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Abstract

The computation of effective properties of random microstructured materials via representative vol-
ume elements (RVE) is affected by both bias and dispersion. For non-periodic microstructures (snap-
shots), which naturally arise in experiments and imaging-based studies, the bias decays slowly, ren-
dering standard homogenization approaches inaccurate, significantly biased, and therefore unreliable.
Recent theoretical results suggest that subsample averaging — evaluating the apparent properties only
on a strictly interior subdomain — can significantly reduce the bias. In this work, we investigate the
practical performance of subsample averaging for linear elastic particle-reinforced composites using
large-scale numerical experiments and FFT-based computational micromechanics.

We first demonstrate that subsample averaging must respect the Hill-Mandel condition to improve

the convergence behavior of the bias, i.e., both stress and strain fields must be subsample averaged.

1

© 2026. This manuscript version is made available under the CC-BY-NC-ND 4.0 license
https://creativecommons.org/licenses/by-nc-nd/4.0/


https://doi.org/10.1016/j.euromechsol.2026.106363
https://creativecommons.org/licenses/by-nc-nd/4.0/

In particular, the naive approach of subsample averaging the apparent stress alone may reduce the
magnitude of the bias, but does not improve its convergence rate. When applied consistently, sub-
sample averaging reduces the magnitude of the bias and produces a more favorable decay trend for
the investigated non-periodic microstructures. However, this bias reduction comes at the cost of an
increased dispersion due to the reduced sampling domain, resulting in only marginal improvements
of the total error when used in isolation.

To overcome this limitation, we combine subsample averaging with variance reduction via optimized
volume fraction (OVF), which significantly improves overall accuracy and reliability for matrix-
inclusion composites. The presented strategy is straightforward to implement and can be readily
applied within existing computational frameworks without modifying the underlying solver.

These results reveal a fundamental bias—dispersion trade-off associated with subsample averaging and
provide practical guidance for computing the effective properties from non-periodic microstructure

samples, including samples obtained experimentally.
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1 Introduction

1.1 Sources of error in representativity studies

Computing effective material properties of heterogeneous media by means of representative volume ele-
ments (RVE) |12 is a central task in computational homogenization |3H5]. In practice, the underlying
microstructures are often obtained from imaging techniques such as tomography scans or microscopy [6}7].
These data provide finite samples of the material, commonly referred to as snapshots, which are inher-
ently non-periodic.

A key difficulty in this setting is that the apparent properties computed on finite samples deviate from
the effective properties of the underlying infinite medium. Following the framework of stochastic homog-
enization [8-10|, this discrepancy can be decomposed into a dispersion, also referred to as random error
in the literature, describing the fluctuations between realizations, and a systematic error, also referred
to in the literature as bias, describing the deviation of the ensemble mean from the effective properties.
While the dispersion can be estimated and controlled by sampling strategies [11,|12], the bias is more

difficult to quantify in practice.

1.2 Periodized versus non-periodic samples

A fundamental distinction arises between periodized ensembles and non-periodic samples (snapshots),
illustrated in Fig. In the periodized case, the microstructure is constructed such that periodic ex-
tension does not introduce inconsistencies across the boundary. In contrast, snapshot microstructures
are obtained by cutting a finite sample from a larger realization, which generally leads to discontinuities
at the boundary. These boundary inconsistencies are a primary source of the increased bias observed
for snapshot microstructures. More precisely, for periodized ensembles, the bias typically exhibits fast
decay with increasing unit cell size - independent of the applied boundary conditions for the displace-
ment fluctuation. In contrast, for snapshot microstructures, the bias is significantly larger and decays
more slowly |13]. As a consequence, computing the apparent properties of experimentally obtained mi-
crostructures naively may lead to unreliable results, even for comparatively large sample sizes [14416].
To put these works in perspective: The decomposition of the homogenization error into a bias and a

random contribution was already established [11]. Also, the superiority of periodized microstructures



(a) Realization of a periodized ensemble (b) Realization of a snapshot

Figure 1: Periodic versus snapshot ensembles, one realization periodically extended, particles intersecting
the cell boundary highlighted in green

was reported . Classical RVE studies of stochastic models of microstructures , often referred
to as microstructure generators, report both the bias and the dispersion to assess the representativity
of the generated structures. However, the serious problems associated with snapshot microstructures —
the primary state in which experimental samples are provided — have only recently been recognized .
Moreover, we wish to emphasize that mitigation strategies for reducing the bias were introduced and
analyzed in the community of mathematical analysis only. Indeed, there are only a few microstructure
models which are amenable to a rigorous mathematical treatment like random checkerboards or Gaus-
sian random fields. Computational investigations were then conducted mostly to verify the theoretical
predictions. In contrast, microstructure models in continuum micromechanics and materials science are
typically not treatable analytically, and it is by no means clear that phenomena observed in "academic"
cases play a role in applied scenarios, and whether proposed mitigations work as expected. As an exam-
ple, there are only a few studies that report on the magnitude of the bias for snapshot ensembles
of realistic materials, e.g., matrix-inclusion composites at industrial volume fractions.

1.3 Strategies for reducing the bias

In the following, we focus on this setting of non-periodic microstructures and discuss approaches to con-
trol the associated bias that were proposed in the mathematical community. There are actually two
general strategies. The first approach is based on modifying the governing equation — the balance of
linear momentum in linear elasticity — with an additional zero-order (“massive”) term which was pro-
posed and analyzed in the context of stochastic homogenization and computational multiscale
schemes . These approaches link the slow decrease of the bias to the decay rate of the Green’s
function for conductivity (and linear elasticity): The disturbances introduced at the cell boundary of a
snapshot microstructure pollute the solution field on the entire cell. As a mitigation, the equation to
solve is changed such that the associated Green’s function has a faster, typically exponential, decay in
space. From a physical point of view, this approach may be interpreted as changing from a static model -
with infinite propagation speed - to a dynamic model that has a finite speed of wave propagation. Due to
this limited spreading rate of information, for a suitably chosen time, an interior part of the cell remains
unaffected by anything that happens on the cell boundary. While effective in theory, these methods re-
quire modifications of the underlying equations and solver implementations. Therefore, these approaches

were analyzed and tested for academic examples and in the setting of conductivity only. To the best of



our knowledge, there is no application of these ideas to realistic microstructures and linear elasticity.

An alternative approach proceeds by filtering the solution field or, equivalently, by discarding a boundary
layer, originally proposed for periodic homogenization problems , where the evaluation of apparent
properties is restricted to an interior subdomain. This so-called subsample averaging strategy is based
on the idea that considering a larger domain for solving the underlying PDE naturally supplies bound-
ary conditions for the subsampled domain, thereby reducing boundary layer effects. Recent theoretical
results established that this approach can improve the convergence rate of the bias in stochastic
homogenization problems as well, at least in the conductivity setting and for ensembles that can be
treated by mathematical analysis. However, its practical performance for elasticity problems and realis-
tic microstructures, as well as its interaction with the dispersion, remain largely unexplored. Moreover,
restricting the evaluation to a smaller interior domain reduces the available sampling volume, which leads
to an increase in the dispersion. Thus, subsample averaging introduces a trade-off between reducing bias

and increasing dispersion. This trade-off is directly related to the size of the subsample averaging domain,

L

Figure 2: Subsample averaging domain (), ,. inside the unit cell Qr.

illustrated in Fig. 2

1.4 FFT-based computational micromechanics

Classical computational homogenization is most commonly performed using finite element methods
(FEM) , which are flexible with respect to geometry and boundary conditions and were widely
applied in multiscale simulations. Over the last decades, however, FFT-based computational microme-
chanics, originally introduced by Moulinec and Suquet , emerged as an efficient alternative for unit
cell computations . By exploiting the convolution structure of the underlying equations and aided
by the superconvergence of averaged stresses , FFT-based methods enable simulations at very
large resolutions, making them particularly attractive for image-based microstructures and industrial-
scale problems . The relative advantages and limitations of FEM- and FFT-based approaches
were investigated in a number of comparative studies , highlighting differences in accuracy, com-
putational efficiency, and the treatment of boundary conditions . We wish to stress, however, that
FFT-based computational homogenization methods enabled the analysis of the bias and the dispersion
associated with the RVE method for realistic and industrially relevant microstructures at large scale.
This property is highly attractive for understanding the properties of microstructure ensembles and error

mitigation strategies in stochastic homogenization.



1.5 Outline

Previous numerical studies showed that for elastic composites, the bias in snapshot microstructures can
be comparable in magnitude to the dispersion, making its control essential [16|. In this work, we pro-
vide a comprehensive computational study of subsample averaging for elasticity problems on realistic
microstructures, more precisely matrix-inclusion composites with elastic fillers inside a polymer ma-
trix. While previous works established theoretical improvements for conductivity problems and idealized
settings, its practical performance for large-scale elastic simulations and such industrially relevant mi-
crostructures has not been systematically assessed.

The present study closes this gap through the following contributions:

e We show that subsample averaging must be applied consistently to both stress and strain fields;
subsample averaging the apparent stress alone may reduce the magnitude of the bias, but does not

improve its convergence rate.

e We identify a bias—dispersion trade-off: subsample averaging reduces bias but increases dispersion,

leading to only marginal improvement of the total error when used in isolation.

e We demonstrate that combining subsample averaging with variance reduction [50-53| via optimized

volume fraction significantly improves accuracy and reliability.

We particularly emphasize the first point: Subsample averaging targets minimizing boundary effects by
discarding data on a boundary zone. However, when applied naively to the apparent stress only, it does
not improve the convergence rate of the bias. From a micromechanical perspective, such an approach is
inconsistent with the Hill-Mandel macrohomogeneity condition [1,/54]. Subsample averaging both the
apparent strain and stress fields, i.e., the choice guided by the Hill-Mandel condition, leads to the desired

improvement.

2 Bias, dispersion and subsample averaging

In this section, we briefly recall the decomposition of the stochastic homogenization error into bias and
dispersion and introduce the subsample averaging approach, which is central to the subsequent analysis.

We consider the set of stiffness distributions
€ ={C:R%— L(Sym(d)) la_ el <e :C(x):e < ay |le]?, e€Sym(d), =z¢€ R} (2.1)

in d spatial dimensions, with strains € as well as positive constants ax and where Sym(d) denotes the
vector space of symmetric second-order tensors. As it originates from an elastic stored energy, the stiff-
ness tensor C is represented by a fourth-order tensor which has both major and minor symmetries. The
central ingredient of stochastic homogenization [55(56] is a given probability distribution p on the set of
stiffness tensors which is assumed to be stationary and ergodic. The effective stiffness C*ff serves
as the primary output quantity, and emerges from solutions of the corrector equation which is however
posed on the full space R? rendering it computationally intractable.

We seek to approximate the effective stiffness C*ff by computing the apparent stiffness C;*" of a mi-

crostructure realization of the ensemble on the cubic cell
Qr = [0, L]%. (2.2)

The apparent stiffness C7"” is obtained by first solving the balance of linear momentum for the displace-
ment fluctuation wuy,
div (C: (E+ Vur)) = 0. (2.3)



Here, the displacement fluctuation wy, is sought in the space H#(Q )%, comprised of square-integrable
periodic vector fields which have a weak derivative that is also square-integrable. In eq. , V*® denotes
the symmetric gradient and the microstructure realization is encoded by the stiffness distribution C. The
balance of linear momentum is subject to a macroscopic strain € and periodic boundary conditions

for the displacement fluctuations and antiperiodicity conditions for the normal stresses
ur #, (C:(e+Viur)) n— # (2.4)

on the boundary of the cubic cell (2.2). The apparent stiffness itself is then implicitly defined by the

Hill-Mandel macrohomogeneity condition [1,/54]
(Cipp :][ g+ Viuy dV = C: (E‘ + VS’U,L) dv (25)
L QL

for varying imposed strain & € Sym(d). Here, the slash stands for the mean-value integral. As the
displacement fluctuation uy, is periodic, the average of the associated symmetrized gradient vanishes. In
particular, we may express the left hand side of eq. (2.5)) in the form

][ &4 Vouy AV —&. (2.6)
QL

The apparent properties converge to the effective properties in the volume limit [57.58|

Jim C3* = ctt (2.7)
almost surely. However, it is generally more practical to compute a number of apparent stiffnesses on
cells of the same size and determine the effective stiffness by taking the mean of these samples [11].

The deviation of an apparent stiffness ;" from the effective stiffness C*#f — the correct value — decomposes

naturally into two distinct parts. Using the ensemble mean,
© = [ € anc), (28)

of the probability measure p of the set (2.1) of stiffness distributions, the total deviation decomposes as
follows |8L|11]
(ICT = CFP(I) = |C°F — (CFP)I* + (I(CFP) — CFI1%), (2.9)

involving the bias, also called systematic error,
Cpias = [|C = (CT), (2.10)

and the dispersion

Caimp =/ (1(CFP) — TP 12). (2.11)
The bias quantifies the deviation of the mean apparent stiffness on a fixed cell size from the effective
stiffness. The dispersion measures the fluctuation of the apparent stiffness on a fixed cell size.
Both parts of the total deviation decrease as the length L of the cubic cell @, is increased, at least for
large cell sizes. However, they do so at different rates, and their magnitude depends on the problem
under consideration. For conductivity, the bias turns out to be negligible for some industrial-scale com-
posites |15]. However, an investigation [16] of the linear elastic behavior of the same materials revealed
that the bias is much larger in that case. Furthermore, the effective stiffness is not known, as otherwise
no numerical or experimental study would be necessary to determine it.
If long-range correlations are absent, the dispersion decays with the rate

Caiop S L7 (2.12)



of the central limit theorem (CLT) [59]. In other words, the dispersion shows the same behavior as the

local average
(Cp) :][ C dav, (2.13)

although the apparent stiffness C7*” defined in eq. involves the solution of the PDE (2.3), i.e.,
corresponds to some kind of non-local average. An inferior rate is observed for materials with long-range
correlations, e.g., infinitely long fibers [60}/61].

The decay rate of the bias was observed to depend on whether a suitably periodized ensemble is
used or not [13}|62]. We distinguish between periodized (PER) ensembles and snapshots (CUT).

In both cases, the displacement fluctuation wy, is subject to periodic boundary conditions . However,
only for periodized ensembles, the geometric construction of the microstructure obeys periodic boundary
conditions. To illustrate, Fig. [I| shows realizations of a periodized and a snapshot ensemble of randomly
placed non-overlapping circular inclusions with uniform radius, where inclusions intersecting the cell
boundary are highlighted in green. In both cases, the realization is extended periodically in both the x-
and y-direction, as encoded by the periodic boundary conditions (2.4)) enforced while solving the balance
of linear momentum . For the periodized ensemble, illustrated in Fig. inclusions intersecting
the cell boundary are periodically extended, whereas this is not the case for snapshot realizations, see

Fig.
For periodized ensembles, the bias (2.10) typically decays with the rate

Cpias S L7 (2.14)
However, for snapshots, the expected rate of decay [13]
Cpias S L1 (2.15)

is worse, not only compared to periodized ensembles , but also compared to the dispersion
when working in three dimensions (and higher). Recently [16], computational experiments in linear elas-
ticity reported behavior compatible with the scaling for a class of microstructures of engineering
relevance. It was also shown that the inferior decay rate of the bias (2.15)) seriously increases the com-
putational effort necessary compared to periodized ensembles to determine the effective properties to a
similar degree of accuracy.

Acquiring apparent properties with this method leads to the aforementioned decay rates ,
and . However, we need to clarify a fundamental mismatch between the theoretical analysis
and the engineering practice. The latter is more concerned with the absolute deviations of the apparent
stiffness and the errors introduced by working on cells of finite size. The decay rates are less interesting
because, on the one hand, computational facilities are limited, and, on the other hand, the decay behav-
ior may just emerge beyond accuracy levels required for engineering practice. Unfortunately, from the
viewpoint of mathematical analysis, obtaining rigorous results on the decay rates is conceptually simpler
than deriving results on the involved prefactors.

In this work, we follow a hybrid approach. We investigate both the bias and the dispersion on cells of
varying size and monitor both the magnitude and the decay rate if possible. Of course, obtaining an
accurate estimate of the decay rate may be infeasible in case the magnitude of the quantities is too small.
As a possible mitigation of the inferior convergence behavior of the snapshot bias , a classical ap-
proach called oversampling solves the PDE (2.3)) on a larger domain and extracts the apparent properties
on a subzone only [25]. More recently, a more intrusive strategy was investigated: The underlying PDE
is augmented by an additional zero-order (“massive”’) term [8,|10,21], see also the works [22}424].
These methods, although provably successful, require changing the numerical solver, and, in particular,



the implementation. Moreover, in linear elasticity, adding a zero-order term to the balance of linear
momentum has no direct physical interpretation.

Recently, theoretical results [29] hinted at the superiority of a comparatively simple strategy. Taking
a solution uy, of the PDE ({2.3)), instead of taking the average on the entire cell in eq. 7 the
averages are calculated on a specific subvolume

1
Qur=[rL,(1—r)L*  0<k< 5 (2.16)

only, illustrated in Fig. 2l The x-subsampled apparent stiffness (Cf’f; is defined by the relation

cPr :][ g+ Viur dV = C:(e+ Viur) dV. (2.17)
’ QL,x QL,x

Note that, in contrast to the case without subsample averaging (2.6|), the average of the gradient of the

displacement fluctuation wuy, of the subsampled domain (2.16]) need not vanish,

Viuyr dV # 0, (2.18)
QL,K
in general. However, it was also shown [29] that ignoring the fact and obtaining the apparent
stiffness via
Cyr e = C:(E+ Vour) dV (2.19)
QL.x
does improve the magnitude of the bias for snapshots, but the convergence rate remains unchanged.
This observation reveals that subsample averaging must be applied consistently to both stress and
strain fields; restricting the averaging to the stress alone does not improve the convergence rate of the
bias.
Subsample averaging reduces boundary-induced errors by restricting the evaluation to an interior domain.
However, this reduction in domain size decreases the available sampling volume, which increases the
dispersion, leading to a bias—dispersion trade-off. More explicitly, as the subsampled domain is
necessarily smaller than the original domain @y, the dispersion is expected to increase, as the edge
length of the subsampled region
L.=(1-2k)L (2.20)

is smaller than the edge length L.
A series expansion of the effective stiffness tensor of an infinitely large two-phase isotropic composite C°f,
see Milton |63} §14],

CHF = (C)+O((VEk—1)/(Vk+1)) =C1 + ¢ (Ca — Cy) + O(Vk — 1)/ (VE + 1)) (2.21)

where ¢ denotes the inclusion volume fraction, C; and C, denote the stiffness tensors of the matrix
and inclusion phases, respectively, and k denotes the material contrast. Equation applies to the
effective properties of an infinite medium and does not provide a quantitative description of the apparent
properties of the finite domains considered here. We use it only as a heuristic motivation for expecting
fluctuations in volume fraction to influence apparent properties. The magnitude of this influence for the
finite domains and subsamples studied here is determined directly from the numerical experiments. To
reduce the deviations, it is therefore advantageous to consider samples with a volume fraction that is
close to that of the material under investigation [15}/16].

This observation motivates the use of variance reduction techniques, such as optimized volume fraction,

which is combined with subsample averaging in the subsequent sections.



3 Methods

3.1 Outline

In this section, we describe the generation of microstructures and the numerical methods used to system-

atically investigate the interplay between bias and dispersion introduced in Section 2.

3.2 Microstructure generation

Microstructures with spherical inclusions are generated using the mechanical contraction method (MCM) [64],
which produces random packings at prescribed volume fractions. Fiber-reinforced microstructures are
generated using the sequential addition and migration (SAM) algorithm [43], which allows prescribing
orientation distributions via the fiber orientation tensor. For the convenience of the reader, the used
algorithms are summarized in Apx. [A] It is important to note that these generation algorithms yield
analytic, i.e., not yet discretized, representations of the objects occupying the microstructure.

The generated microstructures are discretized by voxels (volume pixels), where each voxel is assigned to
either the matrix or the inclusion depending on the location of its center. Fig. [3] shows the analytical
representation of a two-dimensional snapshot with circular inclusions, which is discretized onto a 1002
pizel grid, shown in Fig. To generate a snapshot, a periodic microstructure of twice the edge length
of the cubic cell is generated first. The snapshot realization is then taken as the central part with
dimensions of the cubic cell of that aforementioned larger microstructure.

In the discrete setting, the volume fractions and may not be realized exactly for three dif-
ferent reasons. First, for monodisperse fibers, the volume fraction can only be an integer multiple of
the volume fraction of a microstructure with a single fiber. Second, snapshots may further deviate from
the prescribed volume fraction as the part outside the cell of a particle intersecting the boundary is not
present on the opposing side. Third, there may be a deviation inferred by the discretization on a voxel
grid.

As discussed in the previous section, matching the macroscopic volume fraction of a composite increases
the probability of a microstructure sample to yield an accurate apparent property. To make this insight
actionable, Le Bris et al. [50] proposed a selection approach for variance reduction: Only those samples
with sufficiently accurate volume fraction are retained. Fischer [65] proved that such an approach does
indeed yield a bias-free variance-reduction method.

Unfortunately, discarding samples comes with a significant computational overhead. A simple alternative
was proposed by Ravichandran et al. |16] in case an analytic description of the composite microstructure
is available: the optimized volume fraction (OVF) procedure [16]. It uses a Newton-type method to
iteratively rescale the particle sizes to match the originally prescribed volume fraction. The centroids x;
and, in case of fibers, orientations p, are not modified, meaning the OVF procedure takes place after the
SAM/MCM algorithm is finished.

After generating the discrete microstructure, the discrete volume fraction ¢y of the inclusion phase at

step k
vi,p

op = 8
Nva
with the number of voxels Ny, assigned to the inclusion phase and the total number of voxels Ny is

(3.1)

calculated. A uniform rescaling factor ¢ for all inclusions is introduced, i.e., for spheres the radius
T=cr (3.2)

and for fibers both the diameter and length
d=cd (3.3)
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(a) Analytical representation, (b) Discretized, (c) OVF procedure yields
area fraction ¢ = 25.158% area fraction ¢ = 25.72% area fraction of ¢o = 29.71%

Figure 3: OVF procedure applied to a two-dimensional microstructure snapshot discretized onto a 1002
pixel grid, target area fraction ¢ = 30%

(=c/t (3.4)
are rescaled. Both for spheres and fibers, this results in the volume fraction (A.1)), being rescaled

ésph = c3¢sph (35)

bap = dap (3.6)
by the same prefactor. The rescaling factor ¢ has to be chosen such that a volume fraction ¢y matches
the target volume fraction ¢, i.e.,

B(c) = ¢ — o = 0. (3.7)
Using Newton’s method to find roots of the objective function (3.7), an iterative procedure for c is
obtained as

3
Qo — ¢
Ckyl =Ck — —o—5—), 3.8
+1 30i¢0 ( )
which can be rewritten as Ay
Ck+1 — Cr%0
=14 ———" 3.9
Ck + 3ci¢>0 (3.9)
Considering the relations (3.5) and (3.6)), the volume fraction at iteration k is
Pr = ci.do- (3.10)

Inserting the discrete volume fraction (3.10]) into the rescaling prefactor equation (3.9) yields the relation

Cht1 _1+¢_¢k.

Ck 3ok

Thus, if a deviation beyond an acceptable tolerance from the originally prescribed volume fraction ¢

(3.11)

is present, the diameters d and possibly lengths ¢ of all particles are iteratively rescaled by the prefac-
tor (3.11)).

The discrete microstructure is then generated again by assigning a phase to a voxel depending on which
phase contains the center of that voxel. The procedure is repeated until the tolerance is satisfied or no
significant improvement is observed, as the volume fraction can only at most be approximated by discrete
steps of the inverse of the total number of voxels

1
Nva ’

|A¢k,min| = (3.12)

10



Fig. |3| shows the OVF procedure applied to a two-dimensional microstructure with circular inclusions.
The grid chosen for discretization is 1002 pizels in size. The initial area fraction deviates from the target
area fraction by more than four percent, shown in Fig. After three iterations, the area fraction
deviates from the target by less than one percent, shown in Fig. while the discretized microstructure
does not appear to look much different.

The OVF procedure optimizes the volume fraction in the domain used to evaluate the discrete volume
fraction . Thus, the volume fraction can be either optimized to be exact over the whole cubic

cell (2.2) or the subsample averaging domain (2.16)).

3.3 Solving the problem with FFT-based methods

FFT-based computational micromechanics [36] utilizes that a strain field e, = & + V®uy solving the

balance of linear momentum ([2.3) equivalently solves the Lippmann-Schwinger equation
ep=e— %:0C:¢p (3.13)

with the stiffness polarization §C = C — Cy and the Eshelby-Green operator ¢ = V3G%div. Originally,
the Lippmann-Schwinger equation (3.13)) directly served as an iterative scheme [34], using the right-hand

side to define the subsequent iterate
ehtl=z— 0.6C: €. (3.14)

However, faster methods for solving the Lippmann-Schwinger equation , such as the conjugate gra-
dient method (CG) |66] were introduced. For the nonlinear case, solvers such as Newton’s method [67,/68|
and nonlinear CG [69] are available. While CG and Newton’s method require more memory, using a
Barzilai-Borwein adapted step size |70] yields similar performance gains compared to the so-called "basic
scheme" for simple material behaviors without substantially increased memory requirements.

In this work, we solve the balance of linear momentum using the conjugate gradient method (CG),
as it is linear and a workstation with sufficient memory is available to the authors. The staggered grid
discretization |71 is employed, a discretization which leads to considerably fewer artifacts than the orig-
inal discretization introduced by Moulinec and Suquet [34,[35]. Moreover, the influence of voxelization
artifacts on the computed apparent stiffness is mitigated by the superconvergence of averaged stresses in
computational homogenization [40].

The Lippmann-Schwinger equation is solved to a relative tolerance of 10~?. To do so, a workstation
with 192 CPU cores and 1 Terabyte of memory is employed. The CG method uses four strain fields. Each
field stores six components per voxel, as the strain is a symmetric second-order tensor. Each component
is stored as a double precision floating point number and thus occupies eight bytes of memory. As such,
to solve a problem of 323 = 32768 voxels, six Megabytes of memory are necessary, whereas the reference
computation of 10243 voxels requires 192 Gigabytes of memory. Problems of the size 323 are solved in at
most one to five seconds, whereas the runtime for a problem of 10243 voxels is on the order of multiple

hours.

3.4 Quantifying the bias and the dispersion

A number of N microstructure samples are generated yielding a list of (scalar) apparent Young’s moduli
EPPsee Appendix [Bl We compute the mean

e = S g (3.15)



and sample variance
N

1 app 2
V. _ E N — 1
arg = N 1 i I(El /LE) (3 6)
with the standard deviation defined as its root
OE = vVarg. (311)

In the work at hand, to quantify the bias, the mean of the apparent stiffness of ten periodized
microstructures 1024 voxels in size is used as a proxy for the effective modulus E°f. If the effective
stiffness C° is not known, assessing that the bias is suitably low can be determined by increasing the
size of the cubic cell @, and verifying that the mean of the apparent stiffness (C7"") shows sufficiently
small deviation.

We compute the relative dispersion

Cdisp et (3.18)
and the relative bias | H|
pE — E°
ebjas == T. (319)

As an alternative measure of the statistical uncertainty of the estimated ensemble mean, one may consider
the relative 95% confidence-interval half-width
o 1.96 OR
€ci,95% = W-

For a fixed number N of realizations, the confidence-interval half-width (3.20]) differs from the relative
dispersion ([3.18)) by the factor 1.96/v/N. In the present study, however, the number of realizations varies
with the cell size. Therefore, the confidence-interval half-width and the relative dispersion need not exhibit

(3.20)

identical scaling across all resolutions. We use the relative dispersion as our primary visualization
metric because it characterizes the variability of the apparent properties of individual realizations. The
confidence-interval half-width , by contrast, quantifies the statistical uncertainty of the estimated
ensemble mean.
As an engineering benchmark, we compute the probability of being within a margin of the effective value
E°f by counting for how many realizations the apparent property E?PP lies within the specified range of
the effective property FE°ff

|EfPP — Bt < b peff) (3.21)

and dividing by the total number of realizations N. The parameter b is set as b = 0.01 and b = 0.001,

corresponding to being within 1% and 0.1% of the effective modulus, respectively.

4 Results

4.1 Setup

The following results consistently demonstrate the bias—dispersion trade-off introduced by subsample av-
eraging: while the bias is reduced, the dispersion increases due to the reduced sampling domain.

We consider generated microstructures made of two phases, which both have linear elastic and isotropic
material behavior. The material parameters are listed in Tab. [l taken from Hessman et al. [72], who

investigated fiber-reinforced plastic microstructures commonly used in industry.
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(a) 323 (b) 643

(c) 128° (d) 256°

Figure 4: Non-overlapping spheres, showcase of different microstructure realizations

Material Young’s modulus | Poisson’s ratio
Matrix polyamide-66 3 GPa 0.4
Inclusion | E-Glass 72 GPa 0.22

Table 1: Material parameters

To investigate the magnitude of both the bias and the dispersion discussed in section [2] microstructures
of increasing size were generated, with the number of inclusions proportional to the microstructure size.
The microstructures are discretized by 323, 643, 1283 and 256> voxels. The values for the subsample
averaging parameter x introduced in equation are chosen such that the voxels discarded scale with
the increase in microstructure size. The largest degree of subsample averaging investigated is k = 0.25.
At the value Kk = 0.25, the subsample averaging interval is reduced to half of its original length
and thus the volume is reduced to an eighth of its original value.

k|0 003125 00625 | 009375 | 0.125 | 015625 | 0.1875 | 0.21875 | 0.25
32 [ [0,32] [ [1,31] | [2,80] [ [3,29] | [4.28 | [527] | [6,26] | [7,25] [ I8, 24]
64 | [0,64] | [2,62] | [4,60] | 16,58 | [8,56] | [10,54] | [12,52] | [14,50] | [16, 48]
128 | [0, 128] | [4, 124] | [8, 120] | [12, 116] | [16, 112] | [20, 108] | [24, 104] | [28, 100] | [32, 96]
256 | [0, 256] | [8, 248] | [16, 240] | [24, 232] | [32, 224] | [40, 216] | [48, 208] | [56, 200] | [64, 192]

Table 2: Subsample averaging masks

The specific values investigated and the corresponding subsample averaging domains are listed in Tab. [2]
For the 323 and 642 resolutions, 3000 samples were generated. For the 128 resolution, 1000 samples were

generated, and 500 samples were generated for the 2563 resolution.

4.2 Spherical inclusions

We consider composites with spherical inclusions at a volume fraction of 30%. The inclusion diameter is
chosen such that there are sixteen voxels per sphere diameter, following the accuracy recommendations
in related work . In the periodic case, for K € {2,4,8,16}, the number of spheres is Ngpn = K°.

The microstructure edge length is L = 16 K/, with the voxel edge length ¢, chosen to be 1 pm. With
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(a) Slice through discretized, periodic non- (b) Slice through discretized, non-periodic non-

overlapping spheres, 323, ¢ = 30.11% overlapping spheres, 323, ¢ = 25.78%

Figure 5: Periodic versus snapshot realization for a size of 323 voxels, target volume fraction ¢ = 30%

the volume fraction specified via

_ N’/ngphere _ Kgﬂ—d:sgphere _ 7rdgphere (4 1)
6L3 6. 169K5 (3, 6-16% (3 '

the diameter of the inclusions is constrained

dsphere =16 \3/ @ vaa (42)
™

and must be dsphere = 13.289 pm for the case at hand. A minimum distance of 0.2 - dephere is enforced
in the microstructure generation algorithm . Fig. |4 shows microstructure realizations for the four
resolutions from Tab. [2] where the voxel edge length £,y is held constant.

Fig. [5| shows a slice through a periodic and a snapshot microstructure realization discretized with 323
voxels. The discretized structure matches the volume fraction of 30% set during the microstructure
generation. However, the snapshot microstructure without optimized volume fraction only has a realized
volume fraction of 26%.

As the material behavior of the matrix and the inclusion is isotropic, and the spheres are randomly
distributed, we expect the material behavior of the composite to be isotropic as well. Therefore, we
investigate the Young’s modulus F of the isotropic projection of the apparent stiffness only. For the com-
putation of the scalar Young’s modulus F from a fourth-order stiffness tensor C, we refer to Appendix
Bl

The following results consistently illustrate the bias—dispersion trade-off introduced by subsample aver-
aging: while the bias is reduced, the dispersion increases due to the reduced sampling domain.

The different values of the subsampling parameter x applied to sampling the apparent stiffness ,
7 outlined in table[2] are represented in this manuscript by a color gradient from black, representing
no subsampling, k = 0, via blue to lime, representing the highest volume reduction by a factor of eight,
k = 0.25.

Subsample averaging both stress and strain reduces the magnitude of the bias and produces a more
favorable decay trend for snapshots (Fig. @ While subsample averaging the apparent stress without
subsample averaging the strain does decrease the magnitude of the bias as seen in Fig. sub-
sample averaging both stress and strain yields much better results as seen in Fig. Without

14



E 10 E
= s x [ 7
0 |97]
g | =
3 <. Q
E 0.1 ; .......... .g 0.1 g
= i N = g
) L o) L
~ ~
0.01 | 0.01 | .
0.001 0.001 : :
32 64 128 256 32 64 128 256
Microstructure edge length in voxels Microstructure edge length in voxels
(a) Young’s modulus, subsampled strain (b) Young’s modulus, global strain
——PER —-—CUT —— CUT, k =0.03125 —— CUT, x = 0.0625 —— CUT, x = 0.09375
—— CUT, £ =0.125 —e— CUT, k = 0.15625 —e— CUT, x = 0.1875 CUT, k = 0.21875 CUT, £ =0.25

...... O(L=3/?) ---0(L73) ---O(L™h)

Figure 6: Bias for periodic (PER) and snapshot ensembles (CUT) with spherical fillers, no OVF

subsample averaging the strain, any degree of subsample averaging results in the same bias reduction,
whereas with subsampled strain, differences become apparent: Whereas for an edge length of 64 voxels,
the lowest bias is observed for k£ = 0.125, cyan, at 256 voxels, the lowest bias is observed for k = 0.0625,
dark blue. A key observation is that subsample averaging the apparent stress alone does not
improve the convergence rate of the bias, whereas subsample averaging both stress and strain leads to
a more favorable decay trend.

The bias for periodized ensembles is consistent with the expected L~3 decay . Without subsam-
ple averaging the strain , see Fig. the bias for snapshots with subsample averaging is lower in
magnitude than for snapshots and no subsample averaging, but appears broadly consistent with the same
L= decay typical for snapshots. With subsample averaging the strain , shown in Fig.
the bias for snapshots exhibits a trend that is more consistent with an L=3/2 decay, with the larger values
of the subsampling parameter x appearing closer to an L3 decay for higher values of the subsample
averaging parameter s .

Subsample averaging increases the dispersion due to the reduced averaging domain, while optimized
volume fraction (see section substantially lowers its magnitude (Fig. . As shown in Fig.
even without OVF, as subsample averaging is increased, the dispersion also increases as the size of the
volume used for effective property computation is decreased, as seen by the greener curves signifying
more subsampling situated above the dark-blue curves signifying less subsampling. With OVF, as shown
in Fig. although the dispersion is lower without subsample averaging, as the subsample averaging
parameter is increased, visualized via a color gradient from dark blue to lime, the effect of the
optimized volume fraction decreases: The OVF procedure enforces the correct volume fraction over the
entire cell, not in the subsampled region. As such, while the correct volume fraction is guaranteed for
no subsample averaging, this is not the case once subsample averaging is performed. As the subsample
averaging mask is increased, the dispersion for OVF approaches the magnitude of the dispersion without
OVF. In contrast, the bias is largely unaffected by the optimized volume fraction, indicating that OVF
primarily targets random fluctuations rather than bias, as visible in Fig. and Fig. The OVF
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Figure 7: Bias and dispersion for periodic (PER) and snapshot ensembles (CUT) with spherical fillers
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Figure 8: Spherical inclusions: empirical probability of a snapshot result being within 1% of E°f

procedure therefore allows for a decrease in dispersion, thus reducing the variance while not affecting
the bias.

To interpret the practical impact of the competing error contributions, we evaluate the probability of
obtaining effective properties within a prescribed tolerance. Combining subsample averaging with op-
timized volume fraction significantly increases the probability of obtaining apparent properties close to
the effective value (Fig. . The performance of snapshots without subsample averaging compared to
periodized microstructures is inferior. While periodized ensembles at the lowest resolution of 323 voxels
yield a 97.8% probability of being within 1% of the effective property, snapshots achieve this feature
only 49.8% of the time at the highest resolution of 2562 voxels. Without subsample averaging, optimized
volume fraction decreases the probability of being close to the effective Young’s modulus, as previously
observed . This behavior is a consequence of the bias—dispersion decomposition : If the bias
dominates, reducing the variance alone does not improve the total error, but instead makes realizations
cluster more tightly around a biased mean. As a result, the probability of being close to the true effective
value may decrease despite a reduction in variance. Only if the bias is first reduced, for example through
subsample averaging, does variance reduction become beneficial.

Indeed, if subsample averaging is used, the lower bias increases the probability of success, and the lower
dispersion resulting from the optimized volume fraction further aids in being closer to the effective Young’s
modulus, by a factor of roughly two. There is a sweet spot: Beyond subsample averaging with x = 0.0625,
the increasing dispersion results in higher total error, even though the bias is still decreasing.

Tab. [3] shows the likelihood of being close to the effective properties when enforcing the volume fraction
to be exact on the same domain as the subsample averaging instead of the whole domain . OVF
was enforced on the domains that provided the most promising results for OVF over the whole domain.
The improvement for k = 0.03125 subsample averaging is only marginal, for 64 voxels, the results are
actually slightly worse. However, at x = 0.0625 subsample averaging, the 128 voxel resolution has a
99.7% probability of being within 1% of the correct Young’s modulus compared to 84.8% before, and
the 64 voxel resolution has a 89.1% probability compared to the previous 49.6%. These findings show

that while it is potentially beneficial to perform volume fraction optimization on the same domain as
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Table 3: Empirical success probability to be A-close to E°f, spherical inclusions

OVF for Qp . OVF for Q, no OVF
Len. 1%-close 0.1%-close 1%-close 0.1%-close | 1%-close  0.1%-close
PER / 32 99.13 % 11.18 % 99.13 % 11.18% 97.56 % 13.08 %
64 100.00 % 62.30 % 100.00 % 62.30 % 100.00 % 57.73 %
128 100.00 % 97.60 % 100.00 % 97.60 % 100.00 % 97.10 %
256 100.00 % 100.00 % 100.00 % 100.00 % | 100.00 %  100.00 %
CUT 0.00000 32 0.00 % 0.00 % 0.00 % 0.00 % 6.07 % 0.73 %
64 0.00 % 0.00 % 0.00 % 0.00 % 10.50 % 1.37 %
128 0.00 % 0.00 % 0.00 % 0.00 % 22.40 % 3.00 %
256 49.80 % 0.00 % 49.80 % 0.00 % 48.00 % 6.20 %
CUT 0.03125 32 1.30 % 0.07 % 0.47 % 0.07 % 8.17 % 0.77 %
64 39.87 % 0.50 % 42.30 % 3.53 % 20.73 % 1.97 %
128 99.90 % 30.80 % 98.10 % 20.70 % 41.00 % 4.50 %
256 100.00 % 55.40 % 100.00 % 43.80 % 73.60 % 8.00 %
CUT 0.06250 32 16.93 % 1.23 % 19.50 % 1.80 % 10.33 % 0.70 %
64 89.10 % 14.57 % 49.60 % 4.77 % 22.70 % 2.13 %
128 99.70 % 26.80 % 84.80 % 12.40 % 39.40 % 3.20 %
256 100.00 % 56.40 % 100.00 % 24.80 % 71.20 % 7.40 %

subsampling, it is not required to substantially improve accuracy.

4.3 Fiber-reinforced microstructures

We consider fiber microstructures with a volume fraction of 15%, inspired by studies conducted on scans
of real microstructures . The fibers were chosen to have an aspect ratio £/d of 20, with the length
{ = 64 nm. The fibers have the same length as the microstructure edge length for 64 voxels and the
number of inclusions is on the same order of magnitude as for the spherical inclusions in section [{.2]
For the 643-voxel microstructures, the number of inclusions is 76 fibers. The number of voxels per fiber
was shown to be sufficient in related work . A minimum distance of 0.2 - dgper is enforced in the
microstructure generation algorithm. To generate isotropic fiber microstructures, the second-order fiber

(a) 3

23 (b) 647

(c) 128°

(d) 256°

Figure 9: Non-overlapping isotropic fibers, showcase of different microstructure realizations
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(a) Slice through discretized, periodic non- (b) Slice through discretized, non-periodic non-
overlapping fibers, 643, ¢ = 15.01% overlapping fibers, 643, ¢ = 14.75%

Figure 10: Periodic versus snapshot ensembles for size 643 voxels, target volume fraction ¢ = 15%

orientation tensor [7475] is set to

1/3 0 0
Aiw=10 1/3 0. (4.3)
0o 0 1/3

To generate transversely isotropic microstructures, we choose

0.8 0 0
Atpans= |0 01 0 |. (4.4)
0 0 0.1
For orthotropic microstructures, we use
05 0 0
Aortho = 0 0.4 0 . (45)
0 0 0.1

Fig. [9]shows microstructure realizations for the resolutions specified in table[2] The number of voxels per
fiber is kept the same. Therefore, a higher resolution corresponds to increasing the RVE candidate size
and thus the number of fibers.

Fig. shows a slice of sampled fiber microstructures with isotropic orientation discretized by 643
voxels without optimized volume fraction. In Fig. a fiber intersecting the unit cell boundary on the
lower half of the left wraps around to the right. For the snapshot, shown in Fig. a fiber intersecting
the unit cell boundary on the lower left does not have a corresponding fiber on the opposite side. The
volume fraction of the snapshot realization deviates further from the volume fraction supplied to the
microstructure generation algorithm compared to the periodized ensemble.

For fiber-reinforced microstructures, we observe similar trends as for spherical inclusions: Subsample
averaging both stress and strain reduces the bias, whereas subsample averaging the apparent stress only
does not improve its convergence behavior (Fig. . In detail, Fig. shows the relative bias for
subsample averaging the apparent stress, but not the strain for fiber-reinforced microstructures with
isotropic orientation . For snapshots, the observed trend is broadly consistent with L~! behavior,
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Figure 11: Bias for periodic (PER) and snapshot ensembles (CUT) for fiber reinforced microstructures
with isotropic orientation (4.3)), no OVF

whereas the bias for periodized ensembles is consistent with the expected L=3 decay . Unlike for
spherical inclusions, recall Fig. a significant reduction in magnitude of the bias is not observed,
and varying the size of the subsample averaging domain denoted by the parameter s does not
significantly influence the results. Fig. [L1(a)|shows the relative bias for subsample averaging both stress
and strain . A reduction in magnitude is observed, and the observed trend is more consistent with
an L—3/2 decay than without subsample averaging. The bias is influenced by the size of the subsample
averaging domain 7 signified by a color progression from dark blue to lime, with a larger subsample
averaging mask generally leading to a lower bias.

The bias—dispersion trade-off persists for fiber-reinforced microstructures: Increasing the degree of sub-
sample averaging, signified by a color progression from dark blue to lime, reduces the bias but leads to
higher dispersion. Fig.|12|shows the relative dispersion and the relative bias for fibers with
isotropic orientation . The dispersion, both without optimizing the volume fraction , shown
in Fig. or with optimizing the volume fraction, shown in Fig. is broadly consistent with an
L=3/2 decay . The dispersion for snapshots is larger in magnitude than for periodized ensembles,
and an increase of the subsample averaging parameter s, see eq. , further increases the dispersion.
Optimized volume fraction decreases the dispersion, but this effect diminishes as the subsample averag-
ing parameter is increased. The bias, shown without OVF in Fig. and with OVF in Fig. is
not influenced significantly by OVF. Apparently, compared to spherical inclusions, shown in Fig. [7]} the
individual subsampled results differ more strongly from each other.

Subsample averaging combined with optimized volume fraction substantially improves the probability
of obtaining accurate effective properties for snapshot microstructures. Figure [I3] shows that optimized
volume fraction combined with subsample averaging increases the probability of being close to the effective
property with snapshots significantly. To be within 1% of the effective value, with periodized ensembles,
a resolution of 643 voxels is sufficient. With snapshots of the same resolution, the apparent property is
only 1%-close with a probability of 40.33%, using a subsample averaging mask of kK = 0.09375 and
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Figure 12: Bias and dispersion for periodic (PER) and snapshot ensembles (CUT) for fiber reinforced
microstructures with isotropic orientation (4.3))
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Figure 13: Fibers with isotropic orientation , snapshots, probability of being within 1% of E°f

optimized volume fraction. Increasing the computational effort by a factor of eight by using 128% voxels
yields a 90.4% success rate with x = 0.0625, which is much better than the success rate of 28.8% with
no subsample averaging at all. A 100% rate of success can only be achieved by doubling the edge length
once again to 256 voxels, which works both for subsample averaging and no subsample averaging at all
(k= 0).

Table [4] shows enforcing the volume fraction in the subsampled domain for a subsample averaging mask
of k = 0.0625 instead of the whole domain. The domain of the averaging mask x = 0.0625 was chosen
as it previously showed the most accurate results. The probability of being within 1% of the effective
Young’s modulus for 1283 voxels increases from 90.4% to 100%, however, for 64 voxels, it decreases from
30.93% to 9.03%. As for the spherical inclusions, these findings yield an interesting conclusion: While
performing subsampling and OVF on the same domain may be beneficial, it is not necessary for the
two techniques to yield substantial improvements in accuracy. In particular, these techniques may be
employed independently of each other. From a practical viewpoint, this characteristic feature turns out
to be rather advantageous: OVF is a preprocessing step performed on the microstructures on which the
balance of linear momentum is solved, whereas subsample averaging is a postprocessing step applied
to the obtained solution field.

For fibers with the transversely isotropic orientation , we consider the longitudinal Young’s modulus
E11, as the material property of interest, which corresponds to the principal direction associated with the
largest component of the second-order FOT (4.4). The detailed procedure for computing the longitudinal
Young’s modulus Ep, from the apparent stiffness of a realization is outlined in Appendix [B] The relative
bias for snapshots without optimized volume fraction shown in Fig. is lower than the relative
bias for periodized ensembles at higher values of the subsample averaging parameter x , signified by a
color progression from dark blue to lime. With optimized volume fraction enabled, shown in Fig.
this effect is less pronounced. The relative bias for snapshots without subsample averaging is broadly
consistent with an L~! decay , while the relative bias for periodized microstructures is consistent
with an L~ decay at resolutions of 643 voxels and higher.

The success rate of being close to the effective properties, shown in Tab. [7} does not benefit from the
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Figure 14: Bias and dispersion for periodic (PER) and snapshot ensembles (CUT) for fibers with trans-
versely isotropic orientation (4.4)
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Table 4: Empirical success probability to be A-close to E°, fibers with isotropic orientation (4.3)

OVF for Qp, OVF for Q. no OVF
Len. 1%-close 0.1%-close 1%-close 0.1%-close | 1%-close  0.1%-close
PER / 32 42.37 % 3.40 % 42.37 % 3.40 % 43.39 % 3.78 %
64 100.00 % 14.83 % 100.00 % 14.83 % 100.00 % 15.43 %
128 100.00 % 91.00 % 100.00 % 91.00 % 100.00 % 88.80 %
256 100.00 % 100.00 % 100.00 % 100.00 % | 100.00 %  100.00 %
CUT 0.0000 32 0.12 % 0.00 % 0.12 % 0.00 % 10.03 % 1.20 %
64 0.00 % 0.00 % 0.00 % 0.00 % 17.30 % 1.63 %
128 0.00 % 0.00 % 0.00 % 0.00 % 28.80 % 1.50 %
256 100.00 % 0.00 % 100.00 % 0.00 % 66.40 % 4.80 %
CUT 0.0625 32 0.61 % 0.06 % 6.61 % 0.90 % 11.40 % 1.17 %
64 9.03 % 0.13 % 30.93 % 2.70 % 27.03 % 2.40 %
128 100.00 % 4.70 % 90.40 % 12.60 % 50.50 % 7.20 %
256 100.00 % 73.40 % 100.00 % 35.80 % 90.20 % 11.60 %

lower bias compared to periodized ensembles, as the dispersion, shown in Fig. and Fig.
is higher. Optimizing the volume fraction leads to a decrease in dispersion, although this effect is less
pronounced than for fibers with isotropic orientation , shown in Fig. As the size of the
subsample averaging domain is increased, the variance reduction due to the OVF procedure is
decreased. Still, optimized volume fraction with subsample averaging provides better results compared
to just using subsample averaging by itself. Being within 1% of the effective properties with 256% voxels
and subsample averaging is possible with a 90% probability, whereas 1283 voxels suffice in the periodic
setting. However, these success rates are significantly better than using no subsample averaging, so from
the perspective of possibly having only snapshot microstructures to work with, subsample averaging
proves to be helpful.

For fibers with the orthotropic orientation , we consider the largest Young’s modulus F;; as the
property of interest, corresponding to the largest eigenvalue of the second-order FOT . For details
on how the Young’s modulus Ej; is computed, we refer to Appendix [B] The relative bias for snapshots
without optimizing the volume fraction, shown in Fig. is on the same order of magnitude as the
bias for periodized ensembles at higher values of the subsample averaging parameter k, signified by a
color progression from dark blue to lime. With optimizing the volume fraction, shown in Fig.
the bias for snapshots also reaches values comparable to periodized ensembles, but for different values
of the subsample averaging parameter. While the bias for periodized ensembles is consistent with an
L3 decay at a resolution of 643 voxels and higher, snapshots without subsample averaging are
broadly consistent with an L~' decay . With subsample averaging, the observed trend appears
closer to an L3 decay . The dispersion, both without optimizing the volume fraction, shown in
Fig. and with optimizing the volume fraction, shown in Fig. are broadly consistent with
an L~3/2 decay . The dispersion increases with the size of the subsample averaging parameter k.
However, the dispersion is hardly lowered by optimizing the volume fraction.

For periodized ensembles, a resolution of 1282 voxels suffices to be within 1% of the effective Young’s
modulus 100% of the time, shown in Tab. [8] For snapshots and no optimized volume fraction, at a higher
resolution of 2563 voxels, being within 1% of the effective Young’s modulus is only achieved 40% of the

time, and with optimizing the volume fraction, the probability further decreases to 29.8% in line with
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Figure 15: Bias and dispersion for periodic (PER) and snapshot ensembles (CUT) for fibers with or-
thotropic orientation (4.5)
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the observations of Ravichandran et al. |16]. Using subsample averaging (2.17]), the probability of being
within 1% of the effective Young’s modulus is increased to 80.4% with a subsample averaging mask ([2.16))
of k = 0.03125 and 79.2% with x = 0.0625 at a resolution of 2562 voxels. Optimizing the volume fraction

further increases the success rate to 92% and 92.4%, respectively.

5 Conclusion

In this work, we investigated the computation of effective elastic properties from non-periodic (snap-
shot) microstructures using subsample averaging and optimized volume fraction (OVF). Non-periodic
microstructures arise naturally in practice, as experimental samples are necessarily finite and therefore
represent (non-periodic) snapshots of an underlying random medium. This observation applies in par-
ticular to data obtained from imaging-based characterization techniques, but also more generally to
experimentally observed microstructures. As a consequence, standard RVE-based homogenization in this
setting suffers from a slowly decaying bias, rendering naive estimates of effective properties unreliable
unless appropriate mitigation strategies are employed.

In this work, we provide the first comprehensive numerical investigation of subsample averaging for re-
alistic microstructures beyond the theoretical setting. While recent analytical results [29] establish the
potential of subsample averaging for improving convergence rates in stochastic homogenization, they are
restricted to conductivity problems and do not address its practical performance in elasticity. The present
study closes this gap by investigating subsample averaging for linear elastic particle-reinforced composites
with industrially relevant volume fractions and material contrast.

Our results show that subsample averaging is a simple and computationally inexpensive strategy that
can be readily incorporated into existing homogenization workflows without modifying the underlying
solver. In particular, it provides an effective mechanism to reduce the bias associated with non-periodic
microstructures. The implementation of subsample averaging is not tied to a particular microstructure-
generation method. Its quantitative performance, however, may depend on the microstructure class,
volume fraction, material contrast, and spatial correlation structure. Based on the results obtained,
subsample averaging is therefore a promising and readily implementable option when only snapshot mi-
crostructures are available, as it significantly improves the reliability of computed effective properties
when used appropriately and in combination with variance reduction techniques.

At the same time, subsample averaging introduces a fundamental limitation: Reducing the bias nec-
essarily increases the dispersion due to the reduced averaging domain. This bias—dispersion trade-off
is intrinsic to subsample averaging and implies that, when used in isolation, improvements in accuracy
remain limited despite the reduction of bias.

To compensate for the increased dispersion, we combined subsample averaging with optimized volume
fraction (OVF). While OVF by itself may be counterproductive for snapshot microstructures, it sig-
nificantly improves accuracy when used in combination with subsample averaging. In addition to its
effectiveness, OVF is a simple and computationally inexpensive strategy that can be readily applied to
a wide range of inclusion-based microstructures, provided that an analytical or geometric description
of the inclusions is available. In particular, the additional computational cost of the OVF procedure is
negligible compared to the cost of solving the underlying homogenization problem.

In some practical settings, the volume fraction of a material is known independently, for instance from
manufacturing specifications or density measurements. In such cases, volume-fraction adjustment may
provide a physically motivated correction, provided that the required modification of the microstructure
is consistent with the uncertainty of its characterization.

For image-based microstructures, the applicability of OVF depends on the imaging modality, phase con-
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trast, segmentation uncertainty, and the availability of independent information about the bulk volume
fraction. When phase assignment involves an uncertain threshold, the volume fraction may be adjusted
through a controlled modification of that threshold or, where appropriate, through a geometrical proce-
dure such as fast marching [76-78|. Such adjustments are not universally applicable and should be used
only when justified by the experimental characterization.

The main findings of this work can be summarized as follows:

e Subsample averaging reduces the magnitude of the bias and produces decay trends that are more
favorable than those obtained without subsample averaging.

e Subsample averaging introduces a fundamental bias—dispersion trade-off: reducing bias necessarily

increases the dispersion due to the reduced averaging domain.

e Consistent subsample averaging of both stress and strain fields is essential; subsample averaging

the apparent stress alone does not improve convergence rates.

e Combining subsample averaging with optimized volume fraction effectively reduces the total error
and substantially improves reliability.

These findings were obtained for microstructures with spherical inclusions and fiber-reinforced composites
with varying degrees of anisotropy, at realistic volume fractions. This demonstrates that the observed
effects are not limited to idealized model problems which can be treated by rigorous mathematical meth-
ods [29] but persist in practically relevant settings. However, our investigation is restricted to one material
system, namely a polyamide-66 matrix reinforced with E-glass inclusions. For substantially different ma-
terial systems, a re-investigation of the proposed strategy may be required.

The present study focuses on linear elasticity as the fundamental case. This choice is deliberate: without
a clear understanding and control of the error mechanisms in the elastic setting, extending RVE-based
homogenization to more complex inelastic or nonlinear material behavior would be premature. The iden-
tification of the bias—dispersion trade-off and its mitigation therefore provides a necessary foundation for
future developments in computational micromechanics.

While the proposed strategy significantly improves the reliability of computations based on snapshot
microstructures, the results remain inferior to those obtained from periodized ensembles. Nevertheless,
subsample averaging combined with variance reduction provides a simple and effective approach when
only non-periodic samples are available, as is typically the case in practice.

The results of this work provide practical guidance for computing effective properties from non-periodic
microstructures and for extending the proposed approach to experimentally obtained samples. Our
findings highlight that controlling the interplay between bias and dispersion is essential for reliable RVE-
based predictions. Future work will investigate alternative strategies, such as methods based on modified
governing equations, which may reduce bias without increasing variance, as well as approaches that
avoid reducing the averaging domain altogether. Beyond the specific setting considered here, the re-
sults highlight that controlling the interplay between bias and variance is essential for reliable multiscale

simulations, particularly when working with experimentally obtained data.
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A Microstructure generation

In the work at hand, short fiber-reinforced microstructures and microstructures with spherical inclusions
are generated. A sphere is uniquely described by its center « and its radius . The microstructures with
monodisperse spherical inclusions are generated using the mechanical contraction method (MCM) [64].
The goal of the MCM algorithm is a random packing of Ngp, non-overlapping spheres with volume

fraction

o = 4Nsphﬂ'r3
spn 3L3

in a cubic cell [0, L]? (2.2). The MCM proceeds by first randomly placing all spheres at a volume fraction

@sph,0 lower than the target volume fraction ¢spn and then iteratively increasing the volume fraction

(A1)

and removing any overlap caused by the growth of the spheres. The initial positions of the spheres are
sampled pseudo-randomly from a uniform distribution. This increase in volume fraction can either be
facilitated by rescaling the radius r of the spheres or by rescaling the size of the cubic cell [0, L]? together
with the sphere centers x. The procedure is repeated until the target volume fraction ¢y, is reached.

The spheres with centers x; and x; must not overlap, which is encoded by the equation
6ij,sph = max (07 2r + d;ph — dist(:ci, iL'J)> =0 (A2)

with some minimum distance d_,;,. The distance between the centers dist(z;, ;) is evaluated in the
periodic sense, see algorithm [T}

The overlap is removed by minimizing the objective function

Algorithm 1 periodic distance vector dpe,(;, x;), periodic distance dist(x;, ;)
for a=1,2,3 do

1:

2 §a & Tia — Tja

3 if (£, > L/2) then

1 dper,a <= &a — L
5: else if ({, < —L/2) then
6 dper,a < &a + L
7

8

else
dper,a < &a
9: end if
10: end for

11: dist(x;, ;) + ||dper (@3, ;)|

12: return dpe (i, x;), dist(x;, x;)

1
f(a:lv s V:BNSph) = 5 Z 51'2j,sph' (AB)

1<i<j<Nupn
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Figure 16: Mechanical contraction of three circles in a periodic cell, area fraction ¢ = 50%

The overlap removal of an initially overlapping configuration of three circles in a two-dimensional, periodic
cell using MCM is shown in Fig.

Short fibers are modeled as cylinders with a centroid  and unit direction p, ||p|| = 1, a length £ and a
diameter d. All fibers live in the cubic cell and each fiber i has the length ¢ and diameter d.

For Npy, fibers of equal length, the fourth order fiber orientation tensor (FOT) is defined as

Nsb
ANﬁb = Nab Zpi QP; OP; P;- (A4)
=1

This tensor is linked to the elastic properties of the resulting microstructure and thus a property of interest
to be prescribed to the microstructure generation algorithm [43]. The fourth order FOT is approximated
by specifying the second-order FOT

1 Ny,
ANﬁb = N_ﬁb ;pi Q P; (A5)

and using a closure approximation Ay, = h(Ang,,) to determine the fourth order FOT (A.4). We use
the fast exact closure approximation .

To generate the fiber microstructures, we use the sequential addition and migration algorithm (SAM) [43],
which iteratively alternates between placing some fibers Ngy, ;. per iteration k , sampling the positions
randomly from a uniform distribution, and removing their overlap while preserving the fourth-order FOT
until the desired volume fraction ¢gy, is reached. We give a short summary of the algorithm to highlight
how it realizes periodic microstructures and how to use it to generate snapshots instead. The total

number of fibers Ngy, is connected to the desired volume fraction ¢g, by

Nﬁbﬂedz

dfb = VE

(A.6)

To simplify the distance checks, the fibers are assumed to be spherocylinders, i.e., a fiber is modeled as
a cylinder with spherical caps at the end. The distance vector between two fibers i and j is
/.

% 4
P — S5 Ejpj + dper<$i7 mj)a (A7)

kij =s;
J 82

with the centerline of a fiber parametrized via s;,s; € [—1,1]. The fibers must not overlap, requiring the

minimum distance between two fibers ¢ and j to satisfy the relationship

6ij7ﬁb = max <0, d+ df;b — minl . ||k:”||) =0 (A8)

si,8;€[—1,

with some minimum distance dg; . As with spheres, the distance vector between the centroids dpe,(;, ;)
is evaluated in the periodic sense using algorithm [T} For the details to compute the minimum distance
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we refer to Pournin et al. [80]. Both constraints of non-overlapping fibers and satisfying the prescribed
FOT are encoded by the objective function

1 €
f(wla"waﬁbvplv"’pNﬁb) = ) Z 6i2j,ﬁb+Nﬁb§”A_AN”2 (A~9)

1<i<j<Nsb

to be minimized with the prefactor € = h(¥, d) related to the inertia of a spherocylinder [81].

B Computing apparent material properties

The apparent stiffness C7*" acquired via solving the relationship ([2.5) with the solution of the balance

of linear momentum ([2.3)) has 21 distinct components for the fully anisotropic case and reads

Cii11 Criaz Criss Ciizs Cinis Chiin]
Ciizz Co222 Ca233 Cazaz Caziz Caziz
c _ |Cuss Chass Caass Csazs Csziz Csaio
= Voigt Cii2z Ch223 Cs323 Cazaz Caziz Caziz

Ci113 Ca213 (3313 Caziz Ciziz Cisio

|Cr112 Co212 Cs312 Caziz Ciziz Choiz]

in Voigt’s notation. For a thorough discussion we refer to Mehrabadi and Cowin [82]. The number of
these distinct material parameters decreases if the material obeys further symmetries. In case of isotropy,

there are two distinct material parameters, and the stiffness tensor reads

[K+3G K-2G K—-2G 0 0 0
K-2G K+3G K—2G 0 0 0

o = K-3G K—3G K+3G 0 0 0 (B.2)
= Voigt 0 0 0 G 0 0
0 0 0 0 G 0
L 0 0 0 0 0 Gj

in Voigt’s notation with the shear modulus G and the compression modulus K. We project apparent
stiffness C7"P onto the subspace of symmetric tensors. Using a suitable basis transformation such as the
harmonic basis [83], the closest isotropic stiffness to the apparent stiffness is obtained, from
which the apparent compression modulus K?PP and apparent shear modulus G?PP are read. The Young’s
modulus computes as I

EBPP = 3Kerr - Gavp” (B.3)
For transverse isotropy, there are five distinct material parameters. A transversely isotropic stiffness
tensor reads

Cn Ci2 Ciz 0
Ci2 Cin Ciz3 O
trans _ |C13 Ciz Csz 0
=voigt | 0 0 0 Cu O
0 0 0 0 Cu
0 0 0 0 0 3(Cn-Co)l

o O O

(B.4)

S O O O O

in Voigt’s notation, where we consider the z-axis as the direction of rotational symmetry. The material

parameters of interest in this work, namely the longitudinal Young’s modulus Fr 1, and transverse Young’s
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modulus Err, are obtained from the components of the inverse of the stiffness (B.4)

_ 1 v i T
Err ElTTTT “Ey Y 0 0
- E?fr Ert - EIIJ}; 0 0 0

v v 1
tralns — | EI;:lI: - E’I;i EpL 0 0 0 , (B5)

=Voigt 0 0 0 GiT 0 0
0 0 0 0 &= O

0 0 0 0 0 ]

where the transformation into the harmonic basis [83] is used as an intermediate step to symmetrize and
reduce the non-zero entries to the number of independent ones.

For orthotropy, nine independent material parameters arise, and the stiffness matrix assumes the form

[Cii Ci2 Ciz 0
Cia Coy Chz 0
ortho _ |C13 Caz Csz3 0
SVoigt | 0 0 0 Cu 0
0 0 0 0 Css5 O
0 0 0 0 0 Cgl

o O O
o O O O

(B.6)

The material parameters of interest are the Young’s moduli in the three principal directions EjTY, E5PP
and E55P, which are computed from the inverse of the stiffness

th —E —Ei E3 0 0 0
ortho __ Eqa Eao E
=Voigt 0 0 53 GL% 0 0 (B.7)
0 0 0 0 G%g 0
L0 0 0 0 0 &=

As a conversion to the harmonic basis [83] does not reduce the number of non-zero entries for orthotropy,

it is omitted.

C Additional Data

Tab. [f] lists the probabilities of being close to the effective properties for more values of the subsample
averaging parameter K . Periodized (PER) and snapshot microstructures (CUT) are listed, and
optimizing volume fraction for the domain @, of the microstructures is compared to not performing
the OVF procedure.

Similarly, Tab. |§| lists the data for fiber-reinforced microstructures with isotropic orientation , Tab.
lists the data for fiber-reinforced microstructures with transversely isotropic orientation and Tab.
lists the data for fiber-reinforced microstructures with orthotropic orientation .

31



Table 5: Empirical success probability to be A-close to E°, spherical inclusions, Young’s modulus

without OVF with OVF
Len. 1%-close 0.1%-close | 1%-close  0.1%-close

PER / 32 97.56 % 13.08 % 99.13 % 11.18 %
64 100.00 % 57.73 % 100.00 % 62.30 %

128 100.00 % 97.10 % 100.00 % 97.60 %
256 100.00 % 100.00 % 100.00 %  100.00 %

CUT 0.00000 32 6.07 % 0.73 % 0.00 % 0.00 %
64 10.50 % 1.37 % 0.00 % 0.00 %

128 22.40 % 3.00 % 0.00 % 0.00 %

256 48.00 % 6.20 % 49.80 % 0.00 %

CUT 0.03125 32 8.17 % 0.77 % 0.47 % 0.07 %
64 20.73 % 1.97 % 42.30 % 3.53 %

128 41.00 % 4.50 % 98.10 % 20.70 %

256 73.60 % 8.00 % 100.00 % 43.80 %

CUT 0.06250 32 10.33 % 0.70 % 19.50 % 1.80 %
64 22.70 % 2.13 % 49.60 % 4.77 %

128 39.40 % 3.20 % 84.80 % 12.40 %

256 71.20 % 7.40 % 100.00 % 24.80 %

CUT 0.09375 32 9.33 % 0.83 % 16.00 % 1.57 %
64 20.40 % 2.33 % 35.40 % 3.17 %

128 34.60 % 4.20 % 76.30 % 10.10 %

256 62.60 % 5.20 % 97.60 % 15.40 %

CUT 0.12500 32 8.87 % 0.83 % 11.03 % 1.27 %
64 20.23 % 247 % 29.83 % 3.17 %

128 30.50 % 3.80 % 63.00 % 7.80 %

256 58.40 % 5.40 % 88.80 % 11.60 %

CUT 0.15625 32 8.23 % 0.83 % 9.60 % 1.13 %
64 18.07 % 1.37 % 25.60 % 2.60 %

128 27.00 % 2.70 % 49.60 % 4.70 %

256 55.20 % 5.00 % 78.60 % 10.00 %

CUT 0.18750 32 7.53 % 0.63 % 727 % 0.77 %
64 17.13 % 1.83 % 21.83 % 2.17 %

128 26.00 % 3.10 % 41.10 % 5.30 %

256 49.40 % 6.00 % 66.00 % 5.40 %

CUT 0.21875 32 6.57 % 0.63 % 5.33 % 0.60 %
64 14.33 % 1.60 % 18.47 % 1.83 %

128 25.20 % 2.50 % 37.10 % 3.80 %

256 44.20 % 5.40 % 56.00 % 7.60 %

CUT 0.25000 32 6.07 % 0.63 % 6.17 % 0.80 %
64 11.37 % 1.17 % 15.17 % 1.63 %

128 21.20 % 3.20 % 29.60 % 2.90 %

256 39.40 % 4.80 % 46.00 % 4.40 %
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Table 6: Empirical success probability to be A-close to Ef, fibers with isotropic orientation (4.3), Young’s

modulus

without OVF with OVF
Len. 1%-close 0.1%-close | 1%-close  0.1%-close
PER / 32 43.39 % 3.78 % 42.37 % 3.40 %
64 100.00 % 15.43 % 100.00 % 14.83 %
128 100.00 % 88.80 % 100.00 % 91.00 %
256 100.00 % 100.00 % 100.00 % 100.00 %
CUT 0.00000 32 10.03 % 1.20 % 0.12 % 0.00 %
64 17.30 % 1.63 % 0.00 % 0.00 %
128 28.80 % 1.50 % 0.00 % 0.00 %
256 66.40 % 4.80 % 100.00 % 0.00 %
CUT 0.03125 32 11.17 % 0.90 % 0.12 % 0.00 %
64 24.20 % 2.37 % 2.40 % 0.03 %
128 49.90 % 5.80 % 83.20 % 0.50 %
256 90.80 % 12.00 % 100.00 % 24.80 %
CUT 0.06250 32 11.40 % 1.17 % 6.61 % 0.90 %
64 27.03 % 2.40 % 30.93 % 2.70 %
128 50.50 % 7.20 % 90.40 % 12.60 %
256 90.20 % 11.60 % 100.00 % 35.80 %
CUT 0.09375 32 10.73 % 1.13 % 12.32 % 0.84 %
64 25.43 % 2.43 % 40.33 % 4.33 %
128 48.20 % 5.30 % 84.30 % 10.60 %
256 85.80 % 10.80 % 100.00 % 25.00 %
CUT 0.12500 32 10.00 % 1.03 % 13.82 % 1.32 %
64 23.27 % 2.57 % 36.27 % 3.00 %
128 45.80 % 3.50 % 73.30 % 9.80 %
256 81.00 % 11.00 % 96.80 % 15.60 %
CUT 0.15625 32 9.40 % 0.97 % 12.74 % 1.56 %
64 19.30 % 2.53 % 30.03 % 2.70 %
128 39.90 % 3.80 % 60.20 % 7.10 %
256 74.60 % 10.60 % 92.00 % 13.40 %
CUT 0.18750 32 7.73 % 0.87 % 9.98 % 1.02 %
64 17.20 % 1.63 % 26.83 % 3.27 %
128 37.40 % 4.20 % 48.90 % 4.90 %
256 69.40 % 7.40 % 83.80 % 8.60 %
CUT 0.21875 32 777 % 0.60 % 8.47 % 0.90 %
64 15.17 % 1.53 % 22.27 % 2.37 %
128 33.20 % 4.30 % 40.90 % 5.60 %
256 64.60 % 7.60 % 73.60 % 9.60 %
CUT 0.25000 32 6.17 % 0.77 % 6.61 % 0.60 %
64 13.80 % 1.67 % 17.23 % 1.63 %
128 29.50 % 2.80 % 34.30 % 4.20 %
256 58.00 % 4.80 % 63.40 % 8.60 %
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Table 7: Empirical success probability to be A-close to E°f, fibers with transversely isotropic orienta-
tion (4.4)), Young’s modulus

without OVF with OVF
Len. 1%-close 0.1%-close | 1%-close  0.1%-close

PER / 32 6.84 % 0.83 % 6.32 % 0.67 %
64 19.54 % 0.66 % 18.83 % 0.62 %

128 100.00 % 23.70 % 100.00 % 20.20 %

256 100.00 % 59.60 % 100.00 % 66.00 %

CUT 0.00000 32 4.69 % 0.37 % 2.34 % 0.13 %
64 7.40 % 1.00 % 0.63 % 0.07 %

128 9.10 % 0.60 % 0.40 % 0.00 %

256 14.80 % 1.00 % 0.80 % 0.00 %

CUT 0.03125 32 5.09 % 0.70 % 3.92 % 0.32 %
64 10.17 % 1.13 % 8.67 % 0.93 %

128 24.00 % 2.40 % 28.50 % 3.20 %

256 62.40 % 5.80 % 89.60 % 10.60 %

CUT 0.06250 32 5.06 % 0.55 % 4.42 % 0.38 %
64 10.77 % 1.10 % 15.87 % 1.33 %

128 26.90 % 2.60 % 43.70 % 4.20 %

256 60.60 % 6.00 % 89.40 % 12.60 %

CUT 0.09375 32 5.31 % 0.33 % 6.70 % 0.63 %
64 10.63 % 1.20 % 15.83 % 1.57 %

128 26.00 % 3.30 % 39.00 % 4.50 %

256 55.80 % 5.40 % 80.80 % 11.40 %

CUT 0.12500 32 5.06 % 0.44 % 6.64 % 0.76 %
64 9.90 % 1.03 % 14.87 % 1.33 %

128 23.00 % 2.60 % 33.30 % 3.30 %

256 52.40 % 4.00 % 71.20 % 7.80 %

CUT 0.15625 32 4.84 % 0.62 % 6.32 % 0.70 %
64 8.80 % 0.73 % 12.50 % 1.33 %

128 19.40 % 1.50 % 27.20 % 2.90 %

256 50.40 % 7.20 % 57.80 % 9.80 %

CUT 0.18750 32 4.36 % 0.59 % 4.55 % 0.44 %
64 8.00 % 0.73 % 11.07 % 1.23 %

128 17.60 % 1.50 % 23.40 % 2.70 %

256 43.20 % 4.00 % 49.40 % 4.80 %

CUT 0.21875 32 3.30 % 0.44 % 4.11 % 0.13 %
64 6.37 % 0.60 % 8.53 % 0.67 %

128 16.00 % 1.60 % 19.80 % 2.20 %

256 38.80 % 4.60 % 42.20 % 5.80 %

CUT 0.25000 32 2.97 % 0.18 % 3.29 % 0.38 %
64 5.93 % 0.60 % 6.57 % 0.67 %

128 12.20 % 1.10 % 16.10 % 1.70 %

256 35.00 % 2.00 % 32.00 % 3.20 %
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Table 8: Empirical success probability to be A-close to E°f, fibers with orthotropic orientation (4.5),

Young’s modulus

without OVF with OVF
Len. 1%-close 0.1%-close | 1%-close  0.1%-close

PER / 32 7.96 % 0.55 % 6.71 % 0.65 %
64 79.99 % 877 % 79.65 % 7.51 %

128 100.00 % 39.00 % 100.00 % 38.80 %

256 100.00 % 85.00 % 100.00 % 91.40 %

CUT 0.00000 32 5.97 % 0.43 % 5.42 % 0.48 %
64 11.20 % 1.20 % 7.80 % 0.93 %

128 18.90 % 1.50 % 12.50 % 0.60 %

256 40.00 % 2.40 % 29.80 % 0.40 %

CUT 0.03125 32 6.04 % 0.63 % 5.60 % 0.30 %
64 13.07 % 1.23 % 13.73 % 1.30 %

128 32.10 % 3.30 % 41.20 % 4.40 %

256 80.40 % 11.80 % 92.00 % 10.80 %

CUT 0.06250 32 6.21 % 0.63 % 6.56 % 0.66 %
64 14.70 % 1.40 % 1727 % 2.13 %

128 34.30 % 2.90 % 45.10 % 5.20 %

256 79.20 % 11.40 % 92.40 % 12.80 %

CUT 0.09375 32 6.44 % 0.43 % 6.44 % 0.42 %
64 14.90 % 1.40 % 17.80 % 1.83 %

128 32.00 % 3.50 % 40.60 % 4.10 %

256 69.60 % 8.80 % 86.80 % 9.20 %

CUT 0.12500 32 6.04 % 0.77 % 6.44 % 0.36 %
64 12.83 % 1.03 % 16.20 % 1.10 %

128 29.90 % 3.40 % 37.80 % 4.40 %

256 67.80 % 7.80 % 81.40 % 8.20 %

CUT 0.15625 32 4.51 % 0.40 % 5.66 % 0.48 %
64 12.83 % 1.37 % 13.30 % 1.80 %

128 24.00 % 2.40 % 31.60 % 3.60 %

256 61.80 % 6.40 % 71.40 % 8.40 %

CUT 0.18750 32 4.47 % 0.37 % 5.78 % 0.90 %
64 12.00 % 1.60 % 1143 % 1.00 %

128 25.40 % 2.70 % 27.10 % 2.50 %

256 56.60 % 6.40 % 63.40 % 6.60 %

CUT 0.21875 32 4.34 % 0.23 % 4.87 % 0.66 %
64 9.90 % 1.07 % 10.27 % 0.97 %

128 19.90 % 1.60 % 24.30 % 2.80 %

256 51.40 % 5.20 % 49.60 % 5.40 %

CUT 0.25000 32 3.84 % 0.30 % 3.55 % 0.30 %
64 8.67 % 1.17 % 8.90 % 0.70 %

128 18.60 % 1.60 % 20.00 % 2.50 %

256 43.60 % 4.80 % 38.80 % 3.00 %
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