as the scaling factors whose associated 
frequency windows cover each mode separately. This is 
reasonable since the spectrum of the analyzed signal will reach 
peaks in the neighborhood of the frequencies associated to 
those modes that are dominant in the signal. Each peak 
corresponds to that of the Morlet CWT. Thus, the frequency 
window associated with the choice of ak will cover the 
neighborhood of the corresponding modal frequency. Besides, 
it is worth to mention that a relatively lightly damped system 
possesses the property that its frequency response is highly 
localized in a neighborhood of modal frequencies. This 
property indeed eases the selection of proper values of ak. 
Inadequate values of ak would prevent the application of (12). 
This situation, which is beyond the scope of this paper, may 
occur especially when considering heavily damped systems.  

In addition, it is interesting to note that the highest peak is 
related to the most poorly damped 0.4 Hz mode. This indicates 
that the Morlet CWT is especially useful for identifying those 
dominant oscillatory modes that may constitute possible 
threats to power system security. 
 

 
Fig. 2.  Synthetic ringdown signal. 
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TABLE I 

IDENTIFICATION OF MODAL PARAMETERS FOR THE SYNTHETIC TEST SIGNAL 
 

Mode ak Range 
of b (s) 

Real Estimates from Morlet CWT Optimization 
f (Hz) ζ (%) M (p.u.) θ (deg) f (Hz) ζ (%) M (p.u.) θ (deg) M (p.u.) θ (deg) 

1 21 7 - 10 0.4000 3.6148 1.0000 0.0000 0.3992 3.5988 6.6117 91.6160 0.9923 0.0020 
2 14 7 - 10 0.6000 5.2977 0.7000 30.0000 0.6017 5.2584 4.4412 58.3959 0.6955 30.1454 
3 7 4 - 7 1.1000 9.6012 0.4000 45.0000 1.1278 9.6342 3.9251 59.7079 0.4061 44.9416 
             

The magnitude and phase plots of the Morlet CWT of the 
synthetic signal for the first mode with ak=21 are illustrated in 
Fig. 4 and Fig. 5, respectively.  Besides, the case with no 
detrimental changes in frequency and damping (i.e. without 
nonstationarities) is shown in both figures with black solid 
lines in order to show the tracking capability of Morlet CWT.  

From Fig. 4, note that there is a change in the slope of the 
straight line segments of the logarithm of the CWT modulus at 
approximately t=15 s. This change corresponds to the above-
mentioned damping decrement. Besides, a slight change is 
noticeable in the slope of the phase of the CWT depicted in 
Fig. 5 since only a slight variation in mode frequency has 
occurred. Based on (16) and (17), the new frequency and ζ of 
mode 1 are estimated by taking b in the range 19-24 s, which 
constitutes a range of positive small values where the plots of 
ln⏐Whx(ak,t)⏐and arg[Whx(ak,t)] versus t are approximately 
linear, since the time window in this range of  contains the 
information of modal parameters. The identified frequency 
and ζ are 0.38 Hz and 2.57 %, which are quite close to fNew 
and ζNew respectively. This demonstrates that Morlet CWT-
based modal identification can be used not only to detect 
changes in modal frequencies and damping ratios, but also to 
accurately estimate what their new values might be. 

Also, for the 15-s time window prior to the modal 
parameter changes, the frequency, ζ, relative amplitude and 
phase shift of each of the three modes are estimated based on 
(16) to (19). Subsequently, the initial estimated relative 
amplitudes and phase shifts are corrected by solving (20).  The 
identification results are summarized in Table I, comparing 
with the above theoretical values. Final results from the 
integrated Morlet CWT-optimization method are highlighted 
with light gray. It can be seen that the sole application of 
Morlet CWT-Modal identification provides estimates of 
modal frequencies and damping ratios with an acceptable level 
of accuracy while it is no effective at all in terms of estimating 
relative amplitudes and phase shifts. The accuracy of relative 
amplitudes and phase shifts is significantly improved by 
solving the optimization problem as shown in the last two 
columns of Table I. Furthermore, although it is not shown in 
this paper for sake of brevity, it is worth to mention that, 
sensitivity analysis revealed that inaccurate estimates of mode 
parameters are obtained if the values of ak are taken out of the 
ranges 19-23, 15-16, for modes 1 and 2 respectively, as well 
as different from 7 for mode 3. Indeed, this indicates that the 
accuracy of the Morlet CWT-based approach is more sensitive 
when estimating the parameters of less dominant modes. 

 

 
Fig. 3. Contour plot of the Morlet CWT magnitude for the synthetic ringdown 

signal with fc=0.4, and fb=25. 
 

 
Fig. 4.  Magnitude plot of the Morlet CWT for the synthetic ringdown signal 

with ak=21, fc=0.4, and fb=25. 
 

 
Fig. 5.  Phase plot of the Morlet CWT for the synthetic ringdownsignal with 

ak=21, fc=0.4, and fb=25. 
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TABLE II 
TWO AREA-FOUR MACHINE POWER SYSTEM – IDENTIFIED MODAL PARAMETERS 

 

Signal 
Estimates from Prony analysis 

6 – 10 s
Estimates from Morlet CWT 

6 – 10 s

f (Hz) ζ (%) Normalized 
M (p.u.) θ (deg) f (Hz) ζ (%) Normalized 

M (p.u.) θ (deg) 

Pg1 0.6302 2.8210 0.7101 169.8572 0.6294 2.8340 0.7051 170.1354 
Pg2 0.6302 2.8244 0.5750 167.3039 0.6303 2.8385 0.5657 167.5207 
Pg3 0.6302 2.8268 1.0000 0.0000 0.6301 2.8702 1.0000 0.0000 
Pg4 0.6303 2.8262 0.8936 -2.2200 0.6301 2.8671 0.8934 -2.1405 

         

B.  Simulated ringdown signal 
The two area-four machine system shown in Fig. 6 is used 

to illustrate the application of the proposed method for 
identifying modal parameters of an inter-area mode from 
measured ringdowns. All generators are represented by 
subtransient model and equipped with static exciters, thermal 
turbines and governors, and power system stabilizers (PSSs). 
A detailed description of the system can be found in [30].  

 Due to its topology, the inter-area oscillation is easily 
induced by applying a step increase in load at bus 4 of 150 
MW at 1.0 s. Time domain simulations are accomplished 
using the functions of the Power System Toolbox (PST) [30]. 

The Morlet CWT-optimization-based method is conducted 
on the four generators’ active power output signals shown in 
Fig. 7. Results are summarized and compared to results from 
Prony analysis in Table II. Since Prony analysis and Morlet 
CWT-optimization-based method have significant differences 
arising from the underlying mathematical basis, M has been 
normalized by the value for generator 3 in order to allow for 
valid comparisons. As seen in the Table, phase shifts of 
generators 1 and 2 are nearly equal and in antiphase with those 
of generators 3 and 4, thus indicating an inter-area mode, in 
which the generating units in Area 1 oscillate against those in 
Area 2. Note also that normalized estimates from Morlet 
CWT-optimization-based method approximate very closely to 
those from Prony, therefore confirming the efficiency of the 
proposed method. 

V.  DISCUSSION 
The proposed Morlet CWT-optimization-based method 

constitutes a viable tool for modal identification, which can be 
contrasted somehow with Fourier transform based methods. In 
this connection, it is worth to highlight some salient features 
of both approaches: 

• A Fourier transform based approach transforms the 
view of the signal from time-based to frequency-based, 
which entails losing time information [31]. Thus, this 
approach is rather suitable for those signals whose 
properties do not change much over time (i.e. 
stationary signals). 

• A Short-time Fourier transform based approach 
provides a sort of compromise between the time- and 
frequency-based views of a signal. Thus, some 
information about both when and at what frequencies a 
signal event occurs can be captured. Nevertheless, the 
accuracy of the obtained information is determined by 

the size of the window. Hence, its main drawback is 
that once a particular size of the time window is 
chosen, that window is the same for all frequencies 
[32]. 

• Morlet CWT is more effective in monitoring signal 
nonstationarities, since it is a variable-sizing technique 
which entails the ability to perform the so-called local 
analysis by allowing the use of long time intervals for 
capturing low-frequency information and shorter time 
windows for high-frequency information (i.e. time-
frequency description of the signal). 

VI.  CONCLUSIONS 
Two different signal records are used to demonstrate the 

efficacy of the proposed method. For this purpose, several A 
method for estimating modal parameters from power system 
ringdown signals is presented. The method is fundamentally 
based on the time-frequency characteristics of the Morlet 
CWT, which is used to estimate the frequencies, damping 
ratios, relative amplitudes and phase associated to dominant 
OMs. Adverse implications of end-effects of CWT on 
identification accuracy are overcome by employing the Morlet 
CWT in conjunction with an optimization problem that is 
formulated in a least-square sense. The efficiency of the 
proposed method has been demonstrated by using synthetic 
and simulated ringdown signals. The method constitutes a 
good alternative to the modal identification problem since 
modal parameters can be estimated to be as correct as those 
from Prony analysis. The ability of the method to detect 
changes of modal frequencies and damping ratios is also an 
additional attractive feature. Although not demonstrated in this 
work, it is worth to mention that, compared to Prony analysis, 
the employment of CWT in modal identification may lead to 
reduced computation time [19]. 

 

 
 

Fig. 6.  Two area – four machine system. 
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Fig. 7.  Two area – four machine system. Generator active powers 
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