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Abstract Magneto-electric (ME) materials are of high
interest for a variety of advanced applications like in data
storage and sensor technology. Due to the low ME cou-
pling in natural materials, composite structures become rel-
evant which generate the effective ME coupling as a strain-
mediated product property. In this framework, it seems to
be possible to achieve effective ME coefficients that can be
exploited technologically. The present contribution investi-
gates the realization of particulate ME composites with a
focus on their experimental and computational characteriza-
tion. We will show that different states of pre-polarizations
of the ferroelectric material have a decisive influence on the
overall obtainable ME coefficient. Details on the synthesis
of two-phase composite microstructures consisting of a bar-
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ium titanate matrix and cobalt ferrite inclusions will be dis-
cussed. Subsequently we will employ computational homog-
enization in order to determine the effective properties of
the experimental composite numerically. We investigate the
influence of different states of pre-polarization on the result-
ing ME-coefficients. For the numerical incorporation of the
pre-polarization we use a heuristic method.

Keywords Modulus and composites · Homogenization ·
Materials processing · Product property · Magneto-electric
composite

1 Introduction

In the last decades there has been a steady increase in atten-
tion to smart functional materials that couple different phys-
ical quantities to one another like, for example, polariza-
tion and strain or magnetization and strain. By using such
materials smart applications in sensor and actuator technol-
ogy can be realized. An important coupling phenomenon
that attracts particular attention recently is the magneto-
electric (ME) coupling property. Materials exhibiting pro-
nounced couplings between magnetic and electric quan-
tities could be used in a number of applications as, for
example, in electrical magnetic-field sensors or electric-write
magnetic-read memories, see e.g. [9]. The latter could be
constructed as a so-called magneto-electric random access
memory (MERAM), which would be realized by using
materials that possess both spontaneous magnetization and
spontaneous polarization coupled to one another, see, for
example, [2]. A material that exhibits these two proper-
ties at the same time is termed magneto-electric multifer-
roic, where the term multiferroic defines a material that
has at least two distinct ferroic states. Consequently, an

123



72 Comput Mech (2014) 54:71–83

Fig. 1 Real composite microstructure with framed selected part

ME multiferroic is ferroelectric and ferromagnetic (which
is often accompanied by a third ferroic state given by fer-
roelasticity). ME multiferroics have been investigated inten-
sively, see for example [7,20,25,28,33,36,48,49]. However,
since the ME coupling in natural materials is found to be
very weak, see [6] who determined an upper bound for the
possible ME coupling coefficient of single-phase materi-
als, the development of ME composite materials consisting
of electro-active and magneto-active phases becomes rele-
vant. ME composites produce the desired ME coefficients
as a strain-mediated product property, see, for example,
[8,29,31,32,35,43,46]. A product property of a composite
is defined as a property that is not present in each of its con-
stituents, but appears effectively through their interaction; a
general treatment on possible product properties is given in
[44]. The ME coupling in a composite is generated through
electrically or magnetically induced strain, where one dis-
tinguishes between the direct and the converse ME effect.
The direct effect characterizes magnetically induced polar-
ization: an applied magnetic field yields a deformation of
the magneto-active phase that is transferred to the electro-
active phase. As a result, this delivers strain-induced polar-
ization in the electric phase. On the other hand, the converse
effect characterizes electrically activated magnetization: an
applied electric field yields a deformation of the electro-
active phase which is transferred to the magneto-active mate-
rial. This deformation then results in strain-induced mag-
netization. Several experiments on composite ME multifer-
roics showed remarkable ME coefficients that are orders of
magnitudes higher than those of single-phase materials, see
e.g. [14].

From a theoretical viewpoint the macroscopic character-
ization of ME composites – and therewith the determina-
tion of their effective behavior – is of particular interest.
As a consequence, the development of suitable homogeniza-
tion methods becomes important. In recent years, numer-
ous analytical methods for the determination of the effec-

tive response of ME composites have been developed,
see, for example, [3,4,17,18,22,30,42]. However, analyti-
cal schemes are often limited to specific microscopic mor-
phologies, so that computational schemes are becoming rel-
evant. One such method based on a finite-element (FE) dis-
cretization has been developed in [27] in order to determine
the effective properties of piezomagnetic/piezoelectric ME
composites.

In the present contribution we employ an extension of the
work [39] to the case of magneto-electro-mechanical cou-
pling, see [40] for details. We will focus on the computational
characterization of realistic, experimentally measured ME
microstructures and investigate implications that originate
from specific assumptions of microscopic properties. The
composite under consideration is depicted on the left hand
side of Fig. 1. Here we see the morphology of a 0–3 particu-
late composite, where the brighter regions show the electro-
active barium titanate (BaTiO3) and the darker regions show
the magneto-active cobalt ferrite (CoFe2O4). As implicitly
defined above, we will denote the type of the composite by x–
y with {x, y} ∈ [1, 2, 3], where the first number indicates the
spatial connectivity of the magneto-active phase and the sec-
ond number indicates the connectivity of the electro-active
phase.

In detail, the present paper reports on the investigation of
experimental manufacturing and characterization techniques
of ME composites as well as the associated implications for
computational homogenization. Based on the homogeniza-
tion procedure we compute the overall ME coefficient of
two-phase composites consisting of piezoelectric and piezo-
magnetic phases. On the one hand, we apply the method to
the simulation of idealized microstructures. Here, we com-
pare our results to results taken from the literature [27] in
order to validate the implemented model. On the other hand,
we will apply the method to the computational characteri-
zation of a realistic microstructure, which we created using
organosol crystallization. In this connection, we will discuss
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the influence of constitutive assumptions made in the numer-
ical model and its implications on the predictable effective
ME coefficient. The outline of the paper is as follows. In
Sect. 2 the theoretical framework will be provided where the
procedure for the determination of the effective properties
will be discussed in detail. Section 3 gives a brief overview
on the experimental manufacturing of the composite sam-
ple and describes the used measuring technique. Afterwards
in Sect. 4, several numerical examples with idealized and
realistic two-phase composite microstructures will be per-
formed. The effective properties of the real microstructure are
then compared to experimental measurements. Different con-
siderations of the polarization directions on the microscale
demonstrate their influence on the effective ME coupling
coefficient. Section 5 closes the paper with a short conclu-
sion.

2 Theoretical framework

In the following the magneto–electro–mechanically coupled
boundary value problem is briefly described. We set up the
fundamental continuum balance equations and introduce the
basic kinematic, electric and magnetic quantities. Further-
more, we outline the constitutive equations for the piezoelec-
tric and piezomagnetic phase on the microscale. The main
goal of this work is to characterize the constitutive behavior
of ME composites at the macroscopic scale in consideration
of the composition of the microstructure. Due to the leading
part of the morphology of the microstructure with respect to
the overall (macroscopic) ME coupling coefficient, we use
a scale-transition between both scales, the macro- and the
microscale. The scales are connected by a so-called localiza-
tion and a homogenization step, where the latter one yields
the effective properties of the composite, especially the over-
all ME-coefficient. In order to ease the readability of the fol-
lowing sections, we summarize the basic magneto–electro–
mechanical quantities in Table 1.

2.1 Magneto–electro–mechanical boundary value problem

The considered micro-heterogeneous body B ⊂ R3, charac-
terized by a representative volume element RVE ⊂ B ⊂ R3

on the microscale, is parameterized with the coordinates x.
In order to capture the influence of the microstructure on
the macroscopic behavior, we have to choose a suitable rep-
resentative volume element which has to reflect the main
mechanical, electrical, and magnetical characteristics of the
microstructure. A periodic multiplication of the chosen RVE
in all spatial directions is then imagined as an approxima-
tion of the real microstructure. The basic variables on the
microscale, i.e., the linear strain tensor ε, the electric field
vector E and the magnetic field vector H, are given by

Table 1 Magneto–electro–mechanical quantities and corresponding
SI-Units

Symbol Continuum mechanical description SI-Unit

u Displacement vector m

ε Linear strain tensor 1

σ Cauchy stress tensor N/m2

t Traction vector N/m2

f Mechanical body forces N/m3

φe Electric potential V

E Electric field vector V/m

D Electric displacement vector C/m2

Qe Electric surface flux density C/m2

ρ Density of free charge carriers C/m3

φm Magnetic potential A

H Magnetic field A/m

B Magnetic flux density Vs/m2

Qm Magnetic surface flux density Vs/m2

ε = 1

2
(∇u + ∇T u), E = −∇φe and H = −∇φm . (1)

The underlying fundamental balance equations are given by
the balance of linear momentum, Gauß’s law of electrostatics
and Gauß’s law of magnetostatics

∇ · σ +f =0, ∇ · D=ρ and ∇ · B=0 in RVE . (2)

The associated macroscopic quantities are (under some tech-
nical assumptions) defined in terms of suitable volume aver-
ages. For simplicity, we restrict ourselves to the following
definitions

ξ = 1

vol(RVE)
∫

RVE
ξ dv with {ξ := σ , ε,D,E,B,H}.

(3)

For a more general definition of the macroscopic quantities
in terms of suitable surface integrals we refer to [37].

In order to derive energetically consistent boundary con-
ditions in an algorithmically attractive representation we
decompose the microscopic fields into the constant macro-
scopic part ξ and a fluctuation part ξ̃ , i.e.,

ξ = ξ + ξ̃ with {ξ := σ , ε,D,E,B,H}. (4)

For the construction of energetically consistent boundary
conditions we postulate a generalized macrohomogeneity
condition, which states the equality of the macroscopic and
averaged microscopic power [21]
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σ : ε̇ − D · Ė − B · Ḣ

= 1

vol(RVE)
∫

RVE
(σ : ε̇ − D · Ė − B · Ḣ) dv , (5)

see also [37,39]. The macrohomogeneity condition is ful-
filled by applying Dirichlet-, Neumann-, or periodic bound-
ary conditions, for details see [40]. Furthermore, also the
microscopic displacement field, the electric potential, and
the magnetic potential are additively decomposed into affine
and fluctuating parts

u=ε · x+ũ, φe = −E · x+φ̃e, φm = −H · x+φ̃m, (6)

respectively. Suitable periodic boundary conditions are

ũ(x+) = ũ(x−) and t(x+) = −t(x−),

φ̃e(x+) = φ̃e(x−) and Qe(x+) = −Qe(x−),

φ̃m(x+) = φ̃m(x−) and Qm(x+) = −Qm(x−),

(7)

where x+ and x− denote associated points on the boundary
of a periodic unit cell. After the solution of the boundary
value problem, we can compute the homogenized macro-
scopic response by averaging over the microscopic fields over
the RVE .

2.2 Constitutive framework on the microscale

We analyze the magneto-electric coupling behavior of a
two-phase composite containing a piezoelectric and a piezo-
magnetic phase. In our oversimplified model we assume a
transversely isotropic linear material law for both phases
on the microscale and make use of the constitutive frame-
work proposed in [38], which can be analogously extended to
magneto-electro-mechanically coupled problems. In detail,
each phase is characterized by a preferred direction a in
which the piezoelectric and piezomagnetic coupling is active,
respectively. This preferred direction can be imagined as
the direction of remanent polarization and magnetization,
respectively. On the microscale the behavior of the two
phases can be described by thermodynamical functions,
which are defined for the piezoelectric phase as

ψe = 1

2
ε : Ce : ε−E ·e : ε− 1

2
E ·εe ·E− 1

2
H ·μe ·H (8)

and for the piezomagnetic phase as

ψm = 1

2
ε : Cm : ε−H·q : ε−1

2
H·μm ·H−1

2
E·εm ·E. (9)

C, ε,μ, e and q denote the tensors of elasticity, dielectric
permittivity, magnetic permeability, piezoelectric coupling
and piezomagnetic coupling of the individual electroactive
and magnetoactive phases {e,m}, respectively. The function
of the piezoelectric phase ψe includes a mechanical part, a

coupling term between electric fields and mechanical strains
as well as a purely electrical and a purely magnetical part.
Analogously, the piezomagnetic energyψm includes besides
the mechanical part a coupling term between the mechanical
strains and the magnetic field as well as a purely magnetical
and a purely electrical part. For both phases we write down
the incremental constitutive equations

⎡
⎢⎢⎢⎢⎢⎢⎣

�σ e,m

−�De,m

−�Be,m

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
S

=

⎡
⎢⎢⎢⎢⎢⎢⎣

Ce,m −eT
e,m −qT

e,m

−ee,m −εe,m 0

−qe,m 0 −μe,m

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
C

⎡
⎢⎢⎢⎢⎢⎢⎣

�εe,m

�Ee,m

�He,m

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
D

.

(10)

Here it has to be mentioned, that the ME coupling modulus
for each of the two phases on the microscale, denoted by α,
is equal to zero:

αe,m ≡ 0. (11)

However, the overall ME-coefficients are generally nonzero:

α �= 0. (12)

One of the main goals of this contribution is to determine
the effective ME coupling coefficient computationally and
to compare the results with experimental observations.

2.3 Constitutive framework of ME composites on the
macroscale

In order to approximate the ME coupling behavior on the
macroscale, we assume the existence of an overall (macro-
scopic) thermodynamical function

ψ = 1

2
ε : C : ε − H · q : ε − E · e : ε − 1

2
E · ε · E

−1

2
H · μ · H + ψM E . (13)

Obviously, the overall potential (13) reflects the characteris-
tics of the functions (8) and (9) and has an additional essential
contribution describing the ME-coupling. We define

ψM E := −H · α · E , (14)

so that the effective ME coefficient appears as

α = ∂B

∂E
=

[
∂D

∂H

]T

with D = −∂ψ
∂E

and B = −∂ψ
∂H

.

(15)
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Clearly, the ME coupling property of the composite arises as a
product of the interaction between the individual phases. The
interaction between the two phases is driven by the mechan-
ical strains: on the one hand, an applied electric field induces
a deformation of the electroactive material which is trans-
ferred to the magnetoactive material. The deformation of the
magnetoactive material then induces a magnetic response.
On the other hand, an applied magnetic field deforms the
magnetic phase which then induces a strain-driven polar-
ization in the electric phase. The remaining effective coeffi-
cients, the piezoelectric and piezomagnetic coupling moduli,
are defined as

e = ∂D
∂ε

= −
[
∂σ

∂E

]T

and q = ∂B
∂ε

= −
[
∂σ

∂H

]T

with σ = ∂ψ

∂ε
, (16)

with {e, q}T
i jk = {e, q}ki j . The effective elastic modulus,

dielectric permittivity and magnetic permeability are deter-
mined by the derivatives

C = ∂σ

∂ε
, ε = ∂D

∂E
and μ = ∂B

∂H
. (17)

In order to achieve a compact notation we write the macro-
scopic incremental constitutive equations in standard matrix
form

⎡
⎢⎢⎢⎢⎢⎢⎣

�σ

−�D

−�B

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
S

=

⎡
⎢⎢⎢⎢⎢⎢⎣

C −eT −qT

−e −ε −αT

−q −α −μ

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
C

⎡
⎢⎢⎢⎢⎢⎢⎣

�ε

�E

�H

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
D

. (18)

In order to solve (2) with the finite-element method, we for-
mulate the associated weak forms of balance equations and
approximate the displacements u, the electric potential φe

and the magnetic potential φm with suitable shape functions.
We summarize the approximations of the basic field variables
(1) on the microscale within a typical finite element as

D = B d , (19)

where the matrix B contains the derivatives of the shape
functions and the element vector d contains the degrees of
freedom, i.e. the displacements as well as the electric and
magnetic potential. Following [40], we can compute the dis-
crete values of the overall moduli C on the fly during the
iterative solution of the algebraic system of equations. The
algorithmic expression for the overall moduli is

C = 〈C〉 − 1

vol(RVE) LT K−1L , (20)

with the volume average of the moduli over the RVE

〈C〉 = 1

vol(RVE)
∫

RVE
C dv (21)

and the FEM-matrices for the “generalized right-hand-sides”
L and the global stiffness matrix for the unit-cell problem K,
i.e.,

L =
∫

RVE
BT C dv and K =

∫

RVE
BT C B dv. (22)

3 Synthesis and manufacturing of ME composites

3.1 Synthesis schemes

The manufacturing approaches to magneto-electrics are
highly depending on the nature of the resultant morphol-
ogy [30]. Laminates (2–2 composites) can be easily manu-
factured by multiple methods depending on the dimensions
of the intended composite. Thin films are grown by differ-
ent methods well established in thin film technology like
chemical vapor deposition (CVD), atomic layer deposition
(ALD), sputtering, or laser ablation. Macroscopic laminates
are generally glued together. Modeling of laminates is typi-
cally easy [18], because the boundary conditions are well set
through the laminate structure for all fields, be they mechani-
cal, electrical, or magnetic in nature. Laminates are presently
the most effective structures for sensors if used on mechani-
cally resonant very low stiffness beams [24]. 1D-composites
like rod structures (1–3 structure) are harder to manufacture.
First, rods have to be made and then appropriately aligned.
Some direct growth techniques are available. Many subtrac-
tive techniques stem from the semiconductor industry. Litho-
graphy is the most widely used one. Typical feature sizes are
in nanometer to micrometer range. Recently, additive manu-
facturing has become a broadly used tool in the larger micron
to millimeter range. Here different pastes of materials are
printed onto substrates layer by layer under computer con-
trol establishing an additive 3D structure, the simplest one
being a rod structure. Subtractive techniques on the micron to
millimeter range include dicing and etching. The latter may
result in damage in sub-layers and structures. If the starting
point for manufacturing is fibers, their alignment is a critical
step in the process. One approach uses tape casting, where
the flow dynamics of the highly viscous slurry under the doc-
tor blade determines the orientation and degree of alignment
of the fibers [34]. 0–3 structures require one component to
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(a) (b)

Fig. 2 Dielectric constant of 20/80 wt% CoFe2O4-BaTiO3 (0–3) ceramic: a Curie–Weiss-Plot and b experimental raw data and losses

be completely embedded in another. This is typically appro-
priate, if two different powders are compacted, one dominat-
ing in volume content over the other, or if e.g. powders are
embedded into polymers. Many different approaches have
been taken. For the making of magneto-electric composites
based on mechanical coupling, two issues are crucial: (i) good
mechanical adhesion between both phases and (ii) good elec-
trical resistivity, because otherwise the material will be short
circuited electrically.

3.2 Synthesis results for 0–3 composites

One of the most fundamental issues in providing a suit-
able magneto-electric 0–3 composite experimentally is its
macroscopic resistivity. If this value drops below a certain
threshold, electric poling of the sample is no longer possi-
ble. In thin films, the growth techniques typically assure a
dense microstructure also in the electrical sense proving to
exhibit no percolating conductive component [1]. In ceramic
processing, this kind of electrical microstructure can typi-
cally not be provided by classical synthesis techniques like
solid state reaction [16]. We recently developed the organosol
route [15]. This method was adopted to coat the CoFe2O4

nanoparticles already in suspension. Subsequent densifica-
tion during sintering then proved to be sufficiently gentle
with this structure to generate a micron sized microstructure
of non percolating CoFe2O4 particles in the system. In order
to assure a robust system, we chose 20/80 for the present
study containing a much higher content of the insulating fer-
roelectric than the partly conductive magnetostrictive com-
ponent. This yielded a very suitable resistivity of the material
of ρ = 60 G� cm which permitted poling of the sample.
The relative difference in elastic modulus is small and thus
equal volume contents of both constituents should provide
best coupling coefficient.

Experimentally, it is clear that BaTiO3 slightly changes
its character in the composite. While in the single crystal
and in mono-phase bulk ceramics, BaTiO3 exhibits a clear

first order phase transition. This typically entails a peak in
dielectric constant and a step in its inverse [23]. While in our
samples the Curie temperature is unchanged with respect
to the pure phase ceramics, a broader distribution of the
peak value is found (Fig. 2). Also the Curie–Weiss-Plot for
BaTiO3 should exhibit a fairly sharp minimum in 1/ε which
is broadened here. This is typical in nanograin materials
[45], while micron size pure BaTiO3 displays sharp max-
ima in ε even though there is a strong dependence of the
explicit values of the dielectric constant at the phase transition
points [26]. Thus, the grain size of our BaTiO3-component
in the magneto-electric composite ceramic does exhibit the
expected behavior for its grain size. No unexpected modifi-
cation of the ferroelectric phase is observed. We also found
no anomaly of the dielectric constant as reported in [19]
which is likely an effect of high conductivity above the Curie
point suggesting acceptor doping of BaTiO3 in their samples
[47]. Actually, our route obviously never showed any occur-
rence of such doping in the BaTiO3-phase and the concurrent
increase in conductivity of the ferroelectric part of the com-
posite in our route. The somewhat increasing conductivity
(apparent increase in ε) at low frequency and high tempera-
ture indicates a classical thermally activated transport process
at medium distances, thus percolating conductive grains, but
sufficiently small in cluster size not to short-circuit the entire
sample.

3.3 Experimental details

The CoFe2O4/BaTiO3 nanoparticles with core/shell struc-
ture were synthesized via organosol crystallization, see
[10,12]. Initially, co-precipitation was used to synthesize
CoFe2O4 particles with a mean size < 40 nm as described
in detail in [12]. A stable ferrofluid of CoFe2O4 nanopowder
was added to a tetramethyl-ammonium hydroxide (TMAH)
solution containing the amorphous barium titanate precur-
sor. The relative ratio of weights in the final products was
adjusted by the amounts of the cobalt ferrite powder and
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barium titanate in the precursors yielding 20/80 by weight
CoFe2O4/BaTiO3. In order to achieve high electrical resis-
tivity of the overall sample and optimal coupling in between
the two phases, the cobalt iron oxide particles must be well
distributed in the microstructure. This was assured by rota-
tion milling for about 12 h. The powder was then washed
several times with ethanol, dried at room temperature under
a fume hood, and ultimately calcinated at 750◦C for 15
minutes. Disks were pressed with a hydraulic press into
disk-shaped pellets with diameter of 8 mm and thickness
of 0.6 mm under 5 tons load. The discs were sintered into
ceramics at 1, 200◦C for 2 h. For comparison, pure cobalt
ferrite and barium titanate ceramic samples were sintered
alike. X-ray diffraction determined the phase content of the
composites (Siemens D-5000 with Cu-Kα radiation at steps
of δ(2�) = 0.01◦ with a time constant of 1 s). Scanning
and transmission electron microscopy (SEM and TEM) con-
firmed the morphology and structure of the specimens (SEM
quanta 400 FEG and TEM TECNAI F20). Before SEM
measurements, the ceramic samples were well polished and
chemically etched. The particle/grain size distribution was
analyzed by the analySIS software (Soft Imaging Systems).
A self-built Sawyer-Tower circuit at a frequency of 250 Hz
served to determine the electric field dependence of polar-
ization. For electrical measurements silver electrodes were
fired onto both sides of the samples at 500◦C. The magnetic
properties as determined by SQUID magnetometry in the
temperature interval from 5 to 300 K at magnetic fields up
to 1 T can be found in [13]. Magneto-electric measurements
were performed using a modified SQUID ac susceptome-
ter in the temperature range 200–300 K at electric fields up
to 1 kV/cm and a magnetic field of 0.15 T. The method is
described in principles in [5]. In general, an ac electric field,
E = Eac cos(ωt) generates an induced magnetic signal. The
first harmonic of this magneto-electrically induced ac mag-
netic moment, m′ = mM E cos(ωt), is detected using an inter-
nal lock-in amplifier. The converse magneto-electric coeffi-
cient, αC , can be estimated from the ac electric field depen-
dence of the induced magnetization, αC = MM Eμ0/Eac,
where MM E = mM E/Vs is the magneto-electrically induced
magnetization, Vs is the sample volume, andμ0 is the perme-
ability of free space. The advantage of this method is its high
sensitivity. The smallest measurable ME coefficient ranges
around 0.01 × 10−12 s/m.

4 Computational determination of
magneto-electro-mechanical properties of ME
composites

For the simulation of magneto-electric composites we con-
sider different types of microstructures. First, in order to val-
idate the implemented model, we consider a boundary value

Table 2 Material parameters

Parameter Unit BaTiO3 CoFe2O4

C11 N/mm2 16.6 × 104 28.60 × 104

C12 N/mm2 7.7 × 104 17.30 × 104

C13 N/mm2 7.8 × 104 17.05 × 104

C33 N/mm2 16.2 × 104 26.95 × 104

C44 N/mm2 4.3 × 104 4.53 × 104

ε11 mC/kVm 112 × 10−4 0.80 × 10−4

ε33 mC/kVm 126 × 10−4 0.93 × 10−4

μ11 N/kA2 5.0 157.0

μ33 N/kA2 10.0 157.0

e31 C/m2 −4.4 0.0

e33 C/m2 18.6 0.0

e15 C/m2 11.6 0.0

q31 N/kAmm 0.0 580.3

q33 N/kAmm 0.0 −699.7

q15 N/kAmm 0.0 550.0

problem from the work [27]. After that, we compute the effec-
tive material behavior of an experimental ME microstructure
consisting of a piezoelectric BaTiO3 matrix and piezomag-
netic CoFe2O4 inclusions discussed in the previous para-
graphs. The computationally determined ME coefficients are
then compared to the experimentally measured data. In all
calculations we consider periodic boundary conditions on
the microscale.

The material parameters of the two phases are adopted
from the work [27] and are listed in Table 2. They, how-
ever, differ for cobalt ferrite from the parameters used in
the reference publication in such a way that we set μ11 :=
157 N/kA2, see also [41]. Second, the piezomagnetic coef-
ficient q33 is set to q33 := −699.7 N/kAmm, c.f. [3]1.

4.1 Computational characterization of the
magneto-electro-mechanical properties of an ideal
microstructure

In order to validate the implemented material model we
perform simulations of an ideal three-dimensional RVE
taken from [27]. The RVE consists of a cubic piezomag-
netic CoFe2O4 matrix and a cylindrical piezoelectric BaTiO3

inclusion oriented in vertical direction. In analogy to the ref-
erence publication, the preferred directions of the two phases
are assumed to point in positive vertical direction. For the
description of both materials we use the set of material para-
meters given in [27]. This means that in this computation
we set μ11 := −590 N/kA2 and q33 := +699.7 N/kAmm.

1 In the work [27] these parameters are given by μ11 = −590 N/kA2

and q33 = +699.7 N/kAmm.
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We perform calculations with five different RVEs character-
ized by volume fractions of 30, 40, 50, 60 and 70 % of the
inclusion. For an illustration of the RVE with 40 % volume
fraction of the inclusion see Fig. 3a.

We apply a macroscopic electric field E := [0, 0, E3]T .
This field is transferred to the microscopic RVE using peri-
odic boundary conditions. Due to the preferred orientation
of the piezoelectric phase and the applied field, the inclusion
reacts with an elongation in vertical direction. This deforma-
tion is transferred to the piezomagnetic phase, which leads to
magnetization of the matrix. This strain-mediated coupling
gives rise to a magneto-electric coupling coefficient that can
be determined formally by

α = ∂B

∂E
=

[
∂D

∂H

]T

, (23)

which is evaluated using (20). The resulting ME coefficients
are calculated for the different volume fractions of BaTiO3

and are in perfect agreement with the results from [27], see

Fig. 3b. For completeness, the following graphs show the
computed effective elastic, dielectric, magnetic, piezoelec-
tric, piezomagnetic and ME coefficients of the composite.
(Figs. 4, 5, 6).

4.2 Computational characterization of the
magneto-electro-mechanical properties of a real
microstructure

Now we apply the computational method to the determina-
tion of the ME properties of the real composite microstruc-
ture discussed in Sect. 3. In Fig. 7 an electron microscopy
image of the composite is shown, where the different phases
are visible due to the slightly distinct local conductivity. The
brighter areas reflect the piezoelectric barium titanate and the
darker areas show the piezomagnetic cobalt ferrite.

The mass fractions of barium titanate and cobalt ferrite are
80 and 20 %, respectively. Taking into account the densities of
the two phases we use a sample with 16.5 % surface fraction

Fig. 3 a RVE consisting of a
piezomagnetic cube with a
piezoelectric cylindrical
inclusion and b comparison of
the determined ME-coefficient
with results from [27]; please
note, that the magnetic
permeability is set to
μ11 = −590 N/kA2 and the
piezomagnetic coefficient q33 is
set to q33 = +699.7 N/kAmm
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Fig. 4 Effective properties of a elastic moduli, b dielectric permittivity depending on vol. BTO
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Fig. 5 Effective properties of a magnetic permeability, b piezoelectric constants depending on vol. BTO

 0

 200

 400

 600

 800

 0  0.2  0.4  0.6  0.8  1

our results
table values

Lee et al. [2005]

0.0e+00

1.0e-09

2.0e-09

3.0e-09

 0  0.2  0.4  0.6  0.8  1

our results
table values

Lee et al. [2005]

(a) (b)

Fig. 6 Effective properties of a piezomagnetic constants, b ME-coefficient depending on vol. BTO

Fig. 7 Electron microscopy image of the composite microstructure (left) and finite element discretization (right), see also Fig. 1

of the inclusion. The two-dimensional microstructure is then
discretized with 5,324 quadratic triangular finite elements.

In a particulate ME composite the quality of ME cou-
pling strongly depends on the pre-polarization and pre-
magnetization of the individual phases. In order to analyze
the effect of ferroelectric pre-polarization we will take into

account different scenarios for the remanent pre-polarization.
We incorporate the pre-polarization in the following way. As
a first step, we apply a macroscopic electric field in vertical
direction on the initially unpolarized microstructure. That
means we set E = [0, E2, 0]T , ε = 0 and H = 0 in (6).
In this first step the piezoelectric coupling parameters on the
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Table 3 Determination of piezoelectric coupling properties on the
microscale

1. Set initial preferred direction a0 = [0, 1, 0]
2. Neglect constitutive couplings: set piezoelectric moduli equal zero

e ≡ 0
3. Apply macroscopic electric field E = c+

1 a; compute local
distribution of E

4. Choose preferred directions a (for each Gauss point): a = E/‖E‖
5. Estimate relative amplitude of remanent polarization ps =

tanh(c · ||E||) ∈ [0, 1)
6. Determine piezoelectric moduli e = ps(−β1a ⊗ 1 − β2a ⊗ a ⊗ a

− β3ê) with {ê}ki j := 1
2 [ai δk j + a j δki ]

microstructure are set to zero. As a result of the macroscopic
loading and the inhomogeneous distribution of the composite
properties an inhomogeneous distribution of the electric field
on the microscale is obtained. We use these electric field vec-
tors to define the pre-polarization state of the piezoelectric
matrix: first, the direction of the microscopic electric field is
used to define the preferred direction a of the transversely
isotropic model, i.e. we set a := E/‖E‖ in each integration
point on the microscale. Second, the norm of the electric
field is used to define the amount of piezoelectric coupling
at each particular integration point. The scaling is described
by a factor ps defined by a hyperbolic tangent function

ps = tanh(c · ||E||). (24)

where the factor c defines the slope of the hyperbolic tan-
gent. In the next examples the value of c is set to 2 mm/kV
in order to approximate the polarization behavior of barium
titanate. By using this scaling factor, areas with high elec-
tric fields are characterized by higher piezoelectric coupling.
For convenience, the algorithmic treatment is summarized in
Table 3.

In the following simulations we will apply different
macroscopic electric fields in the range between 0.01 and
3kV/mm, which will lead to different pre-polarization states
on the microstructure. We will then analyze the influence of
the pre-polarization states on the overall ME coupling. The
pre-magnetization directions of the piezomagnetic inclusions
are assumed to point perfectly in vertical direction with fully
activated coupling parameters.

Figure 8 shows the pre-polarization directions as well as
the distribution of the amount of pre-polarization for two
different applied macroscopic electric fields of magnitude
E2 = 0.5 kV/mm and E2 = 1 kV/mm.

As can be seen the electric field in the matrix concentrates
between the inclusions with maximum values in the areas
with high surface fraction of the inclusion material. This is
due to the lower dielectric permittivity of the inclusions. In
these concentrated areas the electric fields are associated to
a saturation of the hyperbolic function in (24). Thus, full
pre-polarization of the matrix material is obtained.

Now having incorporated the pre-polarization of the
ferroelectric matrix we can analyze the magneto-electro-
mechanical behavior of the composite. In order to do so we
load the pre-polarized specimen again with an electric field
and study the resulting magneto-electric interactions on the
microscale. In the following Fig, 9a we see the distributions
of microscopic electric potential and electric field that arise
as a consequence of an applied macroscopic electric field
of E2 = 1 kV/mm. Due to the piezoelectric coupling of the
matrix this electric field yields a deformation that is mediated
to the inclusions. Since we assumed piezomagnetic coupling
in the inclusions we arrive at a magnetic reaction. In Fig. 9b
the strain-induced distribution of the magnetic potential as
well as the vectors of magnetic flux density are shown.

As mentioned earlier, we applied different macroscopic
electric pre-polarization fields in order to arrive at different

(a) (b)

Fig. 8 Distribution of ps (contour) with preferred directions a (vectors) for applied electric fields E2 = 0.5 kV/mm (a) and E2 = 1 kV/mm (b)

123



Comput Mech (2014) 54:71–83 81

(a) (b)

Fig. 9 a Electric potential φe with electric field vectors E in the piezoelectric matrix and b magnetic potential φm with magnetic flux density
vectors B in the inclusions for E2 = 1 kV/mm
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Fig. 10 Magneto-electric coupling coefficient α22 in s/m for different
electric fields E2 in kV/mm

states of pre-polarization on the microlevel. As can be seen in
Fig. 10 the intensity of the pre-polarization field has a strong
influence on the overall ME coupling.

For high pre-polarization fields the ME-coefficient satu-
rates to the value of α22 ≈ 8.04 × 10−10 s/m. For compar-
ison, [11] measured an effective ME-coefficient of α22 ≈
4.4 × 10−12 s/m of the sample. This rather large devia-
tion allows for mainly two possible conclusions. On the one
hand, on the modeling side, the method for the incorpora-
tion of ferroelectric pre-polarization was very simplified in
nature and will be enhanced in future developments. Fur-
thermore, the assumption of perfect pre-magnetization in the
inclusions was very optimistic. In addition to that, the two-
dimensional approximation of the particulate microstructure
introduces another source for deviations. On the other hand,
the simulations clearly indicate that there is still the need
for improvement for the experimental preparation since an
optimal pre-polarization and/or pre-magnetization state has
not been obtained. In any case there will also be additional
properties on the microscale that we have to address in future

developments. One such property is the experimentally very
relevant electric conductivity. Thus, the challenge for the
experimental side now resides in assuring high resistivity in
compositions of higher contents in the piezomagnetic phase
which by nature of the coupling through strain should yield
maximized coefficients near volume ratios of 50/50.

5 Conclusion

The paper discussed aspects of experimental manufactur-
ing of multiferroic composites and a numerical formula-
tion for the characterization of such composites. Due to the
fact that the effective macroscopic magneto-electric coupling
significantly depends on the composition and morphology of
the microstructure, we used a computational homogenization
procedure based on the FE2 method which can be applied
to arbitrary microstructural morphologies. This method was
applied to two different kinds of microstructures. On the
one hand, idealized microstructures taken from the litera-
ture were used to validate the implemented model. On the
other hand, the method was applied to the characterization
of a realistic microstructure, which was manufactured and
measured in experiments. Due to the fact that the magneto-
electric coupling in a real sample has to be activated through
pre-polarization of the electroactive phase, we considered
different pre-polarization states of the piezoelectric matrix.
The comparison between the experimental and computa-
tional results showed a rather large deviation. This could
be explained by the partly oversimplified modeling assump-
tions and the experimentally not yet obtained optimal pre-
polarization and -magnetization state.
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